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Abstract— This work looks into the extension of the 

proportional fair (PF) scheduler to the multi-user case, where the 
source is transmitting several messages under the superposition 
coding (SC) strategy in a Gaussian Broadcast channel. Jointly 
with the weighted sum-rate (WSR) scheduling criterion, we 
derive guidelines for 2-user pairing, based both on SNR and user 
priority. We compare superposition coding access with frequency 
division multiple access, while time division is obtained naturally 
as a result of the user pairing. Results elucidate that the 2-user 
SC PF always improves the single-user PF in terms of average 
throughput and delay reduction, and we compare its 
performance with the 3-user SC PF. Finally, the WSR shows 
throughput gains similar to the 2-user SC PF for certain 
configuration of the scheduler.  

Index Terms— Scheduling, proportional fair, multiuser, 
broadcast channel 

I. INTRODUCTION 
Wireless networks must support a large type of services, 

differing in throughput and delay constraints. Because of the 
scarcity of the wireless resources, its use must be efficiently 
managed. In [1] it was shown that the system throughput can 
be maximized by exploiting multi-user diversity, i.e. selecting 
the user with the best channel condition. However, such 
greedy scheduler is unfair as some users may never be served.  

The criterion of proportional fairness (PF) is introduced in 
[2] in order to deal with the tradeoff between the maximum 
system throughput and user fairness. One example of single-
user PF is the scheduler of the Qualcomm’s High Data Rate 
(HDR) system [3], where the user with the best metric based 
on channel state and average served throughput is selected. 
Enhancements of such system for static propagation scenarios 
can be found in [4], where multiple antennas are employed to 
induce large and fast channel fluctuations in slow-fading 
scenarios (opportunistic beamforming). Likewise, many others 
criteria for designing the throughput and delay of a network 
have been proposed, like max-min and the max sum-rate, [5], 
the weighted PF, [6], or the weighted sum-rate, [7][8].  

The single-user PF scheduler has been extensively studied 
in the literature, see for instance [9][10] where closed-form 
expressions for the average throughput per user are derived. 
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Although in [11] (chapter 6) the benefits of the superposition 
coding for the multi-user case are pointed out, to the best of 
our knowledge, the PF scheduler has not been thoroughly 
studied in that case.  

Multi-user schedulers based on weighted sum-rate (WSR) 
and maximum sum-rate (MSR) criteria have been analyzed in 
multi-antenna configurations seizing the spatial dimension to 
serve more users simultaneously. However, when the MSR 
criterion is applied to the single antenna case, the multi-user 
scheduler does not offer any gain over the time division 
multiple access (TDMA) [12], because the best sum-rate is 
obtained when all resources are allocated to the user with the 
highest signal-to-noise ratio (SNR). 

We look into multi-user schedulers based on the weighted 
sum-rate (WSR) and proportional fairness (PF) criteria for 
single-antenna cellular scenario in the downlink. The objective 
is to group two or three users under unequal channel state and 
priorities by taking advantage of the large gains that 
superposition coding offers over the TDMA [11]. We also 
compare it with multiuser FDMA. 

The main contributions of this paper are: 
- Analysis of multi-user PF and WSR schedulers under 
superposed transmissions in the downlink. 
- Derivation of criteria for 2-user pairing in both cases. 

II. SIGNAL MODEL AND SCHEDULERS 
The scenario consists of a base station (BS) and Nu mobile 

stations (MSs), all equipped with single antennas. The BS 
transmits a pilot signal which is employed by every terminal 
to measure the current SNR. Afterwards, each receiver feeds 
back that measurement to the BS. The overhead rate 
introduced by this feedback is not tackled in this work. The 
scheduling algorithm considers the channel state of the MSs to 
select a subset of them (denoted by U) to be served 
simultaneously. All the users are waiting for receiving data 
(full data queues at BS). The three schedulers analyzed are: 
Qualcomm (or single-user PF), WSR and multi-user PF.  

The Qualcomm scheduler selects just one MS on each 
scheduling instant, maximizing the following metric: 

Q
k k kJ Rμ=           (1) 

where μk describes the weight or priority for user k and Rk is 
the attained bitrate. The selected user is denoted by the subset 
of size one UQ. The achievable bitrate per user is, 

( )2log 1k kR ρ= +         (2) 

where ρk stands for SNR at the receiver. The user priority 
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introduced in (1) is inversely proportional to the average 
served throughput, calculated as, 

( )
( ) ( )
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1 11 ,
1 1

i i x
i i

i i

T n R if i U
T n

T T n otherwise
τ τ

μ
τ

⎧ − − + ∈⎪= = ⎨
− −⎪⎩

  (3) 

where ( )
iT n  denotes the average throughput at frame n, Ri 

stands for the bitrate of the selected user, Ux is equal to UQ and 
τ is a tuning parameter that allows varying the performance of 
the scheduler, from greedy (τ close to 0) to impose strong user 
fairness among MSs (τ close to 1). 

The multi-user PF scheduler selects K users, denoted by the 
subset UPF, maximizing the average served throughput, (3), 
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This criterion has been applied in [13] for multicarrier systems 
where is shown that can be transformed into, 
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where μj,τ are given in (3) and Rj is the bitrate of one selected 
user, depending on the Gaussian Broadcast channel (BC) [14]. 
 On the other hand, the weighted sum-rate scheduler (WSR) 
selects K users, referenced by subset UWSR, which maximizes, 

1

WSR

WSR

U
WSR
U j j

j

J Rμ
=

= ∑           (6) 

where Rj denotes the achievable rate of one of the selected 
users. Those bitrates must lie within the capacity region of the 
Gaussian broadcast channel when superposed transmissions 
are envisioned [14] and the power at the BS is distributed 
among the messages to be transmitted. The user priorities may 
be calculated according to (3), albeit other criteria can be used 
to derive them, like limiting the maximum delay or fitting with 
the maximum stability region [15].  

III. GUIDELINES FOR 2-USER PAIRING 
This section studies the conditions to be satisfied for two 

users in order to be served under the WSR and PF criteria 
( 2, 2WSR PFU U= = ) and yet improve the sum-rate attained 
under the Qualcomm scheduler. Because of the degradedness 
of our scenario, we assume there are a strong and a weak user 
having SNR ρs and ρw (ρs≥ρw) with user priorities μs, μw. 

A. Qualcomm (Q) 
This scheduler selects the user with the best metric (1),  

( ) ( )2 2log 1 log 1w w w w s s
Q

s s

R if
J

R otherwise
μ μ ρ μ ρ
μ
⎧ + ≥ +⎪= ⎨
⎪⎩

 (7) 

where Rw, Rs are the bitrates, (2), of the weak and strong user. 
From (7), the condition for selecting only the weak one is, 

( ) ( )( )1 1, 1 1
w

w s
ss w Q s w w w

μ μ μ
μρ ρ ζ ρ ρ ρ ρ≤ + − = = + −    (8) 

where ζQ is the threshold for changing the user selection. 

B. Weighted sum-rate (WSR) 
The bitrates must belong to the rate region of the BC [14], 
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where γ is the fraction of power allocated to the signal for the 
strong user, while the other user is allocated 1-γ. Notice that 
the SNRs ρs, ρw are measured from the pilot signal, but they 
do not correspond to the final SNR of the signals to be 
decoded whose SNR are sγρ  and ( )1 wγ ρ− . 
 It is known that the maximization of JWSR with s wμ μ≥  is 
obtained when only the strong user is selected. But, for 

s wμ μ<  the power allocation depends on the SNR 
configuration. The maximization of JWSR subject to (9) is 
derived from, 

2
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Thus the optimal power allocation turns out to be,  
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where ,WSR WSR
w sζ ζ  are the thresholds for scheduling only the 

weak or only the strong user when s wμ μ≤ , 
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Applying the optimal power allocation, JWSR results in, 
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The additive sum-rate gain provided by the WSR over the 
Qualcomm scheduler is therefore given by,  
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  (14) 

where ζQ subsumes the condition needed from serving the 
weak over the strong user in the Qualcomm scheduler, (8). 
Only in the first interval of (14) provides a positive sum-rate 
gain. Therefore, the 2-user pairing under WSR should satisfy, 

WSR
w s w Qζ ρ ρ ζ< ≤          (15) 
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C. Multiuser Proportional Fairness (PF) 
This scheduler serves two users simultaneously, so that the 

achievable rates of the users must satisfy the capacity region 
of the BC. The power at the BS is allocated among the 
transmitted signals as a result of the maximization of JPF 
subject to (9). The fraction of power devoted to the strong user 
(γ) satisfies the equation, 
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where ρs, ρw denote the SNR and μs,μw are the priorities of the 
strong and weak user, respectively. The condition to serve 
only the weak user (γ=0) or the strong one (γ=1) becomes,  
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In terms of sum-rate gain over the Qualcomm scheduler, the 
gains are positive when the PF is selecting both users while 
the Qualcomm selects just the weak user. The 2-user pairing 
criterion for the PF becomes, 

PF
w s w Qζ ρ ρ ζ< ≤           (18) 

Since PF WSR
w wζ ζ< , the PF criterion offers more opportunities 

to improve the Qualcomm scheduler than the WSR.  

D. Weighted sum-rate (WSR) under FDMA 
With a slight abuse of the notation, we refer by  

WSR-FDMA the scheduler that maximizes (6) serving the 
users orthogonally in frequency. The bitrates of the users are, 
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where α and γ stand for the fraction of bandwidth and power 
allocated to the strong user, respectively. In this case the 
variables α and γ have to be optimized for maximizing the 
weighted sum-rate,  
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where JWSR-FDMA considers the weighted sum-rate of (6) using 
the bitrates defined in (19). By defining, 
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and considering (20), the optimal bandwidth allocation becomes  
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  (22) 

Since equation (22) has to be solved numerically, we define 
the following thresholds to identifying which user is served, 
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The sum-rate gain provided by the WSR-FDMA over the 
Qualcomm scheduler is given by,  
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where ζQ is defined in (8) and function f  in (21).  
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Fig. 1.  Sum-rate provided by the Qualcomm, WSR, WSR-FDMA and PF 
with τ={0.9, 10-4} as a function of the linear ratio ζ=ρs/ρw. User priorities 

μs=0.29, μw=0.71, ρw=10 dB, ρs=ρw+10×log10(ζ). 

 In order to compare the performance of the different 
schedulers, Fig. 1 presents the sum-rate attained by each one 
for a configuration where the user-priorities are fixed to 
μs=0.29, μw=0.71, the weak user has a SNR equal to ρw=10 dB 
and the SNR of the strong user varies with the parameter ζ as 
ρs=ρw+10×log10(ζ). We can observe that the Qualcomm 
scheduler selects either the weak or the strong user at ζQ. In 
the latter case, the sum-rate increases with ζ because the SNR 
of the strong user also increases. For the WSR-FDMA three 
different performances are observed: only the weak user 
(ζ≤22), both, weak and strong (orthogonally), or just the 
strong user (ζ≥66) are served. For the WSR and PF the 
conditions for serving just the strong user are not satisfied. 
The maximum gain with respect to the Qualcomm scheduler is 
attained at ζ=ζQ, i.e. while the Qualcomm scheduler selects 
the weak user, the other schedulers are selecting both users. 
Finally, for the PF scheduler, we sketch the performance for 
two values of τ. When τ is close to zero the WSR and PF get 
the same performance, but for τ values close to one, there are 
significant differences in terms of sum-rate. 

Fig. 1 showed that Qualcomm scheduler is superior under 
some circumstances. That seems to contradict the theory, 
which states that achievable rate region of TDMA 
(Qualcomm) is in general lower than FDMA (WSR-FDMA) 
and BC (WSR, PF). However, the sum-rate provided by each 
scheduler depends on the user priority, μs,μw. Fig. 2 illustrates 
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a configuration where the TDMA gets the best sum-rate. Fig. 
2 assumes the same configuration as in Fig. 1 with ζ=40.  
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Fig. 2.  Achievable rate region of TDMA (Qualcomm), FDMA (WSR-

FDMA) and BC (WSR and PF). User priorities μs=0.29, μw=0.71, ρw=10 dB,  
ρs=26.02 dB (ζ=40). 

IV. CELLULAR EVALUATION 
The evaluation of the Qualcomm, WSR and PF schedulers 

has been done in a simplified scenario where the MSs are 
uniformly distributed in a cell of radius r=200 meters, being 
the BS at the cell centre. The pathloss exponent is 3. The noise 
power, transmitted power and other constants have been 
configured so as to get SNR=0 dB when a MS is at the cell 
edge and 30 dB when the user is close to the BS. The channel 
coefficients are Rayleigh distributed, constant over a frame 
and independent among users. The simulation evaluates 300 
user deployments, each one consisting of Nu users and 
simulated during 8000 frames. Users feed back their current 
SNR to the BS. The selected users maximize the different 
scheduling criteria, where their priorities are given by (3).  

Since we are dealing with multiple users under 
superposition coding strategy, the scheduler must evaluate all 
the combinations for the user pairing. This task is tractable for 
the 2-user WSR because there is a closed-form expression for 
the metric to be maximized, (13), albeit for more users or the 
multi-user PF scheduler the task becomes cumbersome. To 
this end, and following similar steps as in [7], we consider a 
candidate list Γ with L users with the best metric μkRk, 

[ ]{ }1, | ,u k kk N R Lμ ηΓ = ∈ ≥ Γ =     (24) 

where μk and Rk are the priority and the bitrate of the k-th user 
assuming that the BS allocates all the power to that user, (2).  
 The schedulers are compared in terms of user throughput, 
cell throughput and delay, defining delay as the average 
number of frames elapsed between two consecutive selection 
instants of the same user. 

A. Per-user throughput and delay for 2-user schedulers 
This subsection studies the benefits in terms of throughput 

and delay introduced by the 2-user WSR and PF schedulers in 
a scenario with Nu=30 MSs. Fig. 3 depicts the 10%-outage 
throughput per user as a function of τ for the Qualcomm, 2-
user WSR and PF with L={5,9}. Notice that in order to obtain 

that measure we have considered all users present in the cell. 
When τ goes to zero the 10%-outage throughput per user tends 
to zero. This performance is caused by the selection of the 
users with the best channel conditions. In such a case, the 
remaining users are rarely served, imposing a very low 
throughput per user. Accordingly, when τ increases more 
users are served and the throughput improves. But at a certain 
point (τ=5×10-3 in Fig. 3) the 10%-outage throughput per user 
decreases as τ goes to 1. This is a consequence of serving the 
selection of deprived users in the cell due to their high user 
priority, which becomes more important than the current 
channel of the user. The best channel users, which could get 
larger bitrates, are less frequently selected. It is important to 
remark that the 2-user schedulers (WSR and PF) outperform 
the Qualcomm scheduler, except for the 2-user WSR with 
τ>0.1. In that latter case, we have observed (but not showed 
here) that the average number of served users decreases, 
explaining the peculiar behavior of 2-user WSR depicted Fig. 
3. Finally, the performance of the 2-user PF is almost 
independently of the value of Γ  for L={5,9}.  
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Fig. 3.  10%-outage throughput per user as a function of τ  for the Qualcomm, 

2-user WSR and PF ( with L={5,9}) schedulers. Nu=30 MSs. 
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Fig. 4.  Average throughput per user as a function of τ, for the Qualcomm, 2-

user WSR and PF ( with L={5,9}) schedulers. Nu=30 MSs.  

The average throughput per user is sketched in Fig. 4 as a 
function of τ. The average throughput decreases 
monotonically as τ goes to 1 in all cases. Notice that for low 
values of τ there is a significant difference between the 
average and the 10%-outage throughput (Fig. 3). That means 
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that user throughput presents a disperse statistic as a 
consequence of having a small number of users in good SNR 
conditions. Likewise, the 2-user PF scheduler always 
improves the Qualcomm scheduler while the 2-user WSR is 
clearly inferior to 2-user PF for values of τ close to zero 
(greedy)  and close to one (round robin). 

 The 90%-outage per-user delay (in log scale) is presented in 
Fig. 5. For low values of τ, large delays are found because 
only a small number of users are served. As τ increases the 
Qualcomm scheduler tends to get a constant delay of 30 
frames. The 2-user PF reduces to one half the delay while the 
WSR scheduler achieves some intermediate delay values. 
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Fig. 5.  90%-outage delay  (logarithm scale) per user as a function of τ  for the 

Qualcomm, 2-user WSR and PF ( with L={5,9}) schedulers. Nu=30 MSs 
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Fig. 6.  Percentage-wise cell throughput gain over the Qualcomm scheduler as 
a function of τ for the {2,3}-user PF with L=5 schedulers. Nu={30,90} MSs. 

B. Cell throughput with 2-user and 3-user PF schedulers 
Here we investigate cell throughput gain obtained by multi-

user PF schedulers (2-user and 3-user) over the Qualcomm 
scheduler. The 3-user PF scheduler designs the bit rates and 
power allocation by maximizing (5) taking into account the 
achievable rate regions of the 3-user BC [14]. A candidate list 
of users with L=5 is assumed. Fig. 6 presents the percentage-
wise cell throughput gain for the PF scheduler with 
Nu={30,90} which can be divided in three zones. The 2-user 
scheduler gets the best throughput in zone 1, while 3-user 
scheduler in zone 3 (a gain around 34%). In zone 2, both 

schedulers attain a similar performance. Although not shown, 
it has been observed than the delay for the 3-user scheduler is 
1/3 the delay of the Qualcomm scheduler in zones 2 and 3. 

V. CONCLUSIONS 
This work analyzes multi-user schedulers in the Gaussian 

BC based on superposition coding. The WSR and PF 
scheduling criteria are compared with the Qualcomm 
scheduler (single-user PF) in terms of throughput and delay. 
User pairing criteria based on SNR and user priority are 
presented. Results have shown that by serving multiple-users 
under the PF criterion, the delay per user is improved, but the 
throughput depends on the value of τ, which tunes the 
performance of the scheduler. In the setup described for 
greedy schedulers (τ close to 0) it is preferable to schedule 2-
users, while if fairer criterion is adopted (τ close to 1), 3-user 
scheduling is better. The performance is in all cases improved 
with respect to the Qualcomm scheduler. The WSR scheduler 
is able to get a similar performance than PF scheduler just for 
certain intermediate values of τ. 
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