
 

  
Abstract— Automatic repeat request (ARQ) protocols deal 

with the situations where the selected data rate is not supported 
by the current channel realization. The inappropriate selection is 
motivated by the limited channel state information at the 
transmitter (CSIT). This work looks into how the ARQ protocols 
are applied to the half-duplex relay-assisted transmission with 
decode-and-forward relays by exploiting the ACK feedback 
channel of the terminals. Two implementations are tackled: 1) 
only the source or 2) source and relay manage the 
retransmissions under the pure-ARQ protocol. This work 
presents an analytical framework for the comparison of both 
options. The study allows the optimization of the bitrate and 
amount of resource allocated for the relay transmission phases. 
 

Index Terms— ARQ, relay, cooperative system 

I. INTRODUCTION 
Relay-assisted has become an effective tool for combating 

the effects of propagation channel in wireless networks thanks 
to the relay terminal. Originally proposed in [1] with capacity 
results proved in [2], it has regained attention due to the 
diversity gain obtained in wireless channels, [3],[4],[5]. This 
work assumes half-duplex relays under decode-and-forward 
(DF), [4]. Hence, the transmission is carried out through two 
orthogonal phases: relay-receive phase (or phase I) and relay-
transmit phase (or phase II).  

Among the many existing relay protocols [6], we have 
selected the relay-assisted transmission described by Fig. 1. In 
phase I the source transmits to the relay and destination. 
Afterwards, only the relay transmits to the destination. This is 
the same procedure used in [4] and named protocol I in [6]. 
The relay may transmit under repetition coding, RC, (using 
the same codeword as the source) or unconstrained coding, 
UC, (employing a different codebook from the source),[8]. 

The exploitation of the ACK feedback channels from the 
terminals allows implementing the relay-assisted transmission 
procedure in different ways. For instance, if the source is in 
charge of the Automatic Repeat reQuest (ARQ) procedure and 
the source uses only the requests from destination, the 
retransmission is repeated along phase I and phase II. If the 
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relay feedbacks to the source its success (ACK/NACK) in 
decoding the message, then the source might transmit during 
phase II, remaining the relay silent. Similarly, an ARQ 
protocol proposed in [9] enforces the use of the relay only 
when it receives successfully in phase I of the first 
transmission, also with ACKs from relay and destination. That 
analysis is carried out for the pure-ARQ protocol [10] with 
adaptive modulation. Moreover, the optimal bitrate and 
resource allocation is addressed in [7], where the source 
manages the ARQ with ACKs only from destination.  
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Fig. 1. Relay-assisted transmission. S(source), RS(relay) and D(destination) 

 

When source and relay control the ARQ procedure, the 
source receives the feedback from the relay and destination 
while the relay listens the feedback from destination (ACKs 
from relay and destination). In such a case, the source 
transmits till either the relay or destination decodes the 
message. Once the relay has decoded, the source is freed and 
only the relay retransmits to the destination. When applied to 
the downlink of cellular systems the resources are employed 
more efficiently, since the source-to-destination link exhibits 
lower signal to noise ratio (SNR) than the relay-to-destination 
link. This ARQ protocol introduced in [11] follows the 
transmission depicted in Fig.1 and it outlines the benefits of 
using different assisting relays in each retransmission through 
a numerical evaluation of the throughput for a given data rate. 
Likewise, the situation where source and relay transmits 
simultaneously in phase II is analyzed in [12] from a 
multiplexing-diversity-delay tradeoff point of view, using an 
incremental redundancy Hybrid ARQ. 

The present work envisions the pure-ARQ, [10], when only-
source or source-and-relay manage the retransmission 
procedure, in contrast to [7]. Moreover, unlike [11] and [9], 
the transmission rate and times of phase I and phase II are 
optimized to maximize the throughput. The main contributions 
are: 
• We show that the best throughput is obtained when source 

and relay manage the retransmissions. 
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• We derive closed-form and integral expressions for 
throughput. 

• We elucidate which positions for the relay terminal are the 
best to achieve the highest throughput. 

II. SCENARIO AND SIGNAL MODEL 
The scenario consists of a source, a half-duplex DF relay 

and a destination. All terminals are single-antenna. Source and 
relay transmit with constant power P over time slots of 
duration Ts. For sake of notation simplicity the bandwidth 
allocated is 1 Hz. Transmission time is much shorter than the 
coherence time of the channel. The channel is modeled by an 
independent and identically distributed (i.i.d.) process with a 
Rayleigh distribution across successive transmission rounds. 
The mutual information in bits at each link is given by, 

( )2log 1 /i iI bits channel useγ= +     (1) 
where γi  follows an exponential distribution with mean ρi, 

0 1 22 2 2
0 1 2d r d

P P P
L L L

ρ ρ ρ
σ σ σ

= = =       (2) 

where i=0, 1 and 2 stand for the source-destination, source-
relay and relay-destination links, Li defines the pathloss and 

2
dσ  and 2

rσ  are the noise power at destination and relay. 
 The relay-assisted transmission is divided in phase I and 
phase II of time duration αTs and (1-α)Ts, respectively, see 
Fig.1. The relay transmits using repetition coding (RC) or with 
unconstrained coding (UC). We characterize the success of 
the transmission by the outage probability, i.e. the probability 
that the selected data rate is not supported by the current 
channel realization.  

We assume instantaneous and errorless transmissions in the 
ACK feedback channels. The introduced overhead is outside 
of the scope of the paper. 

A. Source manages the retransmissions 
Two transmission techniques are envisioned based on [4], 
conventional DF and selective DF. The source decides if a 
new retransmission is required based on the ACK/NACK 
message from destination after each phase II. Fig. 2-left 
presents the state diagram when the source manages the ARQ 
protocol. In such a case, there are two states: SA, where the 
transmission is performed from the source and relay and SC, 
where destination is able to decode the packet. 
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Fig. 2. State diagrams for the ARQ relay-assisted transmission. The ARQ 

procedure is managed by left) only-source and right) source and relay. 
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Fig. 3.  Example of relay-assisted transmission when: top) only-source and 

bottom) source and relay manage the ARQ procedure. 
 

An example of the transmission is depicted in Fig. 3-top. 
The signal received by the relay in phase I is, 

( ) ( ) ( )
1

1
1 0RS s r sL

y t h x t w t if t Tα= + ≤ ≤     (3) 

where h1 and L1 are the Rayleigh block-fading coefficient and 
the pathloss of the source-relay link, respectively, xs is the 
signal transmitted by the source, wr is the additive white 
Gaussian noise of power 2

rσ  and α stands for the fraction of 
time allocated to phase I. The instantaneous signal to noise 
ratio (SNR) is defined by 2 2

1 1 1 rP h Lγ σ= . 
 

1) Conventional DF 
If the relay decodes the received signal, then it transmits xr in 
phase II. The signal received at the destination is, 

( )
( ) ( )
( ) ( )

0
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1
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0s d sL

D
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  (4) 

where h0,L0 and h2,L2 are the Rayleigh block-fading 
coefficients and the pathloss of source-destination and relay-
destination link, respectively, wd is the white Gaussian noise 
of power 2

dσ . The instantaneous SNR of the ith link is defined 
by 2 2

i i i dP h Lγ σ=  with i={0,2}. In such a case, the mutual 
information due to combination of phases is defined by 

( )
( )

1
2 0 22

20
0 2

log 1

1

if RC
I

I I if UC

γ γ
α α

+ +⎧⎪= ⎨
+ −⎪⎩

     (5) 

where I20 depends on the transmitting mode of the relay. 
If the relay is not able to decode the message, it remains 

silent. Therefore the mutual information is, 

20 1

0 1
DF

I if I B
I

I if I B
α

α α
≥⎧

= ⎨ <⎩
      (6) 

with B a threshold determining if the relay is able to decode. 
 

2) Selective DF 
The relay reports the success on decoding the signal 

received in phase I by sending an ACK/NACK message in the 
feedback channel. If there is a NACK, the source transmits 
again in phase II following the same role as the relay (RC or 
UC). In such a case, we assume the change of channel 
conditions. The signal received at the destination is given by,  

( )
( ) ( )

( ) ( )
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0i s d sL
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  (7) 

where h0,i and h0,i+1 stand for the channel coefficient in the 
source-destination link in the i-th and i+1-th block 
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transmission and x’s denotes the signal transmitted by the 
source in phase II. The mutual information becomes, 

( )
( ) ( ) ( )
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2 0, 0, 12
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2 0, 2 0, 1

log 1

log 1 1 log 1
s i i

S
s i s i

T if RC
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γ γ

α γ α γ
+

+

⎧ + +⎪= ⎨
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 (8) 

where γ0,i and γ0,i+1 are the instantaneous SNR of direct link in 
different transmission rounds. The mutual information is, 

20 1

0, 1
SDF

S

I if I B
I

I if I B
α
α

≥⎧⎪= ⎨ <⎪⎩
       (9) 

B. Source and relay manage the retransmissions 
In this case source and relay collaborate for the 

retransmission procedure. Both receive the ACK feedback 
from the destination. Additionally, the source receives the 
ACK feedback from the relay. In contrast to the previous case, 
now the phase I is repeated until the message is successfully 
decoded at the relay (or at the destination, in such a case a new 
message is transmitted). Afterwards, the relay transmits to 
destination along multiple phases II until a successfully 
detection of the message. The state diagram of the relay-
assisted transmission is presented in Fig. 2-right. There are 
three states. SA stands for the state where the source is 
transmitting to the relay and destination (phase I). SB defines 
the state where the relay has decoded the message and starts 
transmitting to the destination. Finally, SC denotes the state 
where the destination has decoded the message. Fig. 3-bottom 
sketches an example with K phases I and L-K phases II. A new 
message is transmitted after receiving the ACK from the 
destination. The signal model defined in (3) and (4) with 
α∈[0,1) is valid for this protocol. Notice that the destination is 
reporting an ACK/NACK message after each phase I in order 
to consider the transition from state SA to SC.  

III. THROUGHPUT EVALUATION 
We have assumed the pure ARQ procedure, [10], which 

consists in re-transmitting the same signal until the message is 
successfully received. The link channel conditions vary on 
each transmission round. The receiver does not consider the 
signal received in previous time instants. Moreover, the 
number of re-transmissions can be infinite. Through this 
section we will assume the following definitions, 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

0 0 1 1

20 20 0, 0,

, Pr , Pr

, Pr , PrS S

p B I B p B I B

p B I B p B I B

α α α α

α α

= < = <

= < = <
 (10) 

where p0, p1 and p20, which depend on α and B, stand for the 
outage probability of the source-destination, source-relay and 
joint transmission from the source and relay to destination, 
respectively. The variable p0,S is the outage probability due to 
the transmission from the source in two phases, (8). The exact 
equations under RC or UC are derived in the Appendix by 
equations (23) and (24). Those equations are also valid for p0,S 
using ρ2=ρ0. Moreover, p0, p1 are defined by (22). 

A. Source manages the retransmissions  
When the source controls the retransmission procedure the 

throughput of the system with pure ARQ protocol is given by, 

{ } ( )
, ,

max max 1 eB B
s

B B p
E t Tα α

= = −T     (11) 

where E{t} denotes the average time needed for successfully 
receiving the B bits and pe is the outage probability of the 
transmission. The value 1-pe describes the transition 
probability from SA to SC in Fig. 2-left. For the relay-assisted 
transmission, pe depends on B and the fraction of time 
allocated to each phase, α. According to the mutual 
information for the conventional DF shown in (6), the outage 
probability of the transmission is, 

( ) ( )( ) ( ) ( )20 1 1 0, 1 , , ,DF
ep p B p B p B p Bα α α α= − +   (12) 

where p20, p1 and p0 are defined in (10). On the other hand, the 
outage probability for the selective DF, (9) is given by, 

( ) ( )( ) ( ) ( )20 1 1 0,, 1 , , 1,SDF
e Sp p B p B p B p Bα α α= − +   (13) 

with p0,S defined in (10).  

B. Source and relay manage the retransmissions 
Since the main objective of the relay-assisted transmission 

is to combine the signals received through different phases, in 
this scheme the destination must store the signal received in 
the phase I where the relay successfully decode the message 
(K-th phase I in Fig. 3-bottom). Afterwards, the destination 
will try to decode the message considering that stored signal 
and the signal received by the last transmission from the relay 
(phase II). We can increase the complexity by allowing to the 
destination storing the phase I with the maximum SNR or 
allowing to the relay and destination chase combining all the 
received signals. This second case is investigated in [14]. 

The transition probabilities depicted in Fig. 2-right are,  
( ) ( ) ( )
( )
( )

1 0 1 0

0 0
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p T I B T I B p p
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(14) 

where the probabilities are derived in the Appendix, p0, p1 by 
(22) and pBB under RC or UC in (28) and (29), respectively. 

In order to evaluate the average time devoted for 
transmitting a packet we will consider two types of events: E0 
and Ek for k=1..∞. The event E0 denotes those situations where 
the destination has been able to decode the packet using only 
phase I (transitions SA-SC). The average time associated for 
this event is given by, 

{ }
( )0

1
2

1 1
n AC

E s AC AA s
n AA

p
E t T p np T

p
α α

∞
−

=

= =
−

∑     (15) 

On the other hand, the event Ek describes the transitions SA-SB-
SC when the relay has decoded the message after the k-th 
phase I. The average time associated to this event becomes, 

{ } ( )( )1 1
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k n
E AA AB BC s s BB
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E t p p p k T n T pα α
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= − +⎢ ⎥
− −⎢ ⎥⎣ ⎦

     (16) 

Finally the expected time for delivering a packet is given by, 
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Now, the optimal throughput of the system is attained by, 

{ }
( )
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, ,

1
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1 1
AB

ARQ B B
s AA AA BCARQ

pB B
T p p pE tα α

αα
−
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Therefore by optimizing the time allocated for phase I (α) 
and the selected rate (B) we maximize the throughput.  

IV. RESULTS 
The relay-assisted transmission is evaluated in a simple 

scenario where the source-destination distance is normalized 
to one. The RS is placed at distance d from the source and  
(1-d) from the destination. The pathloss of each link (Li) is 
proportional to the square of the distance between the 
terminals (propagation exponent equal to 2). The channel 
coefficients are Rayleigh distributed and the average SNR of 
each link is defined by (2). We have assumed that the noise 
power at the destination and relay is the same. By defining the 
average SNR in the source-destination link, ρ0 (L0=1), we also 
define the average SNR of the other links, ρ1 and ρ2.  

Fig. 4 presents the optimized throughput for the schemes 
analyzed in section III as a function of the position of the relay 
when ρ0=0 dB. When the source controls the retransmission 
procedure, conventional DF operates under RC or UC (DF-
RC-S or DF-UC-S) and the selective DF only considers UC 
(S-DF-S). On the other hand, when source and relay manage 
the retransmissions, we identify the different transmission 
schemes by DF-UC-SR or DF-RC-SR. The best throughput is 
obtained for the DF-UC-SR. Notice that DF-RC-S presents 
lower throughput than the direct transmission when the relay 
is placed far from the source. Moreover, DF-RC-SR can even 
outperform the S-DF-S when the relay is close to the source. 

Another important aspect to be investigated is the position 
of the relay where the maximum throughput is reached for the 
different strategies. To this end, Fig. 5 explores the additive 
throughput gain, ΔT , for the DF-UC-S, S-DF-S and  
DF-UC-SR when the relay is placed at d={0.1, 0.5, 0.9} as a 
function of ρ0. When only the source manages the 
retransmission, the best positions for the relay are close to the 
destination (d=0.9), although for ρ0≥12 dB the DF-UC-S gets 
a better throughput if the relay is placed at d=0.5. In contrast, 
when source and relay control the retransmissions (DF-UC-
SR) the best positions of the relay are at middle distance and 
close to the source (d=0.5 if ρ0≤12 dB and d=0.1 if ρ0>12 dB). 
Notice the significant throughput gain obtained when source 
and relay manage the retransmission procedure. 

V. CONCLUSIONS 
In this paper we have analyzed the relay-assisted transmission 
in combination with the pure-ARQ protocol, analyzing the 
cases where only-source or source and relay manage the 
retransmission procedure, providing closed-form expressions 
for the optimal throughput. Results have shown that the 
optimal position of the relay depends on which terminals 

manage the ARQ. The best throughput gains are attained when 
source and relay manage the retransmissions and the relay is 
closer to the source than to the destination, which is consistent 
with the behavior of the achievable rate of DF relay schemes. 
 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.3

0.35

0.4

0.45

0.5

0.55

0.6

0.65

0.7

0.75

0.8

distance between source and relay (d)

T
hr

ou
gh

pu
t

 ρ0=0 dB                 pure ARQ protocol 

 

 
direct tx
DF-RC-S
DF-UC-S
S-DF-S
DF-RC-SR
DF-UC-SR

 
Fig. 4. Throughput as a function of the distance between the source and relay. 
ρ0=0 dB. The source manages the retransmission procedure (direct tx, DF-RC-

S, DF-UC-S and S-DF-S) and source and relay manage the retransmissions 
(DF-RC-SR, DF-UC-SR) 

-5 0 5 10 15 20 25
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

average SNR source-destination (dB)   [ ρ0]

ad
dt

iti
ve

 t
hr

ou
gh

pu
t 

ga
in

 (
 Δ

 T
) 

  
 [

bi
ts

/s
/H

z]

 RS at d=(0.1, 0.5, 0.9)    

 

 

S-DF-S      d=0.9
DF-UC-S    d=0.9

DF-UC-SR  d=0.9

S-DF-S      d=0.5

DF-UC-S    d=0.5
DF-UC-SR  d=0.5

S-DF-S      d=0.1

DF-UC-S    d=0.1
DF-UC-SR  d=0.1

DF-UC-SR

S-DF-S

DF-UC-S

 
Fig. 5. Additive throughput gain of the relay-assisted transmission as a 

function of the average SNR (ρ0). The relay works under UC. The source 
manages the retransmission procedure (DF-S, DF-UC-S and S-DF-S) and 
source and relay manage the retransmissions (DF-RC-SR, DF-UC-SR). 

APPENDIX 
This appendix unearths the outage probability equations 

defined in section III.A and III.B when instantaneous SNR, γi, 
follows an exponential distribution with the mean ρi defined in 
(2). The relay transmission based on RC or UC will be 
considered to derive the expressions for p20, (10), and pBB, (14)
, when only-source or source and relay control the ARQ 
procedure. The probability density function (pdf) of γi and the 
mutual information βIi, defined in [7],[13] are given by, 

( ) ( ) ( ) ( )ln 21 exp , exp 2
i i

z

I
i i i i

zzf z f z β
γ β

ϕ β
ρ ρ βρ ρ

−⎛ ⎞⎛ ⎞−= = ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠

(19) 

where both equations are only defined for z≥0 and 
( ) 2 1yyϕ = −          (20) 

For sake of notation simplicity in the equations to be 
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presented in this section we will define,  

( ) ( ) ( )0, , 1 exp , 2i
s i

yB y
T

ϕ
λ ω ρ ε ϕ λ

ρ
⎛ ⎞

= = − − =⎜ ⎟
⎝ ⎠

  (21) 

A. Source-relay and source-destination links 
The outage probability in the source-destination (p0) and 

source-relay (p1) is given by, 
( ) ( ), , 0,1i ip B iα ω ρ λ α= =     (22) 

B. Source manages the retransmissions 
In the following the p20 defined in (10) will be derived. 
 

1) Repetition coding (RC) 
Under this mode the destination combines the signals 

received from the source and relay under chase combining. In 
a nutshell, we have a sum of exponential random (γ0 and γ2) 
variables [13] and the outage probability is defined by, 

( )( ) ( )1
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(23) 

where ρ0, ρ2 stand for the average SNR and ε0 is given in (21). 
 

2) Unconstrained coding (UC) 
We provide an integral equation to be evaluated numerically, 
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where κ depends on the variables α, B, Ts, ρ0 and ρ2, 
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∫  (25) 

C. Proposed relay-assisted transmission 
The derivation of pBB, defined in (14), under RC or UC will 

be presented. We follow similar guidelines as in the previous 
sub-section, but now conditioning on the event that the 
destination was not able to successfully decode the message in 
phase I, because we are on state SB in Fig. 2-right. 

 

1) Repetition coding (RC) 

( )( )1 1
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where the pdf of the variable γ0  conditioned to γ0≤ε0 with ε0 
defined in (21) is given by, 
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Under those circumstances the outage probability becomes, 
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2) Unconstrained coding (UC) 
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where ω and κ are defined in (21) and (25), respectively. In 
the previous equation it has been assumed that 

( )
0 0 0

1
| 0 ,I I B If fα α α ω ρ λ α −

< =  and 
0Ifα  given in (19). 
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