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Abstract—A non-coherent detection assisted Differential Phase
Shift Keying aided large-scale MIMO system is designed in a
wireless uplink where multiple single-antenna users are trans-
mitting to the base station’s receiver equipped with a very
large number of receive antennas. We show that the signal to
interference plus noise ratio (SINR) scales with the number of
receive antennas, which confirms the same scaling law found in
coherent systems. We propose a range of constellation designs
that allow us to separate the users’ signals at the receiver by
relying only on the knowledge of the average received power per
user. We analyse the error probability and provide insights into
the beneficial selection of the constellation parameters. Finally,
we provide some numerical results showing that our proposals
require a lower number of receive antennas to achieve a given
error probability than other non-coherent benchmark schemes
available in the literature, while they are not far from an
equivalent coherent system relying on realistic channel estimation
settings.

I. INTRODUCTION

Large scale multiple input-multiple output (LS-MIMO)
systems have attracted substantial interest in the research
community because of their potential to provide unprecedented
gains in terms of their spectral- and energy-efficiency [1],[2].
Indeed, by increasing the number of antennas beyond those
of the operational standards, both the data rate and the
integrity can be improved impressively while the required
transmit power is reduced. Moreover, this performance can
be achieved with the aid of low-complexity linear processing
[3]. One of the main bottlenecks of LS-MIMO is the need
to obtain the Channel State Information (CSI) of numerous
channels for coherent detection or for Transmit Pre-Coding
(TPC). In order for the channel estimation to be feasible,
LS-MIMO systems tend to assume Time Division Duplex
(TDD) operation, where the pilot sequences are transmitted
in the uplink (UL) for estimating the UL channel and the
downlink (DL) channel is then assumed to be identical during
the TPC transmission. Furthermore, the pilot contamination
due to the non-orthogonallity of the pilot sequences used in
neighbor cells seriously compromises the performance of these
systems [4]. Even though there is some ongoing research on

ameliorating this problem [5], there are still open challenges
for further research.

As a design alternative, in this treatise we focus on non-
coherent detection as a means to circumventing channel esti-
mation and additionally mitigating the impact of other impair-
ments, such as phase noise. For MIMO systems, the authors
of [6] proposed unitary space-time modulation for avoiding
the need for CSI estimation at the receiver. This scheme
was shown to work well for long coherence time intervals
or for high Signal to Noise Ratios (SNR). Here we focus
our attention on the energy-efficiency potential of increasing
the number of antennas and we will seek solutions that work
at low SNRs. In this realm we can cite the contribution of
[7], where an Amplitude Shift Keying (ASK) system was
conceived. Manolakos et al. [7] show that in terms of the
scaling law of achievable rates, the performance of the pro-
posed non-coherent system is no different from that achievable
under the idealised simplifying assumption of having perfect
CSI at the transmitters and the receiver. However, the design
proposed in [7] requires an excessive number of antennas for a
reasonable performance. As an attractive design alternative, a
Differential Quaternary Phase Shift Keying (DQPSK) system
is presented in [8], relying on a particular channel model that
makes the MIMO system resemble an Impulse Radio-Ultra
Wide Band (IR-UWB) system. Under this particular channel
model the users can be spatially separated based on their non-
overlapping ’power-space’ profiles, but this channel model
cannot be exploited in general.

Against this background our novel contribution is that we
propose several constellations based on Differential M-ary
Phase Shift Keying (DMPSK) that allow us to use differential
detection and separate the signals of multiple users merely
relying on the knowledge of their received signal powers whilst
leveraging the advantages of using an increased number of
receive antennas. We will show that our proposal performs
better than the benchmarker of [7] and is not far from the
performance of an equivalent coherent system operating under
realistic channel estimation assumptions.
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Fig. 1. System block diagram.

II. SYSTEM MODEL

We consider a multi-user single input-multiple output
(SIMO) uplink scenario, where a single base station (BS) is
equipped with R receive antennas (RA) to receive the signals
transmitted from K Mobile Stations (MSs), or users. Figure 1
shows the block diagram of the complete system.

We denote the signal to be transmitted by user j at time
instant n as x j[n] and the signals from all users are grouped in
the (K×1)-element vector xxx. Each of the signals x j[n] arriving
differentially encoded from s j[n] as

x j[n] = x j[n−1]s j[n],n > 1. (1)

The symbols s j[n] are independent and belong to an M-
ary constellation M j = {s j,m,m = 0,1, ...,M−1}, which may
in fact be different for each user, as we demonstrate later,
where |s j,m[n]| = 1. Each x j[0] is a known reference symbol
taken from the same constellation. The propagation channel
is represented by the (R × K)-element channel matrix HHH
with the components hi, j modeling the propagation from
user j to the i-th antenna of the BS. The coefficients hi, j

are circularly symmetric complex Gaussian random variables
hi, j ∼ CN(0,1), representing Rayleigh fading. The effects of
large-scale fading are taken into account with an additional
power term. Explicitly, the signals of the different users may
be received at a different average power, either because they
are allowed to use a different transmit power or because their
path loss is not compensated by power control. Without loss of
generality we will assume that the signal of user 1 is received
with unit power and the others have a relative gain of β j with
respect to user 1. The vector yyy groups the signal received at
each of the BS antennas at each time instant yi[n]. Then the
signal received at the BS is formulated as

yyy = HHHβββxxx+ννν, (2)

where the dependence on n is dropped for ease of notation.
Here ννν is the (R× 1)-element vector of AWGN components
νi[n] ∼ CN(0,σ2) and the diagonal matrix βββ = diag{

√
β j}

contains the power terms associated with the transmissions of

the different users j = 1, ...,K, β1 = 1, β j ≥ 0, j 6= 1. We define
the reference SNR as

ρ =
∑

K
j=1 β j

σ2 . (3)

At the receiver, the phase difference of two consecutive
symbols received at each antenna is non-coherently detected,
assuming that the channel stays time-invariant for these two
symbols, hi j[n−1] = hi j[n] = hi j, i = 1, ...,R, j = 1, ...,K, and
they are all added to give the decision variable of

z[n] =
1
R

R

∑
i=1

yi[n−1]∗yi[n], (4)

that contains information and interference gleaned from all
users

z[n] =
1
R

K

∑
j=1

R

∑
i=1
|hi j|2β js j[n]

+
1
R

K

∑
j=1

K

∑
k = 1
k 6= j

R

∑
i=1

h∗i jhikx∗j [n−1]
√

β jβkxk[n]

+
1
R

R

∑
i=1

ν
∗
i [n−1]

K

∑
j=1

hi j

√
β jx j[n]

+
1
R

R

∑
i=1

νi[n]
K

∑
j=1

h∗i j

√
β jx∗j [n−1]+

1
R

R

∑
i=1

ν
∗
i [n−1]νi[n].

(5)

From the Law of Large Numbers we know that

1
R

R

∑
i=1
|hi j|2

R→∞
= 1, (6)

almost surely. Then, if we define the joint received symbol as

ς[n] =
K

∑
j=1

β js j[n], (7)

we have

z[n] M→∞
= ς[n]+noise terms (8)

and we can obtain an estimate of ς[n] from z[n] as

ς̂[n] = arg min{|ς̂[n]− z[n]|, ς̂[n] ∈M}, (9)

where the joint constellation M = {ςm,m = 0,1, ...,K− 1}
of cardinality K = MK is obtained from the superimposed
combinations of the constellation points of M j as {β1s1,m(1) +

β2s2,m(2) + ...+ βKsK,m(k) ,m( j) = 0,1, ...,M − 1}. In the next
section we will show that as R grows bigger this low-
complexity estimate offers a good performance. In Section
IV the signal constellations M j will be specifically designed
for efficiently recovering the users data s j[n] from the jointly
detected symbol ς̂[n].
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i[n] = ς[n]− z[n] =
K

∑
j=1

[β js j[n](1−
1
R

R

∑
i=1
|hi j|2)]−

1
R

K

∑
j=1

K

∑
k = 1
k 6= j

R

∑
i=1

h∗i jhikx∗j [n−1]
√

β jβkxk[n]

︸ ︷︷ ︸
i1[n]

− (
1
R

R

∑
i=1

ν
∗
i [n−1]

K

∑
j=1

hi, j

√
β jx j[n]+

1
R

R

∑
i=1

ν
[
in]

K

∑
j=1

h∗i, j
√

β jx∗j [n−1]︸ ︷︷ ︸
i2[n]

+
1
R

R

∑
i=1

ν
∗
i [n−1]νi[n]︸ ︷︷ ︸
i3[n]

)

(10)

III. ANALYSIS OF THE SIGNAL TO INTERFERENCE PLUS

NOISE RATIO

The Signal to Interference plus Noise Ratio (SINR) is
defined as the ratio of the signal power to the power of AWGN
noise plus interference created by the detection process. When
detecting ς̂[n] from z[n], the interference plus noise arises from
the noise terms in (8) and from equality in (6) not being met
due to a finite value of R. Hence the interference plus noise
term i[n] is shown in (10) in the next page. By exploiting the
properties of Gaussian and Wishart matrices (omitted here for
space economy), the expectation of the power of the different
terms of i[n] in (10), I = E{|i[n]2|} can be shown to be

I1 =
1
R
(

K

∑
j=1

β j)
2 (11)

I2 =
2
R

σ
2

K

∑
j=1

β j (12)

I3 =
1
R

σ
4. (13)

Then the SINR obeys

SINR =
E{|ς|2}

I
=

R∑
K
j=1 β2

j(
∑

K
j=1 β j

)2
+2σ2 ∑

K
j=1 β j +σ4

. (14)

For a high SNR, given by ρ (3), only I1 is significant,

so that SINRH = R
∑

K
j=1 β j

2(
∑

K
j=1 β j

)2 , while for a low ρ the main

dominant term is I3 so that SINRL = R
∑

K
j=1 β j

2

σ4 . We can see
that upon increasing the number of antennas at the BS the
SINR increases proportionately. Hence, the energy-efficiency
with R, obeying the same scaling law as for coherent systems
associated with perfect CSI [2].

IV. DESIGN OF THE INPUT SIGNAL CONSTELLATIONS

In order to separate the users’ signals at the BS, the constel-
lations M j must be specifically designed so that their symbols
can still be uniquely and unambiguously distinguished upon
superimposing the transmitted signals from all users. More
explicitly, the superimposed transmitted constellation M ob-
tained from all legitimate combinations of the constellation
points of M j should have MK uniquely distinguishable points.

Provided this is accomplished, the individual users’ data
symbols s j[n] can be directly obtained from the detected joint
symbols ς̂[n] by the low-complexity demapping operation of

{ŝ j[n]}= arg min{|
K

∑
j=1

β j ŝ j[n]− z[n]|, ŝ j[n] ∈M j}. (15)

By considering the minimum distance of the constellation

dmin = min{|ςm− ςm′ |,1≤ m≤ K,1≤ m′ ≤ K,m′ 6= m}, (16)

we can define its normalized minimum distance (NMD) as

dmin =
dmin√
∑

K
j=1 β2

j

. (17)

We will see in Section V that as expected, this NMD deter-
mines the attainable error performance. Here we propose and
analyze two possible constellation designs.

A. Constellation design A

The K users transmit their symbols according to the follow-
ing M-DPSK constellations:

MA
j =

{
2πm
M

L1− j,m = 0,1, ...,M−1
}
, j = 1, ...,K,L≥M.

(18)
An example of the users’ and joint costellations is shown in
Figure 2 for K = 2.

B. Constellation design B

All the users transmit symbols of the same standard M-
DPSK constellation.

MB
j =

{
2πm
M

,m = 0,1, ...,M−1
}
, j = 1, ...,K. (19)

Their signals require different powers β j to be separated. An
example of the users’ and joint costellations is shown in Figure
3 for K = 2.

C. Minimum distance

The minimum distance of the joint constellation (16) de-
pends on the design parameters, namely L and β j for design
A and solely on β j for design B. The specific values of the
design parameters that achieve the maximum NMD (17) will
be shown in Section V to provide the best error performance.
These values can be found by exhaustive search, since the
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I I
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Fig. 2. Constellation A for K = 2 users, M = L = 4 and β2 = 1.

User 1 User 2

I I

I

Q

Q Q

Joint symbol

Fig. 3. Constellation B for K = 2 users, M = 4 and β2 = 2.

number of combinations is computationally manageable. The
geometry of the constellations facilitates the following analy-
sis.

For constellation design A, which relies on L = M and
β j = 1 we can see that the minimum distance is given by
the constellation of user K, namely by

dA
min = |1− e

j2π

M2 | ' sin(
2π

MK )' 2π

MK (20)

and the NMD is

dA
min '

2π

MK
√

K
, (21)

whose value decreases exponentially, as K is increased.
For constellation design B, the minimum distance of the

constellation for K = 1 user is given by the unit-energy DPSK
constellations, that is, d(1)

min = 2 for M = 2, d(2)
min =

√
2 for M = 4,

d(3)
min = 2−

√
2 for M = 8. For M = 2 and M = 4, supporting

additional users creates new joint constellations where this dmin

can be preserved, provided that β j ≥ 2 j−1. In this case, the
K-user constellation contains separate replicas of the smaller
constellations obtained for (K−1) users, with a separation of
at least dmin. This implies that the NMD decreases as β j is

increased, so that the maximum normalized dmin is achieved
for β j = 2 j−1, which has a value of

dB
min =

d(l)
min√

∑
K
j=1 22( j−1)

=

√
3d(l)

min√
4K−1

, l = 1,2. (22)

From this equation we can observe a less substantial reduction
of the maximum dmin, when K is increased for design B. For
M > 4 the geometry becomes more complicated and the values
of β j that maximize dmin can be found by exhaustive search.
However, they do not in general obey β j = 2 j−1. For example,
for M = 8 and K = 2 users, the maximum dmin is found to be
for β2 = 1.765.

V. ERROR PROBABILITY ANALYSIS

The error probability of the joint symbols ς[n] may be found
using the Union Bound and assuming that the interference
plus noise i[n] in (10) is Gaussian, which is justified by the
Central Limit Theorem. Let us first define the pairwise error
probability as the probability of detecting symbol m′, when
symbol m was transmitted, that is [9]

Pemm′ = Q

√d2
mm′

2I

 ,m,m′ ∈ {0,1, ...K−1},m′ 6= m, (23)

where the distance between points m and m′ of the joint
constellation is dmm′ = |ςm− ςm′ |. Then we can upper-bound
the symbol error probability (SEP) Pe as

Pe ≤
1
K

K−1

∑
m=0

∑
0≤m′≤K−1

m′ 6=m

Q

√d2
mm′

2I

. (24)

If we consider the minimum constellation distance dmin (16),
we can further upper-bound the SEP as

Pe ≤ (K−1)Q

√d2
min
2I

 . (25)

We can also find a lower bound to the SEP as follows. If
we denote the minimum distance of each constellation point
m from its nearest neighbor by dm

min, the SEP satisfies [9]

Pe≥ 1
K

K−1

∑
m=0

Q
(

dm
min√
2I

)
. (26)

The power of the noise plus interference I was found in
Section III to be

I =
(∑K

j=1 β j)
2 +2σ2

∑
K
j=1 β j +σ4

M
. (27)

Recalling that we have I =
∑

K
j=1 β2

j
SINR (14), we can also express

(25) as

Pe≤ (K−1)Q

(√
d2

min

2∑
K
j=1 β2

j
SINR

)
. (28)
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This implies that for a given SINR, the error performance
depends on the normalized dmin (17). Then, according to
the discussion in Section IV, constellation B will have a
better performance than constellation A. We can find the
constellation parameters that optimize the error probability by
maximizing the normalized dmin.

The same approximations also apply to the individual SEP
of each of the users, provided that the distances between the
constellation points that encode the same user’s symbol are
not evaluated.

VI. PERFORMANCE EVALUATION

In this section block fading is assumed, where the channels
are kept constant during the transmission of a long symbol
burst and they vary randomly between bursts. Figure 4 shows
the SEP performance of the K = 2 users DQPSK system
compared to previous work [7] at SNR=0 dB using the same
modulation order of M = 4. The upper bound and simulated
SEP (Pe) of [7] is compared to the Pe evaluated by simulation
and the bounds for both of the proposed constellation designs.
For design A we have used L = 4 and β2 = 1, while for design
B β2=2. We can see that the proposed designs achieve a better
SEP performance. Moreover, they require a lower number of
RAs at the BS to obtain an adequate SEP, in particular for
constellation design B.

Figure 5 shows the performance of constellation B for
DBPSK, DQPSK and 8-DPSK modulations with maximum
NMD, where the accuracy of the SEP bounds can be contrasted
to the simulation results. We can see that the upper bound is
tight. The lower bound, although looser, provides also a good
approximation to the SEP. For higher SINR values both bounds
become quite accurate.

For constellation design B with DQPSK the values that
achieve the best SEP for a given ρ are β j = 2 j−1. For this
case, Figure 6 shows the SEP performance given by the upper
and lower bounds as the number of users K is increased. We
can see that up to K = 4 simultaneous users can be supported
by the same time and frequency resource at an SNR as low
as 0 dB. The SEP performance can be further improved with
the aid of appropriate coding schemes that are the subject of
our future work.

We also compare the performance of K = 2 users and
DQPSK to that achieved by a coherent Maximum Ratio
Combining (MRC) receiver which is known to perform well
for massive MIMOs at low SNRs [3]. For this comparison
we assume that the CSI is estimated with a realistic error,
which is also assumed to be Gaussian. Figure 7 shows the
associated performance comparison. We can see that as ex-
pected, coherent QPSK has a better performance than non-
coherent DQPSK. However, for a fair comparison we should
take into account the rate loss due to the insertion of pilots for
channel estimation. In Long Term Evolution (LTE) this loss is
15% for a reduced number of antennas [10], while in [11] the
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Fig. 4. Comparison of the SEP with K = 2 users and M = 4 at ρ=0 dB.
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optimum amount of pilots is shown to be 35%-40% for low
SNR with R = 16 and an optimised number of users K < M.
Given this background we will assume a rate-loss of 33%
due to pilot overhead. This implies that for the same rate, we
should compare non-coherent DQPSK to coherent 8-PSK. In
that case we can see in Figure 7 that to get the same SEP, non-
coherent DQPSK requires a 2 dB higher ρ. This can be deemed
affordable considering its detection complexity reduction and
the avoidance of the pilot contamination problems.

Finally, Figure 8 shows the performance of the individual
users for K = 2 and for constellation design B, when the
parameter β2 is varied. We can see that their different received
powers result in different SEP for the users. This may be of
practical interest, for instance, for unequal-protection video
communications.

VII. CONCLUSIONS

We have proposed an M-ary DPSK system for a wireless
uplink where several single-antenna aided users are trans-

mitting towards the BS receiver having a large number of
RAs. We have analysed the SEP versus SINR performance
and proposed a pair of constellation designs that allow us to
separate the users’ signals at the receiver relying only on the
knowledge of the average received power per user. We have
provided some numerical results for verifying the accuracy of
our expressions. They show that our proposals require a lower
number of receive antennas to achieve a given SEP than other
non-coherent schemes available in the literature, while they
are not far from an equivalent throughput coherent system
relying on realistic channel estimation settings. Moreover, the
variation of the users’ received power allows us to set up
uneven error correction schemes.
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