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Abstract—This paper investigates the problem of transmit a variety of MIMO contexts and evaluating their performance
beamforming in MIMO spatial multiplexing (SM) systems with  through computer simulations. Then the challenging task of
finite-rate feedback channel. Assuming a fixed number of spatial analyzing the performance of MIMO systems employing such

channels and equal power allocation, we propose a new design,. . - . .
criterion for designing the codebook of beamforming matrices finite-rate feedback techniques is undertaken, and ireges

that is based on minimizing the capacity loss resulting from analytical results are provided. A key feature of the anialigs
the limited rate in the feedback channel. Using the criterion, the connection to the complex matrix-variate beta distidou
we develop an iterative design algorithm that converges to an and the approximation made of the Voronoi region associated
optimum codebook. Under the i.i.d. channel and high SNR ity each code point for analytical tractability. To compate

assumption, the effect on channel capacity of the finite-bit for the d dation due to th | locati
representation of beamforming matrix is analyzed. Central to or (he degradaton dué to the equal power allocation assump

this analysis is the complex multivariate beta distribution and tion, we also propose a multi-mode SM transmission strategy
tractable approximations to the Voronoi regions associated with wherein the number of data streams is determined based on
the code points. Furthermore, to compensate for the degradain  the average SNR. This approach necessitates generalizitio
due to the equal power allocation assumption, we propose a multi- the codebook design methodology, and the overall approach
mode SM transmission strategy wherein the number of data . . ST b
streams is determined based on the average SNR. This approachIS shown to allow for gﬁectlve gt|||zat|0n of the.fegdbauksb
is shown to allow for effective utilization of the feedback bits. We use the following notations4’ and A™ indicate the
conjugate transpose and the transpose of matrixespec-
|. INTRODUCTION tively. ||A||» denotes the Frobenius norm of matri& An
The performance of a multiple-antenna communication sygr x n (m > n) matrix A with ATA = I,, will be called
tem depends on the nature of channel state information (C8Hhonormal column matrixA > 0 means that matrix4
available at the transmitter and at the receiver. When the positive definite.NT(u,E) is the r-dimensional proper
transmitter has perfect CSI, a higher capacity link can k@mplex Gaussian random vector with meaand covariance
achieved in the single user case, and there are other bengfit&Jniform distribution over a sef is denoted by/(S). The
such as lower-complexity receivers and better system grou function log(-) is the natural logarithm.
put in a multiuser environment. However, the assumptioh tha
the transmitter has perfect knowledge of multi-dimensiona Il. SysTeEm MODEL
channel could be unrealistic as in many practical systems th A MIMO channel with ¢ transmit andr receive antennas,
channel information is provided to the transmitter throwgh assuming flat fading in each antenna pair, is modeled by the
finite-rate feedback channel. There are several studies demannel matrix/ € C™**. That is, the channel input € C*
ing with how to feed back the channel information. Somand the channel outpyte C” have the following relationship:
researchers have worked on feedback of channel information
in vector forms, for example, for MISO channels [1], [2], [3] y=Hr+n @)

and for the principal eigen-mode of MIMO channels [4]. Only,pere ;, is the additive white Gaussian noise distributed by
recently, feedback of channel information in matrix formN (0, ). For this work, we assurhe > r and the rank of/
for MIMO channels have begun to be addressed [5], [f genoted byn. The singular value decomposition (SVD) of
[7]. In this paper, we develop efficient transmit beamforgning; ;o given byH = Uy X5 Vi, wherelUy € C™™ andVy €
techniques for MIMO spatial multiplexing (SM) systems with~txm™ 4re orthonormal colu,mn matrices afty; € R™*™

finite-rate feedback. contains the singular values, > ... > o,, > 0 of H. The

The contributions of the paper are as follows. First, Average transmit power is denoted By, i.e Elaztz] = Pr
tractable measure of capacity loss due to finite feedbaek rat When perfect CSI is known at the ;ecei,ver and the trans-

is derived and used to design an optimal codebook of beafier 4 water-filing based SM strategy is known to be
forming matrices in the context of a fixed number of spatiglyima|. This means that information abddt and the power
channels with equal power allocation. The efficacy of thgy,cation on the different channels/beams representettidy
approach is demonstrated by using it to design quantizersgfymns of 1, has to be fed back to the transmitter. With
This research was supported by UC Discovery Grant No. cosmmg ONly finite number of bits available for channel information

sponsored by Ericsson and in part by the U.S. Army ResearcheQffider
MURI Grant No. W911NF-04-1-0224. 1The case < r can also be handled in a similar manner.



feedback, we concentrate first on representing thesfifdt< Here we notice that when = m, the first term isI(H, V),
n < m) column vectors ofi’y. For notational convenience,the mutual information with the perfect beamforming matrix
let us denote théth column vector ofi’y by v; and define V at the transmitter, and the second term accounts for the

the firstn column vectors oV asV, i.e,,V = [v1,...,v,]. loss due to finite-bit representation &f. Let us define the
We also defines = diag(o1,...,0,), ann x n submatrix of capacity lossas the difference between the ergodic capacities
Yy. associated with” andV/, that is,

To formalize the problem, we assume that the MIMO syste Ay f -
has a feedback channel with a finite rate Bf bits per %L(H’ V)= E[I(H’ V)]_E[I(H’ V)]_ E[IL(H’ V)} ()
channel update. A codebodkcontainingN, where N = 2B, where I (H, f/) =I(H,V)—-I(H, f/), which is from (4)
gandidate beamforming matrices, i.€.= {V1,...,Vx} with . <o bt
V; being t x n orthonormal column matrices, is assumed IL(H,V) = —logdet[I — X} (I - VEVVVE)]  (6)
known to both the receiver and the transmitter. The des'%ereifq = (I + p%2,)~1px2,.

of the codebook is a topic of this paper. The receiver selectstq following two approximations td; (H f/) will be

the optimum beamforming matrix’ = Q(H) from the considered: i) WheP, < 1 (low SNR), or whenV/,, VV vy
codebookC based on the current channsl, and sends the g ¢jose tor (which is valid whenB is reasonably large), we

index of V to the transmitter through the feedback channelge the approximation log det(I — A) ~ — log(1 — trA) ~
This paper assumes feedback with no error and no delay apd \yhen 4 is small. More specifically, when the eigenvalues
focuses on the effect of finite-bit representation of thencleh Ai(A) < 1 Vi, we have

information. ' ’

The channel informatio’ = Q(H) is employed as the IL(H,V) = tr[S5,(1 = ViVVIVE)]. ()
beamformmg matrix at the transmnteTr..That is, an inforiorat i) When Py > 1 (high SNR), since2, ~ 1,
bearing symbol vectos = [s1,...,8,]" IS transmitted as = R o
Vs, resulting in the received signal IL(H,V) =~ —logdet(ViVVTVy). (8)

Y= HVs+ n. (2) The first approximation will be used in codebook design next
. and the second for performance analysis in Section IV.

Here we assume that ~ MN,(0,®) and @ = Pp - _ o _ _
diag(1, ..., n) With ¢; > 0 and S, ¢; = 1. The vector B. Codebook Design Criterion and Design Algorithm
© = [¢1,. -, en] Will be calledpower allocation information For designing the beamforming-matrix codebook, a natural

With perfect CSI at receiver, the optimum power allocation f design criterion is maximizing the expected mutual infor-
the equivalent channd’V can be calculated at the receivermation E[I(H, V)] or, equivalently, minimizing the capacity
Instead of feeding back the power allocation informatiogss defined in (5). However, unfortunately using it dingctl
which reduces the bit budget for the beamforming matrixloes not lead to an iterative design algorithm with monatoni
one can employ a simple equal power allocation strategy, i.eonvergence properysince generally there is no analytical
;i = 1/n Vi. For a givenn, with equal power allocation, the expression for the optimum code matrix as a function of a
mutual information betweer andy is given by given partition region in the channel space [5].

Instead of using the direct form of the capacity expression,
() we consider the approximation to the capacity loss: from (7)
ophen Pr < 1 or when B is reasonably large,

I(H,V) =logdet(I + pS4ViVVTVy)

wherep := Pr/n. This paper mainly focuses on equal pow:
allocation because it is more amenable to optimum codebook Cy ~ E[trifi _ tr(i%VIT,VVTVH) ]. (9)
design, and results in minor performance degradation when o ) )
coupled with an efficient multi-mode SM transmission wherei! N€ SFCOTnEj t2erm inside the bracket in (9) can be written as
n is chosen based on the average SNR. The multi-mode {4z~ #)"V [|%. Therefore, minimizing the expectation of (9)

scheme is discussed more fully in Section V. is equivalent to the following codebook design criterion.
New Design Criterion Design a mapping? (mathemati-
[1l. CODEBOOKDESIGN FORBEAMFORMING MATRIX cally, @ : C"** — () such that
In this section, we develop a general matrix quantization SN 2
(MQ) based design method for constructing the codebook of ngl?}fE H(VHEH) Q(H)HF (10)
beamforming matrices. We consider the case ef m in this . ] ) ) ]
section, anch < m is discussed in Section V. the[e V = Q(H) is the quantized beamforming matrix
V'V =1,).
A. Capacity Loss Due to Finite Rate Feedback This design criterion will be called thgeneralized MSwIP

(mean squared weighted inner-product) criterion sinceait c

After a little manipulation, (3) can be written as . L
P 3 be viewed as a generalization for MIMO channels of the

I(H,V) =logdet(I + px%) ‘ ‘ o
N (4) 2Monotonic convergence means that an improved design is geacdat
+logdet[I — (I + pSF) ' pSH (1 — V;IVVTVH)]. every iteration.



MSwIP criterion that was developed for beamforming cod&s. Two Related Design Methods

book design (for MISO systems) in [3]. _ The generalized MSwIP design method optimizes the code-
One of the virtues of the new design criterion is thatdes ook for a particular SNR (0Pr). As a result, we may need

lead to an iterative design algorithm with guaranteed mongiore than one codebook if the system has multiple operating

tonic convergence. The design algorithm is essentiallylaim SNR points. Therefore, it would be interesting to find other

to the Lloyd algorithm in vector quantization (VQ) studygesign methods that do not depend Bp.

which is based on two necessary conditions for optimality: 1) | ow SNR RegionWhenp < 1 (low SNR),5; ~ VPO

the neighborhood condition (NNC) and the centroid Foﬂditichencei,q ~ /p . Then, the original criterion (10) becomes

(CC) [8]. The same approach is used here for designing trkﬁeaxQ(.) E H(VHEH)TQ(H)Hi" It is interesting to see that

codebook of beamforming matrices. this design criterion is equivalent to maximizing the mean
Design Algorithm squared channel norm (MSCN), that is,

1. NNC. For given code matrice$f/;-;z‘ = 1,...,N}, the 2
optimum partition cells satisfy Hglf’”fE [ HQ(H)|[- (16)
H; = {H cCr¥t . H(VHEH)TViHi This design criterion (16) will be referred as tHdSCN
3 o (11) criterion. The MSCN criterion is a reasonable choice by itself,
> ||(VaSu) Vi[5, Vi # i}, because naturally we can benefit by maximizing the gain of

_ , y the composite chann¢H V).
fori=1,..., N, where}; is the partition cell of the channel 2 High SNR Region:As the SNR increases (— ),

matrix spaceC’ ! for the ith code matrixV;. Sy — I; hence, the criterion (10) reduces to
2. CC: For a given partition{H;;: =1, ..., N}, the optimum ; 9
code matrices satisfy YSE”)‘E Vi Q(VH)HF @)
V,= arg max E[H(VHEH)TVHfE | H € Hi:|7 (12) whereV = Q(Vy) is the quantized beamforming matrix
V(txn): ViV=I, (VtV = I,). Interestingly, the above design criterion (17)
fori=1,..., N. Fortunately, the above optimization problentan be intuitively explained using a distance between two
has a closed-form solution as (see proof below) subspaces. It is equivalent taing.) E[dZ(Va, Q(Va))],

- . . ~ where d.(Vy,Vy) is the chordal distancebetween the two
Vi = (n principal eigenvectors) of? Vi X7 Vy; | H € H(z‘%é) subspacés}épelgiz‘ied byt and Vi [10].
_Proof: The Frobenius norm in (12) can be expressed & Design Examples
tr(VTVHZ%IVQIV). By noting that under a given condition With the design methods developed above, we can obtain
H € 'H;, V is a constant matrix, (12) can be rewritten as an optimum codebook for any set of system parameters
N - “o it N (t,r,n, B). The performances of codebooks designed with the
Vi= arg max tr{V E[VeXy Vi | H € Hi V}' three different design methods are compared in Fig. 1 inderm
V(txn): VIV=I, of the ergodic channel capacitjo) = E[I(H,V)]. For
By applying Corollary 4.3.18 of [9, p. 191], we arrive at thesase of comparison, all the capacities are normalized with
desired solution given in (13). B respect toCy = E[I(H,V)], the ergodic capacity with the
The above two conditions are iterated until the design ebjegerfect beamforming matrix. As expected, in high SNR region
tive H(VHZH)TQ(H)Hi converges. In practice, a codebookhe codebook optimized for high SNR region performs better
is designed off-line using a sufficiently large number ofrtra than that optimized for low SNR region; and in low SNR
ing samples (channel realizations). In that case, thestitati region, the reverse relation holds. Moreover, the germsdli
correlation matrixe [VHE%VITI | H € H;] in (13) is estimated MSwIP method always results in a better performance than or
with a sample average. equal to any of the two in all the SNR range. Additionally, we

Encoding For a given codebook — {Vl VN} the also compare with the codebook design method considered in

receiver selects the optimum beamforming matrix from tHél: Wherein a codebook is designed using the algorithm de-

codebook based on the observed chadfiso that the mutual veloped for the non-coherent space-time constellatiorgdes
information is maximized, i.e.} = arg max I(H, V). It is We can see that the MSwIP method outperforms it in all the

_ . Viec o cases considered, especially in the low SNR range.
useful later in performance analysis to note that this eimgpd

scheme is equivalent to IV. CAPACITY LOSS WITHQUANTIZED BEAMFORMING

. ) . In this section, we will analytically quantify the effect of
V =Q(H) = arg ‘ﬂnénc IL.(H, Vi) (14) guantization of the beamforming matrix with a finite number
' of bits on the channel capacity for théd. MIMO channel.

. . .
By the encoding scheme, the channel matrix sp@te’ is The considered MIMO system is modeled as

partitioned into{R;;¢i =1,..., N}, where
. . P .
Ri={H e C™ : I[,(H,V;) < IL(H,V;),¥j #i}. (15) y= y/%HVs +7



where H hasiid. N(0,1) entries,s ~ N, (0,I), n ~ of H as defined in Section II. For a fixed orthonormal column
NT(O,I), and they are all independent. For analytical tractabitratrix v (¢ x m), the random matrix/y = VTVOVOTV has a
ity, we consider the high-SNR approximation to the capacityultivariate beta distributiorif?m(m,t —m).

loss using (8). We also confine our attention to the case where Proof: See [12] for detailed proof. ]

the number of data stream equals to the rank of channelcorollary 1: det(Up) is distributed as the product of inde-
matrix, i.e.,n = m. For the rest of this section, for notationahendent beta variables, that is, = det(Uy) ~ 1™, B,
simplicity, the subscript i’y will be dropped. The high-SNR where 3, ~ B(m — i + 1,t — m) and are indepé}]denﬂy

approximation to the capacity loss will be denoted by distributed.

A _ Forrt Proof: WhenU = TTT whereT is upper-triangular,

Cr EH[ log det(VIVV V)} (18) det(Up) = [T}, t2. Therefore, from Theorem 1 we arrive at

In high SNR region, sincd,,(H, V;) is well approximated the desired res_ult. _ . _ u
to — log det(VTViViTV), the encoding scheme given in (14) We can obtain the density function for a givenalthough
also can be rewritten as it has a long and complicated form (e.g., [13]). Far= 2,
Vo det (VT 19 we have a relatively concise expression.

= (V) =arg e (VIViVV). (19) Corollary 2: Whenm = 2, 4, has the following density.
We denote the Stiefel manifold where random mairidies, foo(2) = L@)ri—1) (1= 2)2t=5
by Ve = {V € C™>" : VIV = I,}. With the encoding o (2t —4) (22)
scheme (19), the Stiefel manifold is partitioned iRR;; i = oFy(t —2,t —3;2t —4;1 — )
1,...,N} where Proof: See [13]. ]

Ri={V € Vo, : det(VIVVIV) > det(V*VjVjTV),Vj +i}. B. Approximate Density of = det(VIVVTV)
o - (20) Now let us look at the conditional density of; :=
Since from (19)V = V;, ¥V € R;, (18) can be expressed aslet(VV;V,'V) given V € R,. From the high-SNR encoding
N given in (19) or (20), generally each partition cell has a eom
Cr = ZP(V c 7@7) Eyer, {_ log det(V*f/iViTV)}. (21) plicated shape. This geometrical complexity in the pantiti
i1 cells makes it difficult to obtain the exact analytical foror f

In order to calculate (21), we need to know the conditiond€ conditional density of;. o o
statistics of a random matrix/; = ViV.Viv given V ¢ However, when\ is large, sincé/ is uniformly distributed
N K3

R,. For that purpose, we start with the simpler but related/®" Voo, P(V € R;) ~ 1/N for all i, and furthermore the
problem of theunconditional statistics of a random matrix Shapes of partition cells will be approximately identicaar

Uy := VIVoVIV, whereV ~ U(V,.,) andV, is afixedmatrix analytical tractability, we consider the following appie-
inv,,3 0 " tion for the partition cell.
n,te

R~ T — . IAVA Al _
A. Statistics of/y = ViV, VV and~o = det(Up) Ri~=Ri={V €Vyy : det(VIViV'V) =145} (23)

First we summarize related definitions and theorems frof@’ Someds > 0, which will be determined as a function of
multivariate statistical analysis that are germane to the-a B USing P(V € R;) = 1/N for all 4, i.e.,

ysis. A p x p random Hermitian positive definite matri _ 1 1

is said to have a multivariate beta distribution with partene PV eRi) = /155 Fule) do = 28’ 9

(a,0), denoted ad/ ~ By(a,b), if its density is given by With the partition cell approximation (23) and from the
T,(a+0b) ae b symmetrical property in the partition cells, we can usg

fU) = T ()T, (b) (det U)*™" det(I-U)""", 0 <U <Ip, jy the place off,,. Using the density function for, (e.g.,

. one derived in Corollary 2)jp can be numerically calculated
fora > p, b > p and f(U) = 0 elsewhere, wher&',(n) is  for a given B. Although, in general there are overlaps in the
the complex multivariate gamma function. approximated partition cells, the analytical results freme

Theorem 1:If U ~ gp(”ly'”@) andU = T'T, whereT approximation turn out to be quite accurate even wién
is upper-triangular, them%l’ . 7t12)p are all independent and is small. Since the approximated celk; have the identical
t2 ~ B(ny —i+1,ny) fori=1,...,p, where3(a,b) means geometrical shape, we can focus on a particular partitidin ce
the beta distribution with parametefs, b). arriving at the following result.

Proof: This can be proved by extending Theorem 3.3.3 Approximate DensityWith the partition cell approximation
in Muirhead [11] to the complex matrix case. m described in (23), the density function for— det(VTVVTV)

Theorem 2 (Distribution ot/y): A random matrix H has is approximated by gruncateddensity of £, (x), that is,

i.i.d. N'(0,1) entries, and/ (txm) is the right singular matrix £ (@) =~ f(x) =28 f, (2) In—sp,1)(x) (25)

3It can be shown that for the chann&l with i.i.d. A7(0,1) entries, the Whereh\_(x) is the indicator function having 1 if € A and
random matrixV" is uniformly distributed oved;, ;. 0 otherwise.



C. Capacity Loss with Quantized Beamforming 2. In each mode, the simple equal power allocation aver
Now we utilize the statistical results developed above to SPatial channels is employed, thereby the entire feedback

analyze the problem of interest, the capacity loss anal¥8is bits are utilized in representing only useful beamforming
This can be written ag; — fol [—logz] f,(x) dx. For the vectors without concerning about the power allocation over

the spatial channels.

expectation, we will use the approximate densftygiven in ;
The average SNR is assumed to change at a much slower

(25) instead of the real densitfy,. And the new approximate

is denoted by(';,, that is, rate than the beamforming vectors, and so has to be updated
L less frequently consuming much fewer bits. Therefore itlman
Cr :/ [~ log z] sz(l_) de. (26) assum(_ed _to be negligible overhead. The eﬁectiveness (_)f_the
1-6p transmission strategy can be understood with a watergfillin

Form = 2 (i.e., whent > 2 andr = 2), using the density a'gument. The transmission strategy can be understood with

f in Corollary 2 and the definition of the hypergeometri@ water-filling argument. That is, in low SNR region, only

function, a closed-form expression for the capacity loss c&'€ principal spatial channel is useful in most of the time;
and as the SNR increases, more spatial channels are getting

be derived. _ :
0o involved. The proposed scheme can be viewed as a rough and
Cp =28 B0 Gt Z (t—2)u(t =3 indirect implementation of water-filling power allocatiawer
2t —4) = 2t =4kl (k+2t—4) multiple spatial channels. With the multi-mode transnuissi

204 chl42t-3 @7) scheme, with perfect knowledge ®f(t x n) and equal power
(1= 05" log(1—bp) + Y _ 37} allocation, we can achieve most of the capacity with perfect
1=1 k—l+2t—3 CSI at transmitter over all the range of SNR. For finite-rate

where(a), :=a(a+1)---(a+k—1). fegdback, onl)_/ the relevant peamforming vectors are ermbode
For a general case oz > 3, one can obtain the ap-Using the entire feedback bits. From the quantization point

proximate capacity loss (26) easily with an efficient Mont@f Vview, the multi-mode scheme increases the quantization
Carlo integration method which is described as followsiiyt resolution by reducing the dimension of the beamforming

generate a large number of samples for the random variaBlétrix in low SNR region. _
~, each is just a product of independent beta distributed'n [7], another form of multi-mode SM scheme was studied

random variables as shown in Corollary 1. i) Take a subggt which the mode is adapted using current channel condition
S={y>1-65:Ply>1-4g) =1/2B}. iii) Average and the feedback bits are divided among multiple codebooks,

over the subses§ for Es[—log~], which is an estimate (26). one fpr ea}ch mode. For the sceqariq envisiongd, this is less
. effective since it lowers the quantization resolution caneol
D. Numerical Results to the scheme mentioned above.

Fig. 2 shows the capacity loss in bits per channel use fgr codebook Design for Beamforming Matrix (Wher: 1)
(t = 4,r = 2) MIMO channels when the beamforming matrix s 0

is represented with3 = 1,...,8. The analytical result is Let us define submatricexy = [0 _22} andVy =
from C, given in (27). The figure also includes simulationfV V2] whereX (n x n) andV (t x n). Using an approach
results using the beamforming-matrix codebooks. It shdwes tsimilar to that in Section IIl (for details refer to [12]), weave
analytical result is close to the simulation result at highRS the following codebook design criterion:

(e.g.., Pr = 20,10 dB). Hoyvever,. at low SNR .(e:g-.PT =0 max E H(VE)TQ(I—’UHi? (28)
dB) it deviates from the simulation result. This is because i ()

our analysis, with the high-SNR assumption, the effect ef thy o o7 — Q(H) is thet x n quantized beamforming matrix.

c2 2 V=1, %2 i o
term3%; = (I +p¥j) "~ pXy Is ignored, which is on average z|sq as in Section III-C, we have two related design methods,
quite different fromI at low SNR Pr). Therefore, the high- each optimized for low and high SNR region.

SNR assumption results in higher values for capacity loss at
low SNR. B. Example

In Fig. 3, the performance of the multi-mode SM scheme
V. MULTI-MODE SM TRANSMISSION STRATEGY with a finite number of feedback bitsB( = 8) is shown
Equal power allocation on each of the parallel channefsr (¢ = 6,7 = 4) MIMO in different modes. The number
is clearly inefficient at lower SNR. To overcome this limiof data streams: is determined as follows:, = 1 when
tation, in this section, we present a multi-mode MIMO sgatigp,, < Pri,n =2whenPr; < Pr < Pro, andn = 3
multiplexing transmission scheme that allows for efficienthen P > Pr,, where Py, and Pr, are the boundary
utilization of the feedback bits. The transmission stratésy points (see the figure). To determine the mode, the traremitt
described as follows: needs to know the operating SNR of the system, which is
1. The number of data streamsis determined based on theassumed to be changing at a much slower rate than the channel
average SNRn changes from 1 tan, the rank of the itself in most time-varying channel environments. Therefo
channel, as SNR increases (see the example in SectionoWly small additional feedback is necessary (e.g., to notié
B). transmitter to increase or decrease the number of datargtjea



VI. SUMMARY MIMO (t = 4, r = 2) with Quantized Feedback: B=2 3 4

We have investigated the codebook design problem associ x -+ Coyyy: CB optimized for low SNR
ated with transmit beamforming in MIMO spatial multiplegin + - Gy CB optimized for high SNR
. .. . ! 09r| _____c_  :CB optimized for each SNR
systems with finite-rate feedback. Assuming a fixed number s codebook
of spatial channels and equal power allocation, we designec o

the beamforming codebook by minimizing the capacity loss
resulting from the finite-rate feedback. The capacity loss,
der the assumption of a reasonably large number of feedbac
bits or low SNR, was suitably approximated leading to an
iterative codebook design algorithm with monotonic conver
gence property. The developed design algorithm is based o
the Lloyd algorithm in vector quantization study, but nows ha
as its objective matrix quantization to minimize capacagd.
With the proposed method, we can design the optimum beam ‘ ‘
forming codebook for arbitrary number of transmit and reeei 0T T e Transmit Power P @By
antennas, feedback bits, and any spatial correlationtateic _ 3 T _ _
in the channel. The effect on the MIMO channel capaciff, L  =ed capecies fof MO clamet ih uantftnio g
of finite-rate feedback was analyzed assuming high SNi_ o 3 4). ’ ’ '
and equal power allocation over the spatial channels. @lentr

to the analysis is the complex multivariate beta distriuti ‘ ‘ ‘ ‘ ‘ ‘

and simplifications of the Voronoi regions resulting frone th
codebook. To compensate for the degradation due to the R ~ © ~ Simulation
equal power allocation assumption, we also proposed a-multi ~
mode spatial multiplexing transmission strategy thatvedlo ,
for efficient utilization of the feedback bits by quantiziagly oL
relevant beamforming vectors.

Ergodic Capacities Normaliz

/
i

Capacity Loss (High—-SNR Approximation): t=4,r=2; PT =20 10 0dB
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