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ABSTRACT

As the automotive industry is developing autonomous driving systems and vehicular networks,
attention to truck platooning has increased as a way to reduce costs (fuel consumption) and improve
efficiency in the highway. Recent research in this area has focused mainly on the aerodynamics,
network stability, and longitudinal control of platoons. However, the system aspects (e.g., platoon
coordination) are still not well explored. In this paper, we formulate a platooning coordination
problem and study whether trucks waiting at an initial location (station) should wait for a platoon
to arrive in order to leave. Arrivals of trucks at the station and platoons by the station are modelled
by independent Bernoulli distributions. Next we use the theory of Markov Decision Processes to
formulate the dispatching control problem and derive the optimal policy governing the dispatching of
trucks with platoons. We show that the policy that minimizes an average cost function at the station
is of threshold type. Numerical results for the average cost case are presented. They are consistent
with the optimal ones.

Keywords Truck platooning, Optimal control of queues.

1 Introduction

Truck platooning is the practice of virtually connecting two or more automated trucks forming convoys, where trucks
follow one another closely. This practice has recently gained attention as the automotive industry develops toward
autonomous driving systems and vehicular networks Adler et al. (2020). It holds great potential to make traffic more
efficient and clean. In particular, allowing close-distance driving mitigates the effects of aerodynamic drag, which in
turn leads to a substantial reduction in fuel consumption Zabat (1995). Platooning also optimizes highway use, reduces
travel times and enhances transportation safety.

The benefits of platooning may vary due to the complex and dynamic behaviour of trucks and the resulting traffic. For
instance, this potential depends on several aspects, such as the inter-vehicle gap in a platoon, the travel speed, the cost
of platooning formation, and others Zabat (1995). Therefore, it is crucial to study and understand platooning under
concrete mathematical models.
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1.1 Related Work

Most of the research efforts so far have been concerned with studying the aerodynamic aspects of platooning Zabat
(1995); Vohra et al. (2018), the cooperative longitudinal control of trucks Tsugawa et al. (2016); Hu et al. (2020);
Milanes et al. (2014), and the stability of the platoons from a network perspective Wang et al. (2021); Petrillo et al.
(2021). However, the system aspects (e.g., platoon coordination) are still not well explored Adler et al. (2020), especially
concerning optimal control.

Previous works on platooning coordination considered the dispatching control of trucks waiting in a station/hub Adler
et al. (2020); Zhang et al. (2017); A. Johansson et al. (2020). In these works, trucks arrive at the station following a
random process (e.g., Poisson or Bernoulli), and the station decides whether they should wait to form platoons. If the
station holds them, it may build platoons with many trucks, which reduces fuel consumption. However, forcing many
trucks to wait at the station incurs high transportation delay cost. These works investigated the optimal dispatching
control at the station that minimizes an average cost function.

In Zhang et al. (2017), the authors studied optimal platoon coordination at a highway junction (hub). Their model
consisted of two trucks arriving at the hub with stochastic arrival times. If they arrive at the same time, they form a
platoon. One truck may have to wait for the other when their arrival times differ, which incurs a waiting cost. The
authors proved that it is optimal to build a platoon only when the arrival time of each truck differs by less than a
threshold.

In Adler et al. (2020), the authors studied platooning coordination of multiple trucks at a station, where the arrivals
are Poisson distributed. The station decides whether to hold trucks in order to build platoons. The authors compared
different truck dispatching policies governing the station under energy-delay tradeoff considerations. They proved the
optimality of threshold policies to control station dispatching, where the station dispatches all trucks whenever the
number of waiting trucks in the station grows above the threshold. In A. Johansson et al. (2020), the authors proposed a
similar model to the one in Adler et al. (2020) under the assumption that arrivals of trucks are i.i.d and their distribution
is known by the station. They proved that the optimal policy is of the type "one time-step look-ahead".

1.2 Model Novelty and Main Contributions

In this paper, we study the dispatching and formation of platoons from a novel perspective. In particular, like Adler
et al. (2020), A. Johansson et al. (2020) (and unlike Zhang et al. (2017)), in our model we consider a waiting station
that can hold multiple trucks. However, unlike Adler et al. (2020) and A. Johansson et al. (2020), we assume that trucks
arrive at the station, while platoons arrive alongside the station. Therefore, we dispatch trucks with arriving platoons, as
opposed to forming platoons among waiting trucks. Our cost function is also different.

We formalize the dispatching actions at the station as an optimal control problem. We then use dynamic programming
to analyze it. The main contributions of this work are as follows:

• We derive the optimal dispatching policy governing the system under finite and infinite horizon discounted
cost criteria. We show that the policies are of threshold type with a finite threshold.

• We use Lippman’s Lippman (1973) results to derive the optimal policy for the average cost criterion.
• We present numerical results for the average cost case.

The paper is organized as follows. In Section 2, we formulate the dispatching trucks to arriving platoons problem. We
also present the Markov Decision Problem. We characterize the optimal control policy for the discounted cost (with
finite and infinite horizons) in Section 3. In Section 4, we derive the optimal policy for the average cost problem. We
present some numerical results for the average cost problem in Section 5. Our conclusion and suggestions for future
work are presented in Section 6.

2 Model and Control Problem Formulation

We consider the platooning system shown in Figure 1.

Define the station as a location where trucks arrive and can wait to join platoons. Platoons arrive alongside the station.
The station decides how trucks are dispatched from the station. We assume that only one truck at a time can be
dispatched.

The system operates in discrete time. Truck arrivals are Bernoulli with parameter p. Trucks join the same queue upon
arrival. Platoon arrivals are Bernoulli with parameter q. In order to avoid trivialities, we assume that 0 < p < 1 and
0 < q < 1.
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Figure 1: System model.

We assume truck and platoon arrivals are a sequence of ordered events in one time slot. A truck arrival (if any) always
takes place earlier than a platoon arrival (if any). This assumption guarantees that if the station is empty and a truck
arrives, it can join a platoon if any arrives.

2.1 The Markovian Decision problem

Let xn denote the number of trucks waiting at the station at slot n, n ∈ {1, 2, . . . }. xn is the state of the system and
X = {0, 1, 2, . . . } is the state space of the system.

Define the events as the combinations of arrivals (of a truck or a platoon) that may occur during a time slot. Each event
has a given probability and a state operator (mapping X into X). Transitions among the states are described in Table 1.

Events State Operators Probabilities
No arrivals. Z(x) = x. (1− p)(1− q)
A platoon arrives and no truck arrives. P (x) = x. (1− p)q
A truck arrives and no platoon arrives. V (x) = x+ 1. p(1− q)
A platoon and a truck arrive. B(x) = x+ 1. pq

Table 1: Events, State Operators, and Probabilities.

Define the action spaceA = {H,D}, where the action operator H represents the action of holding a truck at the station,
and D denotes the dispatching action. We have:

H(x) = x, dom H = X.

D(x) = x− 1, dom D = {x ∈ X : x ≥ 1}.

A(xn) represents the available actions for a given state xn at time slot n.

Dispatching trucks with platoons reduces energy (fuel) consumption. Holding trucks at the station (when waiting for
platoons) incurs transportation delay costs. Trucks dispatched without platoons pay the entire transportation cost.

We assume all arriving platoons provide the same energy reduction. It simplifies the model as the cost of dispatching
a truck by platooning (or not) becomes deterministic. We introduce a real-valued constant κ representing the cost of
dispatching a truck without a platoon.

We formalize these assumptions mathematically with c(xn, an), the instantaneous cost as a function of the system state
xn when taking the action an at time slot n. More specifically, satisfies:

c(xn, an) =


xn if an = H.

xn − 1 if a platoon arrives and an = D.

xn − 1 + κ if no platoon arrives and an = D.

(1)
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We complete the specification of our Markov Decision Problem (MDP) by defining the transition probability function
as follows:

P (xn+1|xn = x, an) =



(1− p)(1− q) if xn+1 = Z(x), an = H.

(1− p)(1− q) if xn+1 = x− 1, an = D.

(1− p)q if xn+1 = P (x), an = H.

(1− p)q if xn+1 = x− 1, an = D.

p(1− q) if xn+1 = V (x), an = H.

p(1− q) if xn+1 = x, an = D.

pq if xn+1 = B(x), an = H.

pq if xn+1 = x, an = D.

(2)

Our goal is to choose the control actions to minimize the expected finite horizon discounted cost, as

E
N∑
n=1

βnc(xn, an), (3)

where β is a discount factor 0 < β < 1, and N is the time horizon.

Since c(xn, an) grows linearly ∀x ∈ X and N is finite, it is well known that there exists an optimal stationary
(time-independent) policy that minimizes the cost (3) and is the unique solution for the MDP.

Define JβN (x) as the minimum expected discounted cost for (3) with N steps to go and initial state x0 = x. JβN (x)
satisfies:

JβN (x) = min
a∈A(x)

{c(x, a) + β[(1− p)(1− q)JβN−1(Z(x)) + (1− p)qJβN−1(P (x))+

p(1− q)JβN−1(V (x)) + pqJβN−1(B(x))]}, (4)

where the initial condition is Jβ1 (x) = min{c(x, a)| a ∈ A(x)}.
From the Dynamic Programming (DP) equation (4), we immediately see that with n+ 1 steps to go and initial state
x0 = x, the optimal action a is given by the difference Jβn+1(H(x))− Jβn+1(D(x)), as:

a =



H, if
(1− p)(1− q)[Jβn (x)− Jβn (x− 1)] + (1− p)q[Jβn (x)− Jβn (x− 1)]

+ p(1− q)[Jβn (x+ 1)− Jβn (x)] + pq[Jβn (x+ 1)− Jβn (x)] ≤
−1 + κ

β
.

D, if
(1− p)(1− q)[Jβn (x)− Jβn (x− 1)] + (1− p)q[Jβn (x)− Jβn (x− 1)]

+ p(1− q)[Jβn (x+ 1)− Jβn (x)] + pq[Jβn (x+ 1)− Jβn (x)] >
−1 + κ

β
.


(5)

We will use (5) to characterize the optimal policy for (4) in the next section.

3 Characterization of the Optimal Policy

In this section, we first prove some properties of the optimal cost function; we then use them to characterize the optimal
policy as a threshold policy.

The following Lemma (which we can show using Equations (1) and (4)) simplifies the search for an optimal policy,
since we can disregard the holding actions with probabilities pq and (1− p)q in Equation (2).
Lemma 3.1. Dispatching a truck with an arriving platoon is always optimal.

Proof. We use induction on n to prove that when a platoon arrives

Jβn (D(x)) ≤ Jβn (H(x)), ∀x ∈ dom D. (6)

Base case (n = 1). This proof is immediate since Jβ1 (x) is the instantaneous cost (1) and when the system state is
xn ≥ 1 and a platoon arrives, c(xn, D) < c(xn, H) for all x ∈ dom D.
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Inductive step (from n = N to n = N + 1). Assume that Inequality (6) is valid with n = N , for all x ∈ dom D. We
will prove the same is true for all x and n = N + 1, i.e.,

JβN+1(D(x)) ≤ JβN+1(H(x)). (7)

We replace (4) in (7) and apply the operators H and D to obtain

x− 1 + β[(1− p)(1− q)JβN (x− 1) + (1− p)qJβN (x− 1) + p(1− q)JβN (x) + pqJβN (x)]

≤ x+ β[(1− p)(1− q)JβN (x) + (1− p)qJβN (x) + p(1− q)JβN (x+ 1) + pqJβN (x+ 1)].

We now cancel identical terms and rearrange them to derive

− 1 + β[(1− p)(1− q)[JβN (x− 1)− JβN (x)] + (1− p)q[JβN (x− 1)− JβN (x)] +

p(1− q)[JβN (x)− JβN (x+ 1)] + pq[JβN (x)− JβN (x+ 1)]] ≤ 0. (8)

From (8), all we have to show is that JβN+1(x) is monotone increasing for all x. However, since JβN (x) is convex and
c(xn, an) grows linearly ∀x ∈ X (see Theorem 1), monotonicity is sufficed. Therefore, Inequality (6) is valid for all
n ∈ N and x ∈ dom D.

In Figure 2, we show the transition probabilities.

ActionEvent Probability
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(1 � p)(1 � q), H
<latexit sha1_base64="wx5x3D+XfAu3H/hwoHhe4X3cj6Q=">AAACCHicbVDLSgMxFM3UV62vqksXBovQgpYZKeqy4KbLCvYBbSmZ9LYNzTxM7ohlmKUbf8WNC0Xc+gnu/BvTx0KrBxIO59xHctxQCo22/WWllpZXVtfS65mNza3tnezuXl0HkeJQ44EMVNNlGqTwoYYCJTRDBcxzJTTc0dXEb9yB0iLwb3AcQsdjA1/0BWdopG72MO+chgVz3RZOaBvhHqczY1dGkMSVpJvN2UV7CvqXOHOSI3NUu9nPdi/gkQc+csm0bjl2iJ2YKRRcQpJpRxpCxkdsAC1DfeaB7sTTpQk9NkqP9gNljo90qv7siJmn9dhzTaXHcKgXvYn4n9eKsH/ZiYUfRgg+ny3qR5JiQCep0J5QwFGODWFcCfNWyodMMY4mu4wJwVn88l9SPys658XSdSlXtudxpMkBOSJ54pALUiYVUiU1wskDeSIv5NV6tJ6tN+t9Vpqy5j375Besj2+xS5iD</latexit>

(1 � p)(1 � q), H

<latexit sha1_base64="DoDBWV9vPFzVEz5ZJrpv62Xjt+E=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EgWEjYlaCWAS0sI5gHJEuYndwkQ2YfztwVw7KNv2JjoYitn2Hn3zjZpNDEAxcO59w7d+7xIik02va3lVtaXlldy68XNja3tneKu3sNHcaKQ52HMlQtj2mQIoA6CpTQihQw35PQ9EZXE7/5AEqLMLjDcQSuzwaB6AvO0Ejd4kF0f0o7CI+YvZV4MoY0uU67xZJdtjPQReLMSInMUOsWvzq9kMc+BMgl07rt2BG6CVMouIS00Ik1RIyP2ADahgbMB+0m2dKUHhulR/uhMhUgzdTfEwnztR77nun0GQ71vDcR//PaMfYv3UQEUYwQ8OmifiwphnSSBu0JBRzl2BDGlTB/pXzIFONoMiuYEJz5kxdJ46zsnJcrt5VS1Z7FkSeH5IicEIdckCq5ITVSJ5yk5Jm8kjfryXqx3q2PaWvOms3skz+wPn8ASQaW0Q==</latexit>

pq, D
<latexit sha1_base64="DoDBWV9vPFzVEz5ZJrpv62Xjt+E=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EgWEjYlaCWAS0sI5gHJEuYndwkQ2YfztwVw7KNv2JjoYitn2Hn3zjZpNDEAxcO59w7d+7xIik02va3lVtaXlldy68XNja3tneKu3sNHcaKQ52HMlQtj2mQIoA6CpTQihQw35PQ9EZXE7/5AEqLMLjDcQSuzwaB6AvO0Ejd4kF0f0o7CI+YvZV4MoY0uU67xZJdtjPQReLMSInMUOsWvzq9kMc+BMgl07rt2BG6CVMouIS00Ik1RIyP2ADahgbMB+0m2dKUHhulR/uhMhUgzdTfEwnztR77nun0GQ71vDcR//PaMfYv3UQEUYwQ8OmifiwphnSSBu0JBRzl2BDGlTB/pXzIFONoMiuYEJz5kxdJ46zsnJcrt5VS1Z7FkSeH5IicEIdckCq5ITVSJ5yk5Jm8kjfryXqx3q2PaWvOms3skz+wPn8ASQaW0Q==</latexit>

pq, D
<latexit sha1_base64="DoDBWV9vPFzVEz5ZJrpv62Xjt+E=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EgWEjYlaCWAS0sI5gHJEuYndwkQ2YfztwVw7KNv2JjoYitn2Hn3zjZpNDEAxcO59w7d+7xIik02va3lVtaXlldy68XNja3tneKu3sNHcaKQ52HMlQtj2mQIoA6CpTQihQw35PQ9EZXE7/5AEqLMLjDcQSuzwaB6AvO0Ejd4kF0f0o7CI+YvZV4MoY0uU67xZJdtjPQReLMSInMUOsWvzq9kMc+BMgl07rt2BG6CVMouIS00Ik1RIyP2ADahgbMB+0m2dKUHhulR/uhMhUgzdTfEwnztR77nun0GQ71vDcR//PaMfYv3UQEUYwQ8OmifiwphnSSBu0JBRzl2BDGlTB/pXzIFONoMiuYEJz5kxdJ46zsnJcrt5VS1Z7FkSeH5IicEIdckCq5ITVSJ5yk5Jm8kjfryXqx3q2PaWvOms3skz+wPn8ASQaW0Q==</latexit>

pq, D

<latexit sha1_base64="vb12Dv+oXwImmsrrbCzySyBD5sQ=">AAACJnicbVBNSwMxEM36WetX1aOXYBFUtOwWUS9CQQ8eFWwVuqVk02kNzWbXZFYsy/4aL/4VLx4qIt78Kaa1iFYfJDzevMlMXhBLYdB1352JyanpmdncXH5+YXFpubCyWjNRojlUeSQjfR0wA1IoqKJACdexBhYGEq6C7smgfnUH2ohIXWIvhkbIOkq0BWdopWbh2A+gI1TaYXgDeifLb3l78ba9brd3qY9wj8MZaSATyNLTLO+Dan27m4WiW3KHoH+JNyJFMsJ5s9D3WxFPQlDIJTOm7rkxNlKmUXAJ9vXEQMx4l3WgbqliIZhGOlwho5tWadF2pO1RSIfqz46Uhcb0wsA6Q7ugGa8NxP9q9QTbR41UqDhBUPxrUDuRFCM6yIy2hAaOsmcJ41rYXSm/YZpxtMnmbQje+Jf/klq55B2U9i/KxYo7iiNH1skG2SIeOSQVckbOSZVw8kCeSJ+8OI/Os/PqvH1ZJ5xRzxr5BefjExGTpOs=</latexit>

(1 � p)(1 � q), D
<latexit sha1_base64="vb12Dv+oXwImmsrrbCzySyBD5sQ=">AAACJnicbVBNSwMxEM36WetX1aOXYBFUtOwWUS9CQQ8eFWwVuqVk02kNzWbXZFYsy/4aL/4VLx4qIt78Kaa1iFYfJDzevMlMXhBLYdB1352JyanpmdncXH5+YXFpubCyWjNRojlUeSQjfR0wA1IoqKJACdexBhYGEq6C7smgfnUH2ohIXWIvhkbIOkq0BWdopWbh2A+gI1TaYXgDeifLb3l78ba9brd3qY9wj8MZaSATyNLTLO+Dan27m4WiW3KHoH+JNyJFMsJ5s9D3WxFPQlDIJTOm7rkxNlKmUXAJ9vXEQMx4l3WgbqliIZhGOlwho5tWadF2pO1RSIfqz46Uhcb0wsA6Q7ugGa8NxP9q9QTbR41UqDhBUPxrUDuRFCM6yIy2hAaOsmcJ41rYXSm/YZpxtMnmbQje+Jf/klq55B2U9i/KxYo7iiNH1skG2SIeOSQVckbOSZVw8kCeSJ+8OI/Os/PqvH1ZJ5xRzxr5BefjExGTpOs=</latexit>

(1 � p)(1 � q), D

<latexit sha1_base64="N+gdMIWcG7OeZJOSoJYMGI4ungc=">AAACI3icbVDLSgMxFM3U9/iqunQTLEIVLTMiKq4KunCpYK3QlpJJb9vQTGZM7ohl6L+48VfcuFCKGxf+i+lYxNeBwOHc18kJYikMet6bk5uYnJqemZ1z5xcWl5bzK6tXJko0hwqPZKSvA2ZACgUVFCjhOtbAwkBCNeidjOrVW9BGROoS+zE0QtZRoi04Qys188f1ADpCpR2GXdDbA7fo78ZbNzvUrSPcYXYgDWQCg/R04NZBtb5am/mCV/Iy0L/EH5MCGeO8mR/WWxFPQlDIJTOm5nsxNlKmUXAJdntiIGa8xzpQs1SxEEwjzSwM6KZVWrQdafsU0kz9PpGy0Jh+GNjO0Bo0v2sj8b9aLcH2USMVKk4QFP881E4kxYiOAqMtoYGj7FvCuBbWK+VdphlHG6trQ/B/f/kvudor+Qel/Yu9QtkbxzFL1skGKRKfHJIyOSPnpEI4uSeP5Jm8OA/OkzN0Xj9bc854Zo38gPP+AXmjpCg=</latexit>

(1 � p)q, D
<latexit sha1_base64="N+gdMIWcG7OeZJOSoJYMGI4ungc=">AAACI3icbVDLSgMxFM3U9/iqunQTLEIVLTMiKq4KunCpYK3QlpJJb9vQTGZM7ohl6L+48VfcuFCKGxf+i+lYxNeBwOHc18kJYikMet6bk5uYnJqemZ1z5xcWl5bzK6tXJko0hwqPZKSvA2ZACgUVFCjhOtbAwkBCNeidjOrVW9BGROoS+zE0QtZRoi04Qys188f1ADpCpR2GXdDbA7fo78ZbNzvUrSPcYXYgDWQCg/R04NZBtb5am/mCV/Iy0L/EH5MCGeO8mR/WWxFPQlDIJTOm5nsxNlKmUXAJdntiIGa8xzpQs1SxEEwjzSwM6KZVWrQdafsU0kz9PpGy0Jh+GNjO0Bo0v2sj8b9aLcH2USMVKk4QFP881E4kxYiOAqMtoYGj7FvCuBbWK+VdphlHG6trQ/B/f/kvudor+Qel/Yu9QtkbxzFL1skGKRKfHJIyOSPnpEI4uSeP5Jm8OA/OkzN0Xj9bc854Zo38gPP+AXmjpCg=</latexit>

(1 � p)q, D

<latexit sha1_base64="6G/uLhVZjkjzGpntVPRedBNu6B8=">AAACI3icbVDLSgMxFM3UVx1foy7dBIugomWmiIqrgpsuFWwV2lIy6W0NzWTG5I5Yhv6LG3/FjQtF3LjwX0wfiK8DgcO5r5MTJlIY9P13Jzc1PTM7l593FxaXlle81bWaiVPNocpjGeurkBmQQkEVBUq4SjSwKJRwGfZOh/XLW9BGxOoC+wk0I9ZVoiM4Qyu1vJNGCF2hsi7Da9C7AzfZDvZvdvao20C4w9GBLJQpDLLKwG2Aan+1tryCX/RHoH9JMCEFMsFZy3tttGOeRqCQS2ZMPfATbGZMo+AS7PbUQMJ4j3WhbqliEZhmNrIwoFtWadNOrO1TSEfq94mMRcb0o9B2Rtag+V0biv/V6il2jpuZUEmKoPj4UCeVFGM6DIy2hQaOsm8J41pYr5RfM8042lhdG0Lw+8t/Sa1UDA6LB+elQtmfxJEnG2STbJOAHJEyqZAzUiWc3JNH8kxenAfnyXl13satOWcys05+wPn4BIEBpCw=</latexit>

p(1 � q), H
<latexit sha1_base64="6G/uLhVZjkjzGpntVPRedBNu6B8=">AAACI3icbVDLSgMxFM3UVx1foy7dBIugomWmiIqrgpsuFWwV2lIy6W0NzWTG5I5Yhv6LG3/FjQtF3LjwX0wfiK8DgcO5r5MTJlIY9P13Jzc1PTM7l593FxaXlle81bWaiVPNocpjGeurkBmQQkEVBUq4SjSwKJRwGfZOh/XLW9BGxOoC+wk0I9ZVoiM4Qyu1vJNGCF2hsi7Da9C7AzfZDvZvdvao20C4w9GBLJQpDLLKwG2Aan+1tryCX/RHoH9JMCEFMsFZy3tttGOeRqCQS2ZMPfATbGZMo+AS7PbUQMJ4j3WhbqliEZhmNrIwoFtWadNOrO1TSEfq94mMRcb0o9B2Rtag+V0biv/V6il2jpuZUEmKoPj4UCeVFGM6DIy2hQaOsm8J41pYr5RfM8042lhdG0Lw+8t/Sa1UDA6LB+elQtmfxJEnG2STbJOAHJEyqZAzUiWc3JNH8kxenAfnyXl13satOWcys05+wPn4BIEBpCw=</latexit>

p(1 � q), H

<latexit sha1_base64="n/GZRpil+gu8xwsrZBfCHC96/r4=">AAACIXicbVBbSwJBGJ21m9nN6rGXJQksSnYlykehFx8N8gIqMjt+6uDs7DbzbSSLf6WX/kovPRThW/RnGi9EaQcGDue7nTleKLhGx/m0Eiura+sbyc3U1vbO7l56/6Cqg0gxqLBABKruUQ2CS6ggRwH1UAH1PQE1b3AzqdceQGkeyDschtDyaU/yLmcUjdROF5oe9LiMexT7oM5Gqax7EZ7enzcRHnG6PvZEBKO4NEo1QXZ+GtvpjJNzprCXiTsnGTJHuZ0eNzsBi3yQyATVuuE6IbZiqpAzAWZ7pCGkbEB70DBUUh90K55aGNknRunY3UCZJ9Geqr8nYuprPfQ90+kbg3qxNhH/qzUi7BZaMZdhhCDZ7FA3EjYG9iQuu8MVMBRDQyhT3Hi1WZ8qytCEmjIhuItfXibVfM69yl3e5jNFZx5HkhyRY5IlLrkmRVIiZVIhjDyRF/JG3q1n69X6sMaz1oQ1nzkkf2B9fQPgQqPu</latexit>

(1 � p)q, H

Figure 2: Transition probabilities using the result of Lemma 3.1.

Theorem 1. For each n ≥ 1, the function Jβn is convex. Moreover, the difference Jβn+1(H(x)) − Jβn+1(D(x)) is
monotone increasing.

Proof. We first prove the convexity of Jβn . We use induction on n to prove that for all x

Jβn (x+ 1) + Jβn (x− 1) ≥ 2Jβn (x). (9)

Base case (n = 1). This is immediate if we recall that Jβ1 (x) = c(x, a), which is a linear function in x, for all a.

Inductive step (from n = N to n = N + 1). Assume that Inequality (9) is valid with n = N , for all x. We will prove
the same is true for n = N + 1, i.e.,

JβN+1(x+ 1) + JβN+1(x− 1) ≥ 2JβN+1(x), (10)

for all x and a ∈ {H,D}.
Remark: Using (10), we can see that there are eight possible combinations of actions as a ∈ {H,D}. However, from
(5), it follows that we need to prove that (10) holds only for four of the cases, since once D is optimal for x (i.e.,
x > m), D is optimal for all x′ > x.

Case 1: Holding action for x− 1, x, and x+ 1.
Applying the holding action to (4), the following identity holds

JβN+1(x) = x+ β((1− p)(1− q)JβN (x) + p(1− q)JβN (x+ 1) + (1− p)qJβN (x) + pqJβN (x+ 1)). (11)

5
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We apply Identity (11) to x− 1 and x+ 1 and we derive

JβN+1(x+ 1) = x+ 1 + β((1− p)(1− q)JβN (x+ 1) + p(1− q)JβN (x+ 2) + (1− p)qJβN (x+ 1)+

pqJβN (x+ 2)). (12)

JβN+1(x− 1) = x− 1 + β((1− p)(1− q)JβN (x− 1) + p(1− q)JβN (x) + (1− p)qJβN (x− 1) + pqJβN (x)). (13)

Substituting Identities (11), (12), and (13) into Inequality (10) we obtain

x+ 1 + β((1− p)(1− q)JβN (x+ 1) + p(1− q)JβN (x+ 2) + (1− p)qJβN (x+ 1) + pqJβN (x+ 2))

+ x− 1 + β((1− p)(1− q)JβN (x− 1) + p(1− q)JβN (x) + (1− p)qJβN (x− 1) + pqJβN (x))

≥ 2(x+ β((1− p)(1− q)JβN (x) + p(1− q)JβN (x+ 1) + (1− p)qJβN (x) + pqJβN (x+ 1))). (14)

Rearranging Inequality (14) as indicated, all we need to prove is

(1− p)(1− q)(JβN (x+ 1) + JβN (x− 1)− 2JβN (x)) + p(1− q)(JβN (x+ 2) + JβN (x)− 2JβN (x+ 1))+

(1− p)q(JβN (x+ 1) + JβN (x− 1)− 2JβN (x)) + pq(JβN (x+ 2) + JβN (x)− 2JβN (x+ 1)) ≥ 0.

However, this is obvious using the convexity of JβN , which is true by the inductive hypothesis.

Case 2: Dispatching action for x− 1, x, and x+ 1.
Applying the dispatching action to (4), the following identity holds

JβN+1(x) = x− 1 + κ+ β((1− p)(1− q)JβN (x− 1) + p(1− q)JβN (x) + (1− p)qJβN (x− 1) + pqJβN (x)). (15)

If we also apply Identity (15) to x− 1 and x+ 1 and derive

JβN+1(x+ 1) = x+ κ+ β((1− p)(1− q)JβN (x) + p(1− q)JβN (x+ 1) + (1− p)qJβN (x) + pqJβN (x+ 1)). (16)

JβN+1(x− 1) = x− 2 + κ+ β((1− p)(1− q)JβN (x− 2) + p(1− q)JβN (x− 1)+

(1− p)qJβN (x− 2) + pqJβN (x− 1)). (17)

Substituting Identities (15), (17), and (16) into Inequality (10) we obtain

x+ κ+ β((1− p)(1− q)JβN (x) + p(1− q)JβN (x+ 1) + (1− p)qJβN (x) + pqJβN (x+ 1))+

x− 2 + κ+ β((1− p)(1− q)JβN (x− 2) + p(1− q)JβN (x− 1) + (1− p)qJβN (x− 2)+

pqJβN (x− 1))+ ≥ 2(x− 1 + κ+ β((1− p)(1− q)JβN (x− 1) + p(1− q)JβN (x)+

(1− p)qJβN (x− 1) + pqJβN (x))). (18)

Rearranging Inequality (18) as indicated, all we need to prove is

(1− p)(1− q)(JβN (x) + JβN (x− 2)− 2JβN (x− 1)) + p(1− q)(JβN (x+ 1) + JβN (x− 1)− 2JβN (x))

+ (1− p)q(JβN (x) + JβN (x− 2)− 2JβN (x− 1)) + pq(JβN (x+ 1) + JβN (x− 1)− 2JβN (x)) ≥ 0,

which is true by the inductive hypothesis.

Case 3: Dispatching action for x and x+ 1, and holding action for x− 1.
Substituting Identities (13), (15), and (16) into Inequality (10) we obtain

x+ κ+ β((1− p)(1− q)JβN (x) + p(1− q)JβN (x+ 1) + (1− p)qJβN (x) + pqJβN (x+ 1))+

x− 1 + β((1− p)(1− q)JβN (x− 1) + p(1− q)JβN (x) + (1− p)qJβN (x− 1) + pqJβN (x)) ≥
2(x− 1 + κ+ β((1− p)(1− q)JβN (x− 1) + p(1− q)JβN (x) + (1− p)qJβN (x− 1) + pqJβN (x))).

Since (13) is identical to (15), we cancel equivalent terms to derive

x+ κ+ β((1− p)(1− q)JβN (x) + p(1− q)JβN (x+ 1) + (1− p)qJβN (x) + pqJβN (x+ 1)) ≥ x− 1

+κ+ β((1− p)(1− q)JβN (x− 1) + p(1− q)JβN (x) + (1− p)qJβN (x− 1) + pqJβN (x)). (19)

6
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Rearranging Inequality (19) as indicated, all we need to prove is

(1− p)(1− q)(JβN (x)− JβN (x− 1)) + p(1− q)(JβN (x+ 1)− JβN (x))+

(1− p)q(JβN (x)− JβN (x− 1)) + pq(JβN (x+ 1)− JβN (x))) ≥ κ− 1

β
. (20)

Since (20) is identical to (5), the left side of (20) is greater than its right side whenever the dispatching action is taken.
Thus, Inequality (20) holds.

Case 4: Dispatching action for x+ 1, and holding action for x− 1 and x.
Substituting Identities (11), (13), and (16) into Inequality (10) we obtain

x+ κ+ β((1− p)(1− q)JβN (x) + p(1− q)JβN (x+ 1) + (1− p)qJβN (x) + pqJβN (x+ 1))+

x− 1 + β((1− p)(1− q)JβN (x− 1) + p(1− q)JβN (x) + (1− p)qJβN (x− 1) + pqJβN (x)) ≥
2(x+ β((1− p)(1− q)JβN (x) + p(1− q)JβN (x+ 1) + (1− p)qJβN (x) + pqJβN (x+ 1))). (21)

Since (11) is identical to (16) (except for κ), we cancel equivalent terms to derive

κ+ x− 1 + β((1− p)(1− q)JβN (x− 1) + p(1− q)JβN (x) + (1− p)qJβN (x− 1) + pqJβN (x))

≥ x+ β((1− p)(1− q)JβN (x) + p(1− q)JβN (x+ 1) + (1− p)qJβN (x) + pqJβN (x+ 1)). (22)

Rearranging Inequality (22) as indicated, all we need to prove is

(1− p)(1− q)(JβN (x− 1)− JβN (x)) + p(1− q)(JβN (x)− JβN (x+ 1))+

(1− p)q(JβN (x− 1)− JβN (x)) + pq(JβN (x)− JβN (x− 1))) ≥ 1− κ
β

. (23)

Multiplying (23) by −1, we obtain (5) when the holding action is chosen. Since both equations in (23) take the holding
action, (23) holds by (5).

Monotonicity.

To prove that the difference JβN (H(x))− JβN (D(x)) is monotone increasing, we have to show that

i.e., JβN (H(x))− JβN (D(x)) ≥ JβN (H(x− 1))− JβN (D(x− 1)), ∀x ≥ 1. (24)

Using Inequality (5), we have to show that for every x > m, the following inequality holds

−κ+ 1

β
+ (1− p)(1− q)(Jβn (x)− Jβn (x− 1)) + (1− p)q(Jβn (x)− Jβn (x− 1))+

p(1− q)(Jβn (x+ 1)− Jβn (x)) + pq(Jβn (x+ 1)− Jβn (x)) ≥
−κ+ 1

β
+ (1− p)(1− q)(Jβn (m)− Jβn (m− 1)) + (1− p)q(Jβn (m)− Jβn (m− 1))+

p(1− q)(Jβn (m+ 1)− Jβn (m)) + pq(Jβn (m+ 1)− Jβn (m)) > 0. (25)

We cancel identical terms in Inequality (25) and rearrange it to derive

(1− p)(1− q)(Jβn (x)− Jβn (x− 1)− (Jβn (m)− Jβn (m− 1)))+

p(1− q)(Jβn (x+ 1)− Jβn (x)− (Jβn (m+ 1)− Jβn (m)))+

(1− p)q(Jβn (x)− Jβn (x− 1)− (Jβn (m)− Jβn (m− 1)))+

pq(Jβn (x+ 1)− Jβn (x)− (Jβn (m+ 1)− Jβn )) > 0. (26)

Since JβN is convex and finite for all x ∈ X , Inequality (26) holds and so (24).

From Equation 5 and this theorem, κ ≤ 1 is a trivial case for which dispatching a truck (action D) is always optimal.

Denote by πm a threshold policy with threshold m. Under policy πm, the station dispatches a truck if and only if x > m
(with or without a platoon arrival).

7
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Theorem 2. The optimal policy for the finite horizon discounted cost problem is of threshold type with a finite threshold.

Consider next the infinite horizon, discounted cost. This cost is defined as

Jβ(x) = lim
n→∞

Jβn (x).

Since c(xn, an) grows linearly ∀x ∈ X , it is also well known (e.g., see Lippman (1973)) that an optimal stationary
policy exists and is the unique solution to the functional equation of dynamic programming.
Theorem 3. The optimal policy for the infinite horizon discounted cost problem is of threshold type.

Note that the theorem does not imply that the threshold is finite; this would depend on (how small) the value of the
discount factor β is.

We extend Theorem 3 to the average cost case in the next section.

4 The Average Cost problem

In the average cost sense, we want to choose the dispatching actions so as to minimize the (long-run) average cost

lim sup
N→∞

1

N
E

N∑
n=1

c(xn, an). (27)

Let Jβπ (x), Jπ denote the infinite horizon, discounted cost and long-run average cost incurred by a policy π. It was
shown in Lippman (1973) that, if a policy π results in a Markov chain with a single positive recurrent class, both costs
are well defined and

lim
β→1−

(1− β)Jβπ (x) = Jπ, (28)

for any x ∈ X .

Define Jπm
as the average cost of using the threshold policy πm. We follow an approach similar to the one in Lin and

Kumar (1984), to prove the optimality of πm for the average cost criterion.

The following lemma shows that this cost is well-defined and finite.
Lemma 4.1. For any finite threshold m ≥ 0, the average cost of the policy πm is finite and given by:

Jπm
=



p(1− q)κ. if m = 0.

p(1− q)
A+ 1

+
A(p(1− q)(1 + κ) + (1− p)(1− q) + pq)

A+ 1
, if m = 1.

m2 +m− 2(κ+ 1)(p− 1)p

2(m+ 1)
, if m ≥ 2 and p = q.

p(1− q)(1−A)
1−Am+1

+
A2(−p+ q) +A(1 + p− q) +Am(−m− p+ q)

(1−A)(1−Am+1)
+

Am+1(m+ p− q − 1)

(1−A)(1−Am+1)
+ (m− q + pq(1− κ) + pκ)

(Am −Am+1

1−Am+1

)
, if m ≥ 2 and p 6= q.

(29)

where

A =
p(1− q)
(1− p)q . (30)

Proof. Let f(x) be the steady-state probability of the state x ∈ X when πm is applied. (πm has a unique steady-state
distribution since, under πm, (i) the queue will never drift to the infinity and (ii) the state x = 0 can be reached from
every state in X .) f(x) is defined as:

f(x) = (1− p)(1− q)f(πm(Z(x))) + (1− p)qf(πm(P (x))) + p(1− q)f(πm(V (x))) + pqf(πm(B(x))). (31)

8
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<latexit sha1_base64="XCChJL/1e8KJGmRIA68AH28cN/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWarr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHrTjLk=</latexit>

0

<latexit sha1_base64="wx5x3D+XfAu3H/hwoHhe4X3cj6Q=">AAACCHicbVDLSgMxFM3UV62vqksXBovQgpYZKeqy4KbLCvYBbSmZ9LYNzTxM7ohlmKUbf8WNC0Xc+gnu/BvTx0KrBxIO59xHctxQCo22/WWllpZXVtfS65mNza3tnezuXl0HkeJQ44EMVNNlGqTwoYYCJTRDBcxzJTTc0dXEb9yB0iLwb3AcQsdjA1/0BWdopG72MO+chgVz3RZOaBvhHqczY1dGkMSVpJvN2UV7CvqXOHOSI3NUu9nPdi/gkQc+csm0bjl2iJ2YKRRcQpJpRxpCxkdsAC1DfeaB7sTTpQk9NkqP9gNljo90qv7siJmn9dhzTaXHcKgXvYn4n9eKsH/ZiYUfRgg+ny3qR5JiQCep0J5QwFGODWFcCfNWyodMMY4mu4wJwVn88l9SPys658XSdSlXtudxpMkBOSJ54pALUiYVUiU1wskDeSIv5NV6tJ6tN+t9Vpqy5j375Besj2+xS5iD</latexit>

(1 � p)(1 � q), H

<latexit sha1_base64="DoDBWV9vPFzVEz5ZJrpv62Xjt+E=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EgWEjYlaCWAS0sI5gHJEuYndwkQ2YfztwVw7KNv2JjoYitn2Hn3zjZpNDEAxcO59w7d+7xIik02va3lVtaXlldy68XNja3tneKu3sNHcaKQ52HMlQtj2mQIoA6CpTQihQw35PQ9EZXE7/5AEqLMLjDcQSuzwaB6AvO0Ejd4kF0f0o7CI+YvZV4MoY0uU67xZJdtjPQReLMSInMUOsWvzq9kMc+BMgl07rt2BG6CVMouIS00Ik1RIyP2ADahgbMB+0m2dKUHhulR/uhMhUgzdTfEwnztR77nun0GQ71vDcR//PaMfYv3UQEUYwQ8OmifiwphnSSBu0JBRzl2BDGlTB/pXzIFONoMiuYEJz5kxdJ46zsnJcrt5VS1Z7FkSeH5IicEIdckCq5ITVSJ5yk5Jm8kjfryXqx3q2PaWvOms3skz+wPn8ASQaW0Q==</latexit>

pq, D

<latexit sha1_base64="n/GZRpil+gu8xwsrZBfCHC96/r4=">AAACIXicbVBbSwJBGJ21m9nN6rGXJQksSnYlykehFx8N8gIqMjt+6uDs7DbzbSSLf6WX/kovPRThW/RnGi9EaQcGDue7nTleKLhGx/m0Eiura+sbyc3U1vbO7l56/6Cqg0gxqLBABKruUQ2CS6ggRwH1UAH1PQE1b3AzqdceQGkeyDschtDyaU/yLmcUjdROF5oe9LiMexT7oM5Gqax7EZ7enzcRHnG6PvZEBKO4NEo1QXZ+GtvpjJNzprCXiTsnGTJHuZ0eNzsBi3yQyATVuuE6IbZiqpAzAWZ7pCGkbEB70DBUUh90K55aGNknRunY3UCZJ9Geqr8nYuprPfQ90+kbg3qxNhH/qzUi7BZaMZdhhCDZ7FA3EjYG9iQuu8MVMBRDQyhT3Hi1WZ8qytCEmjIhuItfXibVfM69yl3e5jNFZx5HkhyRY5IlLrkmRVIiZVIhjDyRF/JG3q1n69X6sMaz1oQ1nzkkf2B9fQPgQqPu</latexit>

(1 � p)q, H

<latexit sha1_base64="vb12Dv+oXwImmsrrbCzySyBD5sQ=">AAACJnicbVBNSwMxEM36WetX1aOXYBFUtOwWUS9CQQ8eFWwVuqVk02kNzWbXZFYsy/4aL/4VLx4qIt78Kaa1iFYfJDzevMlMXhBLYdB1352JyanpmdncXH5+YXFpubCyWjNRojlUeSQjfR0wA1IoqKJACdexBhYGEq6C7smgfnUH2ohIXWIvhkbIOkq0BWdopWbh2A+gI1TaYXgDeifLb3l78ba9brd3qY9wj8MZaSATyNLTLO+Dan27m4WiW3KHoH+JNyJFMsJ5s9D3WxFPQlDIJTOm7rkxNlKmUXAJ9vXEQMx4l3WgbqliIZhGOlwho5tWadF2pO1RSIfqz46Uhcb0wsA6Q7ugGa8NxP9q9QTbR41UqDhBUPxrUDuRFCM6yIy2hAaOsmcJ41rYXSm/YZpxtMnmbQje+Jf/klq55B2U9i/KxYo7iiNH1skG2SIeOSQVckbOSZVw8kCeSJ+8OI/Os/PqvH1ZJ5xRzxr5BefjExGTpOs=</latexit>

(1 � p)(1 � q), D

<latexit sha1_base64="DoDBWV9vPFzVEz5ZJrpv62Xjt+E=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EgWEjYlaCWAS0sI5gHJEuYndwkQ2YfztwVw7KNv2JjoYitn2Hn3zjZpNDEAxcO59w7d+7xIik02va3lVtaXlldy68XNja3tneKu3sNHcaKQ52HMlQtj2mQIoA6CpTQihQw35PQ9EZXE7/5AEqLMLjDcQSuzwaB6AvO0Ejd4kF0f0o7CI+YvZV4MoY0uU67xZJdtjPQReLMSInMUOsWvzq9kMc+BMgl07rt2BG6CVMouIS00Ik1RIyP2ADahgbMB+0m2dKUHhulR/uhMhUgzdTfEwnztR77nun0GQ71vDcR//PaMfYv3UQEUYwQ8OmifiwphnSSBu0JBRzl2BDGlTB/pXzIFONoMiuYEJz5kxdJ46zsnJcrt5VS1Z7FkSeH5IicEIdckCq5ITVSJ5yk5Jm8kjfryXqx3q2PaWvOms3skz+wPn8ASQaW0Q==</latexit>

pq, D

<latexit sha1_base64="QIgIsjOmpST63RkAfPrwNryKbK4=">AAACBHicbVDLSgNBEJz1GeNr1WMui0GIoGFXgnoM6MFjBPOAZAmzk04yZPbhTK8Ylghe/BUvHhTx6kd482+cJHvQxIKGoqp7erq8SHCFtv1tLCwuLa+sZtay6xubW9vmzm5NhbFkUGWhCGXDowoED6CKHAU0IgnU9wTUvcHF2K/fgVQ8DG5wGIHr017Au5xR1FLbzEUF5/j28OihhXCPk/cST8QwSi5HbTNvF+0JrHnipCRPUlTa5lerE7LYhwCZoEo1HTtCN6ESORMwyrZiBRFlA9qDpqYB9UG5yWTpyDrQSsfqhlJXgNZE/T2RUF+poe/pTp9iX816Y/E/rxlj99xNeBDFCAGbLurGwsLQGididbgEhmKoCWWS679arE8lZahzy+oQnNmT50ntpOicFkvXpXzZTuPIkBzZJwXikDNSJlekQqqEkUfyTF7Jm/FkvBjvxse0dcFIZ/bIHxifP46zmAY=</latexit>

p(1 � q), D

<latexit sha1_base64="N+gdMIWcG7OeZJOSoJYMGI4ungc=">AAACI3icbVDLSgMxFM3U9/iqunQTLEIVLTMiKq4KunCpYK3QlpJJb9vQTGZM7ohl6L+48VfcuFCKGxf+i+lYxNeBwOHc18kJYikMet6bk5uYnJqemZ1z5xcWl5bzK6tXJko0hwqPZKSvA2ZACgUVFCjhOtbAwkBCNeidjOrVW9BGROoS+zE0QtZRoi04Qys188f1ADpCpR2GXdDbA7fo78ZbNzvUrSPcYXYgDWQCg/R04NZBtb5am/mCV/Iy0L/EH5MCGeO8mR/WWxFPQlDIJTOm5nsxNlKmUXAJdntiIGa8xzpQs1SxEEwjzSwM6KZVWrQdafsU0kz9PpGy0Jh+GNjO0Bo0v2sj8b9aLcH2USMVKk4QFP881E4kxYiOAqMtoYGj7FvCuBbWK+VdphlHG6trQ/B/f/kvudor+Qel/Yu9QtkbxzFL1skGKRKfHJIyOSPnpEI4uSeP5Jm8OA/OkzN0Xj9bc854Zo38gPP+AXmjpCg=</latexit>

(1 � p)q, D

<latexit sha1_base64="Mwj4+3B6eX+NIQcjVOdxp1EcdEs=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgEQSgzUtSNWFDEZUV7gXYomTTThiaZIckIZegjuHGhiFufwEdx55u4cGF6WWjrD4GP/z+HnHOCmDNtXPfTmZtfWFxazqxkV9fWNzZzW9tVHSWK0AqJeKTqAdaUM0krhhlO67GiWASc1oLexTCv3VOlWSTvTD+mvsAdyUJGsLHWrTj0Wrm8W3BHQrPgTSB//n15dvXe+yq3ch/NdkQSQaUhHGvd8NzY+ClWhhFOB9lmommMSQ93aMOixIJqPx2NOkD71mmjMFL2SYNG7u+OFAut+yKwlQKbrp7OhuZ/WSMx4amfMhknhkoy/ihMODIRGu6N2kxRYnjfAiaK2VkR6WKFibHXydojeNMrz0L1qOAdF4o3br5UhLEysAt7cAAenEAJrqEMFSDQgQd4gmeHO4/Oi/M6Lp1zJj078EfO2w8o2pFv</latexit>

m + 1

<latexit sha1_base64="QIgIsjOmpST63RkAfPrwNryKbK4=">AAACBHicbVDLSgNBEJz1GeNr1WMui0GIoGFXgnoM6MFjBPOAZAmzk04yZPbhTK8Ylghe/BUvHhTx6kd482+cJHvQxIKGoqp7erq8SHCFtv1tLCwuLa+sZtay6xubW9vmzm5NhbFkUGWhCGXDowoED6CKHAU0IgnU9wTUvcHF2K/fgVQ8DG5wGIHr017Au5xR1FLbzEUF5/j28OihhXCPk/cST8QwSi5HbTNvF+0JrHnipCRPUlTa5lerE7LYhwCZoEo1HTtCN6ESORMwyrZiBRFlA9qDpqYB9UG5yWTpyDrQSsfqhlJXgNZE/T2RUF+poe/pTp9iX816Y/E/rxlj99xNeBDFCAGbLurGwsLQGididbgEhmKoCWWS679arE8lZahzy+oQnNmT50ntpOicFkvXpXzZTuPIkBzZJwXikDNSJlekQqqEkUfyTF7Jm/FkvBjvxse0dcFIZ/bIHxifP46zmAY=</latexit>

p(1 � q), D

(a) For m = 0.

<latexit sha1_base64="XCChJL/1e8KJGmRIA68AH28cN/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWarr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHrTjLk=</latexit>

0

<latexit sha1_base64="wx5x3D+XfAu3H/hwoHhe4X3cj6Q=">AAACCHicbVDLSgMxFM3UV62vqksXBovQgpYZKeqy4KbLCvYBbSmZ9LYNzTxM7ohlmKUbf8WNC0Xc+gnu/BvTx0KrBxIO59xHctxQCo22/WWllpZXVtfS65mNza3tnezuXl0HkeJQ44EMVNNlGqTwoYYCJTRDBcxzJTTc0dXEb9yB0iLwb3AcQsdjA1/0BWdopG72MO+chgVz3RZOaBvhHqczY1dGkMSVpJvN2UV7CvqXOHOSI3NUu9nPdi/gkQc+csm0bjl2iJ2YKRRcQpJpRxpCxkdsAC1DfeaB7sTTpQk9NkqP9gNljo90qv7siJmn9dhzTaXHcKgXvYn4n9eKsH/ZiYUfRgg+ny3qR5JiQCep0J5QwFGODWFcCfNWyodMMY4mu4wJwVn88l9SPys658XSdSlXtudxpMkBOSJ54pALUiYVUiU1wskDeSIv5NV6tJ6tN+t9Vpqy5j375Besj2+xS5iD</latexit>

(1 � p)(1 � q), H
<latexit sha1_base64="wx5x3D+XfAu3H/hwoHhe4X3cj6Q=">AAACCHicbVDLSgMxFM3UV62vqksXBovQgpYZKeqy4KbLCvYBbSmZ9LYNzTxM7ohlmKUbf8WNC0Xc+gnu/BvTx0KrBxIO59xHctxQCo22/WWllpZXVtfS65mNza3tnezuXl0HkeJQ44EMVNNlGqTwoYYCJTRDBcxzJTTc0dXEb9yB0iLwb3AcQsdjA1/0BWdopG72MO+chgVz3RZOaBvhHqczY1dGkMSVpJvN2UV7CvqXOHOSI3NUu9nPdi/gkQc+csm0bjl2iJ2YKRRcQpJpRxpCxkdsAC1DfeaB7sTTpQk9NkqP9gNljo90qv7siJmn9dhzTaXHcKgXvYn4n9eKsH/ZiYUfRgg+ny3qR5JiQCep0J5QwFGODWFcCfNWyodMMY4mu4wJwVn88l9SPys658XSdSlXtudxpMkBOSJ54pALUiYVUiU1wskDeSIv5NV6tJ6tN+t9Vpqy5j375Besj2+xS5iD</latexit>

(1 � p)(1 � q), H

<latexit sha1_base64="DoDBWV9vPFzVEz5ZJrpv62Xjt+E=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EgWEjYlaCWAS0sI5gHJEuYndwkQ2YfztwVw7KNv2JjoYitn2Hn3zjZpNDEAxcO59w7d+7xIik02va3lVtaXlldy68XNja3tneKu3sNHcaKQ52HMlQtj2mQIoA6CpTQihQw35PQ9EZXE7/5AEqLMLjDcQSuzwaB6AvO0Ejd4kF0f0o7CI+YvZV4MoY0uU67xZJdtjPQReLMSInMUOsWvzq9kMc+BMgl07rt2BG6CVMouIS00Ik1RIyP2ADahgbMB+0m2dKUHhulR/uhMhUgzdTfEwnztR77nun0GQ71vDcR//PaMfYv3UQEUYwQ8OmifiwphnSSBu0JBRzl2BDGlTB/pXzIFONoMiuYEJz5kxdJ46zsnJcrt5VS1Z7FkSeH5IicEIdckCq5ITVSJ5yk5Jm8kjfryXqx3q2PaWvOms3skz+wPn8ASQaW0Q==</latexit>

pq, D
<latexit sha1_base64="DoDBWV9vPFzVEz5ZJrpv62Xjt+E=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EgWEjYlaCWAS0sI5gHJEuYndwkQ2YfztwVw7KNv2JjoYitn2Hn3zjZpNDEAxcO59w7d+7xIik02va3lVtaXlldy68XNja3tneKu3sNHcaKQ52HMlQtj2mQIoA6CpTQihQw35PQ9EZXE7/5AEqLMLjDcQSuzwaB6AvO0Ejd4kF0f0o7CI+YvZV4MoY0uU67xZJdtjPQReLMSInMUOsWvzq9kMc+BMgl07rt2BG6CVMouIS00Ik1RIyP2ADahgbMB+0m2dKUHhulR/uhMhUgzdTfEwnztR77nun0GQ71vDcR//PaMfYv3UQEUYwQ8OmifiwphnSSBu0JBRzl2BDGlTB/pXzIFONoMiuYEJz5kxdJ46zsnJcrt5VS1Z7FkSeH5IicEIdckCq5ITVSJ5yk5Jm8kjfryXqx3q2PaWvOms3skz+wPn8ASQaW0Q==</latexit>

pq, D

<latexit sha1_base64="n/GZRpil+gu8xwsrZBfCHC96/r4=">AAACIXicbVBbSwJBGJ21m9nN6rGXJQksSnYlykehFx8N8gIqMjt+6uDs7DbzbSSLf6WX/kovPRThW/RnGi9EaQcGDue7nTleKLhGx/m0Eiura+sbyc3U1vbO7l56/6Cqg0gxqLBABKruUQ2CS6ggRwH1UAH1PQE1b3AzqdceQGkeyDschtDyaU/yLmcUjdROF5oe9LiMexT7oM5Gqax7EZ7enzcRHnG6PvZEBKO4NEo1QXZ+GtvpjJNzprCXiTsnGTJHuZ0eNzsBi3yQyATVuuE6IbZiqpAzAWZ7pCGkbEB70DBUUh90K55aGNknRunY3UCZJ9Geqr8nYuprPfQ90+kbg3qxNhH/qzUi7BZaMZdhhCDZ7FA3EjYG9iQuu8MVMBRDQyhT3Hi1WZ8qytCEmjIhuItfXibVfM69yl3e5jNFZx5HkhyRY5IlLrkmRVIiZVIhjDyRF/JG3q1n69X6sMaz1oQ1nzkkf2B9fQPgQqPu</latexit>

(1 � p)q, H

<latexit sha1_base64="nsbcyjbzBxgowsUQ15WmJkQsNV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtKu3U3C7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKHiELcONwE6ikMpA4EMwvp35D0+oNI+jezNJ0Jd0GPGQM2qs1JT9csWtunOQVeLlpAI5Gv3yV28Qs1RiZJigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkZUovaz+aFTcmaVAQljZSsyZK7+nsio1HoiA9spqRnpZW8m/ud1UxNe+xmPktRgxBaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+ANdHjPY=</latexit>m
<latexit sha1_base64="vb12Dv+oXwImmsrrbCzySyBD5sQ=">AAACJnicbVBNSwMxEM36WetX1aOXYBFUtOwWUS9CQQ8eFWwVuqVk02kNzWbXZFYsy/4aL/4VLx4qIt78Kaa1iFYfJDzevMlMXhBLYdB1352JyanpmdncXH5+YXFpubCyWjNRojlUeSQjfR0wA1IoqKJACdexBhYGEq6C7smgfnUH2ohIXWIvhkbIOkq0BWdopWbh2A+gI1TaYXgDeifLb3l78ba9brd3qY9wj8MZaSATyNLTLO+Dan27m4WiW3KHoH+JNyJFMsJ5s9D3WxFPQlDIJTOm7rkxNlKmUXAJ9vXEQMx4l3WgbqliIZhGOlwho5tWadF2pO1RSIfqz46Uhcb0wsA6Q7ugGa8NxP9q9QTbR41UqDhBUPxrUDuRFCM6yIy2hAaOsmcJ41rYXSm/YZpxtMnmbQje+Jf/klq55B2U9i/KxYo7iiNH1skG2SIeOSQVckbOSZVw8kCeSJ+8OI/Os/PqvH1ZJ5xRzxr5BefjExGTpOs=</latexit>

(1 � p)(1 � q), D

<latexit sha1_base64="DoDBWV9vPFzVEz5ZJrpv62Xjt+E=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EgWEjYlaCWAS0sI5gHJEuYndwkQ2YfztwVw7KNv2JjoYitn2Hn3zjZpNDEAxcO59w7d+7xIik02va3lVtaXlldy68XNja3tneKu3sNHcaKQ52HMlQtj2mQIoA6CpTQihQw35PQ9EZXE7/5AEqLMLjDcQSuzwaB6AvO0Ejd4kF0f0o7CI+YvZV4MoY0uU67xZJdtjPQReLMSInMUOsWvzq9kMc+BMgl07rt2BG6CVMouIS00Ik1RIyP2ADahgbMB+0m2dKUHhulR/uhMhUgzdTfEwnztR77nun0GQ71vDcR//PaMfYv3UQEUYwQ8OmifiwphnSSBu0JBRzl2BDGlTB/pXzIFONoMiuYEJz5kxdJ46zsnJcrt5VS1Z7FkSeH5IicEIdckCq5ITVSJ5yk5Jm8kjfryXqx3q2PaWvOms3skz+wPn8ASQaW0Q==</latexit>

pq, D

<latexit sha1_base64="QIgIsjOmpST63RkAfPrwNryKbK4=">AAACBHicbVDLSgNBEJz1GeNr1WMui0GIoGFXgnoM6MFjBPOAZAmzk04yZPbhTK8Ylghe/BUvHhTx6kd482+cJHvQxIKGoqp7erq8SHCFtv1tLCwuLa+sZtay6xubW9vmzm5NhbFkUGWhCGXDowoED6CKHAU0IgnU9wTUvcHF2K/fgVQ8DG5wGIHr017Au5xR1FLbzEUF5/j28OihhXCPk/cST8QwSi5HbTNvF+0JrHnipCRPUlTa5lerE7LYhwCZoEo1HTtCN6ESORMwyrZiBRFlA9qDpqYB9UG5yWTpyDrQSsfqhlJXgNZE/T2RUF+poe/pTp9iX816Y/E/rxlj99xNeBDFCAGbLurGwsLQGididbgEhmKoCWWS679arE8lZahzy+oQnNmT50ntpOicFkvXpXzZTuPIkBzZJwXikDNSJlekQqqEkUfyTF7Jm/FkvBjvxse0dcFIZ/bIHxifP46zmAY=</latexit>

p(1 � q), D

<latexit sha1_base64="N+gdMIWcG7OeZJOSoJYMGI4ungc=">AAACI3icbVDLSgMxFM3U9/iqunQTLEIVLTMiKq4KunCpYK3QlpJJb9vQTGZM7ohl6L+48VfcuFCKGxf+i+lYxNeBwOHc18kJYikMet6bk5uYnJqemZ1z5xcWl5bzK6tXJko0hwqPZKSvA2ZACgUVFCjhOtbAwkBCNeidjOrVW9BGROoS+zE0QtZRoi04Qys188f1ADpCpR2GXdDbA7fo78ZbNzvUrSPcYXYgDWQCg/R04NZBtb5am/mCV/Iy0L/EH5MCGeO8mR/WWxFPQlDIJTOm5nsxNlKmUXAJdntiIGa8xzpQs1SxEEwjzSwM6KZVWrQdafsU0kz9PpGy0Jh+GNjO0Bo0v2sj8b9aLcH2USMVKk4QFP881E4kxYiOAqMtoYGj7FvCuBbWK+VdphlHG6trQ/B/f/kvudor+Qel/Yu9QtkbxzFL1skGKRKfHJIyOSPnpEI4uSeP5Jm8OA/OkzN0Xj9bc854Zo38gPP+AXmjpCg=</latexit>

(1 � p)q, D

<latexit sha1_base64="Mwj4+3B6eX+NIQcjVOdxp1EcdEs=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgEQSgzUtSNWFDEZUV7gXYomTTThiaZIckIZegjuHGhiFufwEdx55u4cGF6WWjrD4GP/z+HnHOCmDNtXPfTmZtfWFxazqxkV9fWNzZzW9tVHSWK0AqJeKTqAdaUM0krhhlO67GiWASc1oLexTCv3VOlWSTvTD+mvsAdyUJGsLHWrTj0Wrm8W3BHQrPgTSB//n15dvXe+yq3ch/NdkQSQaUhHGvd8NzY+ClWhhFOB9lmommMSQ93aMOixIJqPx2NOkD71mmjMFL2SYNG7u+OFAut+yKwlQKbrp7OhuZ/WSMx4amfMhknhkoy/ihMODIRGu6N2kxRYnjfAiaK2VkR6WKFibHXydojeNMrz0L1qOAdF4o3br5UhLEysAt7cAAenEAJrqEMFSDQgQd4gmeHO4/Oi/M6Lp1zJj078EfO2w8o2pFv</latexit>

m + 1

<latexit sha1_base64="6G/uLhVZjkjzGpntVPRedBNu6B8=">AAACI3icbVDLSgMxFM3UVx1foy7dBIugomWmiIqrgpsuFWwV2lIy6W0NzWTG5I5Yhv6LG3/FjQtF3LjwX0wfiK8DgcO5r5MTJlIY9P13Jzc1PTM7l593FxaXlle81bWaiVPNocpjGeurkBmQQkEVBUq4SjSwKJRwGfZOh/XLW9BGxOoC+wk0I9ZVoiM4Qyu1vJNGCF2hsi7Da9C7AzfZDvZvdvao20C4w9GBLJQpDLLKwG2Aan+1tryCX/RHoH9JMCEFMsFZy3tttGOeRqCQS2ZMPfATbGZMo+AS7PbUQMJ4j3WhbqliEZhmNrIwoFtWadNOrO1TSEfq94mMRcb0o9B2Rtag+V0biv/V6il2jpuZUEmKoPj4UCeVFGM6DIy2hQaOsm8J41pYr5RfM8042lhdG0Lw+8t/Sa1UDA6LB+elQtmfxJEnG2STbJOAHJEyqZAzUiWc3JNH8kxenAfnyXl13satOWcys05+wPn4BIEBpCw=</latexit>

p(1 � q), H

<latexit sha1_base64="N+gdMIWcG7OeZJOSoJYMGI4ungc=">AAACI3icbVDLSgMxFM3U9/iqunQTLEIVLTMiKq4KunCpYK3QlpJJb9vQTGZM7ohl6L+48VfcuFCKGxf+i+lYxNeBwOHc18kJYikMet6bk5uYnJqemZ1z5xcWl5bzK6tXJko0hwqPZKSvA2ZACgUVFCjhOtbAwkBCNeidjOrVW9BGROoS+zE0QtZRoi04Qys188f1ADpCpR2GXdDbA7fo78ZbNzvUrSPcYXYgDWQCg/R04NZBtb5am/mCV/Iy0L/EH5MCGeO8mR/WWxFPQlDIJTOm5nsxNlKmUXAJdntiIGa8xzpQs1SxEEwjzSwM6KZVWrQdafsU0kz9PpGy0Jh+GNjO0Bo0v2sj8b9aLcH2USMVKk4QFP881E4kxYiOAqMtoYGj7FvCuBbWK+VdphlHG6trQ/B/f/kvudor+Qel/Yu9QtkbxzFL1skGKRKfHJIyOSPnpEI4uSeP5Jm8OA/OkzN0Xj9bc854Zo38gPP+AXmjpCg=</latexit>

(1 � p)q, D

<latexit sha1_base64="QIgIsjOmpST63RkAfPrwNryKbK4=">AAACBHicbVDLSgNBEJz1GeNr1WMui0GIoGFXgnoM6MFjBPOAZAmzk04yZPbhTK8Ylghe/BUvHhTx6kd482+cJHvQxIKGoqp7erq8SHCFtv1tLCwuLa+sZtay6xubW9vmzm5NhbFkUGWhCGXDowoED6CKHAU0IgnU9wTUvcHF2K/fgVQ8DG5wGIHr017Au5xR1FLbzEUF5/j28OihhXCPk/cST8QwSi5HbTNvF+0JrHnipCRPUlTa5lerE7LYhwCZoEo1HTtCN6ESORMwyrZiBRFlA9qDpqYB9UG5yWTpyDrQSsfqhlJXgNZE/T2RUF+poe/pTp9iX816Y/E/rxlj99xNeBDFCAGbLurGwsLQGididbgEhmKoCWWS679arE8lZahzy+oQnNmT50ntpOicFkvXpXzZTuPIkBzZJwXikDNSJlekQqqEkUfyTF7Jm/FkvBjvxse0dcFIZ/bIHxifP46zmAY=</latexit>

p(1 � q), D

(b) For m = 1.

<latexit sha1_base64="XCChJL/1e8KJGmRIA68AH28cN/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWarr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHrTjLk=</latexit>

0

<latexit sha1_base64="wx5x3D+XfAu3H/hwoHhe4X3cj6Q=">AAACCHicbVDLSgMxFM3UV62vqksXBovQgpYZKeqy4KbLCvYBbSmZ9LYNzTxM7ohlmKUbf8WNC0Xc+gnu/BvTx0KrBxIO59xHctxQCo22/WWllpZXVtfS65mNza3tnezuXl0HkeJQ44EMVNNlGqTwoYYCJTRDBcxzJTTc0dXEb9yB0iLwb3AcQsdjA1/0BWdopG72MO+chgVz3RZOaBvhHqczY1dGkMSVpJvN2UV7CvqXOHOSI3NUu9nPdi/gkQc+csm0bjl2iJ2YKRRcQpJpRxpCxkdsAC1DfeaB7sTTpQk9NkqP9gNljo90qv7siJmn9dhzTaXHcKgXvYn4n9eKsH/ZiYUfRgg+ny3qR5JiQCep0J5QwFGODWFcCfNWyodMMY4mu4wJwVn88l9SPys658XSdSlXtudxpMkBOSJ54pALUiYVUiU1wskDeSIv5NV6tJ6tN+t9Vpqy5j375Besj2+xS5iD</latexit>

(1 � p)(1 � q), H
<latexit sha1_base64="wx5x3D+XfAu3H/hwoHhe4X3cj6Q=">AAACCHicbVDLSgMxFM3UV62vqksXBovQgpYZKeqy4KbLCvYBbSmZ9LYNzTxM7ohlmKUbf8WNC0Xc+gnu/BvTx0KrBxIO59xHctxQCo22/WWllpZXVtfS65mNza3tnezuXl0HkeJQ44EMVNNlGqTwoYYCJTRDBcxzJTTc0dXEb9yB0iLwb3AcQsdjA1/0BWdopG72MO+chgVz3RZOaBvhHqczY1dGkMSVpJvN2UV7CvqXOHOSI3NUu9nPdi/gkQc+csm0bjl2iJ2YKRRcQpJpRxpCxkdsAC1DfeaB7sTTpQk9NkqP9gNljo90qv7siJmn9dhzTaXHcKgXvYn4n9eKsH/ZiYUfRgg+ny3qR5JiQCep0J5QwFGODWFcCfNWyodMMY4mu4wJwVn88l9SPys658XSdSlXtudxpMkBOSJ54pALUiYVUiU1wskDeSIv5NV6tJ6tN+t9Vpqy5j375Besj2+xS5iD</latexit>

(1 � p)(1 � q), H

<latexit sha1_base64="DoDBWV9vPFzVEz5ZJrpv62Xjt+E=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EgWEjYlaCWAS0sI5gHJEuYndwkQ2YfztwVw7KNv2JjoYitn2Hn3zjZpNDEAxcO59w7d+7xIik02va3lVtaXlldy68XNja3tneKu3sNHcaKQ52HMlQtj2mQIoA6CpTQihQw35PQ9EZXE7/5AEqLMLjDcQSuzwaB6AvO0Ejd4kF0f0o7CI+YvZV4MoY0uU67xZJdtjPQReLMSInMUOsWvzq9kMc+BMgl07rt2BG6CVMouIS00Ik1RIyP2ADahgbMB+0m2dKUHhulR/uhMhUgzdTfEwnztR77nun0GQ71vDcR//PaMfYv3UQEUYwQ8OmifiwphnSSBu0JBRzl2BDGlTB/pXzIFONoMiuYEJz5kxdJ46zsnJcrt5VS1Z7FkSeH5IicEIdckCq5ITVSJ5yk5Jm8kjfryXqx3q2PaWvOms3skz+wPn8ASQaW0Q==</latexit>

pq, D
<latexit sha1_base64="DoDBWV9vPFzVEz5ZJrpv62Xjt+E=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EgWEjYlaCWAS0sI5gHJEuYndwkQ2YfztwVw7KNv2JjoYitn2Hn3zjZpNDEAxcO59w7d+7xIik02va3lVtaXlldy68XNja3tneKu3sNHcaKQ52HMlQtj2mQIoA6CpTQihQw35PQ9EZXE7/5AEqLMLjDcQSuzwaB6AvO0Ejd4kF0f0o7CI+YvZV4MoY0uU67xZJdtjPQReLMSInMUOsWvzq9kMc+BMgl07rt2BG6CVMouIS00Ik1RIyP2ADahgbMB+0m2dKUHhulR/uhMhUgzdTfEwnztR77nun0GQ71vDcR//PaMfYv3UQEUYwQ8OmifiwphnSSBu0JBRzl2BDGlTB/pXzIFONoMiuYEJz5kxdJ46zsnJcrt5VS1Z7FkSeH5IicEIdckCq5ITVSJ5yk5Jm8kjfryXqx3q2PaWvOms3skz+wPn8ASQaW0Q==</latexit>

pq, D

<latexit sha1_base64="n/GZRpil+gu8xwsrZBfCHC96/r4=">AAACIXicbVBbSwJBGJ21m9nN6rGXJQksSnYlykehFx8N8gIqMjt+6uDs7DbzbSSLf6WX/kovPRThW/RnGi9EaQcGDue7nTleKLhGx/m0Eiura+sbyc3U1vbO7l56/6Cqg0gxqLBABKruUQ2CS6ggRwH1UAH1PQE1b3AzqdceQGkeyDschtDyaU/yLmcUjdROF5oe9LiMexT7oM5Gqax7EZ7enzcRHnG6PvZEBKO4NEo1QXZ+GtvpjJNzprCXiTsnGTJHuZ0eNzsBi3yQyATVuuE6IbZiqpAzAWZ7pCGkbEB70DBUUh90K55aGNknRunY3UCZJ9Geqr8nYuprPfQ90+kbg3qxNhH/qzUi7BZaMZdhhCDZ7FA3EjYG9iQuu8MVMBRDQyhT3Hi1WZ8qytCEmjIhuItfXibVfM69yl3e5jNFZx5HkhyRY5IlLrkmRVIiZVIhjDyRF/JG3q1n69X6sMaz1oQ1nzkkf2B9fQPgQqPu</latexit>

(1 � p)q, H

<latexit sha1_base64="6G/uLhVZjkjzGpntVPRedBNu6B8=">AAACI3icbVDLSgMxFM3UVx1foy7dBIugomWmiIqrgpsuFWwV2lIy6W0NzWTG5I5Yhv6LG3/FjQtF3LjwX0wfiK8DgcO5r5MTJlIY9P13Jzc1PTM7l593FxaXlle81bWaiVPNocpjGeurkBmQQkEVBUq4SjSwKJRwGfZOh/XLW9BGxOoC+wk0I9ZVoiM4Qyu1vJNGCF2hsi7Da9C7AzfZDvZvdvao20C4w9GBLJQpDLLKwG2Aan+1tryCX/RHoH9JMCEFMsFZy3tttGOeRqCQS2ZMPfATbGZMo+AS7PbUQMJ4j3WhbqliEZhmNrIwoFtWadNOrO1TSEfq94mMRcb0o9B2Rtag+V0biv/V6il2jpuZUEmKoPj4UCeVFGM6DIy2hQaOsm8J41pYr5RfM8042lhdG0Lw+8t/Sa1UDA6LB+elQtmfxJEnG2STbJOAHJEyqZAzUiWc3JNH8kxenAfnyXl13satOWcys05+wPn4BIEBpCw=</latexit>

p(1 � q), H

<latexit sha1_base64="N+gdMIWcG7OeZJOSoJYMGI4ungc=">AAACI3icbVDLSgMxFM3U9/iqunQTLEIVLTMiKq4KunCpYK3QlpJJb9vQTGZM7ohl6L+48VfcuFCKGxf+i+lYxNeBwOHc18kJYikMet6bk5uYnJqemZ1z5xcWl5bzK6tXJko0hwqPZKSvA2ZACgUVFCjhOtbAwkBCNeidjOrVW9BGROoS+zE0QtZRoi04Qys188f1ADpCpR2GXdDbA7fo78ZbNzvUrSPcYXYgDWQCg/R04NZBtb5am/mCV/Iy0L/EH5MCGeO8mR/WWxFPQlDIJTOm5nsxNlKmUXAJdntiIGa8xzpQs1SxEEwjzSwM6KZVWrQdafsU0kz9PpGy0Jh+GNjO0Bo0v2sj8b9aLcH2USMVKk4QFP881E4kxYiOAqMtoYGj7FvCuBbWK+VdphlHG6trQ/B/f/kvudor+Qel/Yu9QtkbxzFL1skGKRKfHJIyOSPnpEI4uSeP5Jm8OA/OkzN0Xj9bc854Zo38gPP+AXmjpCg=</latexit>

(1 � p)q, D

<latexit sha1_base64="6G/uLhVZjkjzGpntVPRedBNu6B8=">AAACI3icbVDLSgMxFM3UVx1foy7dBIugomWmiIqrgpsuFWwV2lIy6W0NzWTG5I5Yhv6LG3/FjQtF3LjwX0wfiK8DgcO5r5MTJlIY9P13Jzc1PTM7l593FxaXlle81bWaiVPNocpjGeurkBmQQkEVBUq4SjSwKJRwGfZOh/XLW9BGxOoC+wk0I9ZVoiM4Qyu1vJNGCF2hsi7Da9C7AzfZDvZvdvao20C4w9GBLJQpDLLKwG2Aan+1tryCX/RHoH9JMCEFMsFZy3tttGOeRqCQS2ZMPfATbGZMo+AS7PbUQMJ4j3WhbqliEZhmNrIwoFtWadNOrO1TSEfq94mMRcb0o9B2Rtag+V0biv/V6il2jpuZUEmKoPj4UCeVFGM6DIy2hQaOsm8J41pYr5RfM8042lhdG0Lw+8t/Sa1UDA6LB+elQtmfxJEnG2STbJOAHJEyqZAzUiWc3JNH8kxenAfnyXl13satOWcys05+wPn4BIEBpCw=</latexit>

p(1 � q), H

<latexit sha1_base64="N+gdMIWcG7OeZJOSoJYMGI4ungc=">AAACI3icbVDLSgMxFM3U9/iqunQTLEIVLTMiKq4KunCpYK3QlpJJb9vQTGZM7ohl6L+48VfcuFCKGxf+i+lYxNeBwOHc18kJYikMet6bk5uYnJqemZ1z5xcWl5bzK6tXJko0hwqPZKSvA2ZACgUVFCjhOtbAwkBCNeidjOrVW9BGROoS+zE0QtZRoi04Qys188f1ADpCpR2GXdDbA7fo78ZbNzvUrSPcYXYgDWQCg/R04NZBtb5am/mCV/Iy0L/EH5MCGeO8mR/WWxFPQlDIJTOm5nsxNlKmUXAJdntiIGa8xzpQs1SxEEwjzSwM6KZVWrQdafsU0kz9PpGy0Jh+GNjO0Bo0v2sj8b9aLcH2USMVKk4QFP881E4kxYiOAqMtoYGj7FvCuBbWK+VdphlHG6trQ/B/f/kvudor+Qel/Yu9QtkbxzFL1skGKRKfHJIyOSPnpEI4uSeP5Jm8OA/OkzN0Xj9bc854Zo38gPP+AXmjpCg=</latexit>

(1 � p)q, D

<latexit sha1_base64="lIIDM5eUuaRQNJ85VpT5wRBGUdg=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgEN5YZKepGLCjisqK9QDuUTJppQ5PMkGSEMvQR3LhQxK1P4KO4801cuDC9LLT1h8DH/59DzjlBzJk2rvvpzM0vLC4tZ1ayq2vrG5u5re2qjhJFaIVEPFL1AGvKmaQVwwyn9VhRLAJOa0HvYpjX7qnSLJJ3ph9TX+COZCEj2FjrVhx6rVzeLbgjoVnwJpA//748u3rvfZVbuY9mOyKJoNIQjrVueG5s/BQrwwing2wz0TTGpIc7tGFRYkG1n45GHaB967RRGCn7pEEj93dHioXWfRHYSoFNV09nQ/O/rJGY8NRPmYwTQyUZfxQmHJkIDfdGbaYoMbxvARPF7KyIdLHCxNjrZO0RvOmVZ6F6VPCOC8UbN18qwlgZ2IU9OAAPTqAE11CGChDowAM8wbPDnUfnxXkdl845k54d+CPn7Qcr5JFx</latexit>

m � 1

<latexit sha1_base64="DoDBWV9vPFzVEz5ZJrpv62Xjt+E=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EgWEjYlaCWAS0sI5gHJEuYndwkQ2YfztwVw7KNv2JjoYitn2Hn3zjZpNDEAxcO59w7d+7xIik02va3lVtaXlldy68XNja3tneKu3sNHcaKQ52HMlQtj2mQIoA6CpTQihQw35PQ9EZXE7/5AEqLMLjDcQSuzwaB6AvO0Ejd4kF0f0o7CI+YvZV4MoY0uU67xZJdtjPQReLMSInMUOsWvzq9kMc+BMgl07rt2BG6CVMouIS00Ik1RIyP2ADahgbMB+0m2dKUHhulR/uhMhUgzdTfEwnztR77nun0GQ71vDcR//PaMfYv3UQEUYwQ8OmifiwphnSSBu0JBRzl2BDGlTB/pXzIFONoMiuYEJz5kxdJ46zsnJcrt5VS1Z7FkSeH5IicEIdckCq5ITVSJ5yk5Jm8kjfryXqx3q2PaWvOms3skz+wPn8ASQaW0Q==</latexit>

pq, D

<latexit sha1_base64="nsbcyjbzBxgowsUQ15WmJkQsNV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtKu3U3C7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKHiELcONwE6ikMpA4EMwvp35D0+oNI+jezNJ0Jd0GPGQM2qs1JT9csWtunOQVeLlpAI5Gv3yV28Qs1RiZJigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkZUovaz+aFTcmaVAQljZSsyZK7+nsio1HoiA9spqRnpZW8m/ud1UxNe+xmPktRgxBaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+ANdHjPY=</latexit>m
<latexit sha1_base64="vb12Dv+oXwImmsrrbCzySyBD5sQ=">AAACJnicbVBNSwMxEM36WetX1aOXYBFUtOwWUS9CQQ8eFWwVuqVk02kNzWbXZFYsy/4aL/4VLx4qIt78Kaa1iFYfJDzevMlMXhBLYdB1352JyanpmdncXH5+YXFpubCyWjNRojlUeSQjfR0wA1IoqKJACdexBhYGEq6C7smgfnUH2ohIXWIvhkbIOkq0BWdopWbh2A+gI1TaYXgDeifLb3l78ba9brd3qY9wj8MZaSATyNLTLO+Dan27m4WiW3KHoH+JNyJFMsJ5s9D3WxFPQlDIJTOm7rkxNlKmUXAJ9vXEQMx4l3WgbqliIZhGOlwho5tWadF2pO1RSIfqz46Uhcb0wsA6Q7ugGa8NxP9q9QTbR41UqDhBUPxrUDuRFCM6yIy2hAaOsmcJ41rYXSm/YZpxtMnmbQje+Jf/klq55B2U9i/KxYo7iiNH1skG2SIeOSQVckbOSZVw8kCeSJ+8OI/Os/PqvH1ZJ5xRzxr5BefjExGTpOs=</latexit>

(1 � p)(1 � q), D

<latexit sha1_base64="DoDBWV9vPFzVEz5ZJrpv62Xjt+E=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EgWEjYlaCWAS0sI5gHJEuYndwkQ2YfztwVw7KNv2JjoYitn2Hn3zjZpNDEAxcO59w7d+7xIik02va3lVtaXlldy68XNja3tneKu3sNHcaKQ52HMlQtj2mQIoA6CpTQihQw35PQ9EZXE7/5AEqLMLjDcQSuzwaB6AvO0Ejd4kF0f0o7CI+YvZV4MoY0uU67xZJdtjPQReLMSInMUOsWvzq9kMc+BMgl07rt2BG6CVMouIS00Ik1RIyP2ADahgbMB+0m2dKUHhulR/uhMhUgzdTfEwnztR77nun0GQ71vDcR//PaMfYv3UQEUYwQ8OmifiwphnSSBu0JBRzl2BDGlTB/pXzIFONoMiuYEJz5kxdJ46zsnJcrt5VS1Z7FkSeH5IicEIdckCq5ITVSJ5yk5Jm8kjfryXqx3q2PaWvOms3skz+wPn8ASQaW0Q==</latexit>

pq, D

<latexit sha1_base64="QIgIsjOmpST63RkAfPrwNryKbK4=">AAACBHicbVDLSgNBEJz1GeNr1WMui0GIoGFXgnoM6MFjBPOAZAmzk04yZPbhTK8Ylghe/BUvHhTx6kd482+cJHvQxIKGoqp7erq8SHCFtv1tLCwuLa+sZtay6xubW9vmzm5NhbFkUGWhCGXDowoED6CKHAU0IgnU9wTUvcHF2K/fgVQ8DG5wGIHr017Au5xR1FLbzEUF5/j28OihhXCPk/cST8QwSi5HbTNvF+0JrHnipCRPUlTa5lerE7LYhwCZoEo1HTtCN6ESORMwyrZiBRFlA9qDpqYB9UG5yWTpyDrQSsfqhlJXgNZE/T2RUF+poe/pTp9iX816Y/E/rxlj99xNeBDFCAGbLurGwsLQGididbgEhmKoCWWS679arE8lZahzy+oQnNmT50ntpOicFkvXpXzZTuPIkBzZJwXikDNSJlekQqqEkUfyTF7Jm/FkvBjvxse0dcFIZ/bIHxifP46zmAY=</latexit>

p(1 � q), D

<latexit sha1_base64="N+gdMIWcG7OeZJOSoJYMGI4ungc=">AAACI3icbVDLSgMxFM3U9/iqunQTLEIVLTMiKq4KunCpYK3QlpJJb9vQTGZM7ohl6L+48VfcuFCKGxf+i+lYxNeBwOHc18kJYikMet6bk5uYnJqemZ1z5xcWl5bzK6tXJko0hwqPZKSvA2ZACgUVFCjhOtbAwkBCNeidjOrVW9BGROoS+zE0QtZRoi04Qys188f1ADpCpR2GXdDbA7fo78ZbNzvUrSPcYXYgDWQCg/R04NZBtb5am/mCV/Iy0L/EH5MCGeO8mR/WWxFPQlDIJTOm5nsxNlKmUXAJdntiIGa8xzpQs1SxEEwjzSwM6KZVWrQdafsU0kz9PpGy0Jh+GNjO0Bo0v2sj8b9aLcH2USMVKk4QFP881E4kxYiOAqMtoYGj7FvCuBbWK+VdphlHG6trQ/B/f/kvudor+Qel/Yu9QtkbxzFL1skGKRKfHJIyOSPnpEI4uSeP5Jm8OA/OkzN0Xj9bc854Zo38gPP+AXmjpCg=</latexit>

(1 � p)q, D

<latexit sha1_base64="Mwj4+3B6eX+NIQcjVOdxp1EcdEs=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgEQSgzUtSNWFDEZUV7gXYomTTThiaZIckIZegjuHGhiFufwEdx55u4cGF6WWjrD4GP/z+HnHOCmDNtXPfTmZtfWFxazqxkV9fWNzZzW9tVHSWK0AqJeKTqAdaUM0krhhlO67GiWASc1oLexTCv3VOlWSTvTD+mvsAdyUJGsLHWrTj0Wrm8W3BHQrPgTSB//n15dvXe+yq3ch/NdkQSQaUhHGvd8NzY+ClWhhFOB9lmommMSQ93aMOixIJqPx2NOkD71mmjMFL2SYNG7u+OFAut+yKwlQKbrp7OhuZ/WSMx4amfMhknhkoy/ihMODIRGu6N2kxRYnjfAiaK2VkR6WKFibHXydojeNMrz0L1qOAdF4o3br5UhLEysAt7cAAenEAJrqEMFSDQgQd4gmeHO4/Oi/M6Lp1zJj078EfO2w8o2pFv</latexit>

m + 1

<latexit sha1_base64="wx5x3D+XfAu3H/hwoHhe4X3cj6Q=">AAACCHicbVDLSgMxFM3UV62vqksXBovQgpYZKeqy4KbLCvYBbSmZ9LYNzTxM7ohlmKUbf8WNC0Xc+gnu/BvTx0KrBxIO59xHctxQCo22/WWllpZXVtfS65mNza3tnezuXl0HkeJQ44EMVNNlGqTwoYYCJTRDBcxzJTTc0dXEb9yB0iLwb3AcQsdjA1/0BWdopG72MO+chgVz3RZOaBvhHqczY1dGkMSVpJvN2UV7CvqXOHOSI3NUu9nPdi/gkQc+csm0bjl2iJ2YKRRcQpJpRxpCxkdsAC1DfeaB7sTTpQk9NkqP9gNljo90qv7siJmn9dhzTaXHcKgXvYn4n9eKsH/ZiYUfRgg+ny3qR5JiQCep0J5QwFGODWFcCfNWyodMMY4mu4wJwVn88l9SPys658XSdSlXtudxpMkBOSJ54pALUiYVUiU1wskDeSIv5NV6tJ6tN+t9Vpqy5j375Besj2+xS5iD</latexit>

(1 � p)(1 � q), H

<latexit sha1_base64="QIgIsjOmpST63RkAfPrwNryKbK4=">AAACBHicbVDLSgNBEJz1GeNr1WMui0GIoGFXgnoM6MFjBPOAZAmzk04yZPbhTK8Ylghe/BUvHhTx6kd482+cJHvQxIKGoqp7erq8SHCFtv1tLCwuLa+sZtay6xubW9vmzm5NhbFkUGWhCGXDowoED6CKHAU0IgnU9wTUvcHF2K/fgVQ8DG5wGIHr017Au5xR1FLbzEUF5/j28OihhXCPk/cST8QwSi5HbTNvF+0JrHnipCRPUlTa5lerE7LYhwCZoEo1HTtCN6ESORMwyrZiBRFlA9qDpqYB9UG5yWTpyDrQSsfqhlJXgNZE/T2RUF+poe/pTp9iX816Y/E/rxlj99xNeBDFCAGbLurGwsLQGididbgEhmKoCWWS679arE8lZahzy+oQnNmT50ntpOicFkvXpXzZTuPIkBzZJwXikDNSJlekQqqEkUfyTF7Jm/FkvBjvxse0dcFIZ/bIHxifP46zmAY=</latexit>

p(1 � q), D

<latexit sha1_base64="7940SyPvCIh6xV9PGbVPlVCje80=">AAAB6HicbZDLSgMxFIbPeK31VnXpJlgEV2VGRV1pwY3LFuwF2qFk0jNtbCYzJBmhlD6BGxeKuPVVfAN3vo3ptAtt/SHw8f/nkHNOkAiujet+O0vLK6tr67mN/ObW9s5uYW+/ruNUMayxWMSqGVCNgkusGW4ENhOFNAoENoLB7SRvPKLSPJb3ZpigH9Ge5CFn1Fir6nUKRbfkZiKL4M2gePN5lqnSKXy1uzFLI5SGCap1y3MT44+oMpwJHOfbqcaEsgHtYcuipBFqf5QNOibH1umSMFb2SUMy93fHiEZaD6PAVkbU9PV8NjH/y1qpCa/8EZdJalCy6UdhKoiJyWRr0uUKmRFDC5QpbmclrE8VZcbeJm+P4M2vvAj105J3UTqvusXyNUyVg0M4ghPw4BLKcAcVqAEDhCd4gVfnwXl23pz3aemSM+s5gD9yPn4Ac9CO6g==</latexit>

1

<latexit sha1_base64="6G/uLhVZjkjzGpntVPRedBNu6B8=">AAACI3icbVDLSgMxFM3UVx1foy7dBIugomWmiIqrgpsuFWwV2lIy6W0NzWTG5I5Yhv6LG3/FjQtF3LjwX0wfiK8DgcO5r5MTJlIY9P13Jzc1PTM7l593FxaXlle81bWaiVPNocpjGeurkBmQQkEVBUq4SjSwKJRwGfZOh/XLW9BGxOoC+wk0I9ZVoiM4Qyu1vJNGCF2hsi7Da9C7AzfZDvZvdvao20C4w9GBLJQpDLLKwG2Aan+1tryCX/RHoH9JMCEFMsFZy3tttGOeRqCQS2ZMPfATbGZMo+AS7PbUQMJ4j3WhbqliEZhmNrIwoFtWadNOrO1TSEfq94mMRcb0o9B2Rtag+V0biv/V6il2jpuZUEmKoPj4UCeVFGM6DIy2hQaOsm8J41pYr5RfM8042lhdG0Lw+8t/Sa1UDA6LB+elQtmfxJEnG2STbJOAHJEyqZAzUiWc3JNH8kxenAfnyXl13satOWcys05+wPn4BIEBpCw=</latexit>

p(1 � q), H

<latexit sha1_base64="N+gdMIWcG7OeZJOSoJYMGI4ungc=">AAACI3icbVDLSgMxFM3U9/iqunQTLEIVLTMiKq4KunCpYK3QlpJJb9vQTGZM7ohl6L+48VfcuFCKGxf+i+lYxNeBwOHc18kJYikMet6bk5uYnJqemZ1z5xcWl5bzK6tXJko0hwqPZKSvA2ZACgUVFCjhOtbAwkBCNeidjOrVW9BGROoS+zE0QtZRoi04Qys188f1ADpCpR2GXdDbA7fo78ZbNzvUrSPcYXYgDWQCg/R04NZBtb5am/mCV/Iy0L/EH5MCGeO8mR/WWxFPQlDIJTOm5nsxNlKmUXAJdntiIGa8xzpQs1SxEEwjzSwM6KZVWrQdafsU0kz9PpGy0Jh+GNjO0Bo0v2sj8b9aLcH2USMVKk4QFP881E4kxYiOAqMtoYGj7FvCuBbWK+VdphlHG6trQ/B/f/kvudor+Qel/Yu9QtkbxzFL1skGKRKfHJIyOSPnpEI4uSeP5Jm8OA/OkzN0Xj9bc854Zo38gPP+AXmjpCg=</latexit>

(1 � p)q, D

(c) For m ≥ 2.

Figure 3: State transition diagram resulting from a threshold policy with threshold m.

The state transition diagram using policy πm and the definition (31) is shown in Figure 3.

Using the definition of πm and (31), we derive for m ≥ 2

if x = 0, f(0) = ((1− p)q + pq + (1− p)(1− q))f(0) + ((1− p)q)f(1). (32)
if x ∈ [1,m− 1], f(x) = (p(1− q))f(x− 1) + ((1− p)(1− q) + pq)f(x)

+ ((1− p)q + (1− p)(1− q))f(x+ 1). (33)
if x = m, f(m) = (p(1− q))f(m− 1) + ((1− p)(1− q) + pq + p(1− q))f(m)

+ ((1− p)q + (1− p)(1− q))f(m+ 1). (34)
if x > m, f(x) = (p(1− q) + pq)f(x) + ((1− p)q + (1− p)(1− q))f(x+ 1). (35)

It is more convenient to rewrite (32), (33), and (34) as:

f(0) = (1− p(1− q))f(0) + ((1− p)q)f(1). (36)
f(x) = (p(1− q))f(x− 1) + (1− p(1− q)− (1− p)q)f(x) + ((1− p)q)f(x+ 1). (37)
f(m) = (p(1− q))f(m− 1) + (1− q + pq)f(m) + (1− p)f(m+ 1). (38)

9
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Using (36), we deduce f(1) as:

f(1) =
−(1− p(1− q))f(0) + f(0)

(1− p)q

=
−f(0) + (p(1− q))f(0) + f(0)

(1− p)q

=

(
p(1− q)
(1− p)q

)
f(0). (39)

From (37) and (39), we deduce f(2):
f(1) = (p(1− q))f(0) + (1− p(1− q)− (1− p)q)f(1) + ((1− p)q)f(2).

f(2) =
f(1)− (p(1− q))f(0) + (−1 + p(1− q) + (1− p)q)f(1)

(1− p)q . (40)

We cancel the terms −f(1) + f(1) to derive

f(2) =
f(1)− f(1)− (p(1− q))f(0) + (p(1− q) + (1− p)q)f(1)

(1− p)q .

= −
(
p(1− q)
(1− p)q

)
f(0) +

(
p(1− q) + (1− p)q

(1− p)q

)
f(1).

= −
(
p(1− q)
(1− p)q

)
f(0) +

(
p(1− q)
(1− p)q + 1

)
f(1)

Replacing f(1) by (39), we obtain:

f(2) = −
(
p(1− q)
(1− p)q

)
f(0) +

(
p(1− q)
(1− p)q + 1

)(
p(1− q)
(1− p)q

)
f(0).

=

(
p(1− q)
(1− p)q

)(
p(1− q)
(1− p)q

)
f(0). (41)

Define A as

A =
p(1− q)
(1− p)q . (42)

We replace A in (41) (as it will repeat quite often)
f(2) = A2f(0). (43)

By induction (see Lemma 4.2), we rewrite (37) for all x ∈ [1,m] as:
f(x) = Axf(0). (44)

We now derive the result for x > m. We can simplify (35) as
f(x) = (p(1− q) + pq)f(x) + ((1− p)q + (1− p)(1− q))f(x+ 1).

= (p− pq + pq)f(x) + (q − pq + 1− p− q + pq)f(x+ 1).

= pf(x) + (1− p)f(x+ 1).

(1− p)f(x) = (1− p)f(x+ 1).

f(x) = f(x+ 1). (45)
The result in (45) holds for all x > m. We now derive f(m) where x = m using (38), we also solve (45).

f(m) = (p(1− q))f(m− 1) + (1− q + pq)f(m) + (1− p)f(m+ 1).

f(m+ 1) =
−(p(1− q))f(m− 1) + ((1− p)q)f(m)

1− p .

= −p(1− q)
1− p f(m− 1) + qf(m).

= −p(1− q)
1− p Am−1f(0) + q

(
p(1− q)
(1− p)q

)
Am−1f(0).

= −p(1− q)
1− p Am−1f(0) +

p(1− q)
(1− p) A

m−1f(0).

= 0 (46)

10
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The result in (46) holds for all x > m. We collect all the results as follows

if 1 ≤ x ≤ m, f(x) = Axf(0). (47)
if x > m, f(x) = 0. (48)

We obtain f(0) from the condition that the sum of the probabilities is unity.

f(0) =


A− 1

Am+1 − 1
if p 6= q.

1

m+ 1
. if p = q.

(49)

Let the Jπm
be the cost of using policy πm to govern the platooning system.

Jπm
=
∑
x

c(x, a)f(x). (50)

Since c(x, a) ∈ {x, x− 1, x− 1 + κ} for all x ∈ {1,m}, we obtain from Equation (50)

Jπm
=



p(1− q)f(0) +
{
m−1∑
x=1

(p− q + x)Axf(0)

}
+

−Am(q(m− 1)(p− 1)−m(pq + (p− 1)(q − 1)) + p(κ+m)(q − 1))f(0). if p 6= q.

p(1− p)f(0) +
{
m−1∑
x=1

xAxf(0)

}
+

−Am(p(m− 1)(p− 1)−m(p2 + (p− 1)2) + p(κ+m)(p− 1))f(0). if p = q.

Or the equivalent after some algebraic manipulation and simplification

Jπm =



p(1− q)(1−A)
1−Am+1

+
A2(−p+ q) +A(1 + p− q) +Am(−m− p+ q)

(1−A)(1−Am+1)
+

Am+1(m+ p− q − 1)

(1−A)(1−Am+1)
+ (m− q + pq(1− κ) + pκ)

(Am −Am+1

1−Am+1

)
. if p 6= q.

m2 +m− 2(κ+ 1)(p− 1)p

2(m+ 1)
. if p = q.

(51)

For m = 0, we use (31) to derive

if x = 0, f(0) = 1. (52)
if x > m, f(x) = 0. (53)

Then, Jπ0
is calculate as follows

Jπ0
= p(1− q)κ. (54)

For m = 1, we use (31) to derive

if x = 0, f(0) = (1− p(1− q))f(0) + ((1− p)q)f(m). (55)
if x = m, f(m) = (p(1− q))f(0) + (1− (1− p)q)f(m) + (1− p)f(m+ 1). (56)
if x > m, f(x) = (p(1− q) + pq)f(x) + ((1− p)q + (1− p)(1− q))f(x+ 1). (57)

We deduce f(m) using similar calculations to (36) as:

f(m) =
p(1− q)
(1− p)q f(0). (58)

It is easy to see that (56) is similar to (44) so,

f(m) = Af(0). (59)

11
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Finally, for x > m, we the same calculations as in (46). We collect all the results as follows

if x = m, f(x) = Af(0). (60)
if x > m, f(x) = 0. (61)

We again obtain f(0) from the condition that the sum of the probabilities is unity.

f(0) =
1

A+ 1
.

Then, Jπ1 is calculate as follows

Jπ1
=
p(1− q)
A+ 1

+
A(p(1− q)(1 + κ) + (1− p)(1− q) + pq)

A+ 1
. (62)

Lemma 4.2. f(x) = Axf(0), for all x ∈ [1,m− 1].

Proof. The proof is by induction.

Base case (x = 1). This proof is immediate by (39).

Inductive step (from x = m− 2 to x = m− 1). Assume that

f(m− 2) = Am−2f(0), (63)

is valid for x = m− 2. We will prove the same is true for x = m− 1, i.e.,

f(m− 1) = Am−1f(0).

From (63), we have that, for x = m− 2

f(m− 2) = (p(1− q))f(m− 3) + (1− p(1− q)− (1− p)q)f(m− 2) + ((1− p)q)f(m− 1). (64)

Using similar arguments as in (41), we obtain

f(m− 1) = −p(1− q)
(1− p)q f(m− 3) +

(p(1− q) + (1− p)q)
((1− p)q) f(m− 2).

= −p(1− q)
(1− p)q f(m− 3) +

p(1− q)
(1− p)q f(m− 2) +

(1− p)q
(1− p)q f(m− 2)

= −p(1− q)
(1− p)q f(m− 3) + f(m− 2) +

p(1− q)
(1− p)q f(m− 2)

Substituting f(m− 2) and f(m− 3), we obtain

f(m− 1) = − (p(1− q))
((1− p)q)A

m−3f(0) +Am−2f(0) +
p(1− q)
(1− p)qA

m−2f(0)

= −AAm−3f(0) +Am−2f(0) +
p(1− q)
(1− p)qA

m−2f(0).

= AAm−2f(0).

= Am−1f(0). (65)

From (65) we see that f(x) = Axf(0) for all x ∈ [1,m− 1].

We next investigate the asymptotic behaviour of (29).
Lemma 4.3. For p ≥ q, it follows from (29) that

lim
m→∞

Jπm =∞. (66)

For p < q, it follows from (29) that

lim
m→∞

Jπm
= p(1− q)(1−A) + A2(−p+ q) +A(1 + p− q)

(1−A) (67)
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Proof. For p ≥ q, A > 1 so the term mAm+1 in (29) as m→∞ will be sufficiently larger than m. For p < q, A < 1
so the terms Am and Am+1 in (29) as m→∞ will become insignificant.

Lemma 4.4. There exists a finite m such that Jπm < Jπm+1 .

Proof. For p ≥ q, the result follows by Lemma 4.3. For p < q, we form the difference Jπm+1 − Jπm and find

Jπm+1 − Jπm =

[
B

1−Am+2
+
C +Am+1(−(m+ 1)− p+ q) +Am+2((m+ 1) + p− q − 1)

(1−A)(1−Am+2)
+

(D +m+ 1)

(
Am+1 −Am+2

1−Am+2

)]
−[

B

1−Am+1
+
C +Am(−m− p+ q) +Am+1(m+ p− q − 1)

(1−A)(1−Am+1)
+

(D +m)

(
Am −Am+1

1−Am+1

)]
, (68)

where B, C, (D +m), and (D +m+ 1) are positive, and

B = p(1− q)(1−A). C = A2(−p+ q) +A(1 + p− q). D = −q + pq(1− κ) + pκ.

We rewrite (68) by grouping identical elements as
Jπm+1 − Jπm =(
Am+2((m+ 1) + p− q − 1)

(1−A)(1−Am+2)
− Am+1(m+ p− q − 1)

(1−A)(1−Am+1)

)
+B

(
1

1−Am+2
− 1

1−Am+1

)
(
Am+1(−(m+ 1)− p+ q)

(1−A)(1−Am+2)
− Am(−m+−p+ q)

(1−A)(1−Am+1)

)
+ C

(
1

(1−A)(1−Am+2)
− 1

(1−A)(1−Am+1)

)
(
(m+ 1)(Am+2 −Am+1)

1−Am+2
− m(Am+1 −Am)

1−Am+1

)
+D

(
Am+2 −Am+1

1−Am+2
− Am+1 −Am

1−Am+1

)
. (69)

From (69), it follows that the multiplication of the constant terms (B, C, and D) will be negative. We then rewrite (69),
and all we have to show is that for a given m the following inequality holds∣∣∣∣∣Am+1(−(m+ 1)− p+ q)

(1−A)(1−Am+2)
− Am(−m+−p+ q)

(1−A)(1−Am+1)
+

(m+ 1)(Am+2 −Am+1)

1−Am+2
− m(Am+1 −Am)

1−Am+1

Am+2((m+ 1) + p− q − 1)

(1−A)(1−Am+2)
− Am+1(m+ p− q − 1)

(1−A)(1−Am+1)

∣∣∣∣∣ >
∣∣∣∣∣B( 1

1−Am+2
− 1

1−Am+1

)
+

C
( 1

(1−A)(1−Am+2)
− 1

(1−A)(1−Am+1)

)
+D

(Am+2 −Am+1

1−Am+2
− Am+1 −Am

1−Am+1

)∣∣∣∣∣. (70)

From (70), it follows that the summation on the right side vanishes as m increases since B, C, and D are constants, and
the limit as the corresponding multiplications tends to infinity is 0. The condition is κ be constant and κ <∞. We can
use the left side of (70) to show that

lim
m→∞

E

F
= 0,

where

E =
Am+1(−(m+ 1)− p+ q) +Am+2((m+ 1) + p− q − 1)

(1−A)(1−Am+2)
+

(m+ 1)(Am+2 −Am+1)

1−Am+2

and

F =
Am(−m− p+ q) +Am+1(m+ p− q − 1)

(1−A)(1−Am+1)
+
m(Am −Am+1)

1−Am+1
.

Therefore, the left side of (70) will be greater than the right side for an m large enough.

Then, for some m large enough, we will find Jπm
< Jπm+1

.
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As in Lin and Kumar (1984), using Lemmas 4.1 and 4.4 and Lippman’s results (since the sufficient conditions of
(Lippman, 1973, Corollary 1) are satisfied) we next show that the limit as β → 1− of a sequence of threshold policies is
a threshold policy again.
Theorem 4. The optimal policy for the average cost problem is of threshold type with a finite threshold.

Proof. From Lemma 4.4 we can infer that for some x ∈ X , we have Jβπm
(x) < Jβπm+1

(x) for all β sufficiently close to
1. Theorem 3 asserts that a threshold policy is optimal for the discounted cost problem. Therefore, some policy in the
set of threshold policies {π1, π2, . . . , πm} is optimal for each discount factor β sufficiently close to 1. Since now there
exists a threshold policy πk, which is optimal for each discount factor βn, with βn → 1, by (Lippman, 1973, Theorem
6) the average cost problem has an optimal policy which is a member of the same set {π1, π2, . . . , πm}. Therefore, the
optimal policy is of threshold type.

Theorem 4 provides an algorithm to determine an optimal threshold: starting with π0, we use (29) to determine a m
such that

Jπ0
≥ Jπ1

≥ Jπ2
≥ · · · ≥ Jπm

and Jπm
< Jπm+1

.

Then πm is the optimal policy.

5 Numerical results and Discrete event simulation (DES)

In this section, we present the numerical computation of Jπm
in equation (29) and analyze some discrete event

simulations. We analyze values for p, q, and κ considering three different scenarios: i) trucks and platoons arrive with
the same probability, ii) platoons arrive with twice as high probability compared to the trucks, and iii) platoons arrive
with approximately 45% more probability than trucks. These scenarios give a general idea of the system’s behaviour.
For instance, by increasing κ or q (resp. decreasing p), we are essentially increasing the threshold m.

In Figures 4a, 5a, and 6a, we present the computation of Jπm
, where we vary m. The line in blue graphs the numerical

computation of Jπm
. The vertical line in orange highlights the optimal threshold.

In Figures 4b, 5b, and 6b, we show the results of 30 discrete event simulations that ran for 1, 000, 000 steps each. The
line in orange indicates the cost of the optimal policy πm. The blue dots show the outcome of each simulation, and the
blue line illustrates the mean of all simulations. The interval in light blue represents the 99% confidence interval.

Figure 4 presents the results for p = q = 0.5 and κ = 10. In Figure 4a, the optimal threshold is m = 1. Using m = 1,
we ran the respective DES, as shown in Figure 4b. The mean of the discrete simulations overlaps the optimal value of
Jπm

. It follows from 4a that Jπm
increases as m increases, which is consistent with Lemma 4.3.

(a) Theoretical computation Jπm .

0 10 20 30
Simulations

1.740

1.745

1.750

1.755

1.760
p = 0.5, q = 0.5, A = 1.0, = 10

Optimal Average cost
Mean
99% CI
Average cost

(b) Discrete event simulation.

Figure 4: For p = 0.5, q = 0.5, and κ = 10.

Figure 5 presents the results for p = 0.4, q = 0.8 and κ = 5. In Figure 5a, the optimal threshold is m = 2. In contrast
to Figure 4a, Jπm

appears to be “insensitive” as m increases above the optimal threshold. Since platoons arrive with

14



Optimal Control for Platooning in Vehicular Networks A PREPRINT

a high probability relative to cars, and because it is optimal to dispatch a car with an arriving platoon (according to
Lemma 3.1), we expect the queue of waiting trucks to be very small. So, most of the time, the queue size does not
exceed the threshold. In Figure 5a, the mean and optimal average costs again overlap.

1 2 3 4 5 6 7
 m

0.196

0.197

0.198

0.199

0.200

p = 0.4, q = 0.8, A = 0.17, = 5.0

Optimal threshold
J m

(a) Theoretical computation Jπm .

0 10 20 30
Simulations

0.1925

0.1935

0.1945

0.1955

0.1965

0.1975

p = 0.4, q = 0.8, A = 0.17, = 5

Optimal Average cost
Mean
99% CI
Average cost

(b) Discrete event simulation.

Figure 5: For p = 0.4, q = 0.8, and κ = 5.

In Figure 6, we present the results for p = 0.45, q = 0.65 and κ = 20. These results are also consistent with Lemma
4.3 when p < q. The threshold is m = 4 from Figure 6a. The mean of DES costs and the optimal average cost again
overlap each other in Figure 6b.

2 3 4 5 6 7
 m

0.76

0.78

0.80

0.82

0.84

0.86

0.88

0.90

p = 0.45, q = 0.65, A = 0.44, = 20.0

Optimal threshold
J m

(a) Theoretical computation Jπm .

0 10 20 30
Simulations

0.755

0.760

0.765

0.770

0.775

0.780

0.785
p = 0.45, q = 0.65, A = 0.44, = 20

Optimal Average cost
Mean
99% CI
Average cost

(b) Discrete event simulation.

Figure 6: For p = 0.45, q = 0.65, and κ = 20.

6 Conclusion and Future Research

In this paper, we studied the problem of dispatching trucks to platoons arriving at a highway station. We modelled
the problem as a Markov Decision Problem (with a one-dimensional Markov Chain). The dispatching action aims to
minimize a cost function at the station. This function can be β-discounted (with finite or infinite horizon) as well as
long-run average. We first proved that for all cost types, the optimal policy is a threshold-type policy. This threshold is
finite for the finite horizon discounted cost, average cost criteria, and for the infinite horizon discounted cost when β is
sufficiently close to 1. We then presented some numerical results regarding the optimal policy.
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The results can be generalized in several ways in future work. For instance, we could consider investigating a batch
dispatching model where we empty the queue upon a platoon’s arrival. More generally, we could send r trucks from
the station or empty it when r ≥ xn. In both models, the cost of platooning could be introduced since we assume no
cost for platooning in the current model. We suspect that the optimal policy for the batch dispatching model is also of
threshold type. Perhaps with a greater threshold than the current model for the same parameters since we can now send
multiple trucks from the queue.

Another approach would be to investigate a model where dispatching a truck to a platoon may have random savings or
costs. Finally, we could consider a model where we can dispatch rn trucks from the station, where rn will depend on
the available space on an arriving platoon.
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