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Multiple Antenna Channels With Partial Channel
State Information at the Transmitter
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Abstract—We investigate transmission strategies for flat-fading
multiple antenna channels with ¢ transmit and r receive antennas,
and with channel state information (CSI) partially known to the
transmitter. We start with an assumption that the first n eigenvec-
tors of HTH, where 0 < n < min(¢,r) and H is the channel
matrix in C™*?, are available at the transmitter as partial spatial
information of the channel. A beamforming method is proposed in
which a beamforming matrix is determined from the n eigenvec-
tors in some predefined way; as a result, the receiver also knows
the beamforming matrix. With this beamforming scheme, we de-
velop a new multiple antenna system concept that provides a mech-
anism to reduce the amount of channel feedback information. This
paper focuses on deriving the channel capacity of the multiple an-
tenna channels employing the proposed beamforming and feed-
back methods. An important task for achieving capacity is the so-
lution of interesting optimization problems for the optimal power
allocation over the transmit symbols. The results show that the pro-
posed methods lead to systems wherein the amount of feedback in-
formation can be significantly reduced with a minor sacrifice of
achievable transmission rate.

Index Terms—Channel capacity, channel state information
(CSI), multiple-input multiple-output (MIMO) systems, multiple
antennas, power allocation, transmit beamforming, wireless
communication.

1. INTRODUCTION

N recent years, communication systems with multiple an-

tennas at both the transmitter and the receiver have gathered
much attention for high-rate data transmission. The informa-
tion-theoretical capacity of the multiple antenna channels has
been studied by many researchers, immediately following the
promising results by Telatar [1] and Foschini [2]. Many previous
studies have focused on the following two assumptions about
channel state information (CSI): the first is the case where CSI
is known to both the receiver and the transmitter [1], [3]; and the
second is where CSI is available only at the receiver, not at the
transmitter [1], [2], [4]. We will refer to the former as complete
CSIT and the latter as no CSIT! ; these will be used as the two
references in comparing channel capacities.
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ICSIT: channel state information at the transmitter. In this paper, we assume
that in all cases the channel information is completely known to the receiver.

We remark that there are gaps between the capacities of the
two cases, in particular, when the transmit power is relatively
low, or when the number of transmit antennas is greater
than the number of receive antennas. In order to achieve the
higher capacity of the complete CSIT, the transmitter should
perfectly know instantaneous channel information. In general,
the channel state information at the transmitter, even partial
information, can be utilized to increase the channel capacity.
This research was motivated by a natural insight that there is a
tradeoff between the improvement in channel capacity and the
degree of completeness of the CSI available at the transmitter.
In practical situations, particularly, in systems with a feedback
channel for the channel state information, the amount of
channel information that is required at the transmitter can be
too large to handle, since the channel has ¢ x r number of
fading parameters. In this paper, we consider the cases where
the channel information is partially known to the transmitter in
a way that enables a reduction in the amount of the feedback
information.

There were several studies that have considered partial
CSIT for different systems or in different forms of CSIT other
than what this paper considers. We mention a few works in
this content. Caire and Shamai [5] investigated single-input
single-output channels. Multiple-input single-output (MISO)
channels were studied by Visotsky and Madhow [6] considering
the second order statistics of channel as partial CSIT. Jafar ez al.
[7] considered extension of Visotsky’s result to multiple-input
multiple-output (MIMO) channels, Bhashyam, Sabharwal, and
Aazhang [8] explored MISO channels considering the received
SNR as partial channel information. Beamforming combined
with space-time coding in MIMO channels were investigated
by Jongren, Skoglund and Ottersten [9] where an estimate
of the channel realization is assumed to be available at the
transmitter.

There are many applications in which there exists a feedback
channel for the channel state information. However, in many
real systems, the channel information can not be fully provided
to the transmitter, for example, due to a limited transmission
capacity of feedback channel or rapid channel variation. In de-
signing such systems, it is important to determine what type of
the channel information to feed back while minimizing the loss
of channel capacity. In this paper, we consider flat-fading chan-
nels with ¢ transmit and 7 receive antennas which is modeled
by an r x ¢ complex matrix H. We propose a beamforming
method in which the beamforming matrix is determined from a
subset of the eigenvectors of H'H in some predefined way; as
a result, the receiver also knows the beamforming matrix. With
this beamforming scheme, we introduce a new multiple antenna
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system concept that provides a mechanism to reduce the amount
of channel feedback information. It is shown that this system
concept leads to schemes wherein the amount of feedback in-
formation can be significantly reduced with a minor sacrifice of
achievable transmission rate.

In fast time-varying channels, it may be more realistic that
averaged channel information is provided to the transmitter as
in [10]. Since the basic principle in beamforming and feed-
back of channel information except averaging the channel in
obtaining the feedback information, the proposed beamforming
and system concept can be adapted in that situation. Therefore,
this paper focuses on the cases that feedback the instantaneous
channel information.

This paper is organized as follows. In Section II, the channel
model is described and the capacity results for complete and
no CSIT are summarized. The new beamforming method and
a novel multiple antenna system concept are introduced in
Section III. It is shown that a MIMO channel can be decom-
posed into two parts, n parallel independent channels and a
new smaller coupled MIMO channel. In Sections IV and V,
the channel capacities for partial CSIT are derived under two
different conditions: i) unequal and ii) equal power allocated
over the symbols for the coupled MIMO channel. Numerical
results are presented in Section VI.

II. SYSTEM MODEL AND BACKGROUND
A. Channel Model

We consider multiple antenna systems with £ antennas at the
transmitter and r at the receiver. Assuming slow flat-fading, the
MIMO channel is modeled by the channel matrix H € C"*¢,
That is, the channel input z € C? and the channel outputy € C”
have the following relationship:

y=Hx+n (D)

where 7 € C" is the complex additive white Gaussian noise
(AWGN) vector with each element being assumed i.i.d. com-
plex Gaussian random variable with zero-mean and unit vari-
ance, i.e., E{nn'} = I, where E{.} denotes the expectation
operation and I, is the r x r identity matrix. We denote the rank
of H by m. And the singular value decomposition (SVD) of H
is given by H = UX VT, where AT denotes the conjugate trans-
pose of a matrix A; unitary matrices V € C** and U € C"*"
span the input space C? and the output space C", respectively;
and X € R"*? contains the singular values with o; representing
the ¢th singular value of H and o1 > --- > 0, > 0. We impose
a constraint on the transmit power, E{zfz} < Pr.

In this paper, we assume that in all cases perfect CSI is known
to the receiver. In addition, it is assumed that the transmitter
knows the first n column vectors of V', where 0 < n < m, or the
first n eigenvectors of H1 H, as partial spatial information of the
channel. This assumption includes the two extreme cases: i) n =
m is the case that the transmitter has same spatial information as
in the complete CSIT case; and ii) n = 0 accounts that no spatial
information is available at the transmitter as in the no CSIT case.
This paper mainly considers the cases of 0 < n < m; these
corresponds to partial CSIT cases. For notational convenience,

letus define Vi = [v1, ..., v,] where v; is the ith column vector
of V, and V2 = [’Un_|_17 e ,’Ut], i.e., V = [Vl, Vg]

B. Ergodic Channel Capacity

We consider the ergodic capacity as a performance measure.
More details of this section can be found in [1]. The ergodic
capacity of a random MIMO channel with transmit power con-
straint Py is given by

C(Pr) = Ex{C(Pr; H)}

where Eg{-} indicates the expectation over channel realiza-
tions; and C(Pr; H) is the conditional capacity for a given
channel realization H with a power constraint Py. That is

C(Pp;H) = I(z;y).

max
p(z):E{ziz}<Pr
The mutual information I(x;y) satisfies the following
inequality:

I(x;y) < logdet(I, + H®, HY) )
where log(-) is the base-2 logarithm, det(A) denotes the deter-
minant of A, ®, = E{xz'}, and the equality holds if and only
if z is a circularly symmetric complex Gaussian random vector.
In summary, the ergodic channel capacity is expressed as

C(Pr)=FEn { max, log det(l,. + H@_THT)}

tr®, <Pr

C. MIMO Channels With Complete and No CSIT

Let us denote by C'y g the capacity of MIMO channels with
CSI fully known to both the transmitter and the receiver (com-
plete CSIT); by Cy g the capacity with CSI known only to the
receiver (no CSIT). When the transmitter knows the channel
information, the optimum power allocation can be solved by
water-filling [11] over m independent spatial channels [1]. The
capacity is given by

CHH(PT) :EH max

%L, D lo8(1+ P

Pi+-+P, <Pp i=1

=FEy {Z[log(l/)\i)]+} 3)
=1

2 is the ith largest eigenvalue of H'H
(or HH'), and {P;} are the transmit powers allo-
cated on the transmit symbol s € C' (x = Vs), ie,
o, = FE{ss'} = diag(Py1,...,P). [a]* is defined as
max{a,0} and v is the level of water-filling satisfying the
power constraint

where \;, = o?

m 1 +
; [1/ /\J = Pr.

On the other hand, when the transmitter has no knowledge
about the channel, it is optimal to use an equal power allocation
[1],i.e., P, = Pr/t for 1 < ¢ < t. Then, the capacity is given
by

i=1

= P
Cou(Pr) = Eg {Zlog (1 + TT/\i> } . 4)
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The difference between Cry and Cyp at high transmit
power is summarized in the following Lemma.

Lemma 1: Athigh transmit power Pr (to satisfy Pr > t/)\;
forall1 < i < m)

=0,
>0,

whent =m
whent > m

Crm — Com = mlog — { ®)
where m = min(¢,r) if H is full rank. O
Proof: See Appendix A.

That is, when ¢t = m, the two capacities (Cy g and Cypr) is
asymptotically same; and when ¢ > m, and also when ¢t > r,
there exist fundamental gaps between Cy and Cyp even as
Pr — oo.

III. THE BEAMFORMING METHOD AND NEW SYSTEM CONCEPT
A. Extended Maximal-Ratio Transmission

In a system where single data stream is transmitted over ¢
transmit antennas after passing through a beamformer w € Ct,
the optimum choice of w is the first eigenvector of HH, or, v;.
This transmission scheme is called maximal-ratio transmission
(MRT). The choice of the beamformer as w = wv; is optimal in
terms of maximizing the received signal-to-noise ratio [12]. In
addition, it can be easily shown that the beamformer choice of
w = w1 is also optimal in the sense of maximizing the mutual
information.

A generalization of the MRT for a system with n > 1 data
streams is to employ n different beamformers for each data
stream. In this scheme, the transmitted signal z € C' can be
modeled as

r=wis1+ - Fwpsy, =Ws; |wi|=1, 1<i<n (6)

where W = [w1,...,w,] € C"™" is referred to as beam-
former matrix, s = [s1,...,8,]7 € C", and | - | is the lo
(Euclidean) norm on C™. In [13], it was discussed that the op-
timum beamformer, for the case when n < m, is likely to be V;.
The transmitter uses only the » known spatial channels, that is,
transmitting n data streams using the n eigenvectors. We will
call this scheme extended MRT. Since the receiver knows the
channel parameters, the channel can be decomposed into n par-
allel channels with different channel gains. As a result, with this
strategy, one can employ conventional scalar coding to each
spatial channel. But, because the inherent multiplexing capa-
bility of the multiple antenna channel is not fully exploited, it
will be shown later that this strategy is inferior to the transmis-
sion strategies we propose in the following.

B. The Beamforming Method

To fully exploit potential multiplexing capability of the
channel, we propose a new and improved beamforming
method that also utilizes the orthogonal complement of the
space spanned by V;. A beamforming matrix W € C**? is
generated as a function of V; in a predefined manner. Since the
receiver has knowledge of V7, the receiver is also aware of the
beamforming matrix that the transmitter will use. This property
enables us to conceive of a new multiple antenna system
concept which is described in Section III-C. One reasonable
way to generate the beamforming matrix is the following:
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1) Choose ¢t — n column vectors, namely, 172 =
[Un+1, -..,0t], that are mutually orthogonal and
also orthogonal to the space spanned by V1, i.e.,

ViVa=1 n, ViTa=0 )
where I}, is p x p identity matrix and 0 is n x (¢ —n) zero
matrix. ~

2) Concatenate V5 to V; to form a beamforming matrix W =
[‘/17 VZ]

It can be easily shown that, if H is full rank, W spans the same
input space as V' does. The beamforming matrix W is used in
transmitting the information vector s € C* in a manner similar
to the use of V' in the complete CSIT case. The procedure for se-
lecting Va satisfying (7) can be defined in various ways, e.g., Vs
are the elgenvectors corresponding to the nonzero eigenvalues
of I; — V1V' Whatever be the mechanism for generating Vg
at the transmitter, the generating mechanism is assumed to be
known at the receiver so that the receiver can also independently
generate ‘72 and, hence, W.

C. New Multiple Antenna System Concept

With the proposed beamforming scheme, we develop a new
multiple antenna system concept that can potentially lead to
a reduction in the amount of channel feedback information. It
involves

1) Based on W, calculation for optimal power allocation
over transmit symbols is performed at the receiver.

2) The power allocation result is provided to the transmitter
as additional CSIT.

The first step will be described in detail in Sections IV and V.
Two approaches will be discussed, each of which results in ¢
and n + 1 real values, respectively. These values are bounded
between 0 and 1, and sum up to be 1. Then, the total channel
feedback information is n ¢-dimensional complex vectors, i.e.,
V1, plus t (for the first approach) or n + 1 (for the second ap-
proach) real values in [0, 1]. Thus, in most systems, in particular,
when the number of transmit antennas ¢ is large, the amount of
feedback information can be significantly reduced.

Table I summarizes the transmission strategies that will be
used as references. Table II is a summary of the proposed trans-
mission strategies including the spatial information available at
the transmitter, the beamforming matrix, and the power allo-
cation results as additional CSIT. The first scheme and corre-
sponding capacity C’éfl’ 1}}') in Table I will be dealt in Section IV,
the second is a special case of the first (n = 0), and the third
scheme denoted by Cy, i will be discussed in Section V.

As shown in the tables, in the proposed schemes, the amount
of feedback information required at the transmitter is more than
in the no CSIT case and much less than in the complete CSIT
case; therefore, it is expected that the capacities of the pro-
posed schemes lie between the two extremes. But, it will be
shown later that at moderate transmit power region, the pro-
posed schemes achieve the most gain of channel knowledge of
the complete CSIT. Comparing with the extended MRT scheme,
the capacity is much higher particularly at high transmit power,
although the amount of feedback information is comparable.
This results from the transmission strategy that utilizes the or-
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TABLE 1
SUMMARY OF THE TRANSMISSION STRATEGIES: REFERENCE SCHEMES
Complete CSIT No CSIT Extended MRT

Capacity notation Cun Con Cé,?;\I/IRT)
CSIT (spatial info.) || V = [v1,...,v] - Vi=[v1,...,0n]
Beamforming W=V W=I W=W
Additional CSIT (Y159 7t) - (Y1 +5Yn)
Power allocation Pi=~Pr, 1<i<t| P=Ppft,1<i<t|P=vPr,1<i<n

info.: information; EMRT: extended MRT.

¥ = P;/Pr, therefore, 0 <; <1Viand ), v =1.

TABLE 1I
SUMMARY OF THE TRANSMISSION STRATEGIES: PROPOSED SCHEMES
Partial CSIT
Capacity notation C‘(,? ‘};) I Cg}rjt) | Cv,u
CSIT (spatial info.) || Vi = [v1,...,vs] - Vi=[v1,...,on), n <t
Beamforming W = [V1, 172] W=1I W = V4, 172]
Additional CSIT (Y1y--+yMt) (Y1y+--51t) (V1y-+ -y Yny Ynt1)

Power allocation P, =~Pr, 1<i<t

Pi=~Pr, 1<i<t

P, =~Pr, 1<i<m
P=22pr n+1<i<t

thogonal complement space, i.e., H2 channel, which can be ob-
tained from the partial spatial information at the transmitter.

D. Channel Decomposition

Now, we will show that by using the proposed beamforming
method the original MIMO channel is decomposed into two
parts: n parallel independent channels, and a new smaller cou-
pled MIMO channel. The transmitted signal z is given by

z=Ws=[Vi,V5] {21} = Vis1 + Vaso
2
where s = [s1,s2]7 € Ct, 57 € C", and s, € Ct7™.
The receiver pre-multiplies the received signal y = Hz +
n by UT to have § = UTy. Using the partitioned matrices of
compatible size to W = [Vq, V5], § can be written as follows:

j= [@1} [21 0 ] [Vf:vl V11L‘~/2} {81}_’_[771}
) 0 | [VJVi VJVo |se 72
=10 v 2]+ 3]

o 0 ZQV; V2 S9 ’f~]2
where §; € C", 9o € C"~", diagonal matrices >; € R"*"
and ¥y € RC—)X") contain oy, ..., 0, and 0py1,. .., Om,
respectively, and the zero matrices are of suitable size. Equa-
tion (8) results from the facts that VlT Vi=1,, VlT f/z =0, and
ViV = 0.

We can see that the MIMO channel has been decomposed into
n noninterfering parallel channels and a new coupled MIMO

channel with a channel matrix Hy = Yo VZJr 172 in Cr—m)x(t=n)
That is

®)

€))
(10)

U1 =151+
P2 = Hoso + 2.

We will refer to the first channel of (9) as the 31 channel, and the
second channel of (10) as the H5 channel. Note that the covari-
ance of j = U = [, 73] is unchanged as E{f7'} = I..
An interesting property about the singular values of the channel
matrix is summarized in the following Lemma.

Lemma 2: The singular values of the channel matrix Hy =
22V2T Vs is preserved as diag(Xs).

Proof: See Appendix B. |

By the following Lemma, we show that the mutual informa-
tion I(x; y) is preserved with the linear operations x = W's and
¢ = U'y. Furthermore, I(;%) can be given by the sum of the
mutual information expressions for two decomposed channels.

Lemma 3: For a given channel realization H, the mutual
information between the input and the output of the MIMO
channel can be expressed as

I(z;y) =1(s;9) (11)
=1(s1;91) + I(52;92)- (12)
Proof: See Appendix C. (]

IV. MIMO CHANNELS WITH PARTIAL CSIT: OPTIMUM
TRANSMISSION STRATEGY

Here and in Sections V and VI, we derive the ergodic channel
capacity and the optimum transmit power allocation schemes
for the MIMO system with partial CSIT described in Sections II
and III.

As we discussed in Sections II and III, by using a beam-
forming matrix generated in a predefined way, the beamforming
matrix W is also known to the receiver. We discuss the trans-
mission schemes and accompanying optimum power allocation
solutions that take advantage of receiver’s knowledge of the
channel. For simplicity, we define an equivalent channel ma-
trix A = UTHW, or XVTW, which represents the channel
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between s and 3, i.e., y = As + 7. By Lemma 3 , maxi-
mizing I(x;y) is equivalent to maximizing I(s;¢). Thus, since
I(s;9) < logdet(I, + A®,AT), we have

o) (Pr; H) = logdet(I, + A®,AT). (13)

max
P{>0,...,Py>

The maximization problem is complex, and except in some
special cases it requires the use of numerical optimization
methods. Fortunately, this optimization problem is matched to
the so-called determinant maximization problem [14] and can
be solved numerically by using MAXDET algorithm [15]. The
optimal power allocation for the Hs channel, in general cases,
turned out to be unequal even for the symbols over the H»
channel. In this scenario, the channel feedback information is
V1 and the power allocation (v1,...,7;), where ~; is defined
as P; / Pr. Compared to the equal power allocation cases which
will be discussed in Section V, although this optimal scheme
requires complicated calculation for the power allocation and
a little bit more feedback information, i.e., (t — n — 1) real
numbers in [0, 1], it provides higher channel capacity. We
can find closed-form expressions in the following practically
important cases.

A. Casel: Whenr = landn = 0

In this case, since no eigenvector of H' H is provided to the
transmitter, we consider a natural choice of the beamforming
matrix, W = I;. Then, since the equivalent channel is now
a t-dimensional row vector denoted by A = [ay,...,a4], the
maximization problem of (13) becomes a simple form of the
following:

C;?t)(PT; H) =

max
Py >0,...,Pt >
Pi+--+Py=Pp

t
_ log (1 +) |ai|2Pi) .
=1
By the monotonicity of log function and using a well-known
solution in conventional linear programming, we have the fol-
lowing solution

CP9 (Pr; H) = log (1 + |a;- |*Pr) (1

where i* = arg max; |a;|. This means that the total transmit
power should be allocated such that P;» = Py and P; = 0 for
all 4 # ¢*.

The analysis indicates that if the index for ¢* is available at
the transmitter via some feedback we can obtain higher channel
capacity than that of no CSIT case. This can be interpreted as
transmit antenna selection method in which at a given time only
one antenna that provides the best link to the receiver is used in
transmitting data.

B. Casell: Whent > randn =1r — 1

This is a generalization of Case I. An example of this case is
r=2,n =1,and ¢t > 2. In this case, the equivalent channel A
is given by

oo 0 - 0 0 0 0

0 oy 0 : : 0
A=l 0 0 0 0 0

0 0 o1 0 0 0

0 0 0 OrQp . OpQlypri OrQp t
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where «; ; is defined as the inner product between the ith
column of V' and the jth column of W, ie., o, ; = v;[f)j for
r < 7 < t. Therefore, the channel can be expresses as follows:
_ s+,

¥ = Ur(ar,rsr +---+ ar,tst) + ﬁ1’7

1=1,...,r—1
1=
where y; denotes the ¢th component of the r-dimensional vector
9 and s; the sth symbol of s.2

Then, applying the same linear optimization technique as in
Section IV-A to the last MISO channel (the input are s, . . ., s¢
and the output is ,.), the maximization problem of (13) becomes
the following:

O (Pr; H)

r—1
= max E log(1 + o2 P;)
P20, Pp_120,Pjx >0

Pytt P14 Pju=Pp =1
+log(1 + o7|ay. - |2Pj*)} (15)

where j* = arg max,<;<¢ |, j|2. Notice that the channel we
consider consists of 7 parallel Gaussian channels with each
channel having a channel gain, o1, . .., 0y_1, 0|+ |, Tespec-
tively. Thus, the conditional channel capacity can be solved
by conventional water-filling over the r noisy channels with
equivalent noise levels of (1/0%,...,1/02_1,1/02|c,. j-|?).

The result implies that the spatial information to feed back is
V1 and the index for j* that indicates the antenna, among the
antenna set of rth to tth antenna, that provides the best link to
last channel output g,..

V. MIMO CHANNELS WITH PARTIAL CSIT: SUBOPTIMUM
TRANSMISSION STRATEGY

By using Lemma 3, the conditional channel capacity can be
expressed as follows:
Cv,u(Pr; H)

= max

Pp 120,Pp 220
Pp y+Pp o< Pp

{C(Pp1;%1)+ C(Pr2; Ha)}  (16)

where Pr; is the transmit power allocated to the »; channel
of (9), and Pr is the transmit power on the Hy channel of
(10). C(Pr,1;X4) is the conditional channel capacity of the ¥,
channel with transmit power Pr ;. Because the 21 channel con-
sists of n parallel Gaussian channels, for a given Pr 1, the ca-
pacity and the optimum power allocation can be obtained simi-
larly to the complete CSIT case of (3). That is

C(Prq.;%1) = I(s1;91)

max
P(S1):E{SISI}SPT,1

=, max > log(1+ PiA:). (17)
Pi4-+Pp<Ppy 1=1

The second term C(Prg2; Hz) in (16) is the conditional
channel capacity of the H, channel with transmit power Pr .
In this Section, we confine our attention to a practically reason-
able transmission strategy: an eqal power allocation for the H»
channel. Compared to the optimum scheme in Section IV, the

2Note the definitions of §; and s; are different from those in Section III.
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power allocation results in n + 1 real values in [0, 1]; therefore,
the amount of channel feedback information has been reduced,
which is one of advantages of this transmission strategy.
The analysis of this transmission scenario is also meaningful
because it explains the limiting performance of the systems
that comprises of n parallel channels (the ¥; channel) from
beamforming, for which conventional time-domain only codes
would be used; and a MIMO channel (the H> channel), for
which a space-time code would be employed. In other words,
this section assumes that the transmitter has no information
about the H> channel except the total transmit power Pr o for
the channel. Then, from (4), the conditional capacity expression
is given by

C(P T,2; H 2) =

max
p(SQ):E{sI)SQ}SPTQ

- P
= Z log <1 4+ L2 )\,L-) .
t—mn

i=n+1

I(s2;92)

(18)

Combining (17) and (18) with (16), the conditional capacity
for a given channel realization H is obtained by solving the
following maximization problem

OVIH(PT;H): max \I/(Ph...,Pn?PT’Q)
P1>0,...,Ppn>0,Pp 5>0
Pi+:+Pn+Pp o <Pp
(19)
where U(-) is defined as
U(Py,..., Py, Pra) = log(1+ P:\)
=1
+ i log [ 1+ Pr. X)L o)
i=n—+1 t—mn

We can write the constraint maximization using Lagrange mul-
tipliers as the maximization of

J:\I/(Ph...7Pn.,PT72)—[I/10g(€>- (Zpi+PT,2_PT>

=1

where — i log(e) is the Lagrange multiplier (a constant — log(e)
is included here for a simplicity in the following derivations).
Let us define two kinds of functions that will be referred many
times in following discussion

i )
(P)) = ———— <171 <
filP) 1+ P’ b=
ST i=n+1 t=n+Pro;’

Differentiate J with respect to P; (1 < ¢ < n) and Py », and
set the derivatives to zeros; that is, .J/OP; = fi(P;)) — p =
0, 1<i<n,anddJ/IPrs = g(Pu2)— p = 0.Then, we
obtain the following equations

fT(Pl) =W,
g(Pr2)=p

1<i<n 1)

(22)

M : | SENC
- -1,
8k - _— g(PT,z) i
|
|
N T O R e
I
= |1
\
4 - \ .......
' :
\ :
P2 ph N .
~ \'\ ! :
9(0) R L i 3
0 i i I
0 1 2 3 4 5
P, and PT’2
Fig. 1. An example of functions f;(P;) and g(Pr2) (whent = 4, r = 4,

n=2,A; =9.6303, Ay = 2.2467, A3 = 1.0682, A\, = 0.4174).

The power constraint (), ;) + Pr,2 = Pr can be rewritten
using inverse functions® of f;(P;),1 < i < n, and g(Prz2).

[fi_l(.u')]+ + [!J_l(u)]Jr = Pr.

(23)

n

K2

Here note that the channel capacity is achieved when the total
transmit power equals to Pr. Since their shapes determine the
optimum power allocation, to facilitate understanding the func-
tions { f;(P;)} and g(Pr ) are shown in Fig. 1 as an example.
Note also that the inverse function for f;(-) is easily written by
fit(m) = 1/p — 1/);, while it is not easy to find a simple
expression for g~ (+). The following Theorem summarizes the
steps to obtain the conditional channel capacity Cv, g (Pr; H).

Theorem 1: For a given channel, the channel capacity of
MIMO channel with partial CSIT can be obtained by solving
for p satisfying

fi(Pi) = p,1 <i<mn; g(Pr2) =p; and
S U] o 0] =

where functions f;(-) and g(-) are defined in (21) and (22). Once
the solution p* is obtained, the optimum power allocation is
given by

* 1 1 * . * —1 «\1 T
P = N 1<i<n;and Pry= [g (1 )]
M i '
(24)
and, the conditional channel capacity is given by
CVlH(PT;H):\II(PFM--;P;?P;‘,Z) (25)

where V() is defined in (20).

Now, we need to solve for p that simultaneously satisfies
(21), (22) and (23). Note that the function f;(P;) is a mono-
tonically decreasing function with f;(0) = A; and goes to zero

3For the existence of inverse functions, we limit the domains of functions
fi(x) and g(x) such that f; : (—=1/X;,00) — (0,00) and g : (—(t —
n)/Ans1.00) — (0,00).
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as P; increases; and, so is the function g(Pr2) with g(0) =
= 2 1 Ai- A desirable fact is that

1 “
0)=—— Ai < Ai
90) == sl DI
1=n-+1 1=n-+1

s Am}- (26)

Hence, g(0) < Aj, forall1 < j < n. We now define some
parameters to be used in the following discussion

= average of {A\p41,...

p() =3 [F71 W]+ [97Hw)] s and py = p(g(0)).

=1 (27)
Then, we can solve for i by considering two cases: i) when
Pr < pg, and ii) when Pr > p,. When Pr < pg, it should be
greater than g(0); therefore, in (23), [g7*(1)] * = 0. It means
that Pr o should be zero, i.e., the Hs should not be used. Then,
the solution p* satisfying the three (21)—(23) and the channel
capacity can be obtained by using normal water-filling just as
in (3). The optimum power allocation is given by

11t _
P=|——-—| , 1<i<mn;and Prs=0. (28)
wEAi ’
The conditional channel capacity is given by

Crantresm) =35 oe (2]

i=1

(29)

In the second case when Pr > pg, 1 should be less than ¢(0);
therefore, Pr o is now positive. That is, P; = f" (1) > 0 for
1 <4 < n,andalso Pro = [g_l(u)]+ = g~ Y(u) > 0. The
H, channel is now being used. Therefore, from (21)—(23), we
need to solve for p satisfying

S (1-5)+ow=r

Y
i=1 F

which is equivalent to

A /11
h(p) =g (PT ; (M A)) p=0. (30
The solution p* satisfying (30) can be solved numerically by
using a zero-finding algorithm for single-variable nonlinear
functions. The following Lemma shows the range of p* which
is helpful in setting up the zero-finding algorithm.

Lemma 4: p* € (ur,9(0)], and pp, is given by

—1
"1 t—-n
PT+ZA—i+An+1] :
=1

L =mn €1y

Proof: See Appendix D.

A. Equivalent Water-filling

From the above derivation of the optimum transmit power
allocation, we can see that a MIMO channel with partial CSI
at the transmitter has some characteristics of water-filling. In
particular, the Hy channel starts to be used when the transmit
power Pr is greater than a certain threshold p, and the power
allocation on the 33; channel is determined by the conventional
water-filling method. In this subsection, we show that the power
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P.and P

\.

‘ 4/ L + N N
Undn, 1 1g0) 3 3 4

0

Fig. 2. Power allocation versus water-filling level v (t = 4,r = 4,n = 2,
A1 = 9.6303, Ay = 2.2467, A3 = 1.0682, Ay = 0.4174).

allocation on the Hs channel also can be understood with an
equivalent water-filling model, which is described in the fol-
lowing Theorem.

Theorem 2 [Equivalent Water-Filling]: The optimum power
allocation over each channel can be viewed as the area deter-
mined by the the following function that defines the shape of
the vessel for water-filling.

(0, if0<y<y,
1, if £ <y< <,
o(y) =4 ° : (32)
n—1, if 71— <y <5,
n, if 5= <y < ﬁ,
L f(y), ify > g(0)
where f(y) is given by
-1
1| & A2
fw==1> : +n. (33)
U P (i) Ai)?

Then, the optimum power allocation can be written as follows.

7 1 + 1 +
PZ:/z1|:I/—)\—1:| d.’L': |:V_)\—L:| s fOfiZl,...,n

(34
Pro = {f1/g(0) [U(y) - n]dy, ifv > .g(LO), (35)
’ 0, otherwise

where v = 1/p is the level of water-filling.
Proof: See Appendix E. O
We can obtain the relationship between the optimal power
allocation to each channel and the water-filing level v = 1/p
from the definitions of functions 1 = f;(P;) and p = g(Pr,2)
given in (21) and (22). Fig. 2 is a numerical example for a given
channel realization of ¢ = r = 4 and n = 2. In this figure, we
can see the characteristics of water-filling. That is, the thresh-
olds are 1/, and 1/g(0) as we expected. Note that £ (v), 1 <
i < n, are linear functions with unit slope, and g~*(v) has an
approximate slope of m —n. But, function g ! () is not a linear
function. Fig. 3 shows an example of the equivalent water-filling
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T T T

— Exact water—fllllng vessel
' Approxumatlon for water—fllllng vessel

9]
H
(o]
o
v
P, Py PT,Z
mwor - —T j
1, i ‘ i
1, ! ; ) ) p
0 1 2 3 4
Equivalent Parallel Channels
Fig. 3. Equivalent water-filling by Theorem 2 (t = 4,7 = 4,n = 2, A\; =

9.6303, Ay = 2.2467, A3 = 1.0682, A, = 0.4174).

shape that was calculated numerically from Theorem 2. The
shape of the equivalent water-filling explains the water-filling
characteristics discussed above. Since, for 1 < 7 < n, the width
of the 7th channel is one, function f,i_l(u) has unit slope. And,
the last H> channel is a nonlinear function which results in

Pro(v) < (m —n) <u - ﬁ) .

If we approximate the water-filling vessel to the rectangular
one depicted in Fig. 3, then the calculation for the power allo-
cation, therefore, also the channel capacity, will become much
easier. The approximation also gives a meaningful insight in
understanding the MIMO channel with partial CSIT. The fol-
lowing summarizes the results from the approximation.

Corollary 1 (Approximation for Cy, r): For a given channel
realization,

CV P Ta

Z log(vA)]" + (m — n) [log(vg(0))]
=1 (36)

where the lower bound can be achieved by a rectangular water-
filling vessel exemplified in Fig. 3 with the transmit power al-
location:

Pry = (m —n) [u - 9(1_0)} ' (37)

and v is selected to satisfy the power constraint (>, P;) +
Prs = Pr.
Proof: See Appendix F. O

VI. NUMERICAL RESULTS

For comparative studies, we consider the extended MRT
scheme. The transmitter is also assumed to know V7, and only

n spatial channels are used for transmission. That is, all the
transmit power Pp is allocated only to the X; channel in a
water-filling manner. It is equivalent to the case where the H»
channel in our system model is not used. Since the extended
MRT scheme abandons a chance for the additional potential
gain from the Hy channel, it is surely inferior to the proposed
scheme. By looking at the problems in points of optimization,
we can easily see the following relationships between capacities
with different CSI assumptions and transmission strategies.

Cou(Pr) <Cv,g(Pr) < Cuug(Pr)

C‘(/?EIRT)(PT) <Cv,u(Pr) < Cuu(Pr).

Although the proposed system does not depend on a spe-
cific channel model, for numerical comparisons, we consid-
ered the MIMO channel that was assumed in [1]. The channel
gain matrix H € C"*! is a random matrix independent to
the transmit symbols s and the additive noise 7, with i.i.d. en-
tries, each having independent real and imaginary parts with
zero-mean and variance 1/2.

Figs. 4 and 5 are ergodic capacities versus total transmit
power with different CSI assumptions and transmission
strategies that have been discussed in Section V, for MIMO
channel with parameters ({ = 4,7 = 2) and (¢ = 6,r = 3),
respectively. For details about CSI assumptions and trans-
mission strategies, refer to Tables I and II in Section III. In
simulation, for each channel realization, Cy, g(Pr; H) was
calculated using Theorem 1. The figures include the results
from the approximation for the water-filling vessel described
in Corollary 1. We can see that the approximation is a good fit
over a significant range of transmit power. Also, the difference
between Cyy and Cypy at high transmit power of Lemma
2 can be observed. In addition, the following asymptotical
behaviors of Cy, g can be seen.

OV1H(PT) — OHH(PT); as PT — 0.

This is because when the transmit power is low, by water-filling,
in most case the power is allocated only to first a few channels
and nothing to the ¥ channel; therefore, the two capacities are
similar. This shows that spatial information is more important
in low range of transmit power.

By comparing Cy, g and C(EMRT) it is observed that at low
transmit power the two are very close and as the transmit power
increases CY;, g is getting higher than CéE MRT) | From this ob-
servation, we can say that the H, channel should be utilized to
achieve higher capacity at medium and high range of transmit
power. At high transmit power region, C'y, g is higher than but
close to Cy . This can be understood by noticing that, at high
transmit power, for the same reason as the no CSIT case, the
transmit power is wasted with the equal-power transmission
over t — n transmit symbols for the H» channel.

Figs. 6 and 7 show ergodic capacities for the transmission
schemes that have been dealt in Section IV, with parameters
(t = 4,r = 2) and (¢t = 6,r = 3), respectively. The con-
ditional capacity C(O1 t)(PT, H) was calculated, depending on
the system parameters, using the MAXDET algorithm, or (14),
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Capacities of MIMO Channel: t=4,r=2
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Fig. 4. Ergodic capacities of MIMO channel with different CSI assumptions
and transmission strategies (t = 4 and r = 2).

Capacities of MIMO Channel: t=6,r=3
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i
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ol—— i i i i i i i
-10 -5 0 5 10 15 20 25 30
Transmit Power Constraint, P (dB)
Fig. 5. Ergodic capacities of MIMO channel with different CSI assumptions

and transmission strategies (t = 6 and r = 3).

(15). In order to effectively compare the performance of dif-
ferent transmission strategies, each capacity has been normal-
ized to Cy g (Pr), the capacity of the complete CSIT. As ex-
pected, it is observed that for all range of transmit power

Cv,u(Pr) < C(?}})(PT) < Cuu(Pr)
Con(Pr) < Cy" (Pr) < OV (Pr).

In comparing Céoflft) and Cy, g (n = 1), itis noticeable that at

(opt)

low transmit power Cj " < Cy;, g(n = 1), but at intermediate

and high transmit power Céogt) is superior. This observation im-
plies that when the transmit power is low the spatial information
of the channel is important, and as the transmit power increases
the power allocation is becoming meaningful from a capacity
point of view. Note that the channel feedback information re-
quired for the two strategies are different: for first strategy, ¢
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Fig. 6. Ergodic capacities of MIMO channel with different CSI assumptions
and transmission strategies, normalized to the capacity for the complete CSIT
(t =4andr = 2).

Capacities of MIMO Channel:t=6,r=3
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real values in [0, 1], i.e., (71, . .., 7:); and for the second one is
one t-dimensional complex vector v; and one real value v; in
[0,1] (2 is determined from ~y; as 1 — 7).

Generally speaking, in spatially correlated MIMO channels,
the gains of spatial channels are more separated than in i.i.d.
channels. Therefore, the proposed scheme is expected to be
more beneficial in spatially correlated channels.

VII. CONCLUSION

We considered multiple antenna systems consisting of ¢
transmit and r receive antennas, and partial channel state
information available at the transmitter. When the multiple
antenna channel is represented by a channel matrix H in C"*?,
the first 7 eigenvectors of HH are assumed to be available at
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the transmitter as partial spatial information of the channel. We
proposed a novel transmission strategy in which a beamforming
matrix is determined from the n eigenvectors in a predefined
way. From the beamforming method, a new multiple antenna
system concept was developed which enables better use of
the MIMO channels. In particular, we have considered two
methods, each having different degrees of additional channel
information, i.e., power allocation results. The ergodic channel
capacities and accompanying power allocation solutions for
both cases have been derived. The simulation results have
shown that, in moderate transmit power region, the proposed
multiple antenna systems with partial channel information give
channel capacities close to those with full channel information
at the transmitter. In practical applications that need a feedback
for the channel information, the amount of feedback infor-
mation can be significantly reduced with a minor sacrifice of
channel capacity by using the proposed schemes.

APPENDIX

A. Proof of Lemma 1
At high transmit power Pr,

=0,
>0,

t whent =m
O = Oy = mlog { whent > m
where m = min(¢,r) if H is full rank.
Proof: Assume Pr is high enough to satisty Pr > tA; .
for all 1 < ¢« < m and the level of water-filling v can be ap-
proximated as v = Pr/m. Then

Cuu(Pr) — Cyu(Pr)

= By {f} {[lc>g(l/>w)]+ ~ log (1 * %&) }}

1=

B. Proof of Lemma 2

The singular values of the channel matrix Hy, = Yo VZJr 172 is
preserved as diag(Xs).

Proof: Tt suffices to show that Vo = V2@ for some unitary
matrix Q € Ct=*(=") because, if then, Hy = %Q =
I,_ 5@ which is directly the SVD for H, with singular values
given in X5. Since the column spaces of TN/Q and V5 are same, i.e.,
R(v2) = R(Vz2), we can write

for some full rank Q € Ct—)* (=),

Va = V5Q, (38)

We will show that () is unitary. Denote the spectral norm [16]
of a matrix A € CP*? as

4] = max | As] = 1(4)

where o1(A) is the largest singular value of A. By using the
submultiplicative property of matrix norm ||Va|| < |[Va|/[|Q|
and ||Va|| = ||Va|| = 1, we arrive ||Q|| > 1. And, from (38),
ViV, = Q. In a similar way, it can be shown that ||Q|| < 1.
Therefore, ||Q]|| = 1.

Since @ is invertible, YN/zQ_l = V5. It can be proved that

IQ7L|| = 1 exactly in the same manner as the above. Since
QI = Q7Y = L 01(Q) = -+ = 0,0(Q) = 1, e,
the SVD of @ is given by Q) = UQZQVg = UQVC& Hence,
Q'Q = QQT = I,_,, that is, Q is a unitary matrix. O

C. Proof of Lemma 3

For a given channel realization H, the mutual information
between the input and the output of the MIMO channel can be
expressed as

=1(s1;91) + I(52; 72)-

Proof: From the system model

g=UHWs+U'y. (39)
The first equation of (11) can be proved by
I(s;9) = h(g) — h(gls) = h(UTy) — h(Un)
= h(y) + log|det(U" )+ log | det(UT)])

)| = (h(n
=h(y) = h(n) = h(y) — h(ylz

The second equation above cames from that h(g|s) = h(UTn)
since for given s the first term of (39) is just a constant vector,
and by a property that the entropy is not changed with a shift.

The second equation of (12) can be verified by noting that the
two input-output relations, s; — y; and so — %2, are indepen-
dent. Therefore

)= 1(z;y)

I(s;9) =1(s1,52:91,02) = E{l gw}

%8 p(s1, 52)p(i, G2)
_ ( 15 Ul) (8271/2)
‘E@gp<> ) (s >}
:E@

i)

=1I(s1; yl) +I(527 2)

D. Proof of Lemma 4
w* € (nr,g(0)], and ug, is given by

PT+Z/\
i=1

-1
1 +t—n

L, =N —

nr Mot
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Proof: Since, by assumption, Pr — p, > 0, and g(z) is a
decreasing function with g(0) > 0 forz > 0

h(g(0)) = g(Pr — pg) — g(0) < 0.

From the definition of g(z) in (22), we can see that g(z) has the
largest singular point at 2o = —(t — n)/Ap+1 with g(z) — oo
as x — xg + € for a small positive value €. Therefore, when
the argument of g(+) in (30) approaches to z, the output of ¢(-)
goes to co. Setting the argument to xy and solving for i gives
pr in (31). Hence, the Lemma is proved by noting that g(x) is
continuous and monotonically deceasing for z > zg. O

E. Proof of Theorem 2

Proof: Other things are straightforward except f(y) of
(33). We want to find a function f(y) satisfying

1/n
/ [£(y) = nldy = Pra(), for u> g(0).
1/4(0)

Differentiating both sides with respect to i, we have

1 __QdPT,2(N)
f(ﬁ>_ g T

(40)
We know that the relationship between p and Pro is given
by 1 = g(Pr,2) which was presented in (22). We can obtain

dPr(j)/dp by

dp  dg(Pra) i A7

dPT,Z - dPT72 it (t —n+ g—l(u))\i>2 .

where note that g~1(y) was written in denominator within the
summation instead of Pr . By noticing that dPr o(u)/dp in
(40) is the inverse of dy/d Pr o, and after changing variable, we
reach the desired result of (33). O

E. Proof of Corollary 1

Proof: First, let us show the following inequality for the
function g(Pr2):

m

Ai
9Pr) = 2 Gy ook
(m —n)g(0)

£ §(Prp) (@)

~ (m—mn)+ Pr2g(0)

For a fixed Pr 2 > 0, the function 9(A) = A/[(t — n) + Pr2A]
is concave for A > 0. For any concave function (z) defined

over a set D, for all zy,...,2, € D, and for all nonnegative
numbers g, . .., o, such that Z?:1 a; = 1, it is easy to see
that

i=1 i=1
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By applying the above inequality with equal coefficients {«;},
we have

1 A - X
m—mn L= (t=n)+PraX = (t-n)+ PraA
g(0)

(m —mn)+ Pr2 g(0)

where \ = ml_n > 41 Ai» and the last equality results from
A = =2 g(0). Therefore, the inequality (41) has been proved.
It is interesting that the function §(Pr 2) is associated with the
rectangular vessel depicted in Fig. 3. That is, if §(Pr2) = p is
rewritten for the water-filling level v = 1/, we have

_ PT,2 1
Tm—n " g0)

which explains the water-filling behavior of the rectangular
shape. It is obvious that the mutual information obtained from
the rectangular vessel is less than the maximum value, i.e.,
C’V1 H- O
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