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Abstract—Combining of physical-layer network coding (PNC)
and multiple-input multiple-output (MIMO) can significantly
improve the performance of the wireless TWRN. This paper
proposes novel Max-Min optimization based relay antenna se-
lection (RAS) schemes for zero-forcing (ZF) based MIMO-PNC
transmission. RAS relaxes ZF’s constraints on the number of
antennas and extends the applications of ZF based MIMO-PNC
to more practical scenarios, where the dedicated relay has more
antennas than the end-node. Moreover, RAS also brings diversity
advantages to TWRN and the achievable diversity gains of the
proposed schemes are theoretically analyzed. In particular, an
equivalence relation is carefully built for the diversity gains
obtained by 1) RAS for ZF based MIMO-PNC and 2) transmit
antenna selection (TAS) for MIMO broadcasting (BC) with ZF
receivers. This equivalence transforms the original problem to a
more tractable form which eventually allows explicit analytical
results. It is interesting to see that Max-Min RAS keeps the
network diversity gain of ZF based MIMO-PNC to be the same
as the diversity gain of the point-to-point link within the TWRN.
This insight extends the understanding on the behaviors of ZF
transceivers with antenna selection (AS) to relatively complicated
MIMO-TWRN/BC scenarios.

Index Terms—Physical-layer network coding (PNC), multiple-
input multiple-output (MIMO), zero-forcing (ZF), two-way relay,
antenna selection, diversity analysis.

I. INTRODUCTION

T WO-WAY relay (TWR) has been considered as a promis-
ing technique to improve spectral efficiency of the re-
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lay aided networks. In particular, the physical-layer network
coding (PNC) aided TWR scheme has been proposed for
the basic network of three nodes, in which two end nodes
exchange information with the aid of a half-duplex relay node
[1]. Unlike the traditional schemes employing three or four
transmission phases for the TWR, PNC consists of only two
transmission phases, namely the multiple-access (MA) phase
and the broadcast (BC) phase. Due to its great potential to
improve spectral efficiency of the relay network, PNC has been
attracting increasing attention since it was invented. On the
other hand, multiple-input multiple-output (MIMO) technol-
ogy has been successfully implemented into many advanced
wireless communication systems, yielding pronounced advan-
tages over its single-input single-output (SISO) counterparts
[2], [3]. Therefore, it is highly expected that the wedding of
PNC and MIMO will bring more benefits to the two-way relay
network (TWRN).

Recently, many research efforts have been devoted to the
combination of PNC and MIMO, where precoding techniques
are generally assumed. As noted by [4], [5], if the phase
of the bidirectional signals can be synchronized and the
equivalent channel gains can be balanced at the relay node,
the signal alignment may be accomplished, which significantly
simplifies the detection and codeword mapping for decode-
and-forward (DF) based SISO-PNC at the relay side. This
observation is particularly useful for the spatial multiplexing
oriented MIMO-PNC with DF protocol. With suitable precod-
ing techniques, not only can the MIMO two-way relay channel
(TWRC) be decoupled into multiple equivalent interference-
free SISO-TWRCs, but the signal alignment can be achieved in
each SISO-TWRC as well to simplify PNC-related detection
and mapping at the relay side. In this way, PNC can benefit
from MIMO at a relatively low cost.

To achieve signal alignment, a zero-forcing (ZF) precoding
scheme at the end-node was first proposed in [6] to facilitate
the DF based MIMO-PNC transmission in MA phase, where
the straightforward channel inversion and power scaling were
employed. Noting that the ZF precoding scheme of [6] may not
perform well under bad channel condition, a phase alignment
scheme with regularized channel inversion and vector pertur-
bation as well as power scaling optimization was proposed
in [7]. Additionally, an eigen-direction alignment scheme was
proposed in [8], where the optimal spatial-direction rotation
and power allocation at the end-node were employed. All the
schemes in [6]-[8] are featured by directly decoupling the



MIMO-TWRC in the MA phase, making it possible to process
PNC data streams in a parallel manner. Besides the channel
inversion related schemes of [6]-[8], several joint-channel
decomposition based schemes were proposed in [9]-[11]. To
elaborate a little further, the generalized Schur Decomposition
was used in [9], the combination of the generalized Singu-
lar Value Decomposition (GSVD) and QR Decomposition
was used in [10], and a newly proposed Unitary Triangular
Decomposition (UTD) was used in [11] with the common
purpose of achieving pair-wise triangularization of the two
component MIMO matrices of the MIMO-TWRC in the MA
phase. Then successive interference cancellation (SIC) receiver
at the relay [9], [10] or dirty-paper coding (DPC) transmitter
at the end-node [11] was employed to further transform the
triangular-wise equivalent channels into diagonal interference-
free channels. Consequently, signal alignment was achieved
with more sophisticated mechanisms. In general, the schemes
of [7]-[11] obtain power or capacity gain over the original ZF
precoding based scheme of [6] at a cost of relatively higher
complexity. The power scaling optimization requires iterative
computation at the relay side [7]; the optimization for common
rotation matrix [8] and the joint decomposition of two channel
matrices [9]-[11] require global channel state information
(CSI) at both the end nodes; the SIC in [9], [10] and DPC in
[11] also increase system complexity. Therefore, from practical
perspective, ZF based scheme [6] still deserves consideration
owing to its simplicity. In addition to [6], an interesting ZF
based transmission scheme has recently been proposed for
MIMO-TWR with a practical amplify-and-forward (AF) pro-
tocol [12]. It is noted that all the aforementioned schemes in
[6]-[12] only consider the special scenario where the number
of antennas deployed at each end-node is no smaller than that
at the relay node. This constraint, however, may hinder their
applications in the practical scenario where a dedicated relay
node, e.g., a base station, often has more antennas than the end
nodes, e.g., the handsets of the users. It is also worth pointing
out that an MSE based joint source and relay precoding
design has been proposed for AF based MIMO-TWR with
very flexible relay/source antenna configuration [13]. Although
the scheme in [13] bears the potential to benefit from the
additional antennas at the relay, this scheme focuses on the
AF protocol only.

In this paper, we focus on the DF based MIMO-TWR
system and extend the ZF based MIMO-PNC [6] to the more
practical scenario with a dedicated Ng-antenna relay node
and two Np-antenna end nodes, where Ng > Np > 2. To
maintain the simplicity of the end-node, we propose to use ZF
precoder and detector at the end node, the whole MIMO-PNC
transmission is therefore a ZF based scheme. Especially, we
propose to carefully select Nr out of Ny antennas at the relay
to facilitate the bidirectional data exchange of N streams. The
relay antenna selection (RAS) not only relaxes the constraint
on the number of antennas at the relay node [6], [12], but also
provides an end-to-end diversity advantage for the ZF based
MIMO-PNC transmission. Moreover, the achievable diversity
order of the proposed scheme is explicitly analyzed, which
extends the previous works on the point-to-point MIMO link
[14], [15] to the more complicated MIMO network. To be
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specific, the main contributions of this paper are two folds.

Firstly, we propose Max-Min optimization based RAS ap-
proaches for ZF based MIMO-PNC. A general respective
RAS (R-RAS) approach is first proposed, which optimizes the
reliability of the two transmission phases by two independent
RAS operations. In addition, a simple common RAS (C-
RAS) approach is proposed for system with reciprocal channel,
which optimizes the overall transmission by a single RAS
operation. The C-RAS can be considered as a simplified yet
performance-preserving version of R-RAS under reciprocal
channel condition. Although some relay/antenna selection
schemes have been introduced for various two-way relay net-
work (TWRN) with decode-and-forward (DF) protocol [16]-
[18], they only consider single-antenna end nodes. Assuming
multiple-antenna end nodes and relay node, a novel joint
end/relay antenna selection scheme is proposed for TWR
with practical AF protocol [19]. However, all of [16]-[19]
focus on the bidirectional data exchange of single stream. In
addition, [16]—[18] use all antennas/relays for signal reception
in the MA phase to achieve full receive diversity, which
require full radio frequency (RF) chains to simultaneously
support all the antennas/relays. The proposed RAS approaches,
however, are tailored for the ZF based MIMO-PNC with mul-
tiple bidirectional data-streams, which has not been suggested
before. Moreover, our scheme takes the whole MIMO-PNC
transmission into consideration and only uses a subset of
antennas for reception and transmission in MA and BC phases
respectively, which also achieves full diversity gain without
requiring full RF chains to simultaneously support all the
antennas. It is worth mention that the proposed RAS scheme
also sheds some light on a possible approach to overcome the
constraints encountered by [7]-[11].

Moreover, an unified and explicit diversity analysis is pre-
sented for ZF based MIMO-PNC with both R-RAS and C-
RAS. Although the transmit antenna selection (TAS) with ZF
receiver [14], [15], [20], [21] as well as the ZF transceivers
[22], [23] have been carefully studied for point-to-point MIMO
system, no previous research has been done to analyze RAS’s
effects in the ZF based MIMO-TWR system with DF protocal.
Note that the straightforward analysis is very difficult, we
carefully build the equivalent relation between the end-to-end
diversity order and the BC phase diversity order. Such equiv-
alence transforms the intractable to the tractable. Thereafter,
we extend [14], [15] to TAS in MIMO broadcasting (MIMO-
BC) scenario, which equivalently solves our problem. Finally,
we obtain the answers on the diversity orders of 1) ZF based
MIMO-PNC with R-RAS/C-RAS 2) TAS in the MIMO-BC
system with arbitrary ZF receivers. Interestingly, the diversity
orders in all of these systems show similar results as that
of the point-to-point MIMO system. These insights extend
our understanding on the behaviors of ZF transceivers with
antenna selection (AS) in more complicated MIMO networks
beyond the point-to-point MIMO link.

The rest of the paper is organized as follows. In Section II,
we describe the ZF based MIMO-PNC transmission scheme
with arbitrary relay antenna subset. In Section III, we obtain
the Max-Min based R-RAS and R-RAS following the analysis
of the performance bound with regard to the proposed scheme.
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Fig. 1. ZF based MIMO-PNC with RAS, where Nt out of Ng relay
antennas are selected in MA and BC phases to facilitate the N streams of
bidirectional information exchange between the end nodes. Here, my, is the
symbol vector transmitted from Sy, k = 1,2, and mg is the network-coded
symbol vector that R aims to obtain and broadcast back to S; and Sa.

Section IV focuses on the analysis of diversity order achieved
by ZF based MIMO-PNC with both R-RAS and C-RAS.
In Section V, numerical results are given to validate the
advantages of the proposed scheme and the theoretical result
for diversity order. Finally, Section VI concludes this paper.
In this paper, [A],  is the (m,n)-th entry of matrix A;
5ONO", O ‘|| 7> tr () are the conjugate, transpose,
conjugate transpose, inverse, Frobenius norm and trace of
a matrix. R (-) takes the real part of a complex variable.
mod y () is the modulo operation for x with respect to
N. C}" is the number of n-combinations from a given set of
m elements. CA (u, 02) denotes a complex Gaussian variable

with mean £ and variance o2.

II. SYSTEM DESCRIPTION
A. Notation and Assumption

We consider a separated TWRN where two Nr-antenna
(N7 > 2) end nodes (S; and Ss) can only exchange informa-
tion via one Ng-antenna (N > Nr) half-duplex relay node
(R), as shown in Fig. 1. We assume that the relay is located
at the middle point of the line-segment determined by the two
end nodes, and the large-scale fading is not considered for
simplicity. The quasi-static channels between link S — R
and R — S are denoted by an Nr x Np channel matrix
G, and an Np X Npg channel matrix Hy, k = 1,2. The
entries in both G and H; are independent and identically

distributed (i.i.d.) CA (0, 1). Let us denote G\” and H,(f,) as
the selected Np x N channel matrices regarding the selected
relay antenna subsets ¢ and ¢’ for link S — R and link
R — Sy, respectively. Here, ¢ (¢ ) is an ordered Np-element
index set containing the indices of the selected antennas at
R; H,(f) is a sub-matrix of H, consisting of the original
column vectors of H;, with indices from ¢. We also enumerate
the Q = Cﬁj’f possible realizations of ¢ (¢’) in an order set
® = {¢1,P2,..., 00}, where ¢ (¢') € . It is also assumed
that the relay node has global CSI for RAS, power balancing
between end nodes and signal detection, and each end node has
local CSI for precoding and signal detection. For the spatial
multiplexing oriented MIMO-PNC transmission of multiple

I'Since the results of RAS in MA phase and BC phase are not necessarily
the same, we introduce both ¢ and ¢’ here without loss of generality.

streams, we assume equal data-rate and uncoded transmission
for all the streams. With respect to the transmitted symbol in
each stream, M-ary PAM (M > 2) signal is first considered
in this section while the extension to M-ary QAM will be
discussed later. We assume that both S; and S, share the
same M-ary information symbol set W = {0,1,...,M — 1}
and the symbol-energy normalized M-ary PAM constellation
M = {(ZM (7M+1),a]\4 (7M+3),...,CLM (M* ].)},

where ay = (CEED) is a symbol-power normalization

factor and | M| = M. We also define the mapping function
fau: W Masm= fy (w) =ap (2w — M + 1), where
w €W and m € M.

With the above notations and assumptions, we proceed
to describe the transmission scheme with arbitrary antenna
subset pair (¢, ¢') in the following subsection, which will
subsequently enable us to extract the relevant performance
metrics for corresponding RAS schemes.

B. Transmission scheme with arbitrary (¢, ¢')

We start the description from the transmission in the MA
phase. To begin with, S, generates the M-ary informa-

tion vector Wy = [Wk.1, Wk, ..., WkN,) Wwith element
wr; € W, j = 1,2,...,Np, and each element is mapped
to the modulated symbol in M as my; = fa (wi;) =

ans (2wg,; — M + 1) . Denoting the modulated symbol vector

of Sy as my, = [my1, Mi2, - .., mk}NT}T, then the precod-
ing process at Sy, is described as

xk = VEsAPF P my, k=1,2, (1

-1
where F\%) g\ (G,iqb)) is the ZF precoder with a

().

F
H
tr (ngﬂ (F;@) > =1, A =gl /99) is a network power

man
balancing factor? with ¢'¢) :=min (¢{*, ¢{*’), and Eg is the

average transmit symbol power for my, ;. After the precoding
process, Sy radiates xj through the Np transmit antennas.
Note that the superscript (¢) here indicates that the channel-
related variables, such as A!”’ and F{* in (1), are specified
by the selected relay antenna subset ¢ in the MA phase. With
perfect synchronization, the superimposed symbols arriving at
R are

total power conserving factor g,(f’) =

ensuring

y= G(1¢)x1 + G(2¢)X2 +n, 2

where y = [y1, ¥2, .-, yNT]T is the received signal vec-
tor, and n is the noise vector with elements being i.i.d.
CN (0, Np). By substituting (1) into (2), we rewrite y as

VEsA? ¢\ m, + VEsAY g8 m; +n

y =
VEsgy,ms +n ®)
where my := m; + my is the superposition of the two signal

vectors from S; and Sz. (3) shows that the ZF precoding decouples
the MIMO-TWRC into multiple equivalent SISO-TWRCs in the MA
phase, as illustrated in Fig. 1. Moreover, the network power balancing

2The power balancing factor is introduced to achieve signal alignment at
the relay. With signal alignment, the detection and mapping for the PNC
symbols can be simplified. Moreover, the power balancing factor also offers
a mathematically tractable form for further analysis on the diversity order. In
practice, the network power balancing factor can be computed by the relay
and feed back to the end nodes.



factors {,\§¢>, )\(f) } ensure that the equivalent channel amplitudes of
different streams are all equal to +/ Esg(¢-) at R in the MA phase.

With reference to (3), the detection andmIZITllapping for PNC can be
carried out in a parallel manner at R. In addition, the general non-
binary PNC mapping scheme [5] can be implemented into each of
the SISO-TWRCs. Based on (3), the received superimposed signal
in the j* equivalent SISO-TWRC, as shown in Fig. 2, is

y; = VEsg\?) msj+nj, j=1,2,...,Nr, (4)
where m. ; = mi; + ma; € My is the j™ element of
m constituting the sum-constellation of two identical M-ary PAM
constellations M, i.e.,

M+ = {O,]w (—QM + 2) , QM (—2M + 4) yee QM (2M — 2)},
and n; is the noise component. Based on y; the relay node R can
obtain the network-coded symbol in the following two steps. Firstly,
R estimates m ; belonging to the (2M — 1)-ary PAM constellation
M with the aid of the maximum likelihood (ML) detector as

2
[9% (y;) —VEs Lfi)nﬁl“',j] )

m4,; =arg _ min

My, EMy
Then, R employs the PNC mapping, fpnc : M4+ — M, to ob-
tain the network-coded symbol as mg; = fpnc (M4,;) =
apmodys (57 —71+,; — 1), where iy ; € My, mg ; € M. By
collecting the results from the Nt streams, the network-coded symbol
vector mg = [M@.1, Ma,2, - .., Ma,ny ] is obtained.
In the BC phase, R broadcasts the network-coded symbol vector
mg back to S; and So through the selected antennas in ¢’. The
received signal at Sy is then given by

= VEsHmg +n, k=1,2, ©)

where ny, is the noise vector with elements obeying i.i.d. CA (0, No).
Upon receiving y,,, the ZF filter is used to decouple y, at Sy as

' 1
Y = \/7

N\ /
H, Yr = Mg + ny, @)

where nj, := ( ,E ) ny. Similar to the operation at R, the

elements of mg is detected in a parallel manner at S as

Me,k,j = arg meranm HSR (ykj) 7m@7j“2. 8)
With m@ k,; at hand, the desired information from the other end-node
in the j*" stream is calculated with the self-interference cancellation
as Ws_k,; = mody [fy;" (he,k,;) — we,;] . Finally, by collecting
the results from the Np streams at Sg, the estimated information
vector w3_x is obtained, and the MIMO-PNC transmission of Np-
stream is achieved.

Remark 1: The proposed scheme can be readily implemented
with rectangular M-ary QAM. Since the proposed ZF transceivers
have transformed the complex MIMO-TWRC into multiple parallel
scalar SISO-TWRCs, the in-phase and the quadrature signals can
be processed as two independent /M -ary PAM signals. Therefore,
the following analysis will only focus on the PAM signal and the
obtained results are straightforwardly applicable to the rectangular
QAM signal.

III. RELAY ANTENNA SELECTION

Given the channel G, and Hy, £ = 1,2, RAS aims to improve
the overall system transmission reliability through the optimized relay
antenna subset pair (¢, ¢). Note that the proposed ZF processing has
decoupled the MIMO-TWRC into multiple equivalent SISO-TWRCs,
and each SISO-TWRC consists of two equivalent SISO one-way relay
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BC Phase

Fig. 2. The j*" equivalent SISO-TWRC with the equivalent channel
/ ’
gain aifzn for MA phase and ,BE(ZZ.), ,ng;) for BC phase. Within

the equivalent SISO-TWRC, the red and blue dashed arrows indicate the
equivalent SISO-OWRGCs for link Sy — R — So and link S — R — Sy,
respectively.

channels (OWRC), as shown in Fig. 2. Let us denote PéQ E k) as the
instantaneous (with respect to each channel fading reahzatlon) end-
to-end symbol-error probability (SEP) at S within its 5 equivalent
SISO one-way relay channel (OWRC). Following [17], [24], we then
introduce a practical performance metric of the overall system as

QNTZZ E2Ek]’ (9)

j=1k=1

rliy

where Pg;g) is the average end-to-end SEP of the 2N SISO-
OWRG:s. In the next two sub-sections, we will first analyze P]gﬁ g )
by giving the SEP bound of each equivalent SISO-OWRC. Thereafter
we will be able to extract the relevant performance metric for Max-
Min optimization based RAS schemes.

A. SEP Bound of the Equivalent SISO-OWRC
Let us first focus on the j** equivalent SISO-OWRC (Ss_p —
R — Si), and denote the SEP in MA and BC phases as P](\fl,“and

¢
P]g C)k - Note that if a symbol detection error occurs in only one of

the two phases, an end-to-end error is destined to happen at Si; on
the other hand, if symbol detection errors occur in both phases, the

end-to-end error happens with the probability of P(

2B | M&B ki BY
summarizing these observations, we express Plgd; ];b ,2 ; as
(¢:¢) ) (¢') (¢') (@)
Prop iy = Prua (1= Peck; ) + Poclk, (1_PMA>
plee) (@) p()
+ Propinen ki Paom, Para
~ P, + p;0>k » (10)

which indicates that the end-to-end symbol error probability ng ,2 J
is approximated by the sum of the dominating terms of P( v and
PE(;(Z)C),c ;- We will use this approximation in the following part of
this paper for analytical simplicity, and we will give the bound

of PE%?,” after presenting the bounds of P(¢) and P}gc]w,

respectively. To be more specific, P( 7 is first bounded as follows.

Proposition 1. Given the channel G,ﬁd’), k = 1,2, then Pz(»?lx is
bounded by

2(M—1) o _ 2(M? -
TQEMQSPJ(»&<T

1) o

MA>

an

3In this paper, we omit the variables in the SEP functions for clarity, unless
we need to specify them explicitly.

4After the ZF precoding and power balancing operation, the SEPs of
different equivalent SISO-OWRCs are all the same in the MA phase, i.c.,
independent of index k, j (cf.(4)).
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where ng& = Q

@ . (@)

Za?woszfnp), Q (z) is the Gaussian Q

function; « can be regarded as the equivalent

channel gain in the MA phase (see Fig. 2); finally, p := Es/No
is the transmit symbol signal-to-noise ratio (SNR).

Proof: According to [5], [25], Pzﬁf}q is upper bounded as,

2(M* 1) )
M?2 MA>

M271 dmzn
PJE?L < (]\472)1)1“ (‘%(nJ” > D) > =

where dinin = 2v/Esg'?) anr is the minimum Euclidean distance
between the constellation points in M with the power scaling factor
VEs ifz)n Similar to the approach of [24], the genie-aided detection
is used for deriving the lower bound, which assumes that a genie
informs R the information m, ; from S;. The detection performance
of my ; = m1,; +mz2, ; with known my ; will be no worse than that
without my ;. Moreover, the detection for m ; with known my ;
degenerates to ordinary detection of M -PAM signal, hence the lower
bound is obtained as

2(M—-1)
¢ ¢
Py > 20D g
Combining the upper bound and lower bound, we finish the proof.
|
(¢)

We then proceed to analyze PB%, k.;- After ZF post-processing in
(7), Sk, detects the desired signals according to (8). As a result, the
corresponding SEP is

'y 2(M —1) (¢
Pl(zc,)k,j =" *QgC?k,j’ (12)
' / o' ’ B
where Qj(gc?,w. =0 (\/Qa?\/fﬁgj)p) 6£7j) = {[W;f )]jj}
i H /7 - /
with W,(f )= <H£¢ )> H,(f ) . Here, B,Sq;) is considered

as the equivalent channel gain in BC phase (see Fig. 2).
Finally, by substituting the bound of Pﬁfgl in (11) and the result

of P]gg)k, j in (12) into (10), the SEP bound of the equivalent SISO-
OWRC is expressed as

2(M —1) (60) _ p(s0) _ 2(M*—1) (s
TQ+’;€7]- S PEQE,kJ' S TQ+’ g (13)
where Q(f,j)]) = Qg\%‘ + Qgﬁ )kj Note that (13) becomes

increasingly tight as M increases.

B. Relay Antenna Selection

With the SEP bound for SISO-OWRC, we can further quantify the
SEP bound of the whole system and then extract key performance
metrics to facilitate the design of RAS scheme. Specifically, by

substituting (13) into (9) the bound of P]gig ) is expressed as

(M — 1) (0.0)) _ (o) _ (M?—1) (¢.9)
MNr ij:Q-&-,k,j < PE?E < M2Ny kz:Qhk,j :

¥

(14)

Note that both the upper bound and the lower bound of ngg)

contain the common item -, Qs_d),jj) that is relevant to (¢, ¢'),
the optimizations of (¢, ¢") are thus equivalent with either the upper
bound or the lower bound. It is also noted that the optimizations with
the explicit Péﬁg ) in (9) and its bounds in (14) are not equivalent
in general. In this paper we mainly focus on the simple and effective
suboptimal RAS schemes that are derived from the bounds in (14)

#,0’ . . .
or > k. Q_(h kl j) with reasonable approximations.

(¢:9")

However, the computation of the term Zk Q +k J is still com-
plicated and difficult to analyze further. Toward75 this end, we propose
a sub-optimal RAS approach according to the following observations:
1) for the MIMO-PNC transmission of multiple streams, the overall
system performance is mainly limited by the weakest SISO-OWRC

with SEP bound proportional to ngyfa)l = ng})A + Q,(;C?,mw,
where Q§3¢C?maz ‘= maxg,; Qj(;)c?,w. , and 2) Q(f::a)gc can be

interpreted as the sum SEP of two links, which is also limited by the
weaker one, i.e., max (QS\‘;)A, Q}(:c?maz). The sub-optimal RAS is

then given as

min

(¢*’ ¢*/) T8 S enxe (max (Q%)A’ QE;C?W”))

: @ a(¢)
& (¢ dgl)%}é’xé <m1n (amin’ min)) s (15)

where the second equation follows the monotonicity of Q function

and B(‘i’) ‘= ming /Blg“;) ,k=1,2j=1,2,...,Nr. Since

min T

= ar;

the choices of ¢ and ¢’ are independent for the independency between

(a(d’) ) and (B(d) )>, an optimal solution of the joint optimization

min min

for (¢, ¢') in (15) can be obtained by solving the following two
separate optimization problems as

Lo _ ()
AST: ¢p, ma = arg r&ag (amm) , (16)
ASII: ¢ pc = arg max (B,(jwz) , 17
P

where (¢% ara, @k, pce) belongs to the optimal solution set

{(¢*, ¢>*/>}5 of (15). Here we term the separate optimization
problems of (16) and (17) as the respective relay antenna selection
(R-RAS), which indicate the Max-Min optimization results ¢ nsa
for the MA phase and ¢k pc for the BC phase, regarding the
equivalent channel gains in each phase. It is noted that the derivation
for R-RAS does not assume channel reciprocity; therefore, R-RAS
scheme can serve as a general solution for both system with/without
reciprocal channel.

In fact, whenever channel reciprocity is preserved during the
MA and BC phases, the implementation of R-RAS can be greatly
simplified. Inspired by the reciprocal channel conditions, i.e., G,(f) =

T
(ng’)) , we may intuitively enforce R to use the same antenna

subset for the two-phase transmission, i.e., ¢ = ¢'. With reciprocal
channel, the square of the power conserving factor (cf. (1)) at Sy is

rewritten as
H (G<¢>)_l T {tr ((w(¢))T) }1 (18)
k k )
F

2
(o)’ -
" -1
(H,(f)) H;c(b)] . Then an inequality is obtained

where W;(j’) =
to order the equivalent channel gains in MA and BC phases as
) ORE @) @] 17 _ @
27

By substituting ¢ = ¢ into (15) and noting the inequality (19), we
have the following common relay antenna selection (C-RAS) scheme
as

pc

(@) 5@ ))
arg gleag (mln (O‘mmv Bmzn

= arg max (afffn) = PR ma- (20)
ped

5The optimal solution set may contain multiple feasible elements.



It is interesting to note that the C-RAS in (20) results in the same
antenna subset as the AS I of the R-RAS in (16), which optimizes
the MA phase transmission only. Therefore, we still refer to C-RAS
in (20) as AS I without causing confusion.

Remark 2: With the ZF transceivers and power balancing operation,
the resultant R-RAS and C-RAS are only determined by the channel-

related coefficients a(¢2 and 6( . Therefore, the proposed schemes
are applicable with different modulatlon formats. In addition, C-RAS
can be viewed as a tailored version of R-RAS for reciprocal channel.

IV. DIVERSITY ANALYSIS

In this section, we aim to quantify the achievable diversity order
of the proposed ZF based MIMO-PNC with R-RAS and C-RAS. In
particular, we attempt to unify the diversity analysis for both RAS
approaches. To accomplish this task, we first establish the equivalence
between R-RAS and C-RAS in terms of diversity order, and then
derive the explicit result. For analytical convenience, we introduce the
exponential equality = as defined in [3], e.g., f (x) = z“ represents
a=— lim 22U We first focus on the R-RAS, and define the

z—oo  l0g()
end-to-end diversity order of this scheme as

|:10g< (¢R Ma PR, BC)(p>)/log(p):| 7

where szg Mar 9k ne) (p)

2n

dr : = — lim
p—r00

= B { PR hoc) ()
the average overall SEP of the system (averaged over all channel
realizations). Similarly, we can also define the end-to-end diversity

order of C-RAS as

is

dc :=— lim |:105<P(¢R w4k, MA)(P))/log(p)] ) (22)
p—00
where P]gd;; Mma PR, ]\/IA) (p) == En ng)R AR, MA) (p)} is the

average overall SEP of the system. It is worth pointing out that, even
though we have derived the SEP bound in (14), the concise approxi-

mation of P((sz a9k se) (P(¢R malh, MA)) that illuminates dr

(dc) is not easy to obtain. To circumvent this difficulty, we give the
following proposition in which the diversity orders are redefined by
the more tractable outage probabilities.

Proposition 2. : For ZF based MIMO-PNC transmission, the end-
to-end diversity orders achieved by R-RAS (with/without reciprocal
channel) and C-RAS (with reciprocal channel) are the same as the
diversity order of the BC phase achieved by R-RAS, i.e.,

SZ>>/log(z>} . (23)

Proof: The proof consists of three parts. In the first part, we
redefine the diversity orders of R-RAS and C-RAS with the tractable
outage probabilities. In the second part, we assume reciprocal channel
and then build the equivalent relation between R-RAS and C-RAS
regarding the diversity orders. Finally, we show that the diversity
order obtained by R-RAS is independent of reciprocal channel. It is
also noted that whenever we discuss C-RAS, the reciprocal channel
condition is assumed.

Firstly, according to Lemma 1 in Appendix, dr can be redefined
as

.
dr = dc = dp,pc = lim {log (Pr (55153”30)
x—0

dr = min (dr,m4, dr,BC) , 24
where
dr,pma = lim [1°g<Pr<%(j£’MA)§“>)/Iog@} ) (25)
x—0
e (¢r.BC)
dR,BC’ — hn}) log| Pr| B, n <z /log(z) . (26)
z—
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and dc¢ can be redefined as

de = lim [log (Pr (af,ifi'”“*) @7

z—0

5”“'))/10@;(1)} =dgr,mA.

It is worth mention that the definitions in (25) and (26) are
independent of channel reciprocity.

After the definition of dr in (24) and d¢ in (27), we try to first
build the equivalent relation between dr and dc under reciprocal
channel. By extending the inequality in (19) with respect to matrix
norm and diagonal elements, a bound of agfi)n is given as

1

(¢h,014)

Then, a new bound of a,, > is obtained by using (28) twice as

1 (7 ¢ ¢ é oy
NiT/@fnifl,BC) (Zi BC) < ( RJ\/IA) < ﬂfnzﬁ IMA) S /87(,”'{;)30)7
§29)
)

which highlights the optimality of AS I in (20) with respect to «,,;,,
and the optimality of AS II in (17) with respect to 8.*) . From (29),

man
we have
Pr (aﬁii”“‘) < x) =Py (ﬂﬁfﬁ*“) < w) ,

and consequently we have dr amra = dr,Bc. According to the
equations of dr in (24) and d¢ in (27), we have dr = dc = dr,BC
with reciprocal channel.

Let us proceed to consider the case without channel reciprocal,
ie., ng’) and Hff) are independent. In fact, when we study dr, ara
here without reciprocal channel, we can assume a virtual reciprocal

- T
channel for Gg’ﬁ) as Hg’ﬁ) = (G,(f) , then according to the analysis
with reciprocal channel, it is easy to see that

§I> )/log(x):| s

where ﬁ(¢R 50) (defined with the victual channel Hw)) is the
(¢%.5c)

counterpart of S, 7 (defined with the real channel H;f) ).
Moreover, f{,(f) and H,id’) share the same statistical characteristics,
therefore, dr,sc = dr,Bc. Then we have dr = dr,pc without
reciprocal channel. By summarizing the above results, we finish the
proof. u

Based on Proposition 2, we unify the end-to-end diversity order
of the ZF based MIMO-PNC with R-RAS/C-RAS as

d= ig}% [log <Pr <ﬁr(:i}z’3c)§1> )/log(ac):| s

then the following Proposition gives the explicitly result of d.

Proposition 3. For ZF based MIMO-PNC transmission, the end-
to-end diversity order achieved by R-RAS (with/without reciprocal
channel) and C-RAS (with reciprocal channel) is d = Nr — N+ 1.

-~ _(o%
dr,ma = dr,Bc = lim {log<Pf<37(nii’Bc)

x—0

(30)

Proof: The proof is achieved by investigating the upper bound
and lower bound respectively. Let us start from the upper bound.

It is noted that the two random variables involved in ﬁfrf’i)n
() ()

min (Bl,'mhw me) are i.i.d. due to symmetry and independence

between H§¢) and Hg¢>. With order statistics [26], we then have

Pr (ﬁfj*ﬁ'BC) < ;r)

—ope o) - [er(

By substituting (31) into (30), the upper bound of d is obtained as

(¢%.5c) <

1,min — 1,min

« 2
(¢Rv,BC) Sl’):| 7 (31)

d=d$ee) <) _Np o Np+1, (2)
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(¢%.5¢)

(¢R.5 )<
where dp,p hrn0 Pr| By min <) /log(z)| , and the last
—

inequation in (32) follows Lemma 2 in Appendix which emphasizes
the optimality of ¢p,p in the MIMO point-to-point link.
For the lower bound, we first show that

Pr<6'r(nqi.ﬁBC)<x> —Pr(5(¢1)<x B?&?zzrzg ttt 'r(nzn)— >

N’ll
(1)
=1

sub-events {A;} are defined as

(@)5"”}’

(34)

(33)

where the N, = (2N7)%

(¢1
{ﬂw(l) (1) —=

fori=1,2,..., Ny, and u;(q) is a pick from the end node indices
{1,2}, li(q) is a pick from the relay antenna index set ¢q, ¢ =
1,2,...,Q. Let us define the set containing the random variables in
A; as S; and according Lemma 3 in Appendix, there exists such a
subset as

S'Lnd,i - {5151 ])17

(¢2) (¢q)
<2 Bt 1@ S T Buyoy

(¢2)

k2,j27 " "

()
PFPENR - Np4+1INg—Np+1
(¢7m)

Np—Np+1
m
where { pl ]m} are
m=1

that the equivalent channel gain B,(j’]) is defined as Bl(fj)
, L ks
and H(d’)

{ [wi”]jj}l wherein W(?) = ((Hi‘“)H Hﬁ”) 7
(45)

is the selected N7 x Nt channel matrix. According to [22], is
exponentially distributed and a upper bound for Pr (4;) is given by
[14] as

} C S;, Vi,
(35)

i.i.d. random variables. Recall

Np—Np+1
- Np—Np+1
x)} = gNR=NTHL gy

pr(a < [pr (5(71) <
then the diversity lower bound can be easily shown as
d>Nr— Nr+1. (36)

Combining (32) and (36), we finish the proof. [ |

Remark 3: 1t is interesting to see that such a diversity order d is the
same as that of an Ny X Ng point-to-point MIMO system with ZF
receiver [22] and an Ngr X Nt point-to-point MIMO system with ZF
transmitter [23] or TAS in conjunction with ZF receiver [14], [15] (as
illustrated in Fig. 3 (a)). All of them have Nt spatially-multiplexed
streams while Ng > Np > 2. This observation indicates that the
proposed Max-Min optimization based RAS preserves the network
diversity gain of the ZF based MIMO-PNC to be the same as the
achievable link diversity gain of the component point-to-point MIMO
link within the MIMO-TWRN.

Additionally, we also have a byproduct from the diversity analysis,
i.e., the diversity order of the K-user MIMO-BC system (as illus-
trated in Fig. 3 (b) with K > 2) employing Max-Min optimization
based TAS and ZF receivers. If we maintain the notation of the equiv-
alent channel gains as {ﬁ,(f])} 1j=12,...,Npr, k=1,2,... K,
then, we have the following corollary.

Corollary 1. For a K-user (K > 1) MIMO-BC system with an Ng-
antenna transmitter and K Np-antenna ZF receivers, where N data
streams are broadcasted through N7 out of N transmit antenna, the
Max-Min optimization based antenna selection,

AS IV : ¢k _pc = arg max (ﬁfffzn) , 37
ped

Bfi)n = MiNje(1,2,... Ny}, ke{l,2,....K} ( (¢)) achieves the diver-
sity order

dx-Bc = Nr— Nt + 1.

(b)

Fig. 3. (a) The MIMO point-to-point link for R — S1, wherein the dot-
dashed smaller arrow indicating the weakest link within the ellipse with

equivalent channel gain Bl min (b) The K-user MIMO-BC, wherein the

equivalent channel gain of the weakest link within the ellipse is ﬁfn Z)n also
indicated by the dot-dashed smaller arrow.

TABLE I
THE ANTENNA SELECTION SCHEMES INVOLVED IN ALL THE TEST CASES

[ AS [ Description

(¢)

AS Lin (16), (20) arg maxscq (amm>

AS II'in (17)

AS 11T in (44)

arg maxgpee Mijef1,. Ny} (,8(‘7’.)>

AS IV in (37)

The proof of Corollary 1 can be done in a similar manner to that
of Proposition 3, therefore we omit this proof for concision.

V. SIMULATION AND DISCUSSION

In this section, we provide simulations to evaluate the performance
of the ZF based MIMO-PNC with R-RAS/C-RAS, and to validate the
theoretical analysis of the end-to-end diversity order d. We consider
the Rayleigh flat fading channels as assumed in Section II. For
notational convenience, we use the number pair (Ng, Nt) to rep-
resent the system configuration® and Ny also represents the spatial-
multiplexed data schemes. In addition, we introduce the transmit bit-
SNR as SNR := E}, /Ny to evaluate system performance in all the
following test cases, where Ey, = Es/log, M is the average transmit
bit power. More specifically, we assume that Ej, is normalized, i.e.,
Ey = 1, thus the powers of the noise components at all three nodes
are No = SNR™! for all streams. For clear comparison, we also
include the curves of ¢cSNR™ as references, where c is a case-
dependent coefficient and « is a positive integer. At the high SNR
regime, if the bit or symbol error ratio (SER/BER) curve of one
scheme tends to be parallel with ¢SNR™, we conclude that a
diversity order of « is achieved. The BPSK modulation and the
reciprocal channel are assumed for most of the test cases, if not
otherwise specified. For M-QAM modulation, we only considered the
rectangular constellation which can be decomposed into two orthog-
onal v/M-ary PAM constellations. Additionally, Table I summarizes
the antenna selection schemes involved in the following test cases.

TEST 1: Comparison between the proposed scheme and other
counterparts. Fig. 4 provides the end-to-end average BER perfor-
mance of different schemes to validate the advantages of the proposed
ZF based MIMO-PNC scheme with C-RAS. It is shown that the
BER performance of the original ZF based MIMO-PNC [6] with
configuration (2, 2) is not better than the original SISO-PNC scheme
[1] with configuration (1,1) in fading channel, both showing a
diversity order of d = 1. For antenna configuration (2,2), the ML

For point-to-point MIMO or MIMO-BC system, (Ng, Nr) represents
Npg-antenna transmitter and N -antenna receiver(s). For MIMO-TWR, (N g,
Nr) represents two Np-antenna end nodes and on Np-antenna relay.
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Fig. 4. The comparison of different two-way relay schemes regarding the

average end-to-end BER performance with BPSK modulation.
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Fig. 5. Average unmatched ratio of the selected antenna subsets obtained
from AS I and AS II with different (Ng, N7) pairs under the reciprocal
channel condition.

based MIMO-NC’ shows superior performance with d = 2 at the
cost of the ML multi-user MIMO (MU-MIMO) detector at R and
the ML MIMO detector at the two end nodes. The proposed scheme
with configuration (3,2) shows comparable performance as the ML
based MIMO-NC with configuration (2, 2) in terms of diversity order.
This observation indicates that the extra degree of freedom gained by
deploying more antennas at R can bring selective diversity advantage
to the simple ZF based MIMO-PNC with C-RAS. Therefore, the
proposed scheme is easy to implement with diversity advantage. For
antenna configuration (4, 2), the ZF based MU-MIMO transmission
scheme is straightforwardly applicable to achieve the MIMO-TWR
without NC/PNC, which exploits ZF detector in the MA phase and
the block diagonalization (BD) based precoding [27] in the BC phase
at the relay side. However, the ZF based MU-MIMO scheme wastes
the potential diversity advantage offered by R, which only shows a
diversity order of d = 1. On the other hand, the proposed scheme
shows superior performance with (4, 2), which provides a diversity
order d = 3.

TEST 2: Comparison between C-RAS and R-RAS. We com-

"MIMO-NC scheme explicitly decodes the individual symbols for both the
end nodes in the MA phase; with the estimates of all the individual symbols,
MIMO-NC generates the network-coded symbols by bit-wise XOR operation.
This is in contract with the PNC which doesn’t require explicitly decoding
for individual symbols.
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Fig. 6. Average end-to-end BER and phase BER performances of R-RAS
and C-RAS with antenna configuration (8,4) and BPSK modulation under
reciprocal/non-reciprocal channel condition.

pare the C-RAS and R-RAS for ZF based MIMO-PNC in this
test with both reciprocal and non-reciprocal channel conditions and
various system antenna configurations of (Ng, Nt), where Nr €
{8,12,16} and Nt € {2, 3,4}. Firstly, we give the unmatched ratio®
of the selected antenna subsets in MA phase and BC phase for the R-
RAS scheme under the condition of reciprocal channel. As illustrated
in Fig. 5, for fixed Nr (IN7) the unmatched ratio rises with Nt
(NRr) and the unmatched ratio is relatively high in general. Note that
C-RAS uses the same antenna subset for both transmission phases,
the selected antenna subset is in fact only optimal for the MA phase
transmission (cf. (20)). It seems reasonable to adopt R-RAS for better
performance, considering that it optimizes both transmission phases.
However, as shown in Fig. 6, for system with antenna configuration
(8,4) and antenna subsets unmatched ratio around 42%, the end-to-
end BER performances of C-RAS and R-RAS are nearly overlapped
with reciprocal channel, even though the link BER in the BC phase
is indeed improved slightly by R-RAS in the high-SNR regime as
compared to C-RAS. Therefore, the C-RAS is adequate for systems
with reciprocal channel, where the overheads for CSI estimation
involved in C-RAS as well as the computation cost for RAS are
greatly reduced as compared with R-RAS. But R-RAS is still useful
for systems operating with non-reciprocal channel. As shown in Fig.
6, under non-reciprocal channel condition, R-RAS maintains its good
performance as that with reciprocal channel while C-RAS shows poor
performance. This observation indicates that two RAS operations are
generally required to achieve a good performance when reciprocal
channel is not assumed.

TEST 3: Validating the diversity analysis. Firstly, we compare the
diversity orders achieved by different RAS approaches to validate
some key equivalences that we have established during the diversity
analysis. As shown in Fig. 7, all the antenna selection schemes exhibit
the same diversity orders of d = 3 with antenna configuration (4, 2)
in different scenarios. In particular, the comparison between ZF based
MIMO-TWR (PNC) with AS I’ (C-RAS) and two-user MIMO-BC
with AS 1II validates the developing of equivalent relation in Propo-
sition 2. This equivalent relation bridges the diversity analysis for
MIMO-TWRC and MIMO-BC. Meanwhile, the comparison between
the two-user MIMO-BC with AS II and the MIMO point-to-point
system with AS III consolidates the relation in (32), which bridges the
diversity analysis for MIMO-BC and MIMO point-to-point system.
Moreover, we also show that the achieved diversity order with AS IV

8 An unmatched event happens when % A PR BO

9The performances of ZF based MIMO-TWR with C-RAS and R-RAS are
almost the same as shown in Fig. 6, we therefore omit the curves of R-RAS
for clarity.
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Fig. 7. Performance comparison of different antenna selection schemes for
MIMO-TWR, MIMO-BC and MIMO point-to-point systems with antenna
configuration (4, 2) and BPSK modulation.
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Fig. 8. The achieved diversity orders of the proposed scheme with different
modulations including BPSK, 4PAM and 16QAM modulations, where the
antenna configurations are (2,2) and (6,4).

for three-user MIMO-BC to validate Corollary 1. Next, we validate
the diversity analysis for the proposed scheme with more antenna
configurations and high-order modulations. As shown in Fig. 8, the
proposed schemes with BPSK, QAM and 16-QAM all exhibit the
same diversity order d = 1 with antenna configuration (2,2), d = 3
with (6,4). Note that here the SER for 16-QAM is computed by the
average SER for the corresponding 4-PAM signals on the quadrature
carriers, therefore, the curves of 4-PAM and 16-QAM are almost
overlapped.

VI. CONCLUSIONS

We have investigated a spatial multiplexing oriented MIMO-
TWRN in which the relay node has Npr antennas and each end
node has N antennas, where Ng > N7 > 2 is assumed. For this
network, we have proposed a ZF based MIMO-PNC transmission
scheme in conjunction with Max-Min optimization based RAS ap-
proaches, namely the R-RAS and its simplified version C-RAS. We
have derived the explicit theoretical result that a diversity order of
d = Nr — N7 +1 is attained by the proposed scheme with high-rate
PNC employing M-PAM/QAM. We have also observed that with
reduced implementation complexity the C-RAS provides almost the
same end-to-end performance as the R-RAS under reciprocal channel
condition.

APPENDIX

Lemma 1. : dr is limited by the weak phase diversity, i.e.,
min (dr,pma, dr,BC), Where dr a4 and dr, e can be defined with

(72,14 and Pr

respectively. In addition, dc can be defined with outage probability
Pr (a(d)E’MA) < x)

ﬂ(d’*R,BC) <z

outage probability Pr (a <z o im

min

Proof: Let us first focus on dr. According to the definition
of Pfgﬁg) in (9), the approximation of Péigk) ; in (10) and the
property of exponential equality [3], we have

P(¢R,IWA7¢R,BC) (p) = ngj,f'MA) (p) + ]3(¢R,Bc) (p)

E2E BC,mazx

(38)

e PT) () 1= i (P () P ) =
En {maxk,j (Péif?,;i.c) (p)) } By substituting (38) into (21), we
can redefine dr as

dR = — lim
p—ro0

[log (szg’MA) (P)erlgd)ci}ii) (p)>/log(p)}

= min (dr,m4, dr,BC) , (39)

}3(¢7%,Bc)

— lim |Pec,mas (p)/log(p):| are the diver-

p—ro0

sity orders of the MA and BC phases, respectively. By noting
thatP}gig’M 4) is bounded (cf. (11)) we have

PR () = B { Q7 )}
=Pr (log (1 + ar(,ii’MA)p) < 1>

where Eg Qz(jif"MA) (p)k

a point-to-point link and the second exponential equality follows
[3], [14]. After some algebra, we come to the following exponential

equation
(¢ara) m) 7

min

where and dr,.Bc =

(40)

is interpreted as the average SEP of

5(¢7 .
i) () = pr (a (@1
where = = p~ !, and we can redefine the diversity order dr a4 as
(25). With the similar operations, we redefine dr,sc as (26).

Let us move on to the analysis for dc with reciprocal channel,

T
ie., G = Hi"’)) ko=
use a single superscript ¢x ar4 to replace the antenna subset pair

(AR.aras Oroara). With similar treatment for (38), it is easy to see
that

1,2. For notational simplicity, we

PN (o) = P ()

E2FE — 4 E2E,max

(42)

S(¢%0ra)

where  Ppopos () = En {Pfgiﬁﬁﬁg (P)} and

Péﬁg’y?i‘:z)(p) ‘= maxy, ; Péﬁgﬁ;) (p)) Besides, by noting the
fact agii'MA) < ﬂ,EiR’MA) (cf. (19)), we can loose the bound

for Pg;g],:m) in (13) and further give a bound of Plgzgxﬁz with
reciprocal channel as

2(M —1) [(¢hara) o p(iara) o 4 (M7 = 1) (65 )
M MA = Ppopmas = M2 MA )
and, consequently, we have
= (o7 . Ly
P o =ea{ei ol @

Combining (42) and (43) we can redefine dc as (27) |



Lemma 2. : For an Nr x Ny MIMO point-to-point link with TAS
and ZF receiver, the optimal achievable diversity order is obtained
by the following Max-Min TAS approach

ASTIT: ¢pop = (<¢>v), 44
¢pap = arg I;lgg 1,min (44)

where BW i (= minj (ﬁ%d’y}) i=12,...,

1,min
diversity order is given as

Nr, and the optimal

dl(f;’;”) = lim los (Pr (ﬁl( min )< ,z>> Jlog(z) = Ngr — Nr + 1. (45)

xz—0

Proof: See [14] and [15]. [ |

Lemma 3. There exists such a subset for S;, ¢ € {1,2,..., Ny},

which contains Ng — N7 + 1 i.i.d. random variables as

Sind,i = {'B£1 J)1’ﬁ£2,a)z""

NT+1

/
(¢NR_NT+1_) cS;
PPENR - Np4+1INg—Np+1 v

where {¢m} is an ordered set containing Ng — N +
1 different element% from ® and k., € {1,2} is the node index;
Jm =1 ( N) is the index of the picked relay antenna from ¢;,,, and
{Gm VRN are required to be Ng — N + 1 different integers
picked from {1,2,..., Nr}. Moreover, it is also required that the
picked antenna j,, belongs to ¢}, but not to ¢/, when m’ > m.

Proof: To facilitate this proof, we divide the set & ={5; }N“

into three disjoint subsets as & = &1 U G2 U G142, Where

Gk = {S’L:ui(q):k7q:1’27""Q}7k:1’27
Gz = 6/(61UG;y). (46)

It is noted that Lemma 7 in [14] has given an constructive method to
prove the case of &1 U G2. More specifically, [14] has shown that
there exists such a subset for arbitrary S; € &g, k = 1,2, which
contains Ng — Np + 1 i.i.d. random variables as

Sind,i = {ng J1)7 /6127]2), N

PR JNR—Np+1

wherein {¢, }2 2TV and {5, }NETNTT are defined and con-
strained in the same way as Lemma 3 We then proceed to prove
the G2 case where the node index k., is not fixed for all m =
1,2,..., M. In fact, as long as {¢,,, }, =] 7! and {fm y N Nt
are determined in the same way as that for Gy, the explicit values of
{km} do not change the i.i.d. property among the random variables
in Sind,i for G1g2. Based on the above arguments, we complete the

proof. |
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