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SelectLine Speeddor Single-HUbSONET/WDM
Ring Networks

Xiang-YangLi,

Abstact—Minimizing SONET ADM costsin single-hub SONET/WDM
ring networks via traffic groominghasbeendiscussedn anumber of recent
works. Recentwork [12] givesthe exactminimum costsof uniform traffic
in both UPSR and BLSR/2 and provesthat the BLSR/2 would never be
more expensve than UPSR under any traffic pattern, if all wavelengths
have samecapacity.

In this paper we considerhow to groom both uniform and non-uniform
traffic to minimize the costof ADMs in the single-hub UPSR and BLSR/2
with mixed line speeds We especiallyexplore the grooming of traffic when
wavelengthshave two different capacitiesg; = 1 and g = 4. We show that
the problem can be confinedto just considerthe traffic requestr; < 4 for
all non-hub node:. By adopting the samecostmodel asin [5], i.e., ADMs
with speedg; = 1 and go = 4 cost1 and 2.5 respectvely, we provide
optimal traffic partition and grooming for uniform traffic demands,and
develop optimal or suboptimal solutions for non-uniform traffic demands,
dependingon the range of all demandsfr om non-hub nodes.

|. INTRODUCTION

Coupling wavelengthdivision multiplexed (WDM) technol-
ogy [9] with synchronousptical network (SONET)rings [6]
can not only greatly increasecapacity therebyreducingthe
amountof requiredfiber and allowing for more graceful up-
grades, but also potentially reducethe amountof required
SONETterminalequipmentthe SONET Add/Drop Multiplex-
ers(ADMs), by allowing individualwavelengthgo opticallyby-
passa nodevia a wavelengthadd-dropmultiplexer (WADM)
ratherthan being electronicallyterminated[3]. Typically, the
traffic demandbetweentwo nodesis low rated(e.g., OC-3),
anda high-rate(e.g.,0C-48) SONETring cancarrya number
of suchlow-speedraffic streamsWith WADM, the numberof
ADMs requiredn aSONETring is equalto thenumbermf nodes
thatareendpointof somerequestgarriedin thisring. Thusthe
optimal groomingproblemis to partition the setof communi-
cationrequestdnto a numberof groupssuchthat eachgroup
canbe carriedin a single SONETring andthe total ADM cost
is minimized. The minimum ADM costdependson both the
underlyingnetwork architectureandthe traffic pattern. Three
typesof SONET self-healingrings have beendefinedby stan-
dardbodies[6]: a unidirectionalpath-switcheding (UPSR);a
two-fiberbidirectionaline-switcheding (BLSR/2);afour-fiber
bidirectionalline-switchedring (BLSR/4).

The SONET self-healingrings are employed in both access
networks and in inter-office networks. In accessnetworks,
the traffic streamsbetweenaccessodesare routedby going
throughthe telephonecompary’s centraloffice. In orderto in-
creasethe channelutilization, a digital cross-connecis often
installedin thecentraloffice to crossconnecthetraffic streams.
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The centraloffice equippedwith a digital cross-connedis re-
ferredto asahubandthe SONETring with ahubis referredto
asasingle-hutring.

In additionto the network architecturesthe minimum ADM
costalsovariesuponthetraffic patternandtraffic demandsThe
traffic could have someregular patternssuchasone-to-alland
all-to-all, or any irregular pattern. The traffic demandsnay be
uniform (i.e. all traffic have the sameamountof demands)pr
non-uniform. Eachtraffic demanditself is given as an inte-
ger numberof low speed(tributary) streams. Alternatively, it
can also be representedy its traffic granularity , definedas
theratio of its demando the transmissiorcapacityof a single
wavelength. A traffic is saidto be a full-wavelengthtraffic , a
sub-wavelengtlraffic or a superwavelengthraffic if its traffic
granularityis equalto one, greaterthanone, or lessthanone
respectiely.

TheminimumADM problemhasbeendiscussed anumber
of recentworks[2] [4] [5] [7] [8] [10] [11]. [4] and[7] stud-
ied optimal groomingof arbitrary full-wavelengthlightpaths.
[2], [10] and[11] provided groomingof uniform #, 1, and 1—
wavelengthtraffic. [5] and[8] gave somepreliminary results
on thetraffic groomingin single-hubrings. In [8], an optimal
groomingof uniformone-to-allsub-wavelengthtraffic in single-
hubUPSRringswaspresented[5] briefly discussethecriteria
for usingUPSRvs. BLSR rings andto mix two typesof line
speedonasingle SONET/WDMring. In [12], theauthorsfur-
thertheworksin [5] and[8] andprovide strongerresultsabout
the ADM costof uniform all-to-all traffic in both single-hub
UPSRandsingle-hubBLSR/2. They establishareductionfrom
groomingof any duplex traffic to groomingof one—to-alduplex
traffic, andfrom groomingof one—to-alduplex traffic to groom-
ing of one-to-allsimplex traffic. Thusany optimalgroomingof
one-to-allsimplex leadsto an optimal groomingof one-to-all
duplex and an optimal groomingof all-to-all duplex. There-
fore, from then on we concentrateon only one-to-allsimplex
traffic. They alsoshav thatBLSR/2alwayscostsno morethan
UPSRunderary traffic andthesearcHor optimalgroomingcan
be confinedto a narrov subsetof valid groomings referredto
as canonicalgroomings They then constructoptimal canoni-
cal groomingsof uniform one-to-alltraffic in both UPSRand
BLSR/2 rings and derive the analytic expressionof the mini-
mumADMSs.

The paperis structuredas follows. We review the results
in[12] for optimaltraffic groomingin single-hubSONET/WDM
ringswith only oneline speedn Sectionll. It wasproved[12]
thatthe searchof optimalgroomingof uniform traffic in UPSR
andBLSR/2 canbe confinedto thosecanonicalgroomings.We
analyzethe basicpropertiesof arbitrarytraffic groomingwhen
wavelengthshave two differentcapacitiesy; = 1 andg, = 4
andthe costof correspondindADMs is 1 and2.5 respectiely
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in Sectionlll. Andwe shaw thatthe problemcanbeconfinedto
just considetthetraffic request; < 4.for all non-hubnodes In
SectionlV andSectionV, we provide optimaltraffic partition
and groomingfor uniform traffic demandsand develop opti-
mal or suboptimalsolutionsfor non-uniformtraffic demands,
dependingntherangeof all demanddrom non-hubnodes Fi-
nally we concludeour paperin sectionVI.

Il. PRELIMINARIES

We considera single-hubSONET/WDM ring comprising
of n + 1 nodesnumbered), 1, - - - , n,clockwise,with the hub
placedat node0. The traffic demandandthe transmissiorca-
pacityof eachwavelengtharein termsof thebasiclow-rate(e.g.,
0C-3) traffic streamsWe first review theresultin [12] for op-
timal traffic groomingin single-hubSONET/WDM rings with
only oneline speed. Let g be the transmissiorcapacityof a
singlewavelength.

In [8], it was proved that the searchof optimal grooming
of uniform sub-wavelengthtraffic in UPSRcan be confinedto
thosegroomingssatisfyingthat eachdemandis carriedin ex-
actly onewavelength,.e., split of ademandnto morethanone
wavelengthds not allowed. In [12], the propertyis generalized
to arbitrarytraffic patternwith arbitrarytraffic demandsn both
UPSRandBLSR/2.

Given a setof demands{ry,--- ,7,} in @ UPSRand the
wavelengthcapacityg, a groomingis saidto be a canonical
groomingif ateachnodel < i < n, its demands carriedin
f%} wavelengthsamongwhich | Z: | wavelengthseachcarries
¢ unitsof demanddo nodes, andt?\eremainingone,if thereis
ary, carriesr; mod g unitsof demand$o nodei.

Given a setof demands{r,--- ,r,} in a BLSR/2 andthe
wavelengthcapacityg, a groomingis saidto be a canonical
groomingif at eachnodel < i < n, its demandis carried
in [%1 = [2%1 wavelengths(countingeachwavelengthused
in both directionsastwo), amongwhich [%J = L%J wave-
lengthseachcarries$ units of demanddo nodei, andthe re-
mainingone,if thereis ary, carriesr; mod # unitsof demands
to nodes.

The next lemmastatesthat whenlooking for optimal traffic
groomingfor single-hubSONET/WDM rings with singleline
speedwe canpay attentionto only canonicalgroomings.

Lemmal: [12] Given ary set of demandsin UPSR or
BLSR/2, thereis a canonicalgroomingwith minimum ADM
cost.

In this sectionwe presenbptimalgroomingof uniform traf-
fic in both single-hubUPSRand single-hubBLSR/2. We as-
sumethat the traffic demandfrom the hub to eachothernode
is . [8] essentiallygave the optimal canonicalgroomingin
single-hubUPSRwhenr < g. In [12], they presentheoptimal
canonicagroomingfor arbitraryr in bothsingle-hudJPSRand
single-hutBLSR/2. For completenessye give areview of their
approacho constructhe optimalcanonicagrooming.
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Let'sfirst considetthe optimalgroomingof uniformtraffic in
single-hubUPSR.

If rmodg = 0, thenthe optimal canonicalgroomingis
uniguein the sensethat eachwavelengthcarry g units of de-
mandsexclusively to somenode. Thus eachnodecontributes
2-L= %" ADMs, half atthenodeitself andhalf atthehubh So

g9
the total ADM costin the working fiber is n - % = 2gﬂ. The

total ADM costis then42r,

Now we assumehatr mod g > 0. In ary canonicalgroom-
ing, ateachnodetherearer — r mod ¢ portionof demandgar
riedin | 7| wavelengthsxclusively. Thesedemandsise2n | 7 |
ADMs in the working fiber. In arny optimal grooming,the re-
mainingdemandst eachnode,referredto asresiduedemands
mustusea minimum ADM cost. This canbe achieredin the
sameway asin [8]. We partitionthe N hodesinto

1

[L

I-rm%ng

groupsof at most I—rm%dgj nodes. The residuedemandsof
nodesin eachgrouparecarriedin a singlewavelength. These

residuedemandsotally require

nr [-I—’r'mong

1

n
9

ADMs in the working fiber. Thusthe total ADMs usedin the
workingfiberis

r n
2n|—|+n+ [—5—]
g erg(l)ng
r r n
=n[-]+n[-]+ 7]
g g LTm%ng
Let
2% If r mod g = 0,
F(g,ryn) ={ nf%]%—n\_%]—F(ﬁ] otherwise.
rmodg

ThentheminimumADM costin theworkingfiberis F'(g, r, n),
andthetotal ADM costis 2F(g,7,n).

Similarly, the minimum ADM costin BLSR/2is F(§,,n).
Theoptimumcanonicagroomingcanbeconstructedn thesim-
ilar way.

Thenext theoremsummarizeshe above discussions.

Theoem?2: The minimum ADM costof uniform traffic de-
mand with rate » in UPSR and BLSR/2 is 2F(g,r,n) and
F(%,r,n) respectiely.

I1l. SELECT SPEEDSWITH TWO LINE SPEEDS AVAILABLE

In the previoussectionwe assumehatall SONETringshave
the sameline speed.In this case the highertheline speedthe
smallerthe numberof ADMs. On the other hand,the higher
the line speed the higherthe costof the ADM. However, the
costof ADM doesnotincreasdinearly with theline speed.The
costmodeladoptedn [5] assumethatthecostratiobetweeran
OC-4n ADM andanOC-n ADM is 2.5. If thetraffic demands
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uniform, thenthe bestline speedcanbe selectedby comparing
thetotal ADM costfor eachline speed.

However, if we allow the SONETringsto have differentline
speedswe have to partitionthetraffic from eachnodeinto the
SONETr ings of differentline speeds.After the partition, the
traffic groomingalgorithmsdevelopedin the previous sections
canbe appliedto therings of ary particularline speed.Thusa
solutionhastwo componentshepartitionof thetraffic, andthe
groomingsof thetraffic in ringsof eachspeed Bothcomponents
affecttheoverall cost.Becaus¢herearea verylargenumberof
possibletraffic partitions,it’s impossibleto find the bestsolu-
tion by enumerationThis is true evenif all traffic demandsre
uniform. Soefficientalgorithmsor criteriashouldbe developed
to find traffic partitionswhich mayleadto the minimum ADM
cost. This sectionis intendedo addresshis problem.

To simplify the problem,we assumehat thereare only two
line speedg; andg, with g, = 4¢, asdid in [5]. We alsoadopt
the samecostmodelusedin [5]. We assumehatthe costof a
ADM of speedy; is one,andthe costof a ADM of speedgs
is 2.5. A simpleapproactpresentedn [5] is thatfor eachtraf-
fic demandwith valuer, assignr mod g, traffic to the SONET
ringswith speedy; andr —r mod g, traffic to the SONETrings
with speedy.. The performancef this approactcomparingto
theoptimalassignmentvasnotdiscussedh [5]. In thissection,
more generalsolutionswill be developedand their optimality
will alsobe proven. In particular a completeoptimal solution
for uniformtraffic demandss obtained.

A. BasicProperties

As thereareonly two type of speedswe call a SONETring
of speedy; asalow-speeding, anda SONETring of speedys
asa high-speeding withoutany ambiguity Similarly, we call a
SONETADM of speedy; asalow-speedADM, anda SONET
ADM of speedg, asa high-speedADM. For the simplicity of
presentationg; is scaledto oneandall demandsrescaledac-
cordingly Thusg; = 1,9, = 4 andall demandsrefractional
numbersor integers.

In this section,we will studythe selectionof line speedin
UPSRIn detail. Theanalysiscanbe extendedto BLSR aswell.
Because¢he ADM costof theworkingring is exactlythesameas
theprotectiorring, we canonly consideithe costof theworking
ring. Assumethe demandetweemodei andhubis r; for 1 <
i < n. Thenary traffic partition canbe representedby ann-
dimensionalector

fz(fh"' an)

where0 < f; < r; is theamountof the traffic betweennode
i andhub placedto alow-speeding. For ary traffic partition,
we cangroomthetraffic carriedin low-speedingsandthetraf-
fic carriedin high-speedings separatelylf boththe grooming
of thetraffic carriedin low-speedingsandthe groomingof the
traffic carriedin high-speedingsarecanonicalwe call theover-
all groomingis canonicatoo.
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In thefollowing, we will presensomebasicpropertieof op-
timal traffic partitions.

Lemma3: In ary optimaltraffic partition f = (f1,---, fn),
fi < 3foralll < i < n, andthereis an optimal solution
f=f1, -, fn)With f; < 2forall 1 < i < n.

Proof: We prove the first part of lemmaby contradic-
tion. Let f = (f1,---,fn) be ary optimal traffic partition
with f; > 3. Thenin a canonicaloptimal grooming,thereat
leastthreelow-speedingsdevotedexclusively to nodei. If we
movethetraffic carriedin ary threeof thesdow-speedingsinto
one-speeding, we save 6 low-speedADMs andusestwo new
high-speedADMs, andthusdecreasg¢hecostby 1. Thiscontra-
dictsto theoptimalityof f = (f1,---, fn). We now prove the
secondpartof lemmaby contradiction.Let f = (f1,---, fa)
be ary optimaltraffic partitionwhich containsthe leastnumber
of entriesthat are morethantwo. Supposef; > 2 for some
1 <4 < n. Thenin a canonicabptimalgroomingof the traffic
demandq fi,--- , fn} into low-speedings,atleast[ f;] + | f;|
ADMs are devotedto nodei. Now we placesuch f; amount
of traffic from nodes into [%] new high-speedings,i.e. set
fi = 0. Thenin thenew solution,acostof atleast[ f;] + | f;| is
savedfrom therings of speedy; while a costof 5[%1 is added
to theringsof speedy,. As

[+ L) 2 51

whenf; > 2, thenew solutionhasnomorecostthanthesolution
f but containsonelessentrieswhich aremorethantwo. This
contradictgo the selectionof f. Thereforethelemmais true.

|

Intuitively, if atraffic canfill a high-speeding, it shouldfill
fully asmary high-speedingsaspossibleto take advantageof
thelower costperbandwidthof the higherspeeding. Thenext
lemmaverifiessuchintuition.

Lemmad: There is an optimal traffic partition f

(f1,++ » fn) With f; < r;mod4forall 1 <i < n.
Proof: We prove the lemmaby contradiction. Let f =
(f1,- -+, fn) beary optimaltraffic partitionsatisfyingthat f; <

2 for all 1 < i < n andthecardinalityof theset
{1<i<n|fi>r;mod4}

is the smallest. Assumethat f; < r; mod 4 for somenodes.
Thenin a canonicaloptimal groomingof the traffic carriedin
high-speedings,in additionto L“%ffj high-speedingswhich
are devoted exclusively to nodei, one high-speeding carries
theremainingd — f; + r; mod 4 amountof traffic from node:.
Thishigh-speeding mustalsocarrytraffic from othernodesfor
otherwisewe canwefill thisring fully with thetraffic from node
i without ary additionalcostbut theamountof traffic placedin
low-speedingsis r; mod 4, which contradictsto the selection
of f = (f1, -+, fn). Letz; > 0 betheamounbof thetraffic car
ried in thisring from nodesotherthannodei. Thenz; > 1 for
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otherwisewe candecreas¢hetotal ADM costby 0.5 by moving
x; to adedicatedow-speeding, which againcontradictgo the

optimalityof f = (f1,---, fa). AS
4— fi+r;modd +x; <4,
we have
1<z <rimodd+z; < f; <2.

Thisimpliesthatz; is from only onenode,say, for otherwise
the portion of the traffic from somenodeis lessthanone and
againwe candecreaséehetotal ADM costby the moving of it

to a dedicatedow-speedring. Now we look at the f; amount
of traffic from node: carriedin low-speedrings. In a canoni-
cal optimal grooming,onering carriesthe traffic of amountl

from node: only, anotherring carriesf; — 1 amountof traffic

from node¢ andmay carry additionaltraffic from othernodes.
Finally we relocateall traffic in thesethreeringsasfollows. Fill

the high-speeding fully with the traffic from nodes. Fill the
first low-speedring fully with the traffic from nodej. In the
secondow-speedring, keepthe original traffic not from node
i, andplacer; mod 4 amountof traffic from node; andz; — 1

amountof traffic from nodej. With this modification,onehigh-
speedADM is savedbut oneadditionallow-speedADM is used.
Sothetotal costis decreaselly 2.5 — 1 = 1.5, whichagaincon-
tradictsto theoptimalityof f = (f1,--- , fn)- ]

Fromtheabove lemma,thereis anoptimalsolutionin which
| 5] high-speedings are dedicatedr; — r; mod 4 amountof
traffic from nodei for all 1 < ¢ < n. Thusfrom now on,
we assumehatr; < 4 for all nodei. For ary traffic partition

f=f,- 5 fn) let

S(fli={1<i<n]|0< f; <r},
Ufy={1<i<n]| fi=0o0rr;}.

Thusthe traffic from ary nodein S(f) is carriedin both low-
speedingsandhigh-speedings,andthetraffic from any node
in U(f) is carriedin eitherlow-speedingsor high-speedings
but not both.

The next lemmastatesthatat ary node,if the traffic of this
nodeis carriedin bothtypesof rings,thenthe amountof traffic
carriedin low-speedringsis at mostone; andif thereis some
traffic carriedin ahigh-speeding, its amountis morethanone.

Lemmab: Let f = (f1,---, fn) beary optimaltraffic par
tition. Thenfor ary 1 < i < n, neitherl < f; < r; nor
0 <r;— fi <lispossible.

Proof: Assumethatl < f; < r;. Thenin acanonical
optimalgrooming,the total costof ADMs usedby thetraffic r;
is atleast

24+1+25=5.5,

asatleast2 low-speedADMs is neededitnodei, atleastl low-
speedADM is neededtthehub,andatleastl high-speedDM
isrequiredatthenode;i. Butif thetraffic r; is entirelycarriedby
ahigh-speeding, thecostof ADMs isatmost2.5 + 2.5 = 5 <
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5.5,which contradictsto the optimality of f = (fi,- -, fn)-
Now we assumehat0 < r; — f; < 1. We remove ther; —
fi amountof traffic from the high-speeding and putit in a
dedicatedow-speedring. With this modification,at leastone
high-speeding is saved andtwo additionallow-speedADMs
areused.Sothetotal costis decreasetly

25-2=05

which againis impossibleas f = (fy,---
mal.

, fn) is alreadyopti-
|

As acorollaryof Lemmab5, in ary canonicaloptimalgroom-
ing, ary high-speeding can carry traffic from at mostthree
nodes.

The next lemmastatesthat, at ary node,whena traffic de-
mandfrom a nodeis at mostone, it shouldbe alwaysputin a
low-speeding; andwhenatraffic demands morethanthree,it
shouldbealwaysputin a high-speeding.

Lemmab: Let f = (f1,--- , fn) beary optimaltraffic parti-
tion. Thenforary 1 < i < n,if r; <1, f; = r;; andif r; > 3,

fi=0.

Proof: Thefirst partfollowsdirectlyfrom Lemma5. Now
we assumehatr; > 3 andf; > 0. FromLemma3 andLemma
5,0 < f; < 1,andthusr; — f; > 2. Ther; — f; amountof
traffic from nodei mustsharesometraffic from othernodesfor
otherwisewe canput all traffic from nodes in the high-speed
ring and decreaseshe costby at leastone. From Lemma5b
if thereis sometraffic, from any node,carriedin a high-speed
ring, its amountis morethanone. Thusther; — f; amountof
traffic from node: shareonehigh-speeding with someamount,
denotedy z;, of traffic from exactlyonenode,say;. Notethat

1<z <4-—r;+ f;.

Sowe considerthe following modificationto a canonicalopti-
mal solution. We replacethe f; amountof traffic from nodes
in somelow-speeding by the f; amountof traffic from nodej.
This may save onelow-speedADM. We thenplacethex; — f;
in adedicatedow-speeding as

i — fi <4-—r; <1

This addstwo low-speedADMs. Finally, we placeall traffic
from nodei in thehigh-speeding originally carryingther; — f;
amountof traffic from nodei andz; amountof traffic from node
j. Thissavesonehigh-speed\DM. Thusafterthemodification,
thetotal ADM costis decreaseby atleast2.5 —2 = 0.5, which
contradictgo theoptimalityof f = (f1, -« , fn)- [ ]

The above lemmaimpliesthatif r; < 1 for ary nodel <
i < n, thenall traffic mustbe carriedin low-speedrings. In
particular if thetraffic is uniformwith amountr, thetotal ADM
costis F(1,r,n). If r; > 3 for ary nodel < i < n, thenall
traffic mustbe carriedin high-speedings. As in the canonical
grooming, the traffic demandfrom arny node mustbe carried
in a dedicatechigh-speeding. Thus2n high-speed\DMs are
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neededvith costsn in total. A remarkis suchcostonly accounts
for the working ring, if we considerthe protectionaswell, the
total costshouldthenbedoubled.

IV. ALL TRAFFIC DEMANDS ARE AT MOST TwoO

In thenext lemma,we shav thatwhenthetraffic demandrom
eachnodeis atmosttwo, thenthereis anoptimaltraffic partition
in which noneof themis carriedin both low-speedrings and
high-speedings.

Lemmar: If r; < 2foralll < i < n, thenthereis an

optimaltraffic partition f with S(f) = 0.

Proof: Weproveit by contradictionLet f = (f1,--- , fn)
be ary optimal traffic partition with the smallest|S(f)|. Let
i € S(f) andconsiderary canonicaloptimal grooming. From
Lemma5, 0 < f; < 1 andr; — f; > 1. Thusin ary canonical
optimal grooming, the traffic from nodes is carriedin exactly
onelow-speeding andexactly one high-speeding. We con-
centrateon the high-speeding carryingther; — f; amountof
traffic from nodes. It cancarrytraffic from at mostthreenodes.
Firstof all, it mustalsocarry sometraffic from othernodesfor
otherwisewe canfill it with all traffic from node: anddecreases
thecostby atleastone.Secondlyit is impossiblehatthis high-
speeding carriesthetraffic from only two nodesfor otherwise
we canput all traffic from thesetwo nodesin this high-speed
ring, which can also sase at leastone low-speedADM. Thus
this high-speeding mustcarrytraffic from exactly threenodes.
We denoteheothertwo nodesotherthannodei by j andk. We
show thatj, k € U(f). Supposeo the contrary We modify
the placemenbf the traffic from thesethreenodesasfollows.
We usethe high-speeding to carrythewholetraffic from node
+ andthe whole traffic from node; andnothingelse. We add
at mosttwo new dedicatedow-speedrings to carry the traffic
from nodek. We save one high-speedADM andaddat most
two morelow-speedADMs. Thusthe modificationdecreases
the total costby at least0.5, which contradictsto the optimal-
ity of f. Thereforeboth j andk arein U(f), thatis all traffic
from nodej andnodek arecarriedin the high-speeding. As
ri —fi > 1,

Tj+7‘k§4—(7'i—fi)<4—1=3.

So we canmaodify the placemenbf the traffic from nodesi, j
andk asfollows. We placeall thetraffic from nodei andnothing
elsein two new low-speedings,anduseat mostthreenew low-
speedringsto carry all traffic from nodesj andk. Thenfour
high-speedADMs aresaved,andat mosttenlow-speedADMs
are added. The resultingsolution hasthe samecostas f but
it containsonelessnodeswhosetraffic arecarriedin bothlow-
speedingsandhigh-speedings. Thiscontradictdo that|S(f)|
is thesmallest.Thusthelemmais true. |
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A. All Traffic DemandsAre at Most 2

Thenext lemmastateshatwhenthetraffic demandrom each
nodeis at most%, thenwe canput all traffic in the low-speed
rings.

Lemma8: If r; < % forall 1 < ¢ < n, thenthetraffic par
tition f = (f1,---,fn) Wheref; = r;foralll < i < nis
optimal.

Proof: Weproveit by contradictionLet f = (f1,--- , fn)
be ary optimal traffic partition with f; = 0 or r; for all
1 < i < n andthe smallestnumberof zeroentries. Consider
ary canonicaloptimal grooming. As ary high-speeding car
ries traffic from at mostthreenodes. We considerthe follow-
ing threecases. If a high-speeding carriestraffic from only
onenode,we canuseat mosttwo new low-speedingsto carry
all traffic from this node. This modificationsaves two high-
speedADMs andusesat mostfour low-speedADMs. Thusthe
costis decreasetby 0.5, which contradictgo the optimality of
f = (f1,---, fa). If ahigh-speeding carriestraffic from two
nodes,we canuseat mostthreenew low-speedingsto carry
all traffic from thesenodes.This modificationsaresthreehigh-
speedADMs andusesat mostseven low-speedADMs. Thus
the costis decreasetby 0.5, which alsocontradictgo the opti-
mality of f = (f1,---, fn). If ahigh-speeding carriestraffic
from threenodes,we useat mostfour new low-speedingsto
carryall traffic in this high-speeding. This modificationsaves
four high-speedADMs andusesat mosttenlow-speedADMSs.
The resultingsolutionhasthe samecostas f , but the number
of zeroentriesis decreasedby three,which contradictsto the
selectiorof f. Thereforethelemmais true. |

The above lemmaimplies if the traffic is uniform with de-
mandr < % theminimumecostof ADMs is F'(1,r,n).

B. All Traffic DemandsAre More than%

We now considerthetraffic with demandmorethan% but at
mosttwo.

Lemmao: Supposehat% <r; <2foralll <i<n.lfnis
even, thenthetraffic partition f = (f1,---, fn) wheref; = 0
forall1 <7 < mnisoptimal.lf nisodd,thenforary1 <j <n
the traffic partition f = (fy,---, fn) Wheref; = 0fori # j
andf; = r; is optimal.

Proof: We also prove it by contradictionthat thereis
an optimal traffic partition f = (f1,---, f,) with f; = 0 or
r; for all 1 < ¢ < n andat mostone non-zeroentries. Let
f = (f1,---, frn) beary optimaltraffic partitionwith f; = 0
orr; forall 1 < ¢ < n andthe smallesthumberof non-zero
entries. Assumethat f; = r; and f; = r;. Considetary canon-
ical optimalgrooming. Therearetwo low-speedings devoted
to node: andtwo low-speedings devotedto nodej;. We relo-
catethe traffic from nodei andnode; to onenew high-speed
ring. This modificationsaves 8 low-speedADMs and uses3
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high-speedADMs. The total costis decreasedy 0.5. This
contradictsto the optimality of f = (f1,---,f.). Now let
f = (f1,---, fn) beary optimaltraffic partitionwith f; = 0
orr; forall 1 < ¢ < n andatmostonenon-zeroentries.Note
thatin ary canonicaloptimal grooming,eachhigh-speeding
mustcarry traffic from two nodes,for otherwisewe canmove
it to two low-speedingsandthe costwould bedecreasedtly 1.
Thusif niseven, f; = 0forall 1 < i < n, andif n is odd,there
is exactlyonel < ¢ < nwith f; = r;. ]

From the above lemma, if % <r <2foralll <i<n
we canprovide optimalgroomingasfollows. If n is even,then
all traffic is carriedin high-speedings, and eachhigh-speed
ring carriesthe wholetraffic from two nodes.It requiregtotally
1.5n high-speedADMs (in the working ring only) with total
cost3.75n. If n is odd,thenthetraffic from onenodeis carried
in two low-speedingsto carry the whole traffic from a node,
andthetraffic from all othernodesarecarriedin the high-speed
rings, with eachring dedicatedo a pair of nodes.Thus4 low-
speedADMs and1.5(n — 1) high-speed\DMs areused.Sothe
total ADM costis

44 15(n—1)-2.5=3.75n+ 1.5.

V. ALL TRAFFIC DEMANDS ARE MORE THAN TWO

In generalgachhigh-speeding cancarrytraffic from atmost
threenodes.Thenext lemmastateghatif all traffic demandsire
morethantwo, thenin arny canonicabptimalgroomingno high-
speeding cancarrytraffic from threenodes.

LemmalO: If r; > 2 for all nodes, thenin ary canonical
optimal groomingeachhigh-speeding carriestraffic from at
mosttwo nodes.

Proof: We prove it by contradiction. Considera canon-
ical optimal groomingwith traffic partition f = (f1,---, fn).
Assumethatthreenodesi, j andk appeaiin a high-speeding.
Theni, j, k € S(f) for otherwise

(re = fo) + (rj — f3) + (r&
As
(ri = fo) + (rj — f3) + (r&
we have
fitfi+fe>ritr,+re—4>2.

As fr, <1, fi+ f; > 1,soaref; + fr andf; + fr. Thismeans
thatall the threenodesmustappeaiin threedistinctlow-speed
rings. Assumethesethreeringscarry z;, «; andz; amountof
thetraffic from othernodesrespectiely. Thenwe have

sty +xr <3—(fi+ fi+fr) <1
Notethat

ri+ri+re < fi+fi+f+4<7,
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Asr, > 2, r; +1r; < 5,s0arer; + 1y andrj + rr. Now
we relocatehetraffic carriedin thesethreelow-speedingsand
the high-speeding asfollows. We placethe wholetraffic from
nodes in the high-speeding, placethewholetraffic from node
Jj and4 — r; amountof traffic from nodek in anew high-speed
ring, andplacer; + ry — 4 amountof traffic from nodek in a
low-speeding as

O<rj+r,—4<1.

Thez;, z; andz; amouniof thetraffic from othernodesarecar
ried exclusively in anothedow-speeding. After therelocation,
we save threelow-speedADMs andaddonehigh-speedADM.
Sothe total costis decreasedby 0.5, which is a contradiction.
|

The following lemmastatesthat if all traffic demandsare
greatetthantwo, we canconcentrat®n thosecanonicagroom-
ing in which exactly onenodein eachhigh-speeding hasits
wholetraffic carriedin this high-speeding.

Lemmall: If r; > 2 forall1 < i < n, thenthereis a
canonicalptimalgroomingin which exactly onenodein each
high-speeding hasits whole traffic carriedin this high-speed
ring.

Proof: We proveit by contradiction.Consideracanonical
optimal groomingwith traffic partition f = (f1,---, f,) with
fi <2foralll < i < n. FromLemmab, f; < 1 for all
1 <i<n.Thusforalll <i<n,

ri—fi>2-1=1.

If a high-speecarriestraffic from only onenode,thenit must
carrythewholetraffic from thatnode.Now we consideta high-
speedring which carriestraffic from two nodesi,j € S(f).
We relocatethe traffic from nodei andnodej asfollows. The
high-speeding carriesr; amountof traffic from nodes, and
4 — r; amountof traffic from nodej. We replacethe origi-
nal f; amountof traffic from node: in a low-speeding by f;
amountof traffic from nodej. The costof the resultgrooming
is not increased.We repeatsuchprocedurefor all high-speed
rings which eachcarry traffic from two nodesthat are bothin
S(f). In theend,we comeup with a groomingin which each
high-speeding carriesthewholetraffic from atleastonenode.
Finally we usea canonicalgroomingto placeall traffic carried
in low-speedrings. Thenthe resultinggroomingsatisfiesthe
requiremengivenin thelemma. |

A. All Traffic DemandsAre More thang

Whenall traffic demandsare greaterthan g the following
lemmagivesanoptimaltraffic partition.

< n, thenthe traffic

Lemmal2: If r; > 2 forall 1 < i

partition f = (f1,--, fn) Wheref,'_: Oforalll <i<nis
optimal.
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Proof: We considera canonicaloptimal groomingwith
thetraffic partition f = (f1,--- , f») in which eachhigh-speed
ring carriesthe whole traffic from at leastone node. Assume
that f; > 0 for somel < ¢ < n. FromLemmabs, f; < 1. Fur
thermore the high-speeding wherenodei appearsnustcarry
thewholetraffic from anothemode,sayj, andno othertraffic.
As

(ri—fi) +r; <4,
we have
fiZT’i+T’j—4>1.

This contradictgo f; < 1. |

Theabovelemmasuggestshatif all traffic demandsremore
thang, we shouldcarryall traffic in high-speedings. In thisop-
timal traffic partition,thecanonicafjroomingis uniqueandeach
high-speeding carriesexclusively the whole traffic from only
one node. Thusthe minimal total ADM cost(in the working
ring) is 5n.

B. All Traffic DemandsAre at Most 2

Finally we considerthe traffic with demandsat mostg but
morethantwo. Thenext lemmastateghatif all traffic demands
areatmostg, thenin ary optimalgroomingthereis atmostone
high-speeding which carriesexclusively thewholetraffic from
exactly onenode.

Lemmal3: If r; < 2 forall 1 < i < n, thenin ary optimal

groomingat mostone high-speeding carriesexclusiely the
wholetraffic from exactly onenode.

Proof: We proveit by contradiction.Consideranoptimal
groomingwith traffic partition f = (f1,--- , f») in whichthere
aretwo high-speeding dedicatedo node: andnode; repul-
sively. Werelocatethetraffic from node; andnodej asfollows.
We placer; amountof traffic from nodei, andmin{4 — r;,r;}
amountof traffic from nodej on one high-speeding, and if
ri +r; > 4 weplacer; + r; — 4 amountof traffic from nodej
on onelow-speeding. This modificationsavesonehigh-speed
ADM andaddsat mosttwo low-speedADMs. The costis de-
creasedy atleast0.5,whichis a contradiction. |

FromLemmalO, 11 and13,if n isevenand2 < r; < g
forall 1 < i < n, thenthereis a canonicaloptimal grooming
in which half nodeshave theirtraffic carriedin high-speedings
andthe half nodehave their traffic carriedin both high-speed
ringsandlow-speeding, andeachhigh-speedsk fully filled with
thewholetraffic from onenodein thefirst half anda portion of
traffic from anodein thesecondalf. if nisoddand2 < r; < g
forall 1 < i < n, thenthereis a canonicaloptimalgrooming
in which the traffic from one nodeis carriedexclusiely in a
high-speeding andthe traffic from othernodesare carriedin
the sameway asthe numberof nodess even. However, how to
selectthe setof nodesto be carriedwholly in high-speedings
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and how to form nodepairsto appearin high-speedings re-

mainsopen. But if the traffic is uniform, thesetwo questions
canbe easily solved. We canselectary [ %] nodesto be car

ried wholly in high-speedings, andthe pairing betweerthose
nodesandtheremainingnodescanbeselectedarbitrarily. Thus,
for uniformtraffic with deman® < r < % thetotal ADM cost
in theworkingring is

3.25n + F(1,2r — 4, g)

if n is even,andis
5+3.25(n—1) + F(1,2r — 4, %)
=1.75+3.25n + F(1,2r — 4, %)

if n is odd.

VI. SUMMARY

For uniformtraffic demandsywe have providedoptimaltraffic
partition and grooming,which is summarizedn Tablel. For
non-uniformtraffic demandspptimal or suboptimalsolutions
have beendevelopeddependingon therangeof all demandslf
all demandsreatmostl1.5, thenall of themarecarriedin low-
speedings. If all traffic demandsaregreaterthan1.5 but less
thantwo, thenwith evenn, all of themarecarriedin high-speed
rings and the total costof ADMs in the working ring only is
3.75n; with oddn, all of themexceptanarbitraryonearecarried
in high-speedings andthe total costof ADMs in the working
ring only is 3.75n + 1.5. Suchcostsremainthe sameaslong as
all demandsregreaterthan 1.5 but lessthantwo. If all traffic
demandsare greaterthan 2.5, all of themare carriedin high-
speedingsandthetotal costof ADMs in theworking ring only
is 5n. Suchcostalsoremainthesameaslongasall demandsre
greatethan2.5. Whenall traffic demandsregreaterthantwo
but lessthan 2.5, the solutionis a little complicated. We first
pair up then nodes.If n is odd,somenodeis stand-aloneand
its whole traffic is carriedin a high-speeding. For eachpair
of nodes; andj, we usea high-speeding to carry the whole
traffic from nodes andthe remainingcapacityis usedto carry
thetraffic from nodej.

TABLE |
SELECT LINE SPEEDS FOR UPSR

Rangeof all r’s (fis for -5 fn)
(0,1%] f’l =T’,\V/Z
(1%,2],71—2/6 fz :O,Vl
(13,2ln=2%+1] fi=0Vi#jfi=r
(2,25 J2ic1 =0, foi =2r — 4
(L4 =0,V

The above argumentis restrictedto UPSR.However, it can
be extendedto BLSR aswell. Tablell lists the optimaltraffic
partitionof uniformtraffic demands.
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(1

[2
(3]
(4]

(5]

(6]

(71

(8]

[9]

[10]

[11]

[12]

(23]

[14]

TABLE Il
SELECT LINE SPEEDS FOR BL SR/2

| Rangeofallr’s | (f1,fos s fn) |
. (0,%] f’LZTJvZ
(Zvl]anZQk fz :07Vl
G lln=26+1] fi=0,Yi#j;fi=r
(1,14] J2ic1 =0, fo; =2r — 2
(11,2 fi =0,V
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