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Abstract—We study the transmission capacities of two coex-  All the above results focus on the capacity of a single ad
isting wireless networks (a primary network vs. a secondary hoc wireless network. In recent years, due to the scarcity
network) that operate in the same geographic region and shar 5,4 hoor utilization of spectrum, the regulation bodies are

the same spectrum. We define transmission capacity as the L . Lo o
product among the density of transmissions, the transmisen beginning to consider the possibility of permitting secaryd

rate, and the successful transmission probability (1 minughe (SR) networks to coexist with licensed primary (PR) netveprk
outage probability). The primary (PR) network has a higher which is the main driving force behind the cognitive radio
priority to access the spectrum without particular consideations  technologyl[6]. In cognitive radio networks, the PR usengeha

for the secondary (SR) network, where the SR network limits 5 pigher priority to access the spectrum and the SR users
its interference to the PR network by carefully controlling . .

the density of its transmitters. Assuming that the nodes are need to operat_e c_or_lservatlvely such that their interfer¢ac ]
distributed according to Poisson point processes and the tw the PR users is limited below an “acceptable level”. In this
networks use different transmission ranges, we quantify tB overlaid regime, the capacity or throughput scaling laws fo
transmission capacities for both of these two networks andidcuss  poth of the PR and SR networks are interesting problems.
their tradeoff based on asymptotic analyses. Our results siw Recently, some preliminary works along this line appeared.

that if the PR network permits a small increase of its outage . .
probability, the sum transmission capacity of the two netwaoks In [7], Vu et al. considered the throughput scaling law for

(i.e., the overall spectrum efficiency per unit area) will beboosted @ Single-hop cognitive radio network, where a linear sealin

significantly over that of a single network. law is obtained for the SR network with an outage constraint
for the PR network. In[[8], Jeoet al. considered a multi-
. INTRODUCTION hop cognitive network on top of a PR network and assumed

. ) that the SR nodes know the location of each PR node. With

Initiated by the seminal work of Gupta and Kumar [1], the, elegant transmission scheme, they showed that by defining
studies for understanding the capacities of vylrelc_ess ad Cpreservation region around each PR node, both networks
networks have made great progresses. Considerimpdes can achieve the same throughput scaling law as a stand-alone
that are randomly distributed in a unit area and groupgliejess network, while the SR network may suffer from a
independently into one-to-one source-destination (SEWSP finite outage probability. IN[9], Yiret al. assumed that the SR
Gupta and Kumar[]1] showed that a typical time-slottefag only konw the locations of PR transmitters (TXs) and
multi-hop architecture with a common transmission rangstoposed a transmission scheme to show that both networks
and adjacent-neighbor communication can achieve a Syl achieve the same throughput scaling law as a stand-alone
throughput that scales &3 (\/ n/log n) By using percola- \ireless network, with zero outage.
tion theory, Franceschetét al. [2] showed that thed (/n) In this paper, we study the coexistence of two ad hoc
sum throughput scaling is achievable.[lh [3], Grossglaaser networks with different transmission scales (power and/or
Tse showed that by allowing the nodes to move independerttignsmission range) based on the transmission capacityedefi
and uniformly, a constant throughput scali®(1) per S- in [5]. We extend the definition of transmission capacitynfro
D pair can be achieved. In][4], Bacceléit al. proposed a single network to two overlaid networks. Different froneth
a multi-hop spatial reuse ALOHA protocol. By optimizingapproaches iri [7][[8], and][9], we resort to stochastic geom
the product between the number of simultaneous successfyltools to quantify the transmission capacities for b PR
transmissions per unit area and the average transmissiga,raand SR networks without defining any preservation regiogs. B
they showed that the transport capacity is proportionah® tconsidering the mutual interferences from the two networks
square root of the node density, which achieves the uppee discuss the tradeoff of the transmission capacities dwtw
bound of Gupta and Kumarl[1]. Webet alin [5] derived the them. The results show that if we permit a slight increase ove
upper and lower bounds on transmission capacity of spredle outage probability of the PR network, the sum transimissi
spectrum wireless ad hoc networks, where the transmissicapacity (i.e., the overall spectrum efficiency per unitef
capacity is defined as the product between the maximuhe overlaid networks will be boosted significantly overttha
density of successful transmissions and the corresponiditey of a single network.
rate, under a constraint on the outage probability. The rest of the paper is organized as follows. The network
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model and symbol notations are described in Section Il. TI$R TXs use the same spectrum with bandwidth normalized to
transmission capacity for a single network case is analyzkd unity.

in Section lll. The transmission capacities for the PR and As in [5], we define transmission capacity as follows.

SR networks and their tradeoff are discussed in Section IV.Definition 1: Transmission capacity’® of a randomly-
The numerical results and observations are given in Sectideployed wireless network is defined as the product among
V. Finally, Section VI summarizes our conclusions. the maximum density\© of transmissions, the common trans-
mission data rat&, and(1—e¢) with e an asymptotically small

outage probability. Therefore, we have
Consider the scenario where a network of PR nodes and a

network of SR nodes coexist in the same geographic region, C=RX(1—¢). ()

and assume that the PR network is the legacy network, whilg.g noted in [[5], C¢ also represents the unit-area spectral

has a higher priority to access the spectrum. The prerequi%ﬁiciency of the successful transmissions.
condition for introducing a new SR network into the termntor

of the PR network is that the outage probability increment [Il. A SYMPTOTIC ANALYSIS OF THE TRANSMISSION
of the PR network is upper-limited by a target constral, CAPACITY: SINGLE NETWORK CASE

wrl/(\e/reAe usuatllr?/ :aktes a \ie.ry ts_mal! vattlue. the distributi Can this section, we derive the asymptotic result (asymptoti
¢ assume that at a certain ime instance the distribution er vanishingly-small outage probability values) for trens-

PR TXs follows a homogeneous Poisson point process (Ppnﬁ)igsion capacity of the PR network when the SR network is

II, of density Ay, and the distribution of SR TXs follows b
t. A le, f th hen th th-
another independent homogeneous PRRf density\;. Our ; SENL. AS an example, we TocUs on Te tase when e pa

II. NETWORK MODEL AND SYSTEM SETUP

lis t luate th ; bability of the PR net 0ss exponenty = 4, over which we build an asymptotic
g%a IS 1o evaluate the outage pr(l) ability ot the Fix networ halysis framework that is useful for the future study ower t
PY, and that of the SR networl®!, which are functions of cases of general values
the TX node densities, and \;. The specific definitions of ’

. . . . . X When the SR network is absent, denote the target outage
outage probability will be given in Section Il and Sectio robability of the PR network over per-link SINR as Then
IV. Similar to that in [5], in order to evaluate the outag

probabilities, we condition on a typical PR (or SR) RX at the e have

origin, which yields the Palm distribution for PR (or SR) T.Xs Cu

Following the Slivnyak’s theory in stochastic geomefry][10 PO — Prob PoTg < B | =e. 3)
these conditional distributions also follow homogeneobB®#® N+ Z polXi| ™™

with the corresponding densities (i.2q, and\;, respectively). i€lly

Let {X; e R*ieIly} and {Y; € R? j €II,} denote the -

Iocat{ions of the PR T>}(s and Ehe SR TXs, resp}ectMelyJ and Rewrite [3) as Prob(X > Tp) = e @)

|Y;| denote the distances from PR Tixand SR TXj to the
origin, respectively. An attempted transmission is SUSRBS \yhere X — Sem pol X and T, = porg ® n. The
i€llp K :

if the received signal-to-interference-plus-noise rd@NR) 1 ,oment generating function (MGF) of is glvoen by [11]
at the reference RX is above a threshal,otherwise, the

transmission fails, i.e., an outage occurs. We gigsand3; to Dx(s) = exp {—w)\op(‘)zsiF <1 _ 2)] . (5)
represent the SINR thresholds for the PR network and the SR e}
network, respectively. Whena = 4, we have
For simplicity, we limit our discussion to single-hop trans )
missions, and assume that all PR TXs use the same transmis- Dx(s) =exp [—w%)\opgs%] . (6)

sion powerpg, and all PR transmissions are over the same ) ) -
distancero. Similarly, all SR TXs use the same transmissioNia the inverse Laplace transform, we obtain the probabilit

power p; over the same transmission distange For the density function (PDF) ofX' as

wireless channel, we only consider the large-scale pa#-lo . 3

\ . : Y -3 —Z\2 7
and ignore the effects of shadowing and small-scale mitiftipa fx () 5 M0v/Por™ 2 exp | = —Abpo | (7)
fading. As such, the normalized channel power gaid) is
given as and the corresponding cumulative density function (CDF) of

A X as
9(d) = %, (1) 3
T2 Ao\/Po

where A is a system-dependent constadtjs the distance Fx(z) = 2Q (7\/2—\;—> . (8)

between the TX and the corresponding RX, and> 2

denotes the path-loss exponent. In the following discussidFrom [8), we have

we normalizeA to be unity for simplicity. The ambient noise 5

is assumed to be additive white Gaussian noise (AWGN) with Prob(X > Tp) = 1 — 2Q <7T2)\0\/F’_0> _ 9)
an average powef. We assume that all the PR TXs and the N V2T



Combined[(%#) and{9), it is clear that the following conditio Applying (I7) in [14), we have

has to be satisfied:

Q W%)\O\/p_o
V2T

71—60
2

(10)

3
When e, — 0 such thatLo\gp_” — 0, with Taylor series
expansion, we obtain the maximum allowable value (via the

monotonicity of the Q function) of\, asymptotically fora =

1-20 <”2 (Rov/o + Al\/’Tl)) — o+ Ae,  (18)

V2T
ie.,
72 (Noy/Po+ Mypr) | | 1— e — Ae
Q < NI = 5 (19

4 as . . When ey, — 0 and Ae — 0, with bivariate Taylor series
oo _ €0 (TO) B <r04 n )5 (11) expansion, we obtain
0 m™ \ Po 7 \ Po Po . l B TA0y/Po B TA1/P1 _l—e— Ae (20)
As we can see from{11) that when the outage probability 2 2vTo T, 2 ’

€o is very small, the density of TXs is a linear function ofI
€o. Therefore, the transmission capacity of the PR network\yaIue of A\

given by

C5® = RoAy’ (1 — €o), (12)

f we choose\y = Ay’ as in [11), the maximum allowable
corresponding to a target outage probability
incrementAc is given by

I

i i 1 (To\? 1 ot 2
where Ry is the data rate when the transmission between the )\lﬁé — <_0> Ae = = <@ .0 ﬂ) Ae, (21)

TX and its associated RX is successful, which is set to be m

same for all the links.

IV. ASYMPTOTIC ANALYSIS OF THE TRANSMISSION
CAPACITY: OVERLAID NETWORK CASE

A. Transmission Capacity of the PR Network

p1 T\p1 Bo p1

and the transmission capacity of the PR network is given by
CS = Ro/\go (1 — €0 — AE) . (22)

As shown in [[2D), when the SR network is presented, the
outage probability of the PR network can be approximated by

When the SR network is present, it introduces interferengg affine function of\, and\; over asymptotically smaHy’s
to the PR network and the outage probability of the PR nefnd A¢,’s.

work will be increased. If we set the target outage probgbili

increment of the PR network ase, we have

porgy ¢
P = Prob <
N+ D ol X+ D vy
i€l jE
= ¢+ Ae. (13)
With Y =37, p1]Y5[~*, (I3) can be rewritten as
Prob(X +Y > Ty) = €g + Ae. (14)
The MGF ofY is given by
2 2 2
Dy (s) = exp [—w/\lpfsal" (1 - —)} . (15)
«

DefineZ = X + Y such that the MGF of is given by
(I)Z(S) = @X(S)(I)y(s)

2 2 2 2
= exp [—WSEI‘ (1 — —) (/\opé’ + Alpf)] .
@

For a = 4, we have

D(s) = exp [~ st (Aoy/Fo + Av/An) |
and the PDF ofZ is given by

f2(z) = 5 Qv +Xivpn) =~
3
X exp {—Z—Z (Mov/Po + Al\/p_l)z] .@n

(16)

B. Transmission Capacity of the SR Network

Denote the outage probability of the SR networkegsthe
outage probability of the SR network is given by

—Q
P17

P! = Prob <pBi|=e.
n+ Y polXil T+ DY Y
i€llp J€elly
(23)
Rewrite [23) as
Prob(Z > 77) = €. (24)
B1
Define T, = py TE: —n, and we have
Prob(Z > Tl) = €1. (25)
Similar to [I9), we obtain
0 7% (Xoy/Bo + My/P1) 1« (26)
V2T 2

Whene; — 0, with bivariate Taylor series expansion, we have

l_ﬂ/\o\/%_ﬂ)\l\/p_l: 1—61
2 2Ty 2T 2

Therefore, the outage probability of the SR network is given
by

(27)

& = \/LTT (Moy/Ao + Mv/pn), (28)



Table |

and the transmission capacity of the SR network is given by NETWORK PARAMETERS.
Ci =R\ (1—e1), (29) Symbol Description Value
00 Transmission power of PR TXg 20 W
whereR; is the data rate adopted by successful SR links. p1 Transmission power of SR TXg 0.1 W
On the other hand, if we set the target outage probability ro Transmission range of PR TX§ 20 m
1 Transmission range of SR TXg 5m
of the PR network to be, + Ae, and set the target outage " Average power of ambient noise 10— W
probability of the SR network to be; simultaneously, we Bo Target SINR for PR network | 10 dB
could choose the value of in (29) as follows B Target SINR for SR network | 10 dB
AL = min (AL, (30)
Now, we consider the second setup. Rewilitd (22) (29)
o i .
where\{! is given by (via[(2B)) as follows,
1
— 2 e
e (ri® n\* o [po CS = RoAL (1 — €0 — ——= /1) (35)
A== (2L1-— =] —x,/—. 31 0= foto 0= T VAL
oo ( 631 Pl) Vo (1) To

C. Sum Transmission Capacity of the Overlaid Network and

When the SR network is present, based on the above anaI—CE —roe |1 TG TAf 36
yses, the sum transmission capacity of the overlaid netsvork ~1 — “"11 - \/m . + \/T;a p (36)
is given by po B o Bi  p

e _ (e € We can easily show that when increases(’; decreases and
C; = C5+Cf ,
. Cf increases.
Ro)\oo(l — €9 — AE) + Rl/\i(l — 61)

T V. NUMERICAL RESULTS AND INTERPRETATIONS

= R (1= = O v+ XV

In this section, we present some numerical results based

- . . ) .
+ R (1 _ A /B0 4+ A/ ) on our previous analyses and give some interpretations. We
! vTi (A5'Vio + Aivpr) set the values of the network parameters as in Table | unless
= (RoA + RiA]) — (AP Vpo + A[V/p1) otherwise specified.
Ry € Ry €
x <\/—T_0/\00 + \/—T_l)\1> : (32) A. Single Network Case

Compared to the single network case, the gain of the trar&sln Fig. [, we show the normalized transmission capacity

o I - “ /R, as a function of the outage probability, as well as
mission capacity (i.e., the overall spectrum efficiency}red © /Ro . -
overlaid networks over that of a single network is given by the density of PR TXs\, vs. the outage pr_obab|lltyo. Note
that these are exact results (not asymptotic ones) by ug&ng (

K Cs ~14 & (33) and [I0). We could see from this figure that whgris about
9 g’ cs 0.55, C;° is maximized, and wheiy < 0.4, X\ is nearly a
o . linear function ofey, which verifies the asymptotic result in
D. Tradeoff of the Transmission Capacities @).
Here we consider two setups to study the tradeoff between
the transmission capacities of the PR network and the SR leo’s ‘ @10"‘
network. The first setup is that we change the valueef /Ry
only, and fix other parametersq, p1, 70, 71, B0, 51, 1, and £ 7 e 17
€0). The second setup is that we change the valug; pfind g6 » 6
let other parameter(, ro, 1, B0, B1, 1, €0, @andA;) be fixed. g 5 s 3
Let us consider the first setup. Whegis fixed, ¢ is also - /&
fixed, see[(I1). From(22), we can see tld&t is a linear | N I 2
function of Ae. As such, when\e is increased(’§ is reduced. <3 Ao 3 2
Rewrite [29) as lg 2t .
. I T Th Tp =Y o = I
R (1 VT AE) S oz a o5 o

Outage probability,

From [34), we can easily verify that wheyT: /T, > €, Cf

is a convex function of\e, and whenAe < %(\/ T /To—€o), Figure 1. Normalized transmission capacity/density of P& Ts. outage
C¢ increases monotonically oveXe. probability for the PR network when the SR network is absent.



In Fig.[2, we show the normalized asymptotic transmission x 10

. X i £ 8
capacityC;° /Ry as a function of the outage probability, §
and the upper and lower bounds of the transmission capacity s 7]
based on the results derived in [5], which verifies the tightn ?j 6l ; Uloﬂl,:U-l'S
< €y = U.
of the upper bound. s ’
> 5F €y =0.05
g
4)(10—5 g 4r
5
So a5k Upper bound % 3
%? — — —  Lower bound § 2l
e 3r O Asymptotic result ] g
=3 -7 N L
g 25} /-/,// g !
2 S0 ‘ : : : ‘
2 2 ] 0 005 01 015 02 025 03
% I Increment of the outage probability of the PR netwark
g 15+ - : 4
E 1l /,// i Figure 4. Normalized transmission capacity of the SR nekwar increment
g 7 of the outage probability of the PR network.
S ost // E
O(J// L L L . . .
0 0.05 01 0.15 02 Assuming thatR, = R;, the capacity gaink, of the
Outage probability, overlaid networks (i.e., the sum transmission capacitygrov

that of a single network is shown in Figl 5, s€el(33). We see
that K, increases ovef\e since the extra capacity contribution
from the secondary network increases oxer.

Figure 2. Normalized transmission capacity vs. outage aiiliby for the
PR network when SR network is absent.

B. Overlaid Network Case 100

The normalized transmission capacity of the PR network
C§/Ro vs. the increment of the outage probabilitye of
the PR network is shown in Fi@l 3. As expectéd,/ R, is
inversely proportional tad\e. On the other hand, sinagj is

80

a convex function of,; and wheney < 1=2¢, C§ increases 60r
over ¢, monotonically for a fixedAe.
40t
-5
3.5x 10

Gain of the transmission capacify,

20f

e =0.15

0 i i i i i
0 0.05 0.1 0.15 0.2 0.25 0.3
Increment of the outage probability of the PR netwdrk

Figure 5. Gain of the transmission capacity of the overlativork over
that of the PR network.
1.5¢

=00 In Fig. [@, we show the tradeoff between the normalized
1—N\— transmission capacity of the PR netwatl/R, and that of
the SR networkC§/R; when Ae changes as an intermediate

variable. We see that§ decreases overs, which verifies the
result in Section IV.

Normalized transmission capacifyj/ R,

05 i i i i i
0 0.05 0.1 0.15 0.2 0.25 0.3

Increment of the outage probability of the PR netwdrk

Figure 3. Normalized transmission capacity of the PR netwar increment VI. CoNcLUsIONS

of the outage probability of the PR network. In this paper, we extended the concept of transmission
capacity defined for the single network case to overlaid
In Fig. 4, we show the normalized transmission capacitetwork case. By considering the mutual interference effec
of the SR networkC§/R; as a function ofAe, see[(2B). As across two overlaid networks, i.e., the PR network vs. the
shown in the figure, we see that increases monotonically SR network, we derived the transmission capacities forethes
over Ae, since the largeiAe is, the larger the values of{ two networks and studied their tradeoffs. Different frone th
ande; are, but the effect ok on Cf is dominant wher; is  previous approach for the single network case, we resooted t
small. obtain the asymptotic solutions for these capacities. €helts



05 ; ; ; ; ;
0

Normalized transmission capacity of PR netw6il/ R,

-4
x 10
Normalized transmission capacity of SR netw6ty/ R,

Figure 6. Tradeoff of the transmission capacities of the PR the SR
networks when the value ake is changed.

showed that by letting a SR network coexist with a legacy
PR network, the spectrum efficiency per unit area could be
increased significantly. Although we focused on a simplépat
loss channel model with single-hop transmissions, theltsesu
are meaningful and motivating us to study more complex cases
in the future work.

REFERENCES

[1] P. Gupta and P. R. Kumar, “The capacity of wireless neks@rIEEE
Trans. Inform. Theoryvol. 46, no. 2, pp. 388-404, Mar. 2000.

[2] M. Franceschetti, O. Dousse, D. Tse, and P. Thiran, ‘@tpshe gap in
the capacity of wireless networks via percolation theolgEE Trans.
Inform. Theory vol. 53, no. 3, pp. 1009-1018, Mar. 2007.

[3] M. Grossglauser and D. N. C. Tse, “Mobilty increases thpacity of
ad-hoc wireless networks|EEE/ACM Trans. Netw.vol. 10, no. 4, pp.
477-486, Aug. 2002.

[4] F. Baccelli, B. Blaszczyszyn, and P. Muhlethaler, “AnoAk protocol
for multihop mobile wireless networksJEEE Trans. Inform. Theory
vol. 52, no. 2, pp. 421-436, Feb. 2006.

[5] S. P. Weber, X. Yang, J. G. Andrews, and G. de Veciana,ri3ingission
capacity of wireless ad hoc networks with outage conssAINEEE
Trans. Inform. Theoryvol. 51, no. 12, pp. 4091-4102, Dec. 2005.

[6] S. Haykin, “Cognitive radio: Brain-empowered wirelessmmunica-
tions,” IEEE J. Sel. Areas in Commurvol. 23, no. 2, pp. 201-220,
Feb. 2005.

[7] M. Vu and V. Tarokh, “Scaling laws of single-hop cognéiwnetworks,”
Submitted to IEEE Trans. on Wireless Commuy@®nline]. Available:
http://people.seas.harvard.egmaivu/cognet_scaling.pdf.

[8] S. W. Jeon, N. Devroye, M. Vu, S. Y. Chung, and V. Tarokhote
nitive networks achieve throughput scaling of a homogesenat-
work,” Submitted to IEEE Trans. Inform. TheoriOnline]. Available:
http://arxiv.org/pdf/0801.0938.

[9] C.Yin, L.Gao, and S. Cui, “Scaling laws for overlaid wies networks:
A cognitive radio network vs. a primary network,” Proceedings of the
IEEE GLOBECOM November 2008.

[10] D. Stoyan, W. S. Kendall, and J. Meck8tochastic Geometry and its
Applications Chichester: John Wiley & Sons, 1995.

[11] J. Venkataraman, M. Haenggi, and O. Collins, “Shot eaisodels for
outage and throughput analyses in wireless ad hoc netWank$EEE
Military Communications Conferenc®ct. 2006, pp. 1-7.


http://people.seas.harvard.edu/~maivu/cognet$_$scaling.pdf
http://arxiv.org/pdf/0801.0938

	Introduction
	Network model and System Setup
	Asymptotic Analysis of the Transmission Capacity: Single Network Case
	Asymptotic Analysis of the Transmission Capacity: Overlaid Network Case
	Transmission Capacity of the PR Network
	Transmission Capacity of the SR Network
	Sum Transmission Capacity of the Overlaid Network
	Tradeoff of the Transmission Capacities

	Numerical Results and Interpretations
	Single Network Case
	Overlaid Network Case

	Conclusions
	References

