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Abstract—This paper studies the throughput of spectrum shar- and results were obtained in the cases with a PU received
ing networks utilizing rate adaptation. We use some recentesults  signal-to-interference-and-noise ratio (SINR) [6], a Pllage
on the achievable rates of finite block-length codes to anatg probability [11]-[14] and a PU average [2], [4]-[10] or peak

the secondary user (SU) throughput with a constraint on the .
primary user (PU) codeword drop probability. With codeword s interference [3]-[8] constraint. Also, [15]-[18] studyettex-

of finite length, we derive closed-form expressions for the \$ Pected throughput [15], [16], the outage probability/thgbput
activation probability and throughput. The results are obtained [17] and the average rate [18] of the automatic repeat réques

in different scenarios with no channel state information atthe SU  (ARQ)-based spectrum sharing networks with imperfect CSI.

transmitter. As demonstrated numerically and analytically, using ; .
finite-length codewords there is considerable potential fothe As a common point, the results of [2]-{18] (and many other

data transmission of unlicensed secondary users under défent P@P€rs) are obtained under the assumption of asymptgticall
quality-of-service requirements of the licensed primary wsers. long codewords where the instantaneous achievable rate of a

user is given byog(1+ ) with = standing for the user instan-

|. INTRODUCTION : ; .
) ) taneous received SINR. On the other hand, in many applica-
Spectrum is a scarce and valuable resource in todays,s sych as vehicle-to-vehicle and vehicle-to-infactuire

wireless communication networks; with the ever-incregsin,mmunications for traffic efficiency/safety or real-timeeo
number of wireless devices such as smart phones, there,i§cessing for augmented reality, the codewords are redjuir
growing dgmand for spectrum resources. 'I_'hls_pomt has led pe short (in the order of 100 channel uses) [21]-[24].
to complaints about spectrum shortage which is expected+if;s it is interesting to study the performance of spectrum
grow even more in the future. To tackle the spectrum shortagie, ing networks in the presence of finite-length codewords
problem, several solutions have been proposed, with SpRCtr |y hig paper, we study the data transmission efficiency of
sharing being among the most promising ones [1]-{19]. spectrum sharing networks utilizing codewords of finiteglém

In general, the goal of a spectrum sharing scheme is\} \;se the recent results of [25]-[27] on the achievablesrate

alleviate the spectrum scarcity problem by allowing um&ed ¢ fhite hlock-length codes to analyze the system perfoean

secondary users (SUs) to access the spectrum that is allfs, 5 constraint on the PU codeword drop probability (DP),

cated to licensed primary users (PUs) under the conditign, yaximize the SU throughputin the cases with no CSI at the
of preserving the PUs quality-of-service requirementser@h g yransmitter. We derive closed-form expressions for te S
are two approaches to exploit the idea of spectrum Sha”'?;t%’tivation probability (Lemma 1 and Eq. (19)) and throughpu

name_ly, interference-gyoidin_g and simultaneou_s trarsons under different PU DPs (Lemma 2). Moreover, we maximize
The interference-avoiding (interweave) paradigm [19K0][2 o no-cs) throughput of the SU via rate adaptation.

refers to the scheme where, provided that the SU ransmittehey o hymerical and the analytical results demonstrate that,

can sense the temporal, spatial or spectral gaps of the flth codewords of finite length, remarkable throughput im-

resources, It can adjust it_s transmission parar_nefcers thdiie rovements can be achieved in spectrum sharing networks,
whlte_spaces. In the simultaneous trarysmssmn (underl%)the transmission rates are properly adapted. Moreover,
technique, on the other hand, a SU can simultaneously d0SX)} different PU DP constraints, there are finite optimal SU

with a PU as long as the PU quality-of-service constraings nd PU transmission powers such that the SU DP-limited
satisfied [1]-[18]. In this paper, we concentrate on the Hmi

o : ) hroughput is maximized (Figs. 2, 3). Finally, for diffeten
taneous transmission paradigm of spectrum sharing nesvor¥, ;1) transmission powers and PU DP constraints, the SU
The performance of spectrum sharing networks has b ’

died i . 211181, Particularl et?]r?oughput is considerably affected by the length of the
SFU \€d In various papers, €.g., [ ]._[ 1. Particularlgne short codewords. However, for sufficiently long codewords,
sidering perfect [2], [5]-[11] and no/imperfect channedtst

the th hput d dation due to the finite length of th
information (CSI) [2]-[5], [12]-[14] at the SU transmittdhe -, . oodnPU" degradaion cue 1o the finite fengih of the
. . . codewords is negligible (Fig. 4).
ergodic [2]-[14], the delay-limited [8] and the outage czipa
[3], [11] of spectrum sharing networks were investigated, II. SYSTEM MODEL

This work was supported in part by the Swedish Governmenggndy for Consider a spectrum sharing network where a primary user
Innovation Systems (VINNOVA) within the VINN Excellence @er Chase. and a secondary user share the same narrow-band frequency



with normalized bandwidthl” = 1. Let Hpp, Hsp, Hps and Hsg [1l. PROBLEM FORMULATION
be the instantaneous fading channel coefficients in the BU-P
the SU-PU, the PU-SU and the SU-SU links, respectivel
Moreover, we defineGp, £ |Hppl?, Gsp £ |Hspl?, Gps =

|Hps|? and Gss = |Hsd? which are denoted as channel gain
in the following. In this way, the channel outputs are givgn b

We consider a DP constraint for the PU. In each slot, the
BU checks whether the channel conditions are good enough
so that its DP constraint is satisfied. Then, the PU inforras th

U transmitter whether it can send messages or not. Upon
receiving this permission, the SU encod&g information
nats into a codeword of length and rateRs = % nats-
{ Yo = /TpXpHpp + VTsXsHsp+ Zp per-channel-use (npcu), and sends the codeword towards its

Ys = VIsXsHss+ \/TpXpHps + Zs corresponding receiver. In this way, the optimization peab

E[|Xp|2] =1,E[|X4? =1, (1) of the paper is rephrased as

where X, and Xs are the PU and the SU unit-variance input max: 1s )
messages, respectively, a¥igandYs denote their correspond- subjectto ©p < 6,

ing outputs. Also, and7s represent the PU and the SU inpu%/vhere ns (in npcu) denotes the SU throughp@, is the

POWeErs, respectivel;E[_.] s th.e expectation operator and th%u DP andd, represents the PU DP constraint. In (5), the
complex white Gaussian noisé$, and Z; added at the PU optimization can be on different rate and/or power terms of

and SU receivers are supposed to have distributioi¢0, 1). he SU, as long as the other rate/power values are given and

. The system performance is studied in block-fadir!g_conc{\;'e SU throughput and the PU DP are expressed in closed-
tions, e.g., [1]-{18], [23]-{27], where the channel coeéfids - Specifically, in the results of Section V we optimize th

remain constant during the channel coherence time, and tf&g throughput with respect to, e.g., the SU power
change to other values according to the fading probabiéty-d In Section IV, we study (5).’ F|rst we derive clo.sed—form

Sity fgnctlon (PDF). The PDF apd the cumulative dlsmbmloexpressions for the SU throughput and the PU DP. Then,
function (CDF) of a random variabl& are represented bfx .
we use the expressions to analyze the system performance

and Fx, respectively. In harmony with [1]-[11], [13], [14], in different conditions. Indeed, to find the expressions, we

[17], [18], we assume that there is a feedback link from tha . T .
. need to implement approximation techniques. However, as

PU or aband manageto the SU, such that in each slot the . . . . .
demonstrated in the following, the final conclusions are in

SU is informed whether it can become active or not. That i : . X . X .
in each slot the PU permits the SU data transmission, if thgrmony with the numerical simulations with high accuracy.
' We first review some of the results of [25]-[27] on the

P INR i high that its DP inti isfied. | h, . -
us 'S S0 high that its constraint is satisfied. In eag hievable rates of the finite-block length codes as follows

slot, the receivers are assumed to know their received SINR, . -
which is an acceptable assumption in block-fading conuiitio On the achievable rates of the finite-length codes [25}-{27]
Define an(L, N, T, ¢) code as the collection of

[1]-[18], [23]-[27]. Then, the system performance is stadi
in the cases where the SU transmitter is provided with nos An encoderY : {1,...,N} ~ C* which maps the
information about the SU received SINR. Indeed, perforrranc  messagen € {1,...,N} into a lengthf codeword
analysis in the cases with imperfect CSI at the transmitters ~ Zn € {21,..., 2~} satisfying the power constraint

an interesting extension of the paper. The results areradatai 1 )

for Rayleigh fading channels where the channel gains PDFs I |z |I* < T,Vj. (6)
are given by fg,,(z) = Appe ™7, fo,(z) = Aspe™ 7,

fas(z) = Apsefkpsr and fg(z) = Asse™ " With Apps Asps Aps « AdecoderA : Cf s {1,..., N} satisfying the maximum
and \ss representing the fading parameters. Under these as- error probability constraint

sumptions, the instantaneous received SINR at the PU and the max Pr(A(y) # J|J =j) <4 (7)
SU receivers are given by Vi
bp = ToGpp 7 ) with y denoting the channel output induced by the
1+ TsGsp transmitted codeword.
and The maximum achievable rate of the code is defined as
TSGSS
_ log N
P = T TG ®)  Rpa(L.T.5) = sup{ N s, 6>code} (npcu)
respectively, and their CDFs are obtained as (8)
Fy (z) = Pr( TpGhpp < 1) Considering non-fading and block-fading conditions witf d
o 1+TsGsp — ferent levels of CSI at the transmitter, [25]-[27] have rate

_ Appe presented a very tight approximation for the maximum achiev

oo B T e Tp
_ / Nope ™5 Pr (G < (14 Tf))di = 1 — - able rate (8) as
0 p 1+ mx

B Rmax(L,T,6) = sup{R : Pr(log(1 + ¢T) < R) < ¢}

e Ts
-1 — log L
Fo(x) =1 1+ ipipx ) —O( i ) (npcu) )

Asst




which, for codes of raté? npcu, leads to the following error where
probabilities [27, eq. (59)]
VL (log(1 4+ z) — Rp)

A —1
VL (log(1+gP) - R &p = arg =Q (6p) p- (14)
Snontading L, R, P) = Q< ( f( = ) )), (10) L= iy
(1hal)? In (13) and (14), we have used the fact that thdunction
for non-fading channels, and and
VI (log(1 + gP) — R _ VL (log(1 + ) — Ry)
Sblock-fading(L; 1, P) =~ E[Q( (log( gl ) ))}7 Wiz) = - 1 (19)
1= awepy Vo O

(11) are decreasing and increasing functionsaofrespectively.

1 . .
for block-fading channels. Here,is the instantaneous value ofAlS0; @' (.) represents the inversg-function. .
the channel gainf[.] denotes the expectation with respect to DU€ to the monotonicity of the)(z) and W () functions,

the channel gaip andU/(z) — O(V (x)), x — o is defined as It 1S Straightforward to show thatp will be unique for

i, o Suplg@l < 0. Moreover,Q(z) — foo —Zq ©very given values oﬂ%p,l_“p,Ts. Unfortunately, there is no
(2) . ; . var @z - general closed-form solution fofp,. Therefore, we propose
represents the Gaussigifunction. Since the approximations . .
approximate solutions of (14) as follows.

(10)-(11) have been shown to b_e very tight fqr sufficiently Lemma 1. The SU activation probability is obtained as
large values ofL [25]-[27], for simplicity we will assume appép
that they are exact in the following. This is accurate beeaug, — = ° where¢, is approximately given by

AppTs

the practical codes of interest for, e.g., vehicle-to-gEhtom- T XooTp o0
munication have been suggested to be in the range of 100-300 (27200 | oy
channel uses, e.g., see [21]; this is the range of the codewor =e Vi TP -1 (16)

length for yvhich (10)-(11) are reasonably tight [27]. Alsoe Proof. Removing the denominator in (14), which is a good
error fur_1ct|ons in (10)-(11) are the best_ aval!aple clokmdi approximation for moderate/large valuesagfwe have
expressions for the performance analysis of finite-lengttes.

&~ arg {VL (log(1+2) = Fy) = Q7' ()}, (17)

. . ) ~ which leads to (16). O
In this section, we study the SU throughput in DP-limited

conditions. First, we find the PU DP which determines the It is interesting to note that with an infinitely long code,
activation probability of the SU. Then, we analyze the SUe., letting L — oo, we have s = Pr(log(l + ¢p) >
throughput for different conditions. Rp) = 1 — Fy (e — 1), and in each slot the PU knows

Assuming perfect CSI at the PU receiver, if the SU becom®éth certainty whether it can decode its corresponding agss
active, the PU instantaneous error probability (condélam correctly. Thus, the finite length of the cogewords redubes t
the fading channel state) is given by (10). Thus, in each sigyy activation probability by\ ~ (F%(e(Q_ngJer) —1)—
with an instantaneous SINR realizatien, the PU receiver Fy(efo —1)).

IV. THROUGHPUTANALYSIS

allows the SU transmitter to transmit messages iff In addition to the lemma, we can use the approximations
V'L (log(1 + ¢p) — Rp) log(1+2) > and /1 — 7 ~ V2 for small values of
Q < bp. (12) 4, to rewrite (14) as the solution of

1
V 1- (I+p)2

Here, Ry = % denotes the PU data rate, witli, being
the number of information nats per PU codeword, and (12)
follows from (2) and (10). That is, in each slot the PU checks
whether the instantaneous channel conditions are such
its interference-affected DP satisfies a given qualitp@ivice
requirement. Consequently, the SU activation probabiligy,
the average fraction of time slots where it is possible fer th, ~

T — Rp == _Q_l(ep)\/%

VL
Loy (40

ﬂ?ﬁ%n, because from (18) we have> R, for 6, < % (resp.
z < Ry for 6, > 1), (18) leads to

)z + Ry = 0. (18)

SU to send messages, is obtained by 1102 oz o2
VI(log(1 + ¢p) — Fy) oo+ (Ll (@R o, - QB g, <

Og + — —1 2 —1 2 —1 2
Ue = Pr (Q( f P ) < 9p) —1_ F¢p(§p), Rp+ @ L(@p)) _ \/(Q L(@p)) (ZRp + %) Op > %7
1= wrar (19)

(13) " 4t low SINRs (see Fig. 1 for the tightness of (16) and (19)).

. N Receiving thefree-to-sendfeedback signal from the PU

For simplicity, we assume the SU and the PU to have codewdrdseo . he S ds th ith d th
same length. It is straightforward to extend the resultshie ¢ases with ECEIVET, t_e U sends the message \_N't _rag_ean the
different codeword lengths for the SU and the PU. codeword is dropped by the SU receiver if it cannot be



decoded correctly. Thus, the SU throughput, averaged ovetJsing (20) and (22), the no-CSI DP of the SU is found as
many codeword transmissions, is given by

nno—CSI = URs (1 o 920—CSI)

HQO'CSI _ /OO f¢s($)Q \/Z(log(l + Qbs) - Rs) de

S ’ 0 1— 1
oCSI _ { Q<\/E (log(1 + ¢s) — Rs) ﬂ 20) X ! 97 1
s B 1 ' ~ Fy (as— —) + (asus + =) (Fys (as + —
[Ep—— bulcts = )+ (autis + ) (Foufts + 5.-)
. . 1 O‘5+2_L5
Here,02°CS! is the SU DP with codeword ratBs and no CSI — Fyj(as—5—)) = Ms/ " 2 fy(z)de
at the transmitter. In order to find (20), we should determine Hs as— g
0°-CS! which does not have a closed-form expression. The  Asslas— )
Ts
followmg lemma approximates (20) as follows. —1_ eA =
Lemma 2: The no-CSlI throughput of the SU is given by 1+ Apr( - 2%5)
neoCS! = WeRs (1 — 62°CS") wheregi> 5! is approximated as - Ass(ast zho)
1 e Ts e Ts
as— 5 + (aspis + 35) -
_Xss( s 2“5) S AssT} 1 AssT} 1
gocsiq_ ¢ T 2\ I+l —5) 1+ 5zles+ )
S - AssT 1 ss(as— 5=
1+ 7 (as— 50) (( 1 ! Pt il |
Ass(as— %Ls) Ass(@s-*-QLLs) — K g — ——
. ( . 1) o 2 o A s s 2us” 1 +2 AssTp (as _ 2%05)
Asfls 5 AssT} 1 o AssT} 1 ss(as
2\ 1+ Ssrlas—z0) 1+ 7 (as+ 5;7) : 1 )( ef%tz“s) | /as+ﬁs o . >
sslas 2; — + 5 + D
1 6_/\(#5%) s 1+ AssTp( + %) a57% 1 + )\ssTpx
s (s 5 ) - - 2
S 2 1+/\SSTP( S_ﬁ) ( )
 Ass(astglo) which, using the definition of the exponential integral ftioc
— 1 )( € s ) in the last integration, leads to (21) in the lemma. In (288, t
1+ ASSTP (as + 2 L) approximation comes from (22) and the last equality is found
e by (4) and partial integration. O

ApsIse 5 Ei(— ’\55(043 + 5-) — ’\?”S)
+ fe L Note that, although the results are obtained for spectrum
AssTp sharing networks, the same approximation techniques are
)\psTse e Ei(— Ass(as 21& ) — %ps) useful for the finite block-length analysis of single-uset-n
= L ) (21) works. Furthermore, using the approximate expressionseof t
AssTp throughput, we can solve (5) numerically or analyticalliigh

Here, E(x) — f dt represents the exponential inteara ||s not a difficult task. Finally, to close the section, it is nyo
f r Z P B P 9 noting that with an infinitely long code, i.el; — oo, the SU
function, as £ et — 1 and s 2 | / gy no-CSI throughput is given by

no-Csl  __
Proof. To prove the Iemma We use a linearization technique "lsZ—oo = VsRsPr(log(1 + ¢s) = Rs)

for the function@ (X100 —Rs)y at pointz = as to write U R e
1= G2 = UsRs(1 — Fy (e — 1)) = —5= . (29)
L+ $2 (efle = 1)
VL(log(1 +z) — R
Q( (log( 1) S)) ~ Us(x) which can be maximized numerically or analytically. For
L= (1+x)2 instance, letting, — oo in Lemma 2, setting the derivative
1 < os— - of the throughput with respect t&®s equal to zero and
— 2ps? . . . .
Us(z) = % ~ sz —as) 7€ (as zi ,as+ 2}@)’ 22) implementing some manipulations, we have
0 X > Qs+ 2/.L ’ )\ss(ew<xss)\22f;sSSTP>—l)
. A STS -
W|th no-CSl N \I/SW (m)e Ts
s,L—o0 — ApsT ’
’ ATy (W semperras
9 Q(\/f(lolg(l-i-&lt‘)—Rs)) 1+ KTZ <e (* ApsTA Tp) — 1>
Vo Gre)? L (25)
Hs = — E) A/ 9 (2R — 1)
x e—ae 27 (e2fs — 1)

in the optimal case, wherg/ is the Lambert W function. In
\/—(log(lﬂ) Re) Section V, we validate the accuracy of the approximations pr
I ] ) a posed in (16)-(25) by comparing them with the corresponding
point z = as. exact values that can be evaluated numerically.

which is found from the derivative af)(



V. NUMERICAL RESULTS

In all figures, we sef\ss = Asp = A\ps = App = 1, unless
otherwise stated. Thus, as the noise variances are setlip 1,
andTs (in dB, 10log;, T, and 10log,, Ts) represent the PU
and the SU signal-to-noise ratio (SNR) as well. According tc
[26], [27], the approximations in (9)-(11) are very tightrfo
sufficiently long codewords, and the tightness increasdis wi
the codewords’ length. For the numerical results, we carsid
cases withZ, > 50 channel uses, for which the approximation
is tight [26], [27], and do not consider shorter codewords
In the meantime, although the approximation is not tight fo
small L's and the results should not be fully trusted in that
case, we observed the same qualitative conclusions as in 1.

case ofL > 50, when the simulations are run for very shorfigure 1.

(practically not interesting) codewords (see [26], [2#]fiwore 90

discussions on the tightness of (9)-(11) and [21] for pcadti
codes of interest in, e.g., vehicle-to-vehicle commuiicgt

Setting R, = 1 npcu, L = 100 and 6, = 1073, Fig. 1
shows the SU activation probability given in (13)-(14) and
compares the results with the ones in Lemma 1 and (19). A
demonstrated in the figure, the approximation method (19) i
tight at low SU SINRs, while the tightness decreases with the
SU SINR. On the other hand, the approximation approach o
Lemma 1, i.e., (16), is very tight for all ranges of SU and PU
SINRs. For this reason and also to avoid mixing the effect:s
of different approximations, in the following figures the SU
activation probability¥s is calculated numerically, while the
same curves (with very high accuracy) are obtained fis
derived via Lemma 1. That is, for all considered scenarlgg
the curves are indistinguishable whether the SU activation
probability is determined numerically or via Lemma 1.

In Figs. 2-4, we study the system throughput. Figure
2 verifies the tightness of the approximations derived in
Lemma 2. Here, the results are obtained o= 200,7, =
10,15 dB,Rs = Rp, = 1 npcu andf, = 10~2. Moreover,
shown in Fig. 3 are the maximum SU DP-limited throughput,
optimized according to (20), versus the SU transmission
power. Here, the simulation results are compared with tleson
derived in the cases with asymptotically long codewords, i.
(24)-(25). Finally, Fig. 4 evaluates the effect of the PU DP
constraint, where the SU no-CSlI throughput is plotted v@rsu
the PU DP constraints for different lengths of the codewords

According to the figures, the following conclusions can be
drawn:

o As seen in Fig. 2, the approximation approach of Lemma
2 is very tight for a broad range of SINRs/parameter
settings.

Figures 2 and 3 indicate that with a PU DP constraint
there are finite optimal transmission powers for the SU
and the PU such that the SU throughput is maximized.
However, the SU DP-limited throughput converges to
zero at low and high SINRs. Intuitively, this is because,
with a PU DP constraint, at high SINRs (resp. low SINRS)
no data transmission is allowed by the PU (resp. the SU

o Approximate value via (1¢
===Exact value via (14)
— Approximate value via (16

SU activation probability Wq

Rayleigh fadin
R=1,1=100,6 = 162
_2 L L L I}
10 0 5 10 15 20 25
SU transmission SNR 10log;, T (dB)
SU activation probability for different SU tranission SNRs
log g Ts (dB) Rayleigh fading channelsl, = 100, Rp = 1 npcu,
10-3
3 3015 - -
2 ==x Simulation results
:éi — Approximation approach of Lemma 2
5 0.1
>
o
£
3 0.05
S
ey
>
@ 0
0

5 10 15 20 25 30
SU transmission SNR 1OI%j's (dB)

Figure 2. On the tightness of the approximations of Lemma &yldégh
fading channels, no CSI at the SU transmitter= 200, Rp =

Rs =1 npcu,
=10"2

mal SU transmission power maximizing the DP-limited
throughput increases with the length of the codewords
(Fig. 3).

For short codewords, the SU DP-limited throughput is
remarkably affected by the length of the codewords at
hard DP-limited conditions, i.e., whef is small (Fig.

4). However, the effect of the finite-length codewords
decreases when the PU DP constraint is relaxed, i.e
Op increases, and the throughput is less sensitive to the
PU DP constraint for long codewords (Fig. 4). Also, the
throughput increases with the length of the codewords, as
expected. As shown in Fig. 4, the finite length of the code-
words leads to considerable SU throughput degradation,
for codewords of short length. However, with different
SU/PU transmission powers and the considered PU DP
constraints, the effect of the codewords length on the SU
throughput is negligible for long codewords.

The tolerance of the primary user, modeled by the DP
constraintd,, plays a great role in the secondary channel
throughput. That is, the more secure the PU quality-
of-service requirement, the less the data transmission
allowed within the PU activation time slots and the
less the throughput achieved at the secondary channel,
converging to zero (Fig. 4).

achievable rate is small although it is active in mankinally, the results emphasize that, using finite-lengtdeco
time slots). In harmony with (20), the optimal SU powewords and rate adaptation, there is considerable potential
depends on the codewords length. Moreover, the opter the data transmission of the unlicensed secondary users
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Figure 3. SU maximum throughput for different lengths of twelewords.
The black dashed curves are obtained by numerical optiiizaf (20). Then,
the numerical results are compared with the ones derived2by Rayleigh
fading channelsRp = 0.5 npcu,6p = 1072, Tp = 5 dB.
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Figure 4. SU no-CSl throughput vs PU DP constraint and diffefengths
of the codewords. Rayleigh fading channel% = 0.5 npcu, Rs = 1 npcu,

Tp:

under different quality-of-service requirements of threefised
primary users.

VI. CONCLUSION
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