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Abstract

Space-time block codes (STBCs) that are single-symbol decodable (SSD) in a co-
located multiple antenna setting need not be SSD in a distributed cooperative com-
munication setting. A relay network with N relays and a single source-destination
pair is called a partially-coherent relay channel (PCRC) if the destination has perfect
channel state information (CSI) of all the channels and the relays have only the phase
information of the source-to-relay channels. In this paper, first, a new set of neces-
sary and sufficient conditions for a STBC to be SSD for co-located multiple antenna
communication is obtained. Then, this is extended to a set of necessary and sufficient
conditions for a distributed STBC (DSTBC) to be SSD for a PCRC, by identifying the
additional conditions. Using this, several SSD DSTBCs for PCRC are identified among
the known classes of STBCs. It is proved that even if a SSD STBC for a co-located
MIMO channel does not satisfy the additional conditions for the code to be SSD for
a PCRC, single-symbol decoding of it in a PCRC gives full-diversity and only coding
gain is lost. It is shown that when a DSTBC is SSD for a PCRC, then arbitrary coor-
dinate interleaving of the in-phase and quadrature-phase components of the variables
does not disturb its SSD property for PCRC. Finally, it is shown that the possibility
of channel phase compensation operation at the relay nodes using partial CSI at the
relays increases the possible rate of SSD DSTBCs from % when the relays do not have
CSI to %, which is independent of N.
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1 Introduction

The problem of fading and the ways to combat it through spatial diversity techniques have
been an active area of research. Multiple-input multiple-output (MIMO) techniques have
become popular in realizing spatial diversity and high data rates through the use of multiple
transmit antennas. For such co-located multiple transmit antenna systems low maximum-
likelihood (ML) decoding complexity space-time block codes (STBCs) have been studied by
several researchers [I]-[10] which include the well known complex orthogonal designs (CODs)
and their generalizations. Recent research has shown that the advantages of spatial diversity
could be realized in single-antenna user nodes through user cooperation [11],[12] via relaying.
A simple wireless relay network of N + 2 nodes consists of a single source-destination pair
with N relays. For such relay channels, use of CODs [I],[2] has been studied in [13]. CODs
are attractive for cooperative communications for the following reasons: i) they offer full
diversity gain and coding gain, i) they are ‘scale free’ in the sense that deleting some
rows does not affect the orthogonality, iii) entries are linear combination of the information
symbols and their conjugates which means only linear processing is required at the relays,
and 7v) they admit very fast ML decoding (single-symbol decoding (SSD)). However, it
should be noted that the last property applies only to the decode-and-forward (DF) policy
at the relay node.

In a scenario where the relays amplify and forward (AF) the signal, it is known that the
orthogonality is lost, and hence the destination has to use a complex multi-symbol ML
decoding or sphere decoding [I3],[14]. It should be noted that the AF policy is attractive
for two reasons: i) the complexity at the relay is greatly reduced, and i) the restrictions on

the rate because the relay has to decode is avoided [15].

In order to avoid the complex ML decoding at the destination, in [16], the authors propose
an alternative code design strategy and propose a SSD code for 2 and 4 relays. For arbitrary
number of relays, recently in [17], distributed orthogonal STBCs (DOSTBCs) have been
studied and it is shown that if the destination has the complete channel state information

(CSI) of all the source-to-relay channels and the relay-to-destination channels, then the



maximum possible rate is upper bounded by % complex symbols per channel use for N
relays. Towards improving the rate of transmission and achieving simultaneously both full-
diversity as well as SSD at the destination, in this paper, we study relay channels with the
assumption that the relays have the phase information of the source-to-relay channels and
the destination has the CSI of all the channels. Coding for partially-coherent relay channel
(PCRC, Section 2.2)) has been studied in [18], where a sufficient condition for SSD has been

presented.

The contributions of this paper can be summarized as follows:

e First, a new set of necessary and sufficient conditions for a STBC to be SSD for co-
located multiple antenna communication is obtained. The known set of necessary and
sufficient conditions in [§] is in terms of the dispersion matrices (weight matrices) of the
code, whereas our new set of conditions is in terms of the column vector representation
matrices [5] of the code and is a generalization of the conditions given in [5] in terms

of column vector representation matrices for CODs.

e A set of necessary and sufficient conditions for a distributed STBC (DSTBC) to be
SSD for a PCRC is obtained by identifying the additional conditions. Using this,
several SSD DSTBCs for PCRC are identified among the known classes of STBCs for

co-located multiple antenna system.

e [t is proved that even if a SSD STBC for a co-located MIMO channel does not satisfy
the additional conditions for the code to be SSD for a PCRC, single-symbol decoding

of it in a PCRC gives full-diversity and only coding gain is lost.

e [t is shown that when a DSTBC is SSD for a PCRC, then arbitrary coordinate in-
terleaving of the in-phase and quadrature-phase components of the variables does not

disturb its SSD property for PCRC.

e [t is shown that the possibility of channel phase compensation operation at the relay
nodes using partial CSI at the relays increases the possible rate of SSD DSTBCs from

% when the relays do not have CSI to %, which is independent of V.
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e Extensive simulation results are presented to illustrate the above contributions.

The remaining part of the paper is organized as follows: In Section 2| the signal model
for a PCRC is developed. Using this model, in Section [8 a new set of necessary and
sufficient conditions for a STBC to be SSD in a co-located MIMO is presented. Several
classes of SSD codes are discussed and conditions for full-diversity of a subclass of SSD codes
is obtained. Then, in Section 4, SSD DSTBCs for PCRC are characterized by identifying
a set of necessary and sufficient conditions. It is shown that the SSD property is invariant
under coordinate interleaving operations which leads to a class of SSD DSTBCs for PCRC.
The class of rate half CODs obtained from rate one real orthogonal designs (RODs) by
stacking construction [I] is shown to be SSD for PCRC. Also, it is shown that SSD codes for
co-located MIMO, under suboptimal SSD decoder for PCRC offer full diversity. Simulation
results and discussion constitute Section Bl Conclusions and scope for further work are

presented in Section [6l

2 System Model

Consider a wireless network with N 4 2 nodes consisting of a source, a destination, and
N relay, as shown in Fig. [l All nodes are half-duplex nodes, i.e., a node can either
transmit or receive at a time on a specific frequency. We consider amplify-and-forward (AF)
transmission at the relays. Transmission from the source to the destination is carried out in
two phases. In the first phase, the source transmits information symbols 2,1 <4 < T} in
T, time slots. All the N relays receive these T symbols. This phase is called the broadcast
phase. In the second phase, all the N relay perform distributed space-time block encoding
on their received vectors and transmit the resulting encoded vectors in 75 time slots. That
is, each relay will transmit a column (with 7, entries) of a distributed STBC matrix of size

T5 x N. The destination receives a faded and noise added version of this matrix. This phase

'In the system model considered here, we assume that there is no direct link between source and destina-
tion. However, whatever results we show here can be extended to a system model with a direct link between
source and destination.

2Here, we assume that all the N relays participate in the cooperative transmission. It is also possible
that some relays do not participate in the transmission based on whether the channel is in outage or not.
We do not consider such a partial participation scenario here.



is called the relay phase. We assume that the source-to-relay channels remain static over T;

time slots, and the relay-to-destination channels remain static over 75 time slots.

2.1 No CSI at the relays

The received signal at the jth relay, 7 = 1,---, N, in the ith time slot, : = 1, ---, T}, denoted

by ne

;» can be written a

U](Z) = 1/ Elhsj.f(f(i) + Z](-i), (1)

where hg; is the complex channel gain from the source s to the jth relay, z](-i) is additive
white Gaussian noise at relay j with zero mean and unit variance, F; is the transmit energy
per symbol in the broadcast phase, and E [(x(i))* x(i)} = 1. But no channel knowledge is
assumed at the relays. Under the assumption of no CSI at the relays, the amplified ith

received signal at the jth relay can be written as [13]

~60) _ By ) 5
UJ El ‘I‘l ,U] ’ ( )
N—_——
2a

where Fj is the transmit energy per transmission of a symbol in the relay phase, and G is the
amplification factor at the relay that makes the total transmission energy per symbol in the
relay phase to be equal to F». Let F; denote the total energy per symbol in both the phases
put together. Then, it is shown in [15] that the optimum energy allocation that maximizes
the receive SNR at the destination is when half the energy is spent in the broadcast phase and
the remaining half in the relay phase when the time allocations for the relay and broadcast
phase are same i.e., T} = T,. We also assume that the energy is distributed equally i.e.,
B, = % and Fy = 2E—At4, where M is the number of transmissions per symbol in the STBC.

For the unequal-time allocation (77 # T3) this distribution might not be optimal.

At relay j, a 277 x 1 real vector v; given by

T
-~ ~(1) ~(1) ~2) ~(2 ~(T1) ~(T
Vi = 00000 T T y('Ql)] ’ )

3We use the following notation: Vectors are denoted by boldface lowercase letters, and matrices are
denoted by boldface uppercase letters. Superscripts 7" and ‘H denote transpose and conjugate transpose
operations, respectively and * denotes matrix conjugation operation.



is formed, where @\](ZI) and @](g, respectively, are the in-phase (real part) and quadrature

(imaginary part) components of ﬁ?. Now, ([B]) can be written in the form
i/\j = G \ El HSjX + /Z\j, (4)
where x is the 277 x 1 data symbol real vector, given by

T
X = [xgl)uxg)ux?)vxg)v'"7x§T1)7x(QT1):| ) (5)

z; is the 277 x 1 noise vector, given by

T
~ 1) A1) ~2) ~2 ) ~T
o= [ 38500 3]
where 2§i) =G z](-i), and Hy; is a 277 x 2717 block-diagonal matrix, given by
[ h’sj[ _thQ .. 0 |
h'sz hsj[
H,; = : : : (6)
0 » { hajr - —hsjq }
i hsz hsjl
Let
C = |:C1,C2,"',CN] (7)

denote the T, x N distributed STBC matrix to be sent in the relay phase jointly by all N
relays, where c; denotes the jth column of C. The jth column c; is manufactured by the

7th relay as

= G\/ElAszjX—l—Aj/Z\j, (8)
—_———
B;

where A; is the complex processing matrix of size T, x 2T} for the jth relay, called the
relay matriz and B, can be viewed as the column vector representation matrix [5] for the
distributed STBC with the difference that in our case the vector x is real whereas in [5] it is
complex. For example, for the 2-relay case (i.e., N = 2), with T} = T» = 2, using Alamouti
code, the relay matrices are given by

Alz{(l] é _01 ?] and A2:|:

6
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Let y denote the T, x 1 received signal vector at the destination in 75 time slots. Then, y

can be written as
N
y = Z hjac; + za, (10)
j=1

where h;q is the complex channel gain from the jth relay to the destination, and z4 is the
AWGN noise vector at the destination with zero mean and E[z,z}] = I. Substituting () in

(I0), we can write

N N
Yy = G AV E1 (Z hjstjAj) X + ZhjdAj/Z\j + Zg4. (11)
j=1 j=1

2.2 With phase only information at the relays

In this subsection, we obtain a signal model for the case of partial CSI at the relays, where
we assume that each relay has the knowledge of the channel phase on the link between the
source and itself in the broadcast phase. That is, defining the channel gain from source to
relay j as hy; = a;el%i | we assume that relay j has perfect knowledge of only 6,; and does

not have the knowledge of as;.

In the proposed scheme, we perform a phase compensation operation on the amplified re-
ceived signals at the relays, and space-time encoding is done on these phase-compensated
signals. That is, we multiply /U\j(-i) in @) by e% before space-time encoding. Note that
multiplication by e™%s does not change the statistics of zj(-i). Therefore, with this phase

compensation, the ¥, vector in () becomes

v, = (G\/El H,;x + aj) o3
= GVE |h|x + 7. (12)

Consequently, the c; vector generated by relay j is given by

Cj = Aji’\j
= G AV ElAj ‘hsjl X + Aj/z\ja (13)
&g
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where B;» is the equivalent weight matrix with phase compensation. Now, we can write the

received vector y as

N N
Yy = G\/ E1 (Z h'jd‘hsj|Aj) X + ZhjdAj/Z\j + Zg4. (14)
j=1 j=1

Zq tot‘gl noise
Figure 2] shows the processing at the jth relay in the proposed phase compensation scheme.
Such systems will be referred as partially-coherent relay channels (PCRC). A distributed
STBC which is SSD for a PCRC will be referred as SSD-DSTBC-PCRC.

3 Conditions for SSD and Full-Diversity for Co-located
MIMO

The class of SSD codes, including the well known CODs, for co-located MIMO has been
studied in [8], where a set of necessary and sufficient conditions for an arbitrary linear
STBC to be SSD has been obtained in terms of the dispersion matrices [19], also known as
weight matrices. In this section, a new set of necessary and sufficient conditions in terms
of the column vector representation matrices [5] of the code is obtained that are amenable
for extension to PCRC. This is a generalization of the conditions given in [5] in terms of
column vector representation matrices for CODs. Towards this end, the received vector y in

a co-located MIMO setup can be written as

y = \/E (Z hjdAj> X + Zq. (15)

j=1

Theorem 1 For co-located MIMO with N transmit antennas, the linear STBC as given in
(13) is SSD iff

A]TIAJ-IJrA]TQAjQ - pWw j=1,2,---,N

Jj>

AT A+ AT A+ ATA; +ALA, = DY 1<i£j<N
AfAig + AjgAu — AlAjg — AlpA;r = DY 1<i#j<N, (16)



where Aj = Ajr+jAjo, 3 =1,2,---, N, where Aj; and A ;q are real matrices, and Dg; ,D(2)

and Dij are block diagonal matrices of the form

i (k) (k) T
azy,l bi',l 0 0
k %
[bgj,)l Cz(j,)l
D)
® 4k
0 U] 0
k ij, ij
DE]) - ) ) (17)
D;;5
RO
0 RGN
R 15,1 (SA
I Dir, |

where it is understood that whenever the superscript is (1) as in DY then i = 7.

2]’

Proof: In (), let He, = VE, E hjqA;. Then the ML optimal detection of x is given by
X = arg min ||y — H.x||*.
Since x is real,
ly — Hex|]* = [lyl]* - 2x"R (Hy) + x"® (HZH,,) x

which can be written as the sum of several metrics each depending only on one symbol iff
R (HZ’éHeq) is a block diagonal matrix of the form in (7)) for every possible realization of
hjd- NOW,

N
R(HIH,) = E Z |hja*R (AXA)) +

J=1

N N
E; Z Z R (h;dhhdA;fAjz + h;zdhjldAgAjl)

J1=1j2=1,jaF#j1

N
= B Y |hul*R (ATA)) +

i=1



=2

N
Z Z (hjrarhjnar + hj aqhs,a) R (AJA;, + ATLA; ) +

2

N
Z > (hjarhisig — hjahyar) S (AFA;, — ATA; ),

J1=1ja=1,ja#j1

which is block diagonal of the form in (7)) Vh;q iff (16]) is satisﬁed@. O

Notice that DE;?’ = Dg»lz) for all 4, j, k. The conditions for achieving maximum diversity depend
on the Dg?) matrices as well as the signal constellation used for the variables. Before we
discuss these conditions in Lemma Il we illustrate the SSD conditions (I€]) for the following

classes of SSD codes for co-located MIMO.

3.1 SSD conditions for some known classes of codes

Complex Orthogonal designs (COD): STBCs from CODs have been extensively studied
[1,12],[5). A Square Complex Orthogonal Design (SCOD) G(xy,xa,---,xk) (in short G) of
size N is an N x N matrix such that i) the entries of G(z1,xs,- -, zk) are complex linear
combinations of the variables x;, z9, - - -, zx and their complex conjugates x7, x5, - - -, 2%, and
G"G = (|Jz1)* + - - + |zx|*) Iy, where Iy is the N x N identity matrix. The rate of G is
K

~ complex symbols per channel use. SCODs CODaa for 2¢ antennas, a = 2,3, -+, can be

recursively constructed starting from

where Gaa is a 2% x 2% complex matrix. For example,
ry xy —x3 0
COD, = ;9;22 o f,{ :2’ , (19)

0 T3 LE‘; T

4We note that, for the co-located case, SSD conditions have been presented in [§] in terms of the linear
dispersion matrices (also called weight matrices). Our SSD conditions given in Theorem 1 is in terms of
‘column vector representation matrices’ [5]. The significance of our version as in Theorem 1 is that it is
instrumental in proving Theorems 2 to 6.

10



[ 2y oz —xy 0 -z 0 0 0
—x5 27 0 —a25 0 —z; O 0
T3 0 IL’T —X9 0 0 —SL’Z 0
0 a3 a5 Ty 0 0 0 —x3
CODs = zg O 0 0 r] —Ty % 0 ' (20)
0 =4 O 0 Ty T 0 T
0 0 Ty 0 —T3 0 T T
| 0 0 O Ty 0 —x3 —x3 o] |

Any COD, G, can be written as
G = [A1X, A2X7 Tty ANX] ) (21)

where A1, Ay, -+, Ay are the relay matrices. By the definition of CODs, G"G = (x"x) 1,

which implies that
XTA;-LAJ'X = x'x; V j (22)
x"ATAx = 0; V i#] (23)
Eqn. (22) implies that R (A;{Aj) =1Vj, ie., Dg;) =1V, whereas Eqn. (23) implies that
(AFA)" = —AYA; Vi (24)
which implies that
ATA+ AT A +ATA; +ALA g = DD =0, V i#)
AfiAig + AfoAir — AllAj —AlpA; = D =0; V i#]. (25)
Hence, for CODs Dg-) = Dg’) =0V, 7 and DE;) is the identity matrix V j.
Coordinate Interleaved Orthogonal designs (CIOD) [8]:

A coordinate interleaved orthogonal design (CIOD) in variables x;,i = 0,---, K — 1 (where

K is even) is a 2L x 2N matrix S, such that

9('%07"'7%K/2—1) 0

S(xo, " Tx-1) = 0 @(fK/za T 1) (26)

where ©(xg, -+, Tx/2-1) is generalized COD (GCOD) of size L x N and rate K/2L and

T; = R(2;) +jS(2(i41/2), ) and (a) g denotes (¢ mod K). Consider the four transmit antenna

11



CIOD, denoted by CIOD,:

o & 0 0
I A S I
CIOD, = o 0 & & | (27)
0 0 -& i

i & @3 0 0 0 0 0

—@ & 0 i3 0 0 0 0

—@ 0 & i 0 0 0 0

0 —& —& & 0 0 0 0

CI0Ds = o 0 0 0 iy @5 T 0 |7 (28)

0O 0 0 0 —& & 0 i

0 0 0 0 —& 0 &y is

00 0 0 0 —& —& |

where T; = x;r + JT((i+4) mod 4)@- The data-symbol vector in ([B) after interleaving can be

written as
x = Ix, (29)

where I is the interleaving matrix, which is a permutation matrix obtained by permut-

ing the rows (/columns) of the identity matrix I to reflect the coordinate interleaving

operation. Hence, the effective relay matrices of the design S, A;, can be written as

A= {OAj gLXK}i, 1<j<Nand A= [gLXK OXK}i, N +1<j<2N, where
Lxk  Orxk LxK j

Invx Oxxk } i

A ;’s are relay matrices of the design ©. It can be verified that D%-) =17 [ 0 0
KxK KxK

for1<j <N and D) =17 { 8“1{ (I’K”{ } Ifor N+1<j<2N. Also, DY) =D =
KxK KxK

0; Vi # j. Hence, Dg-) = Dg?) = 0V 1,5 for CIODs also. But, D'V is not the identity

27

matrix V j.
Clifford UW-SSD codes [10]:

A 2¢—Clifford Unitary Weight SSD (CUW-SSD) code, denoted by CUWsa, is a 2% x 2°
STBC, given by

a—1 a—1 —1 a—i—1 i—1 a—i—1 i—1
Oz ® I? + Proa ® 01(38 + Z(ilzl [0'9621‘ ® Iga ® 01 ® U? + Oxait1 ® Iga ® 02 ® 01(38 ’ (30)

12



where

Tir  JTiQ Py = —JTiQ JTir
—jriq x| —Tir —JjTiQ |’

o R PR P R

and @) stands for the tensor product of matrices. Based on the above definition, the 2—CUW-

T =i + JTiQ, Oz = [

SSD code is given by

- B Tir — JTa@ Tor + JTiQ
CUWy = 04+ po, = [ —Tor — JT1Q T1 — JT2qQ } ’ )

and the 4—CUW-SSD code is given by

CUW4 = 0m1®12+pm1®03+0x2®01+U$3®02, (33)
which 1is
Tir —JTag  Tor +jrar  Tar +jTig —T3g + jraq
CUW, — —Tor — .jﬂfsf T11 “'j.leQ —T3Q —.j$2Q —Tar “'.jle . (34)
T4 —JT1Q T3Q —JT2Q il — JTaQ Tor + JT31

T3g +JTag  Tag —JjTig —Tor —Jxzr X1 +JTaQ

It can be verified that for Clifford UW-SSD codes Dg-) = 0V1, 7, and the matrices Dg-’) Vi, j

and Dg-;) V j are of the form (IT). For example, for the CUW; code, D%-) = 1Yy, ngz-) =
0 Vi, 7,

3 3
D))= D) =

o o NN O
OO O N
N O OO
o N OO

and Dg’) = 0 for all other values of 7, 7. For the CUW} code, D%) =1Vy, Dg) =0V,7,

OO OO OO NO
OO OO OO OoON
SO OO NO OO
SO OO o NN OO
SO N O OO OO
S OO N OO OO
N O OO OO OO
ON OO OO OO

—

w

=2}

=

and Dg-’) = 0 for all other values of 4, j.
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3.2 Conditions for full-diversity

In the previous subsection, we saw several classes of SSD codes. The problem of identifying
all possible classes of SSD codes is a open problem [10]. Moreover, different classes of SSD
codes may give full-diversity for different sets of signal sets. The following lemma obtains
a set of necessary and sufficient conditions for the subclass of SSD codes characterized by
Dg) = Dg’) = 0 (CODs and CIODs, for example) to offer full-diversity for all complex

constellations.

Lemma 1 For co-located MIMO, the linear STBC as given in (I3) with the Dgf) matrices
in (14) satisfying Dg-) = DS-’) = 0 achieves maximum diversity for all signal constellations
iff

dVeh W50 1<j<N, 1<i<T, (37)

1.€., p

i1 U8 positive definite for all j, 1.

Proof: Consider the pairwise error probability that the data vector x; as in (&) gets wrongly
detected as x5. By Chernoff bound,

P (x) = x;) < B {e-foamm/i] (38)
where, from (I3),
d2(X1, X2) = (X2 - X1)T§R (HZHeq) (X2 - X1>. (39)

Define Ax(® = [A:)j&i)Axg)]T = [(:)sgl) — :Egl)) (xég - le)] Given that the conditions (I6))

are satisfied, the distance metric can be written as sum of 7} terms as

T N
P (x1,%2) = ZAX(”T (Z ‘hdeD%?l) Ax®
j=1
- Z |hyd‘2 (ZA ot ]]l ) ’ (40)

Substituting (40) in (B8] and evaluating the expectation, we obtain

X1%X2 H

( 1
S\

D) Ax®) Et/4> ’ e

14



which, for high SNRs, can be written as

1
P (1 - x2) < ( ) (12)
H o Ax(l)TDH AxOE, /4

7=1

Hence, for high SNRS, in order to achieve full diversity, AxO"DW AxD should be non-zero

Jgl
O _ 0% S gy i 0

for all j,1, i.e., DS)Z should be a positive definite matrix Vj, [, i.e., a;; C]z 0y

For CODs, by definition, b i1 =0and %]z M = 1vj,i. Hence, the condition in B7) is

]] i
readily satisfied, and hence full diversity is achieved for all signal constellations. However,

for CIODs, the condition (37) is not satisfied as shown below for the code C1OD,. For this

code,

10000000
0000O0O0O OO
0010000 O0

Al A+ AT A = AB A+ AL A = [0 00 0 0 o o] (43)
000O0O0T1O00
000O0O0O0O 0O
(0000000 1]
[0 0 0000 0 0]
0100000 O0
000O0O0O0O OO

AL A+ AT A = ATA AT A = [0 0 0 0 10 o o (44)
0000O0O0O 0O
0000O0GO0T10
(0000000 0]

Hence, none of the Dg;) matrices are positive definite. This does not mean that the code
can not give full diversity; it only means that it can not give full diversity for all complex
constellations as mentioned in Lemma [Il The constellations for which this code offers full
diversity can be obtained by choosing the signal constellation such that for any two constel-
lation points, AX?) and Axg) are both non-zero. Substituting these values in the pair-wise

error probability expression (4Il), we get

2
1
P <[] ( ) . (45)

This has already been shown in [§].
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4 SSD Codes for PCRC

In the previous section, we saw that SSD is achieved if the relay matrices satisfy the condition
(I6). However, to achieve SSD in the case of distributed STBC with AF protocol, the
equivalent weight matrices B;’s must satisfy the condition in (I6]). It can be seen that for
any A; that satisfies the condition in (I6]), the corresponding B;’s need not satisty (LG).
For example, for the weight matrices in (@), the corresponding equivalent weight matrices
B; and B, do not satisfy the condition in (I6). That is, the Alamouti code is not SSD
as a distributed STBC with AF protocol. We note that, in [16], code designs which retain
the SSD feature have been obtained for no CSI at the relays, but only for N = 2 and 4.
A key contribution in this paper is that by using partial CSI at the relays (i.e., only the
channel phase information of the source-to-relay links), the SSD feature at the destination
can be restored for a large subclass of SSD codes for co-located MIMO communication. This

key result is given in the following theorem, which characterizes the class of SSD codes for

PCRC.

Theorem 2 A code as given by (8) is SSD-DSTBC-PCRC iff the relay matrices A;, j =
1,2,--+, N, satisfy (16) (i.e., the code is SSD for a co-located MIMO set up), and, in addition,
for any three relays with indices ji, jo, js, where ji, jo, js € {1,2,---, N},

A" (AprAgr” + AjoAyQ") Ajar + Ajyr” (AprAgr” + AjoAsg") Aju+

/

T T T T T T
Ajq (AprAjr +A5eALY ) Ay T Ajq (AprAjr +Aj0A50L0 )Aje = Dy s (
A" (AjrAsQ" + AjoAr") Ajug + A’ (ApurAyng” + AjuoAjr”) Ajr+
A" (AprAy" + ApoALTT ) Ajr + Ajr” (AjrAyQ" + AjoALr ) Ay = Dy (
where D;-M-M-g and D;17j27j3 are block diagonal matrices of the form in (17).

Proof: First we show the sufficiency part. It can be It can be seen that the matrices
B = GVEA; |hg|, j = 1,2,--+, N satisfy the condition (I6) in spite of the fact that
|hsj| are random variables (since B’ matrices are scaled versions of the A; matrices). Let

H
HY) = GVE; Z;VZI |hsjlhjaA;. It can be seen that R (HS;C’ Hgf)> is block diagonal of the
form in (IT). This implies that each element of the K x 1 vector #& (Hgﬁc)ﬂy> is affected

by only one information symbol (i.e., there will be no information symbol entanglement
in each element). Hence, for SSD, it suffices to show that noise in each of these terms are

M

T
uncorrelated, i.e., the DSTBC is SSD iff E |® (H&’;c zd> R (Hﬁ’;c)ﬂid> ] is a block diagonal
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matrix of the form (7). Expanding F

H n_\7
R <Hgéc) 2d> R <H£’;C) 2d> , we arrive, after some

manipulation, at
T N N N
E [% (HZZa) R (HZ Z4) } = D Y i llhgallhsgs | (B arhsar + gy aghisae)
Jj1=1j2=1j3=1

AjlfT (AjzfAjsz + AszAszT) AjSI + Ajsz (AjzfAjsz + AszAszT) Ajll

+A0" (AjzfAjsz + AjQQAszT) Ao+ ALQ" (AjzfAjsz + AszAjZQT) Ale]

N N N
+ 33> e llhgeal g | (hjyarhjsag + Bjra@hysar)
Jj1=1j2=1j3=1

AjlfT (AjzfAszT + AszAj21T) AjSQ + AstT (AjzfAJéQT + Aj2QAj21T> Ajll
+ AleT (AjzfAszT + AszAj21T) Aj3[ + Ajsz (AjzfAszT + Aj2QAj21T) Ale]
N N N

D030 Ihenllhgal’ s | (hyarhisar + hjyaghisae) Dy, jy g,

1=172=1j3=1

N N N
+ )Y Nh gpal* hsjs| (B arhissaq + Piva@hisar) Dy, j, 50 (48)
J1=1j2=1j3=1

<.

where, in terms of notation, hj 4 and hj 4o denote the real and imaginary parts of the
channel gains from the relay j; to destination d (i.e., the real and imaginary parts of h;,4),
respectively. Since (48) turns out to be a linear combination of the DJ1 ajs and D] L .3

matrices in (46 and (4T), the covariance matrix is of the form (I7). Hence, along with (LG
the conditions in (46]) and (47)) constitute a set of sufficient conditions.

To show the “necessary part,” since the terms hgj, ||Prj, |*|Psjs| (et hrjsr + Prjiohrisg) and
Psji || Prio |2 Posis | (Rerjy 1hirja + Mirjshirjsr) are independent and if the co-variance matrix has
to be block diagonal for all the realizations of hy; and h,;, then the conditions in (46) and
(@7) have to be necessarily satisfied. Also, in the similar lines of the proof for Theorem 1,
it can be deduced that B satisfying condition (I6]) is necessary to achieve un-entanging of

oM
information symbols in the elements of the vector & ( p ) y). O

In [18], partially-coherent distributed set up has been studied and a sufficient condition has

been identified for a distributed STBC to be SSD. In the following corollary, it is shown that
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Theorem [2 subsumes this sufficient condition as a special case.

Corollary 3 The sufficient condition in [1§], i.e., the noise co-variance to be a scaled iden-

tity matriz, is a subset of the conditions ({6]) and ({{7).

Proof: It can be observed that the Z; matrix in [18], when written in our notation, is Z; =
{ 2]]6‘; } . Hence, if ZjZ;F = al Vj, where « is a scalar, then, AﬂAﬂT = ol, AjQAjQT = ol,
AjoA;;" =0, and Aj;A ;o" = 0. Substituting this in ({@G) and @T), we get the left hand
side of (@) to be

o (A" Ay + A" A+ AL QT A0+ Ajo  Ag)

which, by (I@]), is always a block diagonal matrix of the form (IT). Also, the left hand side of
[@7) is 0. Hence, Aj;A;;" = AjpAio" = aland Aj;A o7 = AjpA, ;" = 0 V] is a sufficient
condition for a DSTBC to be SSD. [

In [18], it is shown that the 8-antenna code given by (49), which we denote by RRg, does
not satisfy the sufficient condition discussed in that paper for SSD in PCRC, and hence not
claimed to be SSD. However, it can be verified that RRg satisfies (1)), (46) and (47), and
hence SSD-DSTBC-PCRC.

11 — jT4Q xor +jx3r T4 +iT1Q —T3Q TiT2q 0 0 0 0

—Tor —jT3r  T1r +JjTaq —T3Q —JjT2Q —Tar +JiT1Q 0 0 0 0

—T4r —JT1Q T3Q — T2  Tir — JjT4Q xor +jx3r 0 0 0 0

RRs = | @@ tivee @@ —lJwiq —@2 —jwar @i+ jvag 0 0 0 0 (49)

0 0 0 0 11 — jTaQ Tor + jT3r Z41 +JT1Q —r3Q +Jjr2Q
0 0 0 0 —Tor —jT3r 11 HJjTaq —x3Q —JjT2Q —Tar +iT1Q
0 0 0 0 —T41 —jT1Q T3Q —JT2Q  T1ir —jT4Q xor +jx3r
0 0 0 0 z3Q +ijT2Q TaQ —JjTiQ < —T2r —jT3r 11 +JTaQ

4.1 Invariance of SSD under coordinate interleaving

In this subsection, we show that the property of SSD of a DSTBC for PCRC is invariant
under coordinate interleaving of the data symbols. To illustrate the usefulness of this result

we first show the following lemma.
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Lemma 2 If G(xy,---,2q,) is a SSD design in T\ variables and N transmit nodes that
satisfies (18), (40) and ({7), then the design in 2Ty variables and 2N transmit nodes given
by

_ B G(xl’...’le) O
G’(l’l’ .. -,xZTl) - |: 0 G($T1+1, . "$2T1) :| (50)

also satisfies (18), ({46) and ({47).

Proof: 1f A, 1 < j < N are the relay matrices of G, then the corresponding A; matrices
for(_}areAj: Aj 0 ,lgjgNandAj: 00 , N+1<7<2N. It is easily
0 O 0 A;

verified that if A; satisfies (I6]), ([@6]) and (@T7), then so do the matrices A;. I

As an example, if we choose G(x1,x2) to be the Alamouti code in the lemma above then we

get the code

Tr1 T2 0 0

0 0 T3 X4
0 0 —z; a3

This code is SSD for PCRC. Note that a 4-antenna COD has only rate only % whereas this
code has rate 1. However, it is easily shown that this code does not give full-diversity. But,
coordinate interleaving for this example results in C'IO D, which gives full-diversity for any
signal set with coordinate product distance zero, and we have already seen that C'10O D, has

the SSD property for PCRC.

The following theorem shows that it is the property of coordinate interleaving to leave the

SSD property of any arbitrary STBC for PCRC intact.

Theorem 4 If an STBC with K wvariables x1, 22, -, xk, satisfy {I8), [{0) and (47), the
SSD property is unaffected by doing arbitrary coordinate interleaving among all real and

imaginary components of x;.
Proof: The data-symbol vector in (] after interleaving can be written as

x = Ix

5Tt should be noted that neither the source nor the relay does an explicit interleaving, but the net effect
of the relay matrices is such that the output of relays is an interleaved version of the information symbols.
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where I is the interleaving matrix which is a permutation matrix obtained by permuting the
rows (/columns) of the identity matrix I to reflect the coordinate interleaving operation. It
can be easily checked that I2 = I. Also, if D is a block diagonal matrix of the form (@), then

so is the matrix IDI. Hence, for PCRC with co-ordinate interleaving (I3) can be written as

= G \V ElAj‘hsjﬁ: X + Aj /Z\j, (52)
B/

J

which means that after interleaving, the equivalent linear processing matrix is Aji. It is

casily verified that if A; satisfies (I6)), (@6) and (@), then so does AT also.

As an example, consider the Alamouti code [ ‘Ti ii } , whose relay matrices are given
Iy Iy
by (@). For this case, N = T} = T, = 2. The permutation matrix I for the coordinate
1 000
. . . 0001 . . .
interleaving operation is 0010l The relay matrices for the coordinate interleaved
0100
code are
= (1.0 0 j = [0 j 1 0

and the resulting code is T +‘7.sz a1 +].le = %i %i . Also, for the code
—Tor +JT1Q Tir — JT2Q Ty Xy

in (5I) which is SSD for PCRC, if we choose the permutation matrix I as

1000000 O]
0 0O0OO0OO0OT1O0O0
001 0O0O0O0FO
= 00 0O0O0O0OO 01
1= 0O000O01O0O0O0]|” (54)
01 00O0O0O0OO
0 0O0O0OO0OO0OT1TOQO0
(0001000 0|
the resulting code is given by
Ty —l-le'gQ Tor +jl’4Q 0 0 Zi'l [i’g 0 0
—Tor +j$lf4Q T1r —jLL’gQ 0 0 _ —i’; Li’f 0 0 (55)
0 0 31 +jLL’1Q Tar +jLL’2Q 0 0 i’g i’z ’
0 0 —X41 +jLL’2Q S(Zg[—jl’lQ 0 0 —i’z i’g
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which is CIOD,. Hence, CIOD, is also SSD for PCRC. In general, if we have a code with
K complex information symbols which is SSD for PCRC, then we can generate (2K)! codes
which are SSD for PCRC by coordinate interleaving.

4.2 A class of rate—% SSD DSTBCs

All the classes of codes discussed so far are STBCs from square designs. It is well known
that the rate of square SSD codes for co-located MIMO systems falls exponentially as the
number of antennas increases. In this subsection, it is shown that if non-square designs are

used then SSD codes for PCRCs can be achieved with rate % for any number of antennas.

It is well known [I] that real orthogonal designs (RODs) with rate one exist for any number of
antennas and these are non-square designs for more than 2 antennas and the delay increases
exponentially with the number of antennas. Using these RODs, in [I], a class of rate %
complex orthogonal designs for any number of antennas is obtained as follows: If G is a
p x N rate one ROD, where p denotes the delay and N denotes the number of antennas
with variables x;, z2, - - -, xp, then, denoting by G* the complex design obtained by replacing
x; with =7, + = 1,2,--- p, the design [ ((};* } isa2pxN rate—% COD. We refer to this

construction as stacking construction. The following theorem asserts that the rate % CODs

by stacking construction are SSD for PCRC.

Theorem 5 The rate-1/2 CODs, constructed from rate one RODs by stacking construction
[1)] are SSD-DSTBC-PCRC.

Proof: Let G, be the rate-1/2 COD obtained from a px N ROD G by stacking construction,

ie.,
G
G, - [ S } | (56)
Let the p x p real matrices Ajj =1,---, N generate the columns of G, i.e.,
G = |:A1X, AQX, ey ANXi| 5 (57)

where x is the p x 1 real data vector and the matrices Aj denote the column vector repre-

sentation matrices used in [5]. By the definition of RODs, G'G = (x"x)I. This implies

21



that

A .

AjA; =1, j=1,-- N
It is noted that the Hurwitz-Radon family of matrices satisfy (G8) and explicit construction
for any N is given in [I]. It is noted that the representation in [1] is different from the

column vector representation used in this paper. An important consequence is that the

Hurwitz-Radon family of matrices satisfy the conditions

ATA; = 1,j=1,---,N
AT = -A;, j=1,--,N
AA, = —AA; i j=1,--- Ni#j (59)
and hence A]AJT =1V}, which we will use in our proof. Viewing G, as a Ty x N distributed

STBC with T} = p and Ty = 2p, the T, x 2T} relay matrices A; of G, have the structure

U, V,

Since G, is constructed from a ROD, the coefficients of real and imaginary components are

same, i.e., the matrices U; and V; have the form

Uj = [Vl,jaoa’y?,jaoa"'a7T1,j?0] ) Vj = [0a71,j>0772,ja"'>0>7T17j} ’ (61)

with 7;; are column vectors of A ;. Since AJAf = 1Vj, it is easily verified that U;UT =1
and V; VI =1Vj. It is also easily seen that U;V] = 0 and V,;U] = 0. Hence, we have

AgA;T+ AjpA " = 20
AjIAjQT + AjQAj[T =0 (62)
Substituting this in (0), we get the left hand side of (46]) to be
2 (Ajr Ayyr + AL AT+ A Ao + Ay  Ajy) (63)

which, by (I6), is always a block diagonal matrix of the form (7). Also the left hand side
of (1) is 0. Hence, G, is SSD for PCRC. O
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In [I7], it is shown that if the N relays do not have any CSI and the destination has all the
CSI, then an upper bound on the rate of distributed SSD codes is %, which decreases rapidly
as the number of relays increases. However, Theorem [ shows that, if the relay knows only
the phase information of the source-relay channels then the lower bound on the rate of the
distributed SSD codes is % which is independent of the number of relays. For example, the
ROD part of such rate-1/2 SSD DSTBCs for PCRC for 10 and 12 relays are given in (73))
and ([74)), respectively, where Hurwitz-Radon construction yields the 32 x 10 matrix in (73))
for 10 relays and the 64 x 12 matrix in (74]) for 12 relays.

4.3 Full-diversity, single-symbol non-ML detection

Theorem 6 The PCRC system given by (14) achieves full diversity irrespective of whether
the total noise (zq) is correlated or not, if the STBC achieves full diversity in the co-located
case and condition (10) is satisfied.

Proof: Since the noise z4 is not assumed to be uncorrelated, the optimal detection of x in

the maximum likelihood sense is given by
X = arg min (y — HgZC)X)HQ_l(y — ngc)x), (64)

where €2 is co-variance matrix of the noise, given by Q = E{z,z%}}. We consider the sub-

optimal metric (ignoring Q1)
X = argmin (y — Hgf)x)H(y — HéZC)X), (65)

and show that this decision metric achieves full diversity. Proceeding on the similar lines for

the proof for the co-located case, the pair-wise error probability is upper bounded by
P (Xl s X2) <E {6—d2(x1,x2)Et/4} : (66)
where the Fuclidean distance in (66) can be written as

d2(X1, Xg) = (X2 - Xl)T% (HgZC)HHgZC)> (X2 - Xl). (67)
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Since (I6) is satisfied, this can be written as sum of 7} terms as

T N
T .
P(xy,x) = Y Ax0) <Z|h5j|2|hjd|2])§.}}> Ax® (68)
o —
= Zw ol (ZAX“ i ) (69)

Substituting (69) in (66]) and evaluating the expectation with respect to |h;q|?, we get

N
1
. ) < ’ 70
(x1 = Xo| hs; —H<1+|hsj‘2z i)TDg.’li)AX(i)Et/Zlu) (70)

which, for high SNRs, could be approximated as

1

=

] (r) )

AX E/4>j

Now, evaluating the expectation with respect to |hy;|, we get

P (x1 — x3) 1:[ ( Ax( ! &) ) ) (Ei(O))N, (72)

Dj,i AX(Z) Et/4

N
P (Xl — X2|h8 S
J E TllAX(i

where Ei(z) is the exponential integral [ ?dt. From ([[2)), it is clear that the condition

for achieving maximum diversity is identical to that of co-located MIMO ({I). O

Theorem [6l means that by using any STBC which satisfies the conditions (I6]) and achieves
full diversity in co-located MIMO system, it is possible to do decoding of one symbol at a time
and achieve full diversity, though not optimal in the ML sense, in a distributed setup with
phase compensation done at the relay, even if {{6) and ({{7) are not satisfied . For example,
the C'1O Dy is SSD and gives full-diversity in a co-located 8-transmit antenna system for any
signal set with coordinate product distance (CPD) not equal to zero, and is not SSD for
PCRC since it does not satisfy the ([46]) and (47). However, according to Theorem [6] a SSD
decoder for C'1ODg in a PCRC will result in full-diversity of order 8.

5 Discussion and Simulation Results

The results of our necessary and sufficient conditions (@), ([#6) and (7)) as well as the

sufficient condition in [18], evaluated for various classes of codes for PCRC are shown in
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Table [ As can be seen from the last column of Table [1 the sufficient condition in [I§]
identifies only COD, (Alamouti) and CUW, as SSDs for PCRC. However, our conditions
(16 Hd) and {7) identify CIOD,, RRs, and CODs from RODs, in addition to CODs
and CUW,, as SSDs for PCRC (4th column of Table [Il). It is noted that, C1OD, being a
construction by using G = CODs in (B0) and coordinate interleaving, it is SSD for PCRC
from Lemmal2and Theorem[]} Similarly, since RRg code is constructed by using G = CUW,
in (B0), it follows from Lemma[@ that RRg is also SSD for PCRC. Also, CODs from RODs
are SSD for PCRC from Theorem [J. Since COD,, CODg, and CIODg do not satisfy our
conditions, they are not SSD for PCRC.

Next, we present the bit error rate (BER) performance of various classes of codes without
and with phase compensation at the relays (i.e., PCRC). For the purposes of the simulation
results and discussions in this section, we classify the decoding of codes for PCRC into two
categories: i) codes for which single symbol decoding is ML-optimal; we refer to this decoding
as ML-SSD; we consider ML-SSD of COD; and CIOD,, and ii) codes which when decoded
using single symbol decoding are not ML-optimal, but achieve full diversity; we refer to this
decoding as non-ML-SSD; we consider non-ML-SSD of COD,, CODsg, and C10ODg. When

no phase compensation is done at the relays, we consider ML decoding.

In Fig. Bl we plot the BER performance for CODy, COD,, and CODg without and with
phase compensation at the relays (i.e., PCRC) for 16-QAM. Note that CODy is SSD for
PCRC whereas COD, and CO Dy are not SSD for PCRC. So decoding of CO Dy with PCRC
is ML-SSD, whereas decoding of COD, and CODg with PCRC is non-ML-SSD. When no
phase compensation is done at the relays, we do ML decoding for all CODy, COD,, and
CODg. The following observations can be made from Fig. Bt i) CODy without and with
phase compensation at the relays (PCRC) achieve the full diversity order of 2, ii) CO D5 with
PCRC and ML-SSD achieves better performance by about 3 dB at a BER of 10~2 compared
to ML decoding of COD, without phase compensation, and i) even the non-ML-SSD of
COD,4 and CODg with PCRC achieves full diversity of 4 and 8, respectively (but not the
ML performance corresponding to PCRC), and even with this suboptimum decoding, PCRC
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achieves about 1 dB and 0.5 dB better performance at a BER of 1072, respectively, compared
to ML decoding of COD,4 and C'ODg without phase compensation at the relays.

In Fig. M, we present a similar BER performance comparison for CIODs without and with
phase compensation at the relays. QPSK modulation with 30° rotation of the constellation
is used. Here again, both CIOD, and C10ODsg achieve their full diversities of 4 and 8,
respectively. We further observe that CI/OD, (which is SSD for PCRC) with PCRC and
ML-SSD achieves better performance by about 3 dB at a BER of 10~® compared to ML
decoding of CTOD, without phase compensation. Likewise, C'1ODg (which is not SSD for
PCRC) with PCRC and non-ML-SSD achieves better performance by about 1 dB at a BER

of 1073 compared to ML decoding of C'IODg without phase compensation.

Finally, a performance comparison between CODs and CIODs with PCRC for a given spec-
tral efficiency is presented in Fig. Bl A comparison at a spectral efficiency of 3 bps/Hz is
made between i) COD, with rate-3/4 and 16-PSK (spectral efficiency = 2 x log, 16 = 3
bps/Hz), and ) CIOD, with rate-1 and 8-PSK with 10° rotation (spectral efficiency =
1 xlog, 8 = 3 bps/Hz). Likewise, a comparison is made at a spectral efficiency of 1.5 bps/Hz
between CODg and C10Dg. It can be observed that, as in the case of co-located MIMO [§],
in distributed STBCs with PCRC also, CIODs perform better than COD, i.e., coordinate

interleaving improves performance. All these simulation results reinforce the claims made in

the paper in Sec. [II
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6 Conclusions

We summarize the conclusions in this paper and future work as follows. Amplify-and-forward
(AF) schemes in cooperative communications are attractive because of their simplicity. Full
diversity (FD), linear-complexity single symbol decoding (SSD), and high rates of DSTBCs
are three important attributes to work towards AF cooperative communications. Earlier
work in [I7] has shown that, without assuming phase knowledge at the relays, FD and SSD
can be achieved in AF distributed orthogonal STBC schemes; however, the rate achieved
decreases linearly with the number of relays N. Our work in this paper established that
if phase knowledge is exploited at the relays in the way we have proposed, then FD, SSD,
and high rate can be achieved simultaneously; in particular, the rate achieved in our scheme
can be %, which is independent of the number of relays N. We proved the SSD for our
scheme in Theorem 2. FD was proved in Theorem 6. Rate-1/2 construction for any N
was presented in Theorem 5. In addition to these results, we also established other results
regarding 7) invariance of SSD under coordinate interleaving (Theorem 4), and i) retention
of FD even with single-symbol non-ML decoding. Simulation results confirming the claims
were presented. All these important results have not been shown in the literature so far.
These results offer useful insights and knowledge for the designers of future cooperative
communication based systems (e.g., cooperative communication ideas are being considered

in future evolution of standards like IEEE 802.16).

In this work, we have assumed only phase knowledge at the relays. Of course, one can assume
that both amplitude as well as the phase of source-to-relay are known at the relay. A natural
question that can arise then is ‘what can amplitude knowledge at the relay (in addition to
phase knowledge) buy?’ Since we have shown that phase knowledge alone is adequate to
achieve FD, some extra coding gain may be possible with amplitude knowledge. This aspect

of the problem is beyond the scope of this paper; but it is a valid topic for future work.
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Figure 2: Processing at the jth relay in the proposed phase compensation scheme.

Code Number of | Rate Necessary and sufficient Sufficient
Relays Conditions (I6]), (€) & (47 ) | Condition in [I§]

COD, (Alamouti) N =2 1 True True
COD, N =4 3/4 False False
CIOD, N =4 1 True False
cuwy N=4 1 True True
CODg N =38 1/2 False False
CIODs N =38 3/4 False False
RRg N =28 1 True False
CODs from RODs N >4 1/2 True False

Table 1: Test for necessary and sufficient conditions for various classes of codes for PCRC.
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Figure 3: Comparison of BER performance of COD,, COD,, and C'ODg without and with
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