arXiv:1210.0490v2 [cs.IT] 19 Oct 2012

Physical Layer Network Coding for the Multiple
Access Relay Channel

Vijayvaradharaj T. Muralidharan and B. Sundar Rajan
Dept. of ECE, IISc, Bangalore 560012, India, Email:{tmvijay, bsrajan} @ece.iisc.ernet.in

Abstract—We consider the two user wireless Multiple Access
Relay Channel (MARC), in which nodes A and B want to
transmit messages to a destination node D with the help of a relay
node R. For the MARC, Wang and Giannakis proposed a Com-
plex Field Network Coding (CFNC) scheme. As an alternative,
we propose a scheme based on Physical layer Network Coding
(PNC), which has so far been studied widely only in the context
of two-way relaying. For the proposed PNC scheme, transmission
takes place in two phases: (i) Phase 1 during which A and B
simultaneously transmit and, R and D receive, (ii) Phase 2 during
which A, B and R simultaneously transmit to D. At the end of
Phase 1, R decodes the messages x4 of A and zp of B, and
during Phase 2 transmits f(za,zp), where f is many-to-one.
Communication protocols in which the relay node decodes are
prone to loss of diversity order, due to error propagation from
the relay node. To counter this, we propose a novel decoder which
takes into account the possibility of an error event at R, without
having any knowledge about the links from A to R and B to R.
It is shown that if certain parameters are chosen properly and if
the map f satisfies a condition called exclusive law, the proposed
decoder offers the maximum diversity order of two. Also, it is
shown that for a proper choice of the parameters, the proposed
decoder admits fast decoding, with the same decoding complexity
order as that of the CFNC scheme. Simulation results indicate
that the proposed PNC scheme performs better than the CFNC
scheme.

I. BACKGROUND AND PRELIMINARIES

We consider the two user Multiple Access Relay Channel
(MARC) shown in Fig. Source nodes A and B want to
transmit messages to the destination node D with the help of
the relay node R. All the nodes are assumed to have half-
duplex constraint, i.e., the nodes cannot transmit and receive
simultaneously in the same frequency band. In addition to the
presence of direct link, communication paths exist from the
source nodes A and B to the destination node D, via the relay
node R. As a result, in a two user MARC channel, a diversity
order of two can be achieved, if the transmission scheme is
chosen properly.

A. Background

In a wireless network, due to the superposition nature of
the wireless channel, signals interfere at the nodes. Avoiding
this interference by making the nodes transmit in orthogonal
time/frequency slots incurs a loss of spectral efficiency. The
concept of physical layer network coding, in which the nodes
are allowed to transmit simultaneously resulting in interfer-
ence, was first introduced in [1]]. Physical layer Network Cod-
ing (PNC) has been shown to outperform traditional schemes
which involve orthogonal transmissions [1]]- [4]]. So far, most

of the works on physical layer network coding have mainly
focussed only on the two-way relay channel. In this paper, we
propose a scheme based on PNC for the MARC.

In a two-way relay channel, in order to ensure unique
decodability at the end nodes, the network coding maps used
at the relay node should satisfy a condition called the exclusive
law [5]. These maps satisfying the exclusive law form a
mathematical structure called Latin Squares and the properties
of Latin Squares have been used to obtain the network coding
maps in a two-way relay channel [6]- [8]. An interesting
connection between the proposed PNC scheme for the MARC
and the two-way relay channel is that the network coding map
used at R needs to satisfy the exclusive law, for the proposed
PNC scheme for the MARC to achieve a maximum diversity
order two.

Wireless relay networks, in which the relay nodes decode
the messages are prone to loss of diversity order, due to the
forwarding of erroneous messages. Various methods have been
proposed in the literature to avoid this loss of diversity order.
Cyclic Redundancy Check bits are used so that the nodes
forward only those packets which are decoded correctly [9].
Some works assume the knowledge of all the instantaneous
fade coefficients or error probabilities associated with the
intermediate nodes at the destination node, with the decoder
at the destination using this knowledge to ensure full diversity
[10]], [11]]. Another method used widely is to use a scaling
factor at the relay nodes which depends on the fade coef-
ficients, with the scaling factor indicated to the destination
using pilot symbols [[12]], [[13]]. The proposed scheme does not
suffer from the disadvantages of any of the above methods, yet
ensures maximum diversity order. This is achieved by means
of an efficient choice of the transmission scheme and a novel
decoder used at the destination D.

A Complex Field Network Coding (CFNC) scheme for the
MARC was proposed in [13]]. In this paper, as an alternative,
we propose a PNC scheme. As observed in [[13|], when R
transmits a many-to-one function of A’s and B’s transmission
during the relaying phase and minimum squared Euclidean
distance decoder employed at D, a loss of diversity order
results. In this paper, we show that for the proposed PNC
scheme, making the source nodes also transmit during the
relaying phase, combined with a novel decoder which is not
minimum squared Euclidean distance decoder, ensures the
maximum possible diversity order of two. Furthermore, if
certain parameters are chosen properly, the proposed decoder
for the PNC scheme can be implemented with a decoding



complexity order same as that of the CFNC scheme.
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Fig. 1: The two user Multiple Access Relay Channel

The following are the main advantages of the proposed PNC

scheme over the CFNC scheme proposed in [[13]:

o In the CFNC scheme, R transmits a complex linear
combination of A’s and B’s messages and the signal
set used at R during the relaying phase has M? points,
where M is the size of the signal set used at A and
B. In contrast, since the proposed PNC scheme uses a
many-to-one map, the signal set used during the relaying
phase has only M points and hence the PNC scheme is
expected to perform better than the CFNC scheme, which
is confirmed by the simulation results.

e In the CFNC scheme, R uses a scaling factor which
is a function of the fade coefficients of the A-R and
B-R links, which needs to be indicated to D using
pilot symbols. Since the proposed PNC scheme does not
involve any such scaling factor, there is no need of such
pilot symbols.

Notations: Throughout, vectors are denoted by bold lower case
letters and matrices are denoted by bold capital letters. The set
of complex numbers is denoted by C. CN(0,0?) denotes a
circularly symmetric complex Gaussian random variable with
mean zero and variance o2 and N (0, 0?) denotes a Gaussian
random variable with variance o2. For a matrix A, AT and A*
denotes its transpose and conjugate transpose respectively. For
a matrix A, rank(A) denotes its rank and det(A) denotes its
determinant. For a complex number x, x* denotes its conjugate
and |x| denotes its absolute value. For a vector v, ||v|| denotes
its Euclidean norm. The total transmission energy of all the
three nodes is assumed to be equal to E and all the additive
noises are assumed to have a variance equal to 1. By SNR,
we denote the transmission energy F;. For a signal set S, AS
denotes the difference signal set of S, AS = {z — 2/|z,2’ €
S}. The all zero matrix of size n x n is denoted by Oy,. E(X)
denotes the expectation of X.

B. Signal Model

Throughout, a quasi-static fading scenario is assumed with
the channel state information available only at the receivers.

Let S denote the signal set of unit energy used at A and
B, with M = 2* points, \ being a positive integer. Assume

YDs

that A and B want to transmit A-bit binary tuples to D. Let
u : Fy — S denote the mapping from bits to complex symbols
used at A and B.

For the proposed PNC scheme, transmission occurs in
two phases: Phase 1 during which A and B simultaneously
transmit and, R and D receive, followed by the Phase 2 during
which A, B and R transmit to D.

Phase 1: Let v4 = p(sa), xp = u(sp) € S denote
the complex symbols A and B want to convey to D, where
SA,Sp € ]F% During Phase 1, A and B transmit scaled
versions of z4 and xp respectively. The received signal at
R and D during Phase 1 are respectively given by,

Yyr = harpv/ Fsaxa + hprv Esbrp + zr, and
yp, = hapv Esaxs + hppy/ Esbrs + 2p,, (D

where a,b € C are constants and the additive noises zg
and zp, are assumed to be CN(0,1). The fade coefficients
are Rayleigh distributed, with har ~ CN(0,0%R), hpr ~
CN(0,0%R), hap ~CN(0,0%p) and hgp ~ CN(0,0% ).

Let (24, 2%) € 8 denote the Maximum Likelihood (ML)

estimate of (z4,zp) at R based on the received complex
number yg, i.e.,

(AR

xmfcg) = arg( mli]f)les2 lyr — harVEsax'ys — hgrVEsbzs|.

’
A

Phase 2: During Phase 2, A and B transmit scaled versions
of 24 and z respectively and R transmits 2 = f(25,28),
where f : S2 — S is a many-to-one map. The received signal
at D during Phase 2 is given by,

Yp, = hapV Escxa + hppV Esdrp + hrpV Eszr 4+ 2p,. (2)

where ¢,d € C are constants and the additive noise zp, is
assumed to be CN(0, 1). The fade coefficient hrp is assumed
to be CN(0,0%p).

In order to ensure that the total transmission energy at the
nodes A and B is equal to F, the constants a, b, ¢ and d are
chosen such that |a|? + |¢|> = 1 and |b]? + |d|? = 1.

From (T)) and (), the received complex numbers at D during
the two phases can be written in vector form as,

ars cxrap
lyp, yp,| = VEs|hap hsp hrp| |bzp dip
S——— 0 TR
YD h
C(zxa,xB,TR)
+ [ZD1 ZDQ} . (3)
zD

The matrix C(xa,xp,2zr) in (3) is referred to as the code-
word matrix. The restriction of C(x4,xp,2zr) to the first
two rows, denoted by C,(za,zp) is referred as the re-

. L _ |axa cxa
stricted codeword matrix, i.e. Cy(z4,25) = b g de}
.  |aAzs cAzy
The matrices C,(Az4,Axp) = {beB dAQ?B:|7 where

Az, Axp € AS are referred to as the restricted codeword
difference matrices.



From @ the vector yp can also be written as,

YD = VE2AhWa ++/E,opghWg ++/ E,2ghWr +2p,

a ¢ 0 0
where the matrices Wa = |0 0|, Wg = |[b d]|, and
0 0 0 0

Wgr = |0 0] are referred to as the weight matrices at node

0 1
A, B and R respectively.

The contributions and organization of the paper are as
follows: A novel decoder for the proposed PNC scheme is
presented in Section II A. In Section II B, it is shown that
the decoder presented in Section II A achieves a maximum
diversity of two if and only if the following two conditions
are satisfied: (i) the map f satisfies the so called exclusive
law and (ii) the constants a,b,c and d are such that the
restricted codeword difference matrices have full rank for all
non-zero values of Az 4 and Az g. In Section III, the condition
under which the proposed decoder admits fast decoding is
obtained. It is shown that when the weight matrices W
and Wgr (or Wp and Wg) are Hurwitz-Radon orthogonal,
the proposed decoder admits fast decoding, with the decoding
complexity order same as that of the CFNC scheme proposed
in [[13]]. Simulation results which show that the proposed PNC
scheme performs better than the CFNC scheme are presented
in Section IV.

II. A NOVEL DECODER FOR THE PROPOSED PNC SCHEME
AND ITS DIVERSITY ANALYSIS

In Section II A, a novel decoder for the proposed PNC
scheme is presented. In Section II B, the condition under which
the proposed decoder offers a maximum diversity order two
is obtained.

A. A Novel Decoder for the Proposed PNC Scheme

Consider the case when D uses the minimum squared
Euclidean distance decoder given by,

(ﬁrﬁ,ig) = arg {\yDl —hapVEsaza —hgpVEsbzg|

min
(za.2p)es?

+lypy —hapVEsczxa —hgpVEsdzp — hrpV Esf(fA,IB)|2} .

Since the above decoder does not consider the possibility of
error events at the relay node, it does not offer maximum
transmit diversity order two.

Alternatively, we propose a novel decoder which considers
the possibility of error events at R, given by,
min

(i’g, ﬁg) = arg o T, {m1 (x4,zB),

log (SNR) +ma (za,25)}, (4)

where the metrics mq (v 4,2p5) and my (x4, p) are given in
(®) and (6) respectively, at the top of the next page.

The idea behind the choice of this decoder is as follows:
If the relay transmits the correct network-coded symbol, the
optimal ML decoding metric at D is given by mq(za,z5).

The relay transmits a wrong network-coded symbol, inde-
pendent of (z4,zp), if the joint ML estimate at the relay
(2%, 2%) is such that v = f(25,28) # f(za,25). Under
this condition, the optimal ML decision metric at D is given
by mo(xa,xp). The relay transmits a wrong network-coded
symbol with a probability which is proportional to 513/71% at
high SNR. Hence to the metric mao(z4,2p5), a correction
factor log(SNR) is added and the minimum of mj(x4,zp)
and log(SNR) + ma(za,xp) is taken to be the decoding
metric at D.

The CFNC scheme proposed in [13]] uses minimum squared
Euclidean distance decoder, which has a decoding complexity
of O(M?). Since the decoder given in (@) involves minimiza-
tion over three variables x4,z p and z g, it appears as though
the decoding complexity order is O(M?3). In Section III, it
is shown that by properly choosing the constants a, b, ¢ and
d, the decoding complexity order can be reduced to O(M?)
which is the same as that of the CFNC scheme.

The diversity analysis of the decoder given in (@) is pre-
sented in the next subsection.

B. Diversity Analysis of the Proposed Decoder

The following theorem gives the condition under which
the proposed decoder for the PNC scheme offers maximum
diversity order two.

Theorem 1: For the proposed PNC scheme, the decoder
given in @) offers maximum diversity order two if and only
if the following two conditions are satisfied:

1) The map f satisfies the condition called exclusive law

given by,

f(wAsz)aéf(wiA’mB)’ fOI'LBA7££B14, VxB GS: (8)
f(xa,zp) # f(za,2), forzp #a'g, Vs €S8.

2) The restricted codeword difference  matrices
C,(Az4,Axp) have full rank, YAz 4 # 0, Azg # 0
and Az 4, Azp € AS.

Proof: See Appendix. [ ]

Note that condition 2) does not demand full rank for all the

restricted codeword difference matrices. In fact, whatever may
be the choice of a, b, c and d, it is impossible to obtain full rank
for the restricted codeword difference matrices of the form
C,(Az4,0) (and also C.(0,Axp)), since both the entries
of the second row of C,(Ax4,0) are zeros. It suffices to
ensure full rank for only those restricted code word difference
matrices for which both Ax4 and Azp are non-zeros.

It is easy to find a map f satisfying the exclusive law, since

all maps satisfying the exclusive law form Latin Squares [6]].

Definition 1: [14] A Latin Square L of order M on the

symbols from the set Z; = {0,1,--- ,t — 1} isan M x M
array, in which each cell contains one symbol and each symbol
occurs at most once in each row and column.

Two simple examples of Latin Squares are the Modulo-M
Latin square and the Bit-wise XOR Latin Square. In the
Modulo-M Latin Square, a cell in the M x M is filled with
the modulo-M sum of the row index and column index. In the
bit-wise XOR Latin Square, a cell in the M x M array is filled



mi (xa,zB)

|'UD1_hAD\/ saza —hppVE bw3| +‘UD2_hAD\/E01A_hBDV sdxp —hrpVE f(IA,GCB)| %)

2
(za,zB) |yD1 —hapvVEsaxa —hppVE b$B| + min {|yD2 —hapvVEsczxa —hppvVEsdxp — hrpV Est‘ } (6)
zR#f T, ‘KB) rzRES
2
m3 (za,z5) = |yD1 —hapvVEsaxa —hppVEsb $B| + mleﬂs {|yD2 —hapvVEscxa —hppvVEsdxp — hrpV ESIR‘ } ()]
R

the bit-wise exclusive OR of the row index and column index
represented in binary, after binary-to-decimal conversion. For
M = 4, the Modulo-4 Latin Square and the Bit-wise XOR
Latin Square are as shown in Fig. [2]

01213 01213
0011213 0(0]1]2)|3
11230 111032
212131011 2121301
31310112 31312110

(a) Modulo-4 Latin (b) Bit-wise XOR
Square Latin Square

Fig. 2: Examples of Latin Squares of order 4

In the following example, a choice of a, b, ¢ and d is pro-
vided, which ensures that the restricted codeword difference
matrices have full rank for all non-zero values of Ax4 and
Az B-

Example 1: Choosing a = 1, b = \/5, c=0and d= %,
the restricted codeword difference matrices are of the form

A{,CA .
Ci(Azy,Azp) = %A:}:B 12A1'B] . Cr(Azy, Axp) is

full rank for all Az 4, Azp # 0 since det (Cr(Az 4, Azp)) =
%AIAAZ‘B 75 0.

A sufficient condition under which the decoder given in (4))
admits fast decoding is obtained in the next section.

III. A FAST DECODING ALGORITHM FOR THE PROPOSED
DECODER

In this section, it is shown that by properly choosing the
constants a,b,c and d, the decoder given in (4) can be
implemented efficiently by means of a fast decoding algorithm.

Before presenting the algorithm, we introduce some nota-
tions.

The points in the signal set S are denoted by s;,1 < i < M.

From (3)), the vector yp’ can be written as,

TA
r _|ahap bhpp O Ve T
YD = l¢hap dhpp hrp ii Es+zp".

Heq
X

The matrix Heq can be decomposed using QR decomposition
as Heq = QR, where Q is a 2 x 2 unitary matrix and R =
[Rq rz] is a 2 x 3 matrix, with R; being upper-triangular of
size 2 x 2 and rz being a column vector of length 2. Let 7;
denote the (i, §)" entry of R.

Define yp = Q”yp” = [4p, Up,]"

Also, let
¢1(za,28) = |Jp, — r11aV Es — T12078V Es|?,
¢2(xa,28) = |Jp, — 22w\ Es — 123 f (2.4, 25)\/ Fs|*and
¢3(xp, TR) = |Jp, — T2275\ Es — Ta3rrv/ Eg|?.

The following proposition gives a sufficient condition under
which Algorithm 1 implements the decoder given in (@).

Algorithm 1 Decoding Algorithm used at D

for i =1to M do
B Sl
Find &} = arg mierg{dn(:c,q,xg + ¢2(za,zB)}
TA

1:

2:

3 )

4 Find 2% = arg mir}g{@(xA,xB)}
TAE

5 Find £r = arg min {¢3(zB,zr)}
TRES

6

it ¢1(2h,xp) + 2(8h,28) < ¢1(8%,28) + ¢s(zB,ir)

+1log(SNR)
then
7 m(ﬂﬁB) :¢1(.7A)}4,3;‘B)+¢2(.7§}4,Z‘B)
8: i’A($B) = {i’A
9: else
10: m(zp) = ¢1(SUA,IEB) + ¢3(xB,2r) + log(SNR)
11: #a(rp) =35
12: end if
13: end for

14: Find £ = arg min m(zg)
Tz €S

15: (&%,48) = (24(25),%8)

Proposition 1: Algorithm 1 implements the decoder in (d)),
if the constants a, b, ¢ and d are such that the weight matrices
Wa and Wy are Hurwitz-Radon (H-R) orthogonal, i.e.,
WAWR" + WRW,A* = 03.]

Proof: The decoding metric of the decoder given in (@)
can be written as,
( min ) {m1 (za,zp),log (SNR) +ma (xa,zp)}
TATB
= ( min {m1 (xa,zB),log (SNR) +m1 (za,zB),
TATH)
log (SNR) +ma (za,zB)}.
:( min {m1 (za,zB),log (SNR) +m3 (za,zB)}. 9)
TA,TB)
where the metric ms(z 4,2 ) is given in (7)), at the top of this

page. We have,
mz(ra,rB) =

Irgier}s{llyDT — Heqx/ E|*}

miG%{||yD — Rx/E,|*}). (10)
TR

A algorithm exactly similar to Algorithm 1 can be used with the roles of
A and B interchanged, if Wg and Wg are H-R orthogonal.



Since R is upper triangular, ro; = 0. Also, the entry
ri3 = 0, since W and Wy are H-R orthogonal (follows
from Theorem 2, [15]]). Hence, from (I0), it follows that,

ms(za,2p) = [iip, — r17aV/ Es — r1225V/ Es|*
+ min {|§D2 — 12223V Es —T23$R\/Es\2}- (11)

TRES

Hence,

Jnin, ms(za,zp) = Jnin ¢1(ra,zB)+ Join ¢3(rB,TR).

From @]) the decoding metric can be written as,

Jﬁléfs {Ifillerg (¢1(za,2B) + ¢2 (x4, 7B)) ,

min ¢y (x4, 2p) + min ¢3 (zg,xr) + log (SNR)}
xAES TRES

|
In Algorithm 1, inside the for loop, zp is fixed and the
operations in lines 3, 4 and 5 entail a complexity order
O(M). The operations from line 6 to line 12 involve constant
complexity, independent of M. Hence the complexity order
for executing the for loop from line 1 to line 13 is O(M?).
The operation in line 14 involves a complexity order O(M).
Hence the overall decoding complexity order of Algorithm 1
is O(M?), which is the same as that of the CFNC scheme
proposed in [13]].

Example 2: For the case when a = 1, b = %, ¢ =0 and
1 0
d= %, the weight matrices are given by, Wa = |0 0],
0 0
0 0 0 0
Wg = % % and Wgr = [0 O] . It can be verified
0 0 0 1

that the matrices W and Wgr are H-R orthogonal, i.e.,
WAWR" + WRWa* = Oj3. Hence, for this case, Algo-
rithm 1 can be used to implement the decoder given in (@).

IV. SIMULATION RESULTS

Simulation results presented in this section compare the per-
formance of the proposed PNC scheme with the CFNC scheme
proposed in [13]. In all the simulation results presented, the
values of the constants are chosentobe a = 1, b = %, c=0
and d = % and 4-PSK signal set is used at the nodes. The
Modulo-4 Latin Square is used at the relay node.

Fig. 3] shows the SNR Vs. Symbol Error Probability (SEP)
plots for the case when the variances of all the fading links are
0 dB. It can be seen from Fig. [3|that the PNC scheme performs
better than the CFNC scheme and offers a gain of nearly 3.3
dB at high SNR. Fig. ] shows a similar plot for the case when
the links from A-R and B-R are stronger than the other links,
ie, 04p =0%, =10dB, 04, = 0%y = 0%, =0 dB. It
can be seen from Fig. [ that for this case, the PNC scheme
offers a gain of nearly 3 dB at high SNR. Fig. [5] shows the
plots for the case when the R-D link is stronger than all other
links, i.e, 01243 = U%R = 0124D = U%D = 0 dB, O’%D =10

dB. For this case, the PNC scheme offers a gain of about 6.5
dB at high SNR. Also, it can be verified from the plots that
the diversity order for the proposed PNC scheme is two.

. ‘ ‘ ‘ ‘ & CFNC Schem
g ~4-PNC Scheme

10+

SEP
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| | | | Y
5 10 5 20 25 30
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Fig. 3: SNR vs SEP plots for the PNC and CFNC schemes for
4-PSK signal set for 04, = 0% =04 =0%p = 0%y =0
dB.
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Fig. 4: SNR vs SEP plots for the PNC and CFNC schemes for
4-PSK signal set for 0%, = 0%, = 10 dB, 0%, = 0% =
0%, =0 dB.

V. DISCUSSION

A scheme based on physical layer network coding was
proposed for the Multiple Access Relay Channel (MARC).
A novel decoder was proposed for the PNC scheme. The
conditions which the network coding map f and the constants
a,b,c and d should satisfy, for the proposed decoder to offer
a maximum diversity order two were obtained. It was shown
that if the constants a,b,c and d are chosen properly, the
proposed decoder can be implemented efficiently by a fast
decoding algorithm. Simulation results presented showed that
the proposed decoder performs better than the CFNC scheme
proposed in [13]. The problem of optimizing the choice of
the constants a, b, ¢ and d to minimize the error probability
in addition to ensuring maximum diversity remains open.
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Fig. 5: SNR vs SEP plots for the PNC and CFNC schemes
for 4-PSK signal set for 0%, = 0% = 04p = 0% = 0 dB,
0%, =10 dB.

Extending the scheme to a Multiple Access Relay network
with more than two source nodes and multiple relay nodes is
a possible direction for future work.
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APPENDIX - PROOF OF THEOREM 1

Let H = (hag,hBr,hrD,hap, hpp) denote a particular
realization of the fade coefficients. Throughout the proof, the
subscript H in a probability expression indicates conditioning
on the fade coefficients. For simplicity of notation, it is
assumed that the variances of all the fading coefficients are
one, but the result holds for other values as well.

Let E denote an error event that the transmitted message
pair (z4,xp) is wrongly decoded at D.

The probability of F conditioned on H given in (12)), can
be upper bounded as in (I3) (eqns. (12) and (T3) are shown
at the top of the next page). Py { f(&%,28) = f (za,25)}
and Py {f(&%,2%) # f(va,25)} respectively denote
the probabilities that R transmits the correct and wrong
network coded symbol during Phase 2, for a given H.
Also, Py gufi,x%) # (vawp) | f(35,38) = f <xA,xB>%
and  Ppy (I'Avxg) #(anl'B) f(anxB) #f(anxB)
respectively denote the probabilities of E given that R
transmitted the correct and wrong network coded symbol
for a given H. Py{F} can be upper bounded as in (14),
where Py { f(24,25) = 2/3} denotes the probability that the

network coded symbol transmitted by R is 2/, # f(za,zB)
D AiD

and Pp {(xA,;vB) # (xa,2p) | f(25,25) =a} is the
probability of E given that R transmits ', for a given H.
Taking expectation of the terms in (I4) w.r.t H, we get (I3).

The rest of the proof of Theorem 1 is presented in two

parts as Lemma 1 and Lemma 2. In Lemma 1, it is shown

that P{ anxB) # (l‘A,l’B) ’ f xﬁ)xlg) f(xA7xB)}
has a dlvers1ty order two Lemma 2 shows that
P{(&R,28) # (za,zp) | f( xA,xB = 2z} has a diversity

order one. Since P {f(2%, &%) =2’} has a diversity order
one, Lemma 1 and Lemma 2 together imply that P {E} has
a diversity order two.

Lemma 1: The probability P {(25,28) # (va,25) |

f(@%,2%) = f(za,2p)} has a diversity order two.
Proof:

Recall that the decoder used at D given in (@) in Section
IT A, involves computation of the metrics m1 and mo defined
in (3) and (6). Under the condition that R transmitted the
correct network coding symbol, a decoding error occurs at
D only when my(za,zg) > mi(a/y,z3) or mi(za,xp) >
log(SNR) + ma(2y,x'5) for some (z'y,z5) # (xa,zB).
Hence P {(245,23) # (va,zp) | f(#%,25) = f (va,2B)}
can be upper bounded as in (T6), which can be upper bounded
using the union bound as in (T7) (eqns. (T6) and (I7) are given
at the top of the next page).



Pu{E} = Pu {(25,38) # (wa,28) | f@5,38) = f (va,28) } Pu {#5,2) = f (wa,28)}
+ P {(@R,28) # @a,zn) | F@F,25) # [ (@a,on) } Pu {F@5.25) # [ (@a,om)}  (12)
f@aas)}+ P {(@5.38) # (wa,op) | f@5.25) # f (@a,ws) } Pu {f(@5.25) # f (wa,20) }

a3
>

%) = o} Pu {£@,85) = o}
f@R el =al,

2R f(z a0 B)

< Pu {(a3,38) # (wa,28) | $(25,35) =

< Pu{@R,4]) # (za,2p) | 1G5, 35) = f (wa,om) | + Pu {(a7,3) # (wa,08) | £

(14)
P{E} < P{(fﬁ,.@g) # (wa,ap) | f(3T, 25 = f(mA,mB)} + > P{(iﬁ,ig) # (za,zp) | F@5,25) :m;%}P{f(chAc,ig) :z’R}. (15)

@R 2 By=aly,
p A (wa2p)

P{@R,35) # (wa,2n) | F@5.25) = [ (@a,op) } = P{{mi(2a,op) > mi(2y, ap), (@4, 2) # (4, 25))}

U{ml(xA zg) > log(SNR)+m2(m:4 mgg) (z/A x/B);é (xa,zB } ‘ f(mA xB) f(za, IB)} (16)

< Z P{ml IA7$B)>m1(IA1mB)}fIA7IB) f(IAng)}
(x4 ,25)es?
('), a'g)#(z a,7 )
+ Z P{ml za,xp) > log(SNR) 4+ ma(z'y, z'z) |f(mA wB)

(a'y,275)€8?
(2’42 #(wa.2p)

(xA,xB)}. a7

ma(za,2B,TR) = 18)

2 2
Yyp, —hapvVEsaras — hBDvEsb$B| + ‘yDz —hapvVEscxa —hppVEsdxp — hRD\/Esﬂ’?R| + log(SNR).

P{mi(za,o8) > ma(@y, o) +108(SNR) | f(@5,25) = f (wa,08)} = P{ (a,75) m4(90/A790/B71/R)|f(i§vig):f(1A7IB)}

min
#f (' 2'g)

19)

< mi(za,w8) > maelh, o, 75) | F@5,55) = £ (za,08)} 0
2 #f (@) ,2lp)
R B

Py {ml(IAva) > ma(aly, 2, ag) | (@5, 85) = f(wa’CB)}

= Py {lzp, > + |zp,|> > 10g(SNR) + |2p; + hapVEsaAza + hppVEsbAzg|? + |2py + hapVEscAza + hppy/EsdAzp + hrpVEsAzg|®}.

(21
= Py {2Re{zn*ﬁ}§ —Hx||}:PH {wg
probability

P{ml(xAva) > ml(x/A’x/B) ’ f(ifzﬂjg) = f(anxB)}
is equal to the Pair-wise Error Probability (PEP) of a space  f(2%,2%)

—log (SNR)
[l=Il

—log (SNR)

_ Il
V2 } @2

P{mi(za,xB) > ma(a'y,xz) +log(SNR) |
= f(za,zp)} can be written in terms of the

time coded 3 x 1 collocated MISO system, with the codeword
difference matrices of the space time code used at the

alAzxz cAzx 5
transmitter being of the form |bAzp dAzp

0 fxa,zB) — f(zy, 2)

where Azy = x4 — 2/y,Azp = xp — z’5. When
Az, Azxzp # 0, these codeword difference matrices are of
rank 2, since the restricted codeword difference matrices
are full rank. When Azs = 0 and Az # 0 (and also
Axp = 0,Az, # 0), the codeword difference matrices
are full rank, since f(za,xp) # f(za,2’3) (otherwise
the exclusive law given in (8) will be violated). Since the
codeword difference matrices are full rank, the probability
P{ml(acA,xB) > ma(z'y,z'5) | I mﬁ,zg) f(acA,xB)} has
a diversity order two [16]. Let m4, be a metric as
defined in (18), shown at the top of this page. The

metrics m and my as in (I9), which can be upper bounded

as in (20) (eqns. (I9) — (22) are shown at the top of this
page).

Let Axzg = f(za,zB) — x}%, Azy = x4 — )y
and Axp = a2z The  probability
Py {mi(za,x5) > ma(zls, 2, 2R) | f(&5,25) = f(za,z8)}
can be written in terms of the additive noise zp, and zp,, as

given in (21).

Let ;7 = (hADaALEA + hBDbAIB)\/E, To =
(hapcAza + hppdAxp + hrpAzr)VE;. Also, let zp =
[zp, zp,] and x = [z1 x2]T. Then @ZI) can be simplified
as in (22), where w = ﬂRe{zBﬁ}, is distributed ac-
cording to A(0,1). In terms of the () function, the prob-

o —log(SNR)  |Ixll | ; .
ability Py {w < =B \/5} in (22) can be written

B —



log(SNR) | [zl
as Q [ NPT ‘/iJ . Note that ||x|| depends on the fade

coefficients. To complete the proof, it suffices to show that

log(SNR) | || ; ;
E (Q [ N + fD has a diversity order two.

The vector x can be written as, x =
alAzr g cAxa
VEs [hap hpp hrp) |bAzp  dAzp
s e— Azg
AX

Since AXAX* is Hermitian, it is unitarily diagonaliz-

able, i.e, AXAX* = UXU*, where U is unitary and
A 0 0

¥ = |0 X 0| with \; > Xo. We have ||
0 0 O

SNR hUXU*h*. Let h = hU = [hy hy hs]. The vector

h has the same distribution as that of h, since U is unitary.
Since the rank of AX is at least one, A\; > 0. We consider

the two cases where Ay > 0 and \y = 0.

Case 1: Ay >0

For this case, upper bounding @ [

log(SNR) i \xu] by

V2| V2
Q [Hflq which is upper bounded by e~ L)~ , we have
© FO%/(;(V? ”\}/{g] < em 1 uSNRIMP+XSNRIR) - (23)
X

Taking expectation w.r.t |h;| and |hol, from 23), we get,
B (Q [10%}‘9”1\7‘7%) + ”\[HD < (HAlsNR)(H%zSNR)‘ Hence
E (Q [% + Ul]) has a diversity order two.

Case 2: )5 = ~
For this case ||x|| = v/ A1 SNR|hq|. Hence,

[log(SNR) ||x||]
V2llx| V2
| rssve  mEERAL] o,
VB NN V2

Let r = |hy|. Taking expectation w.r.t 7, from (24), we get,

(e )

V2 ||

_/OOQ[ log (SNR) \/AlsiNRr} ore=" dr
V2V M SNRr V2
/m |:log SNR) AlsNRr}re_rz 0
V2v/X1SNRr V2
I
+/ QQ{ log (SNR) i )\15'NR7“] re="dr
—/EEm T VAASNR V2

I

In the following, we show that the integrals I; and I»

. . log(SN R) V21 SNRr
have diversity order two. Note that 2SN + 5

b
as a function of r, attains the minimum value when r =
‘/m)\gl(gi]]\\[/? and the minimum value equals \/2log(SNR).

Since, Q(z) is a decreasing function of z, we have,

og(S v T
Q [ﬁé%r + AljéVR } <Q [ 210g(SNR)} . Hence,
we have,

log(SNR)
N1 SNR 2

re " dr

I <2Q [/210g(SNR)| /
r=0
log(SN R) )

N1SNR

= SNR (1_6

Since for small z, e™*

x, at high SNR, we have I
—log (2log(SNR)>

can be approximated as 1 —

2 log(SNR) .
< SNR MSNE - Since

X SNR? . .
li = 2, I, has a diversity order at
SNfsss  log(SNR) o Y
least two.

Let r9 = ,/10/{51(:27]]\\[’?. The integral I can be upper

log(SNR) M SNRr
bounded as, I < [ {\/i G + Yu }rdr.
_ _log(SNR) M SNRr . p
Let v’ = 7 oNEr T >~ As a function of 7, r

is monotonically increasing for » > rg. Also, for » > rg, r
r'4+4/1'2—21og(SNR)
V2XMSNR

can be written in terms of r’ as, r =

S I ;
We have, dr = dr’ m (1 + 105N E) ) Since
r < \/ﬁ, I can be upper bounded in terms of 7’ as,
(e o) / / /
I g/ QUIr (4 ! dr’
V/2log(sNR) MSNR 72 —21og(SNR)
1 /oo / / /
= — Q(r)r'dr
MSNR v/ 2log(SNR) ( )
Iz
1 e Q(T/)T/2 dr, .

+ -
MSNR J, 316558 R) /7% — 210g(SNR)

Iz2

Upper bounding Q(r’) by e’g, 151 can be shown to be
upper bounded as ﬁ, which falls as SNR™2. Upper

7‘/2 . .
bounding Q(r’) by e~z , and using the transformation ¢ =
r? 2 log(SNR), Is2 can be upper bounded as,

e 2

Iy < 1 / ¢ dt
MSNR? Jy \/f\/t—|—210g(SNR)

21og(SNR)

A1SN R?

t

-2
0 \/\/t+2log SNR

1 o t -3
SR ENY pats ¥V S
= AlSNRQ/O ¢ rab /\15NR2/0 Vi

_ 2+2y2mlog(SNR)

B A SNR?
where the second inequality above follows from the facts
that —21—— < L and L 1 for

Vt+2log(SNR) — Vi t+21log(SNR) <
sufficiently large SNR. The last equality follows from

the fact that [;° e:/;dt = V2I'(1/2) = /2, where
I(z) = [ e 't*'dt. Since,

I'(z) is the integral,



—log (2+2mlog(SNR))

I NN — 2, Iy, has a diversit
SR ogsvgy) 2 e has a divenity
order 2. This completes the proof of Lemma 1. ]

Lemma 2: The probablhty P{(iR,28) # (za,zp) |

f(@R,25%) =2}, 2%, # f(wa,xp), has a diversity order
one.

Proof: Let my4 denote the metric as defined in @]),
shown at the top of the next page. Under the condition
that R transmitted the wrong network coded symbol z’;, a
decoding error occurs at D only when my(za,zp,2%) >
my(z'), 2’5, 2%,) or m4(xA,xB,J:R) > my(2’y,2'5), for
some (z'y,z%5) # (xa,zp) and 2, # f(2'y,2’;). Hence,
P{(2R,28) # (za,zp) | f( :cA,xg) =a’z} can be upper
bounded as in (26) (eqns. 26) — (29) are shown at the top
of the next page). Using the union bound, from (26), we get

127).
awa — ) cloa )
Since  the  matrix bzg —2) dlzg—2%)]|,
/ "
0 Th —?ER ,
has rank at least one for (x4,zp) # (24,2%),
P{my(za,zp, ) > ma(2y, o, ) | (25, 28) = 2l }
has a diversity order at least one.
Let Azg = ap — f(xfg,at%’;), Azy = x4 — 2
and Auxp = xp — a'5. The probability

Py {ma(wa, x5, 2R) > mi(z, %) | f(@5,48) = 2%} can
be written in terms of the additive noise zp, and zp,, as
given in (28).

Let x1 = (hapalAzs + hppbAzp)VEs, 12 =
(hADCA:L'A + hppdAxp + hRDAxR)JE. Also, let zp =
(2D, 2p,] and x = [z1 x2]T. Then (28) can be simplified as
in (29), where w = \/iRe{zEﬁ}, is distributed according
to A(0,1). Hence,

w < 8(SNR) |Ix]|
PH{ = V2l ﬂ}
log (SNR %
= 1{HXH2§10g(SNR)} (1 -Q |:%/(§X||) _ \/qu)
log (SNR) |||

V3] *ﬁ] -0

Taking expectation with respect to the fade coefficients in

3oy, P {w < % — %} can be upper bounded as,

+ L2 >loa(sN R)} @ {—

I N
P{w < log(SNR) _ X”} < P{x|” < log(SNR) }
V2| V2
+/ Q{ log (SNR) ||x||]
wesossnmy L V2l V2
(€1))
The wvector x can be written as, x =
alAzry cAxa
\/ES [hAD hBD hRD] bAJ?B dAa:B
| 0 A

AX
Since AXAX* is Hermitian, it is unitarily diagonalizable,
e, AXAX* = UXU*, where U is unitary and ¥ =

A 000
0 Ay 0] with \y > Ay. Since the rank of AX is at
0 0 0
least one, A\; > 0. We have |=]|> = SNR hUSU*h*. Let
h = hU = [h; hy hs]. The vector h has the same distribution

as that of h, since U is unitary. Hence, we have,

7 = log(SNR
P{|lx|I* < log(SNR)} = P{Mhu? + Nalfaf? < %}

P{)\1|B1|2 < M}

SNR
Since, |7 |? is exponentially distributed,

P{||xH2 < log(SNR)} < (1 e

log(SN R)
A1 SNR )

log(SNR)
At high SNR, 1 — e~ *1SNE can be approximated as
—h}gfgix?' P{ 2 < log(SNR)} has a diversity order at
log(SNR)
least ) i —log (%glszvR ) 1. Since Q(x) <
east one since = 1. Since
M sNRSe  log (SNR) et

e~ 'z, the integral on the right hand side of (3I)) can be upper
bounded as,

/ Q{ log(SNR)+||X} .
H:{ 2] >log(SN R)} V2 V2
(- los(SNR) )
g/ e dH.  (32)
H:{||x]|>>1log(SNR)}

We consider the following two cases when A2 > 0 and Ay =
0.

Case 1: )y >0

For this case, from the integral in (32), we get,

/ Q{ log (SNR)
Hi{|x]>>log(SNR)} V2l

< /00 /Oo log(SNR) _ SNR(Aplhy|24251h512)
- € e 1
[h1]2=0 J |ha[2=0

e 1M e=1h2l® g7y |2 d| Ry |2

B SNR
(1 + /\15;1NR) (1 4 AQiNR)’

which falls as SNR~! at high SNR.
Case 2: A = 0 For this case,
log (SNR)

Ié/ Q[
H:{[1%][* >log(SN R)} V2|

o VMSNER|h| —
V2

2(hy e 1M d|hy .

Il
+ \/i} f(H)dH

log(SNR)

|y | > YIcEGNR) 1og(SNR)
V1 SNE

(33)

The above inequality follows from the fact that for || >

\/m log(SNR)
VA SNE ' VMmSNE] S log(SNR).

Let r = |hy|. From (33), since Q(z) < e the integral I



2 2
my(za, B, TR) = |yD1 —hapVEsaza —hppVEsb :vB| + ‘yDQ —hapVEscxa —hppVEsdzp —hrpV EsivR| +1log(SNR). (25

P{(a5,43) # (@a,zp) | F@585) =ah} = > P{{ma(wa, op,a%) > ma(@k, olh, o), o # f(2h,2%)}
(z'} ,x)es?
YR LSTACINETS

U] {m4(xA,xB,a:jR) > ml(wx,zg)} | f(:if:’,ig) = wlR} (26)

~R ~R
< > S P{ma(wa e, vh) > mael, a0 h) | F@585) = 2%}
(a4 2'p)es? shes,
(e} ) #(@ s, p) 2R AF (@) @)
+ > Plmaea,zp,ak) > mi(eh, o) | f@Ea5) = 2%} @n

(z'} ,xh)es?
(24 2 # (e 4,2 5)

Py {log(SNR) + ma(wa, v, 2%) > ma(es,a%) | f(@5,25) = af }

= Py {|2p, > + 2Dy |> +10g(SNR) > |2p, + hapVEsaAza + hppVEbAzgs|® + |2py + hapVEscAuza + hppy/EsdAzg + hppAzg|*}.

(28)
. X log (SNR) } log (SNR)  |lx||
= Py { 2R — L = =P, <=2 3. 29
w {ame (oo g b < P < bl = {” = TVl ﬂ} >
can be upper bounded as, 2
14 /\1.S'NR) VA1SNRIlog(SNR)
- 4 " 44 X\SNR
K k2
I S/ 1og(SNR) ¢ '
>
VA1 SNR
N——

o
_10a(SNR) | log(SNR)\ SNR
1 I6T4xSNE  dp

e

k3
(34)

Let 79, k1, k2 and k3 be defined as shown in (34). From
(34), the upper bound on I can be written as,

1< %/ 2r — ka)e P R g 4y /c3/ ek r=k2)? g
r>rQ

r>70

Since fT’ZT‘o e_kl(r_kQ)Zdr = \/%Q [(TO - kQ)\/%] )
I< ﬁe—kl(m—sz + ko ks 1@ [(7“0 _ k2)1 /2k1} .
2kq k1

Since Q [(ro — k2)v/2k1] < 1, e F10=k2)" < 1 and ks
can be approximated as one at high SNR, substituting for
ro, k1, ko and ks, we get,

/- 1 VTSN RIog(SNR)

+ .
— AMSNR
2(1+255) (44 A SNR) (/1 + MSNE

Since the above upper bound on I falls as SNR~! at high
SNR, I has a diversity order at least 1. This completes the
proof of Lemma 2. ]
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