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SelectLine Speedsfor Single-HubSONET/WDM
RingNetworks
Xiang-YangLi, Peng-JunWan

Abstract—Minimizing SONET ADM costsin single-hubSONET/WDM
ring networks via traffic groominghasbeendiscussedin a number of recent
works. Recentwork [12] givesthe exactminimum costsof uniform traffic
in both UPSR and BLSR/2 and proves that the BLSR/2 would never be
more expensive than UPSR under any traffic pattern, if all wavelengths
have samecapacity.

In this paper we considerhow to groom both uniform and non-uniform
traffic to minimize the costof ADMs in the single-hubUPSRand BLSR/2
with mixed line speeds.We especiallyexplore the grooming of traffic when
wavelengthshavetwo different capacities������� and ���	��
 . Weshow that
the problem can be confinedto just consider the traffic request ��
	� 
 for
all non-hub node � . By adopting the samecostmodel as in [5], i.e., ADMs
with speed ������� and ������
 cost � and ��� � respectively, we provide
optimal traffic partition and grooming for uniform traffic demands,and
develop optimal or suboptimal solutions for non-uniform traffic demands,
dependingon the rangeof all demandsfr om non-hub nodes.

I . INTRODUCTION

Couplingwavelengthdivision multiplexed (WDM) technol-
ogy [9] with synchronousoptical network (SONET) rings [6]
can not only greatly increasecapacity, therebyreducingthe
amountof requiredfiber and allowing for more gracefulup-
grades,but also potentially reduce the amount of required
SONETterminalequipment,theSONETAdd/DropMultiplex-
ers(ADMs), by allowing individualwavelengthstoopticallyby-
passa nodevia a wavelengthadd-dropmultiplexer (WADM)
ratherthanbeingelectronicallyterminated[3]. Typically, the
traffic demandbetweentwo nodesis low rated(e.g., ��� -3),
anda high-rate(e.g., ��� -48) SONETring cancarrya number
of suchlow-speedtraffic streams.With WADM, thenumberof
ADMs requiredin aSONETring is equalto thenumberof nodes
thatareendpointsof somerequestscarriedin thisring. Thusthe
optimal groomingproblemis to partition the setof communi-
cation requestsinto a numberof groupssuchthat eachgroup
canbecarriedin a singleSONETring andthe total ADM cost
is minimized. The minimum ADM costdependson both the
underlyingnetwork architectureandthe traffic pattern. Three
typesof SONETself-healingrings have beendefinedby stan-
dardbodies[6]: a unidirectionalpath-switchedring (UPSR);a
two-fiberbidirectionalline-switchedring (BLSR/2);afour-fiber
bidirectionalline-switchedring (BLSR/4).

The SONETself-healingrings areemployed in both access
networks and in inter-office networks. In accessnetworks,
the traffic streamsbetweenaccessnodesare routedby going
throughthe telephonecompany’s centraloffice. In orderto in-
creasethe channelutilization, a digital cross-connectis often
installedin thecentralofficeto crossconnectthetraffic streams.
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The centraloffice equippedwith a digital cross-connectis re-
ferredto asa hubandtheSONETring with a hubis referredto
asa single-hubring.

In additionto thenetwork architectures,theminimumADM
costalsovariesuponthetraffic patternandtraffic demands.The
traffic could have someregularpatternssuchasone-to-alland
all-to-all, or any irregularpattern.The traffic demandsmaybe
uniform (i.e. all traffic have the sameamountof demands)or
non-uniform. Each traffic demanditself is given as an inte-
ger numberof low speed(tributary) streams.Alternatively, it
can also be representedby its traffic granularity , definedas
the ratio of its demandto the transmissioncapacityof a single
wavelength. A traffic is saidto be a full-wavelengthtraffic , a
sub-wavelengthtraffic or a super-wavelengthtraffic if its traffic
granularityis equalto one,greaterthanone, or lessthanone
respectively.

TheminimumADM problemhasbeendiscussedin anumber
of recentworks [2] [4] [5] [7] [8] [10] [11]. [4] and[7] stud-
ied optimal groomingof arbitrary full-wavelengthlightpaths.
[2], [10] and[11] providedgroomingof uniform �� , �� , and �� –
wavelengthtraffic. [5] and [8] gave somepreliminary results
on the traffic groomingin single-hubrings. In [8], an optimal
groomingof uniformone-to-allsub-wavelengthtraffic in single-
hubUPSRringswaspresented.[5] briefly discussesthecriteria
for usingUPSRvs. BLSR rings andto mix two typesof line
speedsona singleSONET/WDMring. In [12], theauthorsfur-
thertheworks in [5] and[8] andprovide strongerresultsabout
the ADM cost of uniform all-to-all traffic in both single-hub
UPSRandsingle-hubBLSR/2.They establisha reductionfrom
groomingof any duplex traffic to groomingof one–to-allduplex
traffic, andfrom groomingof one–to-allduplex traffic to groom-
ing of one-to-allsimplex traffic. Thusany optimalgroomingof
one-to-allsimplex leadsto an optimal groomingof one-to-all
duplex and an optimal groomingof all-to-all duplex. There-
fore, from then on we concentrateon only one-to-allsimplex
traffic. They alsoshow thatBLSR/2alwayscostsno morethan
UPSRunderany traffic andthesearchfor optimalgroomingcan
be confinedto a narrow subsetof valid groomings,referredto
ascanonicalgroomings. They thenconstructoptimal canoni-
cal groomingsof uniform one-to-alltraffic in both UPSRand
BLSR/2 rings and derive the analytic expressionof the mini-
mumADMs.

The paperis structuredas follows. We review the results
in[12] for optimaltraffic groomingin single-hubSONET/WDM
ringswith only oneline speedin SectionII. It wasproved[12]
thatthesearchof optimalgroomingof uniform traffic in UPSR
andBLSR/2canbeconfinedto thosecanonicalgroomings.We
analyzethebasicpropertiesof arbitrarytraffic groomingwhen
wavelengthshave two differentcapacities� �  "! and � �  $#
andthe costof correspondingADMs is ! and %'& ( respectively
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in SectionIII. And weshow thattheproblemcanbeconfinedto
just considerthetraffic request)�*,+ # .for all non-hubnode- In
SectionIV andSectionV, we provide optimal traffic partition
and groomingfor uniform traffic demands,and develop opti-
mal or suboptimalsolutionsfor non-uniformtraffic demands,
dependingontherangeof all demandsfrom non-hubnodes.Fi-
nally weconcludeourpaperin sectionVI.

I I . PRELIMINARIES

We considera single-hubSONET/WDM ring comprising
of .0/ ! nodesnumbered1'2 ! 243535362�.72 clockwise,with the hub
placedat node 1 . The traffic demandandthe transmissionca-
pacityof eachwavelengtharein termsof thebasiclow-rate(e.g.,
��� -3) traffic streams.We first review theresultin [12] for op-
timal traffic groomingin single-hubSONET/WDMrings with
only one line speed. Let � be the transmissioncapacityof a
singlewavelength.

In [8], it was proved that the searchof optimal grooming
of uniform sub-wavelengthtraffic in UPSRcanbe confinedto
thosegroomingssatisfyingthat eachdemandis carriedin ex-
actly onewavelength,i.e.,split of a demandinto morethanone
wavelengthsis not allowed. In [12], thepropertyis generalized
to arbitrarytraffic patternwith arbitrarytraffic demandsin both
UPSRandBLSR/2.

Given a set of demands84) � 2435353�29)4:<; in a UPSR and the
wavelengthcapacity � , a groomingis said to be a canonical
groomingif at eachnode !�= - = . , its demandis carriedin>�?9@A7B wavelengths,amongwhich C ?D@A7E wavelengthseachcarries
� unitsof demandsto node- , andtheremainingone,if thereis
any, carries) *GFIHKJ � unitsof demandsto node- .

Given a set of demands84) � 2534353G29)�:6; in a BLSR/2 and the
wavelengthcapacity � , a groomingis said to be a canonical
grooming if at eachnode !L= - = . , its demandis carried
in
>5?D@M N B  > � ?D@A�B wavelengths(countingeachwavelengthused

in both directionsas two), amongwhich C ?D@M N E  C � ?9@AOE wave-

lengthseachcarries
A � units of demandsto node - , andthe re-

mainingone,if thereis any, carries)�* FIHPJ A � unitsof demands
to node- .

The next lemmastatesthat whenlooking for optimal traffic
groomingfor single-hubSONET/WDM rings with single line
speed,wecanpayattentionto only canonicalgroomings.

Lemma1: [12] Given any set of demandsin UPSR or
BLSR/2, thereis a canonicalgroomingwith minimum ADM
cost.

In thissection,we presentoptimalgroomingof uniform traf-
fic in both single-hubUPSRandsingle-hubBLSR/2. We as-
sumethat the traffic demandfrom the hub to eachothernode
is ) . [8] essentiallygave the optimal canonicalgrooming in
single-hubUPSRwhen )I+Q� . In [12], they presenttheoptimal
canonicalgroomingfor arbitrary ) in bothsingle-hubUPSRand
single-hubBLSR/2.For completeness,wegiveareview of their
approachto constructtheoptimalcanonicalgrooming.

Let’sfirst considertheoptimalgroomingof uniformtraffic in
single-hubUPSR.

If ) F�HKJ �  1 , then the optimal canonicalgrooming is
uniquein the sensethat eachwavelengthcarry � units of de-
mandsexclusively to somenode. Thuseachnodecontributes
%R3 ?A  � ?A ADMs, half at thenodeitself andhalf at thehub. So

the total ADM costin theworking fiber is .S3 � ?A  � : ?A . The

totalADM costis then
� : ?A .

Now we assumethat ) FIHKJ �UTL1 . In any canonicalgroom-
ing, ateachnodethereare )WV�) FIHPJ � portionof demandscar-
ried in C ?A E wavelengthsexclusively. Thesedemandsuse%X.YC ?A E
ADMs in the working fiber. In any optimal grooming,the re-
mainingdemandsat eachnode,referredto asresiduedemands,
mustusea minimum ADM cost. This canbe achieved in the
sameway asin [8]. We partitionthe Z nodesinto

> .
C A?5[7\^] A E B

groupsof at most C A?5[7\^] A_E nodes. The residuedemandsof
nodesin eachgrouparecarriedin a singlewavelength.These
residuedemandstotally require

.�/ > .
C A?5[7\^] A`E B

ADMs in the working fiber. Thusthe total ADMs usedin the
workingfiber is

%X.YC )� E /a.�/
> .
C A?5[7\^] A E B

 . > )� B /a.YC
)
� E /

> .
C A?�[7\^] A E B &

Let

bWc �Xd � dfePgh��i
�kj�lm If �onqp5r �,�Us�deot lmvuGw eyx lmvz6w t j{ M|~}'���^M�� u otherwise. �

ThentheminimumADM costin theworkingfiberis �����<2�)X29.�� ,
andthetotalADM costis %������629)X29.���&

Similarly, theminimumADM costin BLSR/2 is ��� A � 2�)X29.�� .
Theoptimumcanonicalgroomingcanbeconstructedin thesim-
ilar way.

Thenext theoremsummarizestheabovediscussions.
Theorem2: Theminimum ADM costof uniform traffic de-

mand with rate ) in UPSR and BLSR/2 is %v�����<2�)X29.�� and
��� A � 2�)X29.�� respectively.

I I I . SELECT SPEEDS WITH TWO L INE SPEEDS AVAILABLE

In theprevioussection,weassumethatall SONETringshave
thesameline speed.In this case,thehigherthe line speed,the
smallerthe numberof ADMs. On the otherhand,the higher
the line speed,the higher the costof the ADM. However, the
costof ADM doesnot increaselinearlywith theline speed.The
costmodeladoptedin [5] assumesthatthecostratiobetweenan
OC- # . ADM andanOC- . ADM is %K&�( . If thetraffic demandis
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uniform, thenthebestline speedcanbeselectedby comparing
thetotal� ADM costfor eachline speed.

However, if we allow theSONETringsto have differentline
speeds,we have to partition the traffic from eachnodeinto the
SONETrings of different line speeds.After the partition, the
traffic groomingalgorithmsdevelopedin the previoussections
canbeappliedto theringsof any particularline speed.Thusa
solutionhastwo components,thepartitionof thetraffic, andthe
groomingsof thetraffic in ringsof eachspeed.Bothcomponents
affect theoverallcost.Becausethereareavery largenumberof
possibletraffic partitions,it’s impossibleto find the bestsolu-
tion by enumeration.This is trueevenif all traffic demandsare
uniform. Soefficientalgorithmsor criteriashouldbedeveloped
to find traffic partitionswhich mayleadto theminimumADM
cost.Thissectionis intendedto addressthisproblem.

To simplify the problem,we assumethat thereareonly two
line speeds� � and � � with � �  �# � � asdid in [5]. We alsoadopt
thesamecostmodelusedin [5]. We assumethat thecostof a
ADM of speed� � is one,andthe costof a ADM of speed� �
is %K&�( . A simpleapproachpresentedin [5] is that for eachtraf-
fic demandwith value ) , assign) F�HKJ � � traffic to theSONET
ringswith speed� � and )7V�) FIHPJ � � traffic to theSONETrings
with speed� � . Theperformanceof this approachcomparingto
theoptimalassignmentwasnotdiscussedin [5]. In thissection,
moregeneralsolutionswill be developedand their optimality
will alsobe proven. In particular, a completeoptimal solution
for uniformtraffic demandsis obtained.

A. BasicProperties

As thereareonly two typeof speeds,we call a SONETring
of speed� � asa low-speedring, anda SONETring of speed� �
asahigh-speedring withoutany ambiguity. Similarly, wecall a
SONETADM of speed� � asa low-speedADM, anda SONET
ADM of speed� � asa high-speedADM. For thesimplicity of
presentation,� � is scaledto oneandall demandsarescaledac-
cordingly. Thus � �  $! 2D� �  �# andall demandsarefractional
numbersor integers.

In this section,we will study the selectionof line speedin
UPSRin detail.Theanalysiscanbeextendedto BLSRaswell.
BecausetheADM costof theworkingring isexactlythesameas
theprotectionring,wecanonly considerthecostof theworking
ring. Assumethedemandbetweennode- andhubis ) * for !�=
- = . . Thenany traffic partition canbe representedby an . -
dimensionalvector

�  � � � 2534353G2
� :'�

where 1 = � * = ) * is the amountof the traffic betweennode
- andhubplacedto a low-speedring. For any traffic partition,
wecangroomthetraffic carriedin low-speedringsandthetraf-
fic carriedin high-speedringsseparately. If boththegrooming
of thetraffic carriedin low-speedringsandthegroomingof the
traffic carriedin high-speedringsarecanonical,wecall theover-
all groomingis canonicaltoo.

In thefollowing,wewill presentsomebasicpropertiesof op-
timal traffic partitions.

Lemma3: In any optimaltraffic partition
�  � � � 2435353G2

� :'� ,� * +�� for all !�= - = . , and thereis an optimal solution�  � � � 2534353�2
� :'� with

� * = % for all !�= - = . .

Proof: We prove the first part of lemmaby contradic-
tion. Let

�  � � � 2435353G2
� :'� be any optimal traffic partition

with
� *I� � . Thenin a canonicaloptimal grooming,thereat

leastthreelow-speedringsdevotedexclusively to node- . If we
movethetraffic carriedin any threeof theselow-speedringsinto
one-speedring, we save � low-speedADMs andusestwo new
high-speedADMs, andthusdecreasethecostby ! . Thiscontra-
dictsto theoptimality of

�  � � � 2535343G2
� :'� . We now prove the

secondpartof lemmaby contradiction.Let
�  � � � 2435343G2

� : �
beany optimaltraffic partitionwhich containstheleastnumber
of entriesthat aremore than two. Suppose

� * T�% for some!�= - = . . Thenin a canonicaloptimalgroomingof thetraffic
demands8 � � 2534353G2

� : ; into low-speedrings,at least
> � * B /LC � * E

ADMs aredevotedto node - . Now we placesuch
� * amount

of traffic from node - into
>4� @� B new high-speedrings, i.e. set� *  1 . Thenin thenew solution,acostof at least

> � * B /�C � * E is
savedfrom theringsof speed� � while a costof ( > � @� B is added
to theringsof speed� � . As

> � * B /�C � * E � ( >
� *# B

when
� * T�% , thenew solutionhasnomorecostthanthesolution�

but containsonelessentrieswhich aremorethantwo. This
contradictsto theselectionof

�
. Therefore,the lemmais true.

Intuitively, if a traffic canfill a high-speedring, it shouldfill
fully asmany high-speedringsaspossibleto take advantageof
thelowercostperbandwidthof thehigherspeedring. Thenext
lemmaverifiessuchintuition.

Lemma4: There is an optimal traffic partition
�  

� � � 2534353�2
� : � with

� * = )4* FIHPJ # for all !�= - = . .

Proof: We prove the lemmaby contradiction. Let
�  

� � � 2534353�2
� :K� beany optimaltraffic partitionsatisfyingthat

� * =
% for all !�= - = . andthecardinalityof theset

8 !�= - = .�� � *	T�)4* F�HKJ # ;
is the smallest. Assumethat

� * = ) *�FIHPJ # for somenode - .
Thenin a canonicaloptimal groomingof the traffic carriedin
high-speedrings,in additionto C ?D@k� � @� E high-speedringswhich
aredevotedexclusively to node - , onehigh-speedring carries
theremaining# V � * /�) *�FIHPJ # amountof traffic from node - .
Thishigh-speedringmustalsocarrytraffic fromothernodes,for
otherwisewecanwefill thisring fully with thetraffic from node
- without any additionalcostbut theamountof traffic placedin
low-speedrings is ) *�F�HKJ # , which contradictsto the selection
of
�  � � � 2435353�2

� :'� . Let � * TQ1 betheamountof thetraffic car-
ried in this ring from nodesotherthannode - . Then � *¡T ! for
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otherwisewecandecreasethetotalADM costby 1h& ( by moving
� * to a dedicated

¢
low-speedring, whichagaincontradictsto the

optimalityof
�  � � � 2535343G2

� : � . As

# V � *h/£)4* FIHPJ # /£� * =Q# 2
wehave

! +�� * = ) *XFIHKJ # /£� * = � * = %K&
This impliesthat � * is from only onenode,say ¤ , for otherwise
the portion of the traffic from somenodeis lessthanoneand
againwe candecreasethe total ADM costby themoving of it
to a dedicatedlow-speedring. Now we look at the

� * amount
of traffic from node - carriedin low-speedrings. In a canoni-
cal optimal grooming,onering carriesthe traffic of amount !
from node - only, anotherring carries

� * V ! amountof traffic
from node - andmaycarryadditionaltraffic from othernodes.
Finally werelocateall traffic in thesethreeringsasfollows. Fill
the high-speedring fully with the traffic from node - . Fill the
first low-speedring fully with the traffic from node ¤ . In the
secondlow-speedring, keepthe original traffic not from node
- , andplace ) *vFIHKJ # amountof traffic from node - and � * V !
amountof traffic from node¤ . With thismodification,onehigh-
speedADM is savedbutoneadditionallow-speedADM is used.
Sothetotalcostis decreasedby %'& (oV !Y �! & ( , whichagaincon-
tradictsto theoptimalityof

�  � � � 2534353�2
� : � .

Fromtheabove lemma,thereis anoptimalsolutionin which
C ? @� E high-speedrings are dedicated) * VL) *�F�HKJ # amountof
traffic from node - for all !¥= - = . . Thus from now on,
we assumethat )4*�+ # for all node - . For any traffic partition�  � � � 2435353G2

� :'� , let

¦ � � �  8 !�= - = .��v1�+ � * +Q) * ;_2§ � � �  8 !�= - = .�� � *  1 or ) * ;_&
Thusthe traffic from any nodein

¦ � � � is carriedin both low-
speedringsandhigh-speedrings,andthetraffic from any node
in
§ � � � is carriedin eitherlow-speedringsor high-speedrings

but notboth.
The next lemmastatesthat at any node,if the traffic of this

nodeis carriedin bothtypesof rings,thentheamountof traffic
carriedin low-speedrings is at mostone;andif thereis some
traffic carriedin ahigh-speedring, its amountis morethanone.

Lemma5: Let
�  � � � 2435343G2

� :'� be any optimal traffic par-
tition. Then for any !L= - = .72 neither ! + � * +�) * nor
1I+�) * V � * =¨! is possible.

Proof: Assumethat ! + � *I+©)�* . Thenin a canonical
optimalgrooming,thetotal costof ADMs usedby thetraffic ) *
is at least

%ª/ ! /�%'& (  (K&�(K2
asat least% low-speedADMs is neededatnode- , at least ! low-
speedADM is neededatthehub,andatleast! high-speedADM
is requiredatthenode- . But if thetraffic ) * is entirelycarriedby
ahigh-speedring, thecostof ADMs is atmost %K&�(W/�%'& (  (�+

(K&�(K2which contradictsto the optimality of
�  � � � 2435353G2

� :'� .
Now we assumethat 1�+$)4*,V � * ="! . We remove the )4*,V� * amountof traffic from the high-speedring and put it in a
dedicatedlow-speedring. With this modification,at leastone
high-speedring is saved andtwo additionallow-speedADMs
areused.Sothetotal costis decreasedby

%K&�(«V�%  1'&�(
which againis impossibleas

�  � � � 2535343�2
� : � is alreadyopti-

mal.

As a corollaryof Lemma5, in any canonicaloptimalgroom-
ing, any high-speedring can carry traffic from at most three
nodes.

The next lemmastatesthat, at any node,whena traffic de-
mandfrom a nodeis at mostone,it shouldbe alwaysput in a
low-speedring; andwhenatraffic demandis morethanthree,it
shouldbealwaysput in a high-speedring.

Lemma6: Let
�  � � � 2535343�2

� :P� beany optimaltraffic parti-
tion. Thenfor any !�= - = . , if )�* =�! , � *  )4* ; andif )4*WTL� ,� *  1 .

Proof: Thefirst partfollowsdirectly from Lemma5. Now
weassumethat ) * T�� and

� * T�1 . FromLemma3 andLemma
5, 1�+ � * =¬! , andthus )4*7V � *�T­% . The )4*7V � * amountof
traffic from node- mustsharesometraffic from othernodes,for
otherwisewe canput all traffic from node - in the high-speed
ring and decreasesthe cost by at leastone. From Lemma5
if thereis sometraffic, from any node,carriedin a high-speed
ring, its amountis morethanone. Thusthe )�*	V � * amountof
traffic from node- shareonehigh-speedring with someamount,
denotedby � * , of traffic from exactlyonenode,say¤ . Notethat

! +Q� * =�# V®) * / � * &
Sowe considerthe following modificationto a canonicalopti-
mal solution. We replacethe

� * amountof traffic from node -
in somelow-speedring by the

� * amountof traffic from node¤ .
This maysave onelow-speedADM. We thenplacethe � * V � *
in a dedicatedlow-speedring as

� * V � * =�# VS) * + ! &
This addstwo low-speedADMs. Finally, we placeall traffic
from node- in thehigh-speedring originally carryingthe )4*XV � *
amountof traffic from node- and � * amountof traffic from node
¤ . Thissavesonehigh-speedADM. Thusafterthemodification,
thetotalADM costis decreasedby at least%'& (¯V°%  1'&�( , which
contradictsto theoptimalityof

�  � � � 2534353�2
� : � .

The above lemmaimplies that if ) * =±! for any node !�=
- = . , thenall traffic mustbe carriedin low-speedrings. In
particular, if thetraffic is uniformwith amount) , thetotalADM
costis ��� ! 29)X2�.�� . If )4*²T�� for any node !³= - = . , thenall
traffic mustbecarriedin high-speedrings. As in thecanonical
grooming,the traffic demandfrom any nodemust be carried
in a dedicatedhigh-speedring. Thus %X. high-speedADMs are
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neededwith cost (X. in total.A remarkissuchcostonlyaccounts
for theworking ring, if we considertheprotectionaswell, the
total costshouldthenbedoubled.

IV. ALL TRAFFIC DEMANDS ARE AT MOST TWO

In thenext lemma,weshow thatwhenthetraffic demandfrom
eachnodeis atmosttwo, thenthereis anoptimaltraffic partition
in which noneof themis carriedin both low-speedrings and
high-speedrings.

Lemma7: If )�* = % for all !¥= - = . , then there is an
optimaltraffic partition

�
with

¦ � � �  ¥´ .

Proof: Weproveit bycontradiction.Let
�  � � � 2435343G2

� :'�
be any optimal traffic partition with the smallest � ¦ � � �4� . Let
-�µ ¦ � � � andconsiderany canonicaloptimalgrooming.From
Lemma5, 1U+ � * =�! and )�*yV � *¡T ! . Thusin any canonical
optimal grooming,the traffic from node - is carriedin exactly
onelow-speedring andexactly onehigh-speedring. We con-
centrateon thehigh-speedring carryingthe ) * V � * amountof
traffic from node- . It cancarrytraffic from atmostthreenodes.
First of all, it mustalsocarrysometraffic from othernodes,for
otherwisewecanfill it with all traffic from node- anddecreases
thecostby at leastone.Secondly, it is impossiblethatthishigh-
speedring carriesthetraffic from only two nodes,for otherwise
we canput all traffic from thesetwo nodesin this high-speed
ring, which can alsosave at leastone low-speedADM. Thus
thishigh-speedring mustcarrytraffic from exactly threenodes.
Wedenotetheothertwo nodesotherthannode- by ¤ and ¶ . We
show that ¤`2~¶¨µ § � � � . Supposeto the contrary. We modify
the placementof the traffic from thesethreenodesasfollows.
We usethehigh-speedring to carrythewholetraffic from node
- andthe whole traffic from node ¤ andnothingelse. We add
at mosttwo new dedicatedlow-speedrings to carry the traffic
from node ¶ . We save onehigh-speedADM andaddat most
two more low-speedADMs. Thusthe modificationdecreases
the total costby at least 1h& ( , which contradictsto the optimal-
ity of

�
. Thereforeboth ¤ and ¶ arein

§ � � � , that is all traffic
from node¤ andnode ¶ arecarriedin thehigh-speedring. As
) * V � * T ! ,

)^·W/£)�¸ =Q# V¹��) * V � * �W+ # V !ª �'&
So we canmodify the placementof the traffic from nodes-º2f¤
and ¶ asfollows.Weplaceall thetraffic fromnode- andnothing
elsein two new low-speedrings,anduseatmostthreenew low-
speedrings to carry all traffic from nodes¤ and ¶ . Thenfour
high-speedADMs aresaved,andat mosttenlow-speedADMs
areadded. The resultingsolution hasthe samecost as

�
but

it containsonelessnodeswhosetraffic arecarriedin bothlow-
speedringsandhigh-speedrings.Thiscontradictsto that � ¦ � � �5�
is thesmallest.Thusthelemmais true.

A. All Traffic DemandsAreat Most »�

Thenext lemmastatesthatwhenthetraffic demandfrom each
nodeis at most »� , thenwe canput all traffic in the low-speed
rings.

Lemma8: If )4* = »� for all !U= - = . , thenthe traffic par-
tition

�  � � � 2435353G2
� :'� where

� *  ) * for all !a= - = . is
optimal.

Proof: Weproveit bycontradiction.Let
�  � � � 2435343G2

� :'�
be any optimal traffic partition with

� *  1 or ) * for all!³= - = . andthesmallestnumberof zeroentries. Consider
any canonicaloptimal grooming. As any high-speedring car-
ries traffic from at mostthreenodes. We considerthe follow-
ing threecases. If a high-speedring carriestraffic from only
onenode,we canuseat mosttwo new low-speedringsto carry
all traffic from this node. This modificationsaves two high-
speedADMs andusesat mostfour low-speedADMs. Thusthe
costis decreasedby 1h& ( , which contradictsto theoptimality of�  � � � 2435343G2

� : � . If a high-speedring carriestraffic from two
nodes,we canuseat most threenew low-speedrings to carry
all traffic from thesenodes.Thismodificationsavesthreehigh-
speedADMs andusesat mostseven low-speedADMs. Thus
thecostis decreasedby 1'&�( , which alsocontradictsto theopti-
mality of

�  � � � 2435343�2
� : � . If a high-speedring carriestraffic

from threenodes,we useat mostfour new low-speedrings to
carryall traffic in this high-speedring. This modificationsaves
four high-speedADMs andusesat mostten low-speedADMs.
The resultingsolutionhasthesamecostas

�
, but thenumber

of zeroentriesis decreasedby three,which contradictsto the
selectionof

�
. Therefore,thelemmais true.

The above lemmaimplies if the traffic is uniform with de-
mand) = »� , theminimumcostof ADMs is ��� ! 2�)X29.�� .

B. All Traffic DemandsAreMore than »�

We now considerthetraffic with demandsmorethan »� but at
mosttwo.

Lemma9: Supposethat »� +Q)4* = % for all !�= - = . . If . is
even,thenthe traffic partition

�  � � � 2535343G2
� : � where

� *  1
for all !�= - = . is optimal. If . is odd,thenfor any !�= ¤ = .
the traffic partition

�  � � � 2534353G2
� :'� where

� *  1 for -�¼ ¤
and

� ·  ) · is optimal.

Proof: We also prove it by contradictionthat there is
an optimal traffic partition

�  � � � 2534353G2
� : � with

� *  1 or
)4* for all !¹= - = . and at most one non-zeroentries. Let�  � � � 2435343�2

� :K� be any optimal traffic partitionwith
� *  1

or ) * for all !�= - = . andthe smallestnumberof non-zero
entries.Assumethat

� *  )�* and
� ·  ) · . Considerany canon-

ical optimalgrooming.Therearetwo low-speedringsdevoted
to node - andtwo low-speedringsdevotedto node¤ . We relo-
catethe traffic from node - andnode ¤ to onenew high-speed
ring. This modificationsaves 8 low-speedADMs and uses3
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high-speedADMs. The total cost is decreasedby 0.5. This
contradicts½ to the optimality of

�  � � � 2535343G2
� : � . Now let�  � � � 2435343�2

� : � be any optimal traffic partitionwith
� *  1

or ) * for all !�= - = . andat mostonenon-zeroentries.Note
that in any canonicaloptimal grooming,eachhigh-speedring
mustcarry traffic from two nodes,for otherwisewe canmove
it to two low-speedringsandthecostwouldbedecreasedby 1.
Thusif . is even,

� *  1 for all !�= - = . , andif . is odd,there
is exactlyone !�= - = . with

� *  ) * .
From the above lemma,if »� +¬)4* = % for all !�= - = .

we canprovideoptimalgroomingasfollows. If . is even,then
all traffic is carriedin high-speedrings, and eachhigh-speed
ring carriesthewholetraffic from two nodes.It requirestotally! &�(X. high-speedADMs (in the working ring only) with total
cost �'&¿¾v(v. . If . is odd,thenthetraffic from onenodeis carried
in two low-speedrings to carry the whole traffic from a node,
andthetraffic from all othernodesarecarriedin thehigh-speed
rings,with eachring dedicatedto a pair of nodes.Thus4 low-
speedADMs and ! & (h��.²V ! � high-speedADMs areused.Sothe
totalADM costis

# / ! &�('�À.OV ! �o34%'& (  �'&¿¾v(v.I/ ! &�(K&

V. ALL TRAFFIC DEMANDS ARE MORE THAN TWO

In general,eachhigh-speedring cancarrytraffic from atmost
threenodes.Thenext lemmastatesthatif all traffic demandsare
morethantwo, thenin any canonicaloptimalgroomingnohigh-
speedring cancarrytraffic from threenodes.

Lemma10: If )�*°TÁ% for all node - , then in any canonical
optimal groomingeachhigh-speedring carriestraffic from at
mosttwo nodes.

Proof: We prove it by contradiction.Considera canon-
ical optimalgroomingwith traffic partition

�  � � � 2435353G2
� : � .

Assumethatthreenodes- , ¤ and ¶ appearin a high-speedring.
Then -º2k¤�2º¶�µ ¦ � � � for otherwise

��) * V � * ��/Â��)�·qV � ·���/Â��)Ã¸
As

��) * V � * ��/Â��)�·qV � ·���/Â��)Ã¸
wehave

� *h/ � · / � ¸ � )4* /£) · /£) ¸ V # T�%K&
As
� ¸ =¥! , � * / � ·�T ! , soare

� * / � ¸ and
� ·	/ � ¸ . Thismeans

thatall the threenodesmustappearin threedistinct low-speed
rings. Assumethesethreeringscarry � * , �'· and �<¸ amountof
thetraffic from othernodesrespectively. Thenwehave

� * /£�K·W/a�6¸ = ��V¹� � * / � ·Ä/ � ¸X�¡+ ! &
Notethat

)4* /£) · /£) ¸ = � * / � · / � ¸ / #�= ¾P2

As )�¸�T"% , ) * /¥)^·Q+"( , so are ) * /¥)�¸ and )�·�/¥)�¸ . Now
werelocatethetraffic carriedin thesethreelow-speedringsand
thehigh-speedring asfollows. We placethewholetraffic from
node- in thehigh-speedring, placethewholetraffic from node
¤ and # V�)^· amountof traffic from node ¶ in a new high-speed
ring, andplace ) · /�) ¸ V # amountof traffic from node ¶ in a
low-speedring as

1I+�) · /a) ¸ V # + ! &
The � * , �K· and �<¸ amountof thetraffic from othernodesarecar-
riedexclusively in anotherlow-speedring. After therelocation,
we save threelow-speedADMs andaddonehigh-speedADM.
So the total cost is decreasedby 1'&�( , which is a contradiction.

The following lemmastatesthat if all traffic demandsare
greaterthantwo, wecanconcentrateon thosecanonicalgroom-
ing in which exactly onenodein eachhigh-speedring hasits
wholetraffic carriedin thishigh-speedring.

Lemma11: If )4*®TÅ% for all !L= - = . , then there is a
canonicaloptimalgroomingin which exactly onenodein each
high-speedring hasits whole traffic carriedin this high-speed
ring.

Proof: Weproveit by contradiction.Consideracanonical
optimalgroomingwith traffic partition

�  � � � 2535343G2
� :'� with� * = % for all !�= - = . . From Lemma5,

� * =Å! for all!�= - = . . Thusfor all !�= - = . ,

) * V � * T¹%RV !« �! &
If a high-speedcarriestraffic from only onenode,thenit must
carrythewholetraffic from thatnode.Now weconsiderahigh-
speedring which carriestraffic from two nodes -º2f¤�µ ¦ � � � .
We relocatethe traffic from node - andnode¤ asfollows. The
high-speedring carries ) * amountof traffic from node - , and# VÂ) * amountof traffic from node ¤ . We replacethe origi-
nal

� * amountof traffic from node - in a low-speedring by
� *

amountof traffic from node¤ . Thecostof theresultgrooming
is not increased.We repeatsuchprocedurefor all high-speed
rings which eachcarry traffic from two nodesthat areboth in¦ � � � . In theend,we comeup with a groomingin which each
high-speedring carriesthewholetraffic from at leastonenode.
Finally we usea canonicalgroomingto placeall traffic carried
in low-speedrings. Then the resultinggroomingsatisfiesthe
requirementgivenin thelemma.

A. All Traffic DemandsAreMore than Æ�

When all traffic demandsare greaterthan Æ� , the following
lemmagivesanoptimaltraffic partition.

Lemma12: If ) * TÇÆ� for all !¹= - = . , then the traffic
partition

�  � � � 2534353G2
� :'� where

� *  1 for all !�= - = . is
optimal.
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Proof: We considera canonicaloptimal groomingwith
thetraffic

È
partition

�  � � � 2535343�2
� : � in which eachhigh-speed

ring carriesthe whole traffic from at leastonenode. Assume
that

� * TÂ1 for some !I= - = . . FromLemma5,
� * =�! . Fur-

thermore,thehigh-speedring wherenode - appearsmustcarry
thewholetraffic from anothernode,say ¤ , andno othertraffic.
As

�À)4*�V � *f��/£) · =�# 2
wehave

� * � )4* /£) · V # T ! &
Thiscontradictsto

� * =¨! .
Theabovelemmasuggeststhatif all traffic demandsaremore

than Æ� , weshouldcarryall traffic in high-speedrings.In thisop-
timal traffic partition,thecanonicalgroomingisuniqueandeach
high-speedring carriesexclusively the whole traffic from only
onenode. Thus the minimal total ADM cost (in the working
ring) is (X. .

B. All Traffic DemandsAre at Most Æ�

Finally we considerthe traffic with demandsat most Æ� but
morethantwo. Thenext lemmastatesthatif all traffic demands
areatmost Æ� , thenin any optimalgroomingthereis atmostone
high-speedring whichcarriesexclusively thewholetraffic from
exactlyonenode.

Lemma13: If ) * = Æ� for all !�= - = . , thenin any optimal
groomingat most one high-speedring carriesexclusively the
wholetraffic from exactlyonenode.

Proof: We prove it by contradiction.Consideranoptimal
groomingwith traffic partition

�  � � � 2435353�2
� :K� in which there

aretwo high-speedring dedicatedto node - andnode ¤ repul-
sively. Werelocatethetraffic from node- andnode¤ asfollows.
We place) * amountof traffic from node- , and F�ÉËÊ 8 # V®) * 2�)^·�;
amountof traffic from node ¤ on one high-speedring, and if
)4*6/a) · T # weplace)4*</£) · V # amountof traffic from node¤
on onelow-speedring. This modificationsavesonehigh-speed
ADM andaddsat mosttwo low-speedADMs. Thecostis de-
creasedby at least0.5,which is a contradiction.

From Lemma10, 11 and13, if . is even and %Q+$)4* = Æ�
for all !U= - = .72 thenthereis a canonicaloptimalgrooming
in whichhalf nodeshavetheir traffic carriedin high-speedrings
andthe half nodehave their traffic carriedin both high-speed
ringsandlow-speedring,andeachhigh-speedis fully filled with
thewholetraffic from onenodein thefirst half anda portionof
traffic from anodein thesecondhalf. if . is oddand %�+Q) * = Æ�
for all !U= - = .72 thenthereis a canonicaloptimalgrooming
in which the traffic from one nodeis carriedexclusively in a
high-speedring andthe traffic from othernodesarecarriedin
thesameway asthenumberof nodesis even.However, how to
selectthesetof nodesto becarriedwholly in high-speedrings

andhow to form nodepairs to appearin high-speedrings re-
mainsopen. But if the traffic is uniform, thesetwo questions
canbe easilysolved. We canselectany

> : � B nodesto be car-
ried wholly in high-speedrings,andthepairingbetweenthose
nodesandtheremainingnodescanbeselectedarbitrarily. Thus,
for uniformtraffic with demand%�+�) = Æ� , thetotalADM cost
in theworkingring is

�'&�%�(X.�/£��� ! 2º%X)YV # 2 . % �
if . is even,andis

(ª/��'&�%�(h��.°V ! �y/£��� ! 2~%v)YV # 2 .UV !% �
 �! &�¾�(q/£�h& %`(X.I/���� ! 2~%v)YV # 2 .�V !% �

if . is odd.

VI . SUMMARY

For uniformtraffic demands,wehaveprovidedoptimaltraffic
partition andgrooming,which is summarizedin Table I. For
non-uniformtraffic demands,optimal or suboptimalsolutions
have beendevelopeddependingon therangeof all demands.If
all demandsareatmost ! &�( , thenall of themarecarriedin low-
speedrings. If all traffic demandsaregreaterthan1.5 but less
thantwo, thenwith even . , all of themarecarriedin high-speed
rings and the total cost of ADMs in the working ring only is
�'&¿¾v(v. ; with odd . , all of themexceptanarbitraryonearecarried
in high-speedringsandthe total costof ADMs in theworking
ring only is �'&¿¾v(X.�/ ! & ( . Suchcostsremainthesameaslongas
all demandsaregreaterthan1.5 but lessthantwo. If all traffic
demandsaregreaterthan %K&�( , all of themarecarriedin high-
speedringsandthetotalcostof ADMs in theworkingring only
is (X. . Suchcostalsoremainthesameaslongasall demandsare
greaterthan2.5. Whenall traffic demandsaregreaterthantwo
but lessthan2.5, the solution is a little complicated.We first
pair up the . nodes.If . is odd,somenodeis stand-aloneand
its whole traffic is carriedin a high-speedring. For eachpair
of nodes- and ¤ , we usea high-speedring to carry the whole
traffic from node - andthe remainingcapacityis usedto carry
thetraffic from node¤ .

TABLE I

SELECT L INE SPEEDS FOR UPSR

Rangeof all ) ’s � � � 2
� � 2435343�2 � : �

�Ì1'2 ! ��vÍ � *  )X2�Î6-
� ! �� 2º% Í 2 e�� �^Ï � *  1h2�Î<-
� ! �� 2º% Í 2 e�� �^Ï w � � *  1'2DÎ<-¡¼ ¤ Ð � ·  )

�f%K2º% �� Í � � * � �  1'2
� � *  %X)«V #

�f% �� 2 # Í � *  1h2�Î<-
The above argumentis restrictedto UPSR.However, it can

be extendedto BLSR aswell. TableII lists the optimal traffic
partitionof uniformtraffic demands.
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TABLE II

SELECT L INE SPEEDS FOR BLSR/2

Rangeof all ) ’s � � � 2
� � 2435343G2 � : �

�À1'2 »� Í � *  )X2�Î6-
� »� 2 ! Í 2 e�� �^Ï � *  1'2DÎ<-
� »� 2 ! Í 2 eR� �^Ï w � � *  1'2DÎ<-¡¼ ¤hÐ � ·  )

� ! 2 ! �� Í � � * � �  1'2
� � *  %X)RV�%

� ! �� 2~% Í � *  1'2DÎ<-
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