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ABSTRACT

In this paper, wepresenta methodto efficiently identifytheon-
chip hot spotsin ULSIcircuits.A setof mathematicalformulae
werederivedin analyticalformssothatlocal temperatureinfor-
mationcan be fetchedquickly. Theseformulaewere basedon
theGreen’s functionanderror functionapproximation,andthe
resultingequationswere further simplifiedto a tractablelevel
by assertingdifferent constraints. Experimentalresult shows
that this methodis able to accurately locatethehot spotswith
little timecomplexity. It is particularly usefulfor temperature-
drivencircuit macro placementin early chip designphase, for
which a large numberof designiterationsis neededandsimu-
lation efficiencyis much required.

I . INTRODUCTION

Over theyears,thestate-of-the-arttechnologieshavecontinued
to pushtheULSI chipsto higherclockspeedandpackingdensi-
ty. Thespeedrequirementcauseslargepowerconsumptionand
high packingdensityresultsin largepower density(power per
unit area).Onedirect impactof theincreasingpowerdensityis
thedramaticon-chiptemperaturerise. For a chip undernormal
operatingcondition, the temperaturerise canbe asmuchasa
few tensof degreesabove theambience.Without goodthermal
engineering,significantlynon-uniformtemperaturedistribution
canleadto considerableon-chiptemperaturegradient.Thetem-
peratureriseandtemperaturegradienthasstrongeffectsonboth
chip performanceandreliability. Although many researchef-
forts have beenfocusingon thedevelopmentof low power and
new packagedesignfor betterIC reliability, thermalproblems
continueto grow anddemandmoreattention.

Someresearchwork hasbeendoneearlierto addresstheelec-
trothermalproblemsin thedevice level andthesmall-scalein-
tegrated(SSI) level by developing the computer-aideddesign
(CAD) tools [1][2]. The attemptat providing the electrother-
mal simulationcapabilityat the VLSI level wasintroducedin
ILLIADS-T [3]. Most of theexisting electrothermalsimulators
focuson accuratelycalculatingthetemperaturesat theexpense
of simulationtime. In this paper, we presenta new fastthermal
analysismethod,which hasbeenincorporatedinto thethermal
simulationframework in ILLIADS-T. It focuseson theon-chip
hot-spotidentificationin an extremelyefficient way. The hot
spotinformationcanbeusedto pinpointthelocationswith high

temperaturesfor reliability concerns.It canalsobeusedto fa-
cilitate theadaptive meshgenerationprocessfor thenumerical
3D thermalsimulatorin ILLIADS-T.

I I . THERMAL ANALYSIS FRAMEWORK

A. Background

Thegeneralheatdiffusionequationfor temperaturecalculation
is [4]

ρcp
∂T
�
x � y� z� t �
∂t � ∇ ��� k � x � y� z� T � ∇T

�
x � y� z� t ���
	 g

�
x � y� z� t � (1)

subjectto thegeneralthermalboundarycondition:

k
�
x � y� z� T � ∂T

�
x � y� z� t �
∂ni

	 hT
�
x � y� z� t � � fi

�
x � y� z��� (2)

In (1) and(2), T is temperature,g is power densityof theheat
source(s),k is thermalconductivity, ρ is densityof material,cp

is specificheat,h is heattransfercoefficientbetweentheobjec-
t undersimulationand the ambience,fi

�
x  y z� is an arbitrary

function,andni is the outwarddirectionnormalto the surface
i. The detailsof the boundarycondition specificationcanbe
foundin [3].

B. Fastthermalanalysis(FTA)

For a VLSI chip containinga largenumberof heatsources,the
exact numericalmethodcan be very expensive. In the early
chip designphase,especiallywhenno specificpackageinfor-
mationis givenor thethermalboundaryconditionsarenot fully
characterized,a fast thermalanalysismethodemphasizingon
thehot-spotidentificationis, therefore,muchneeded.We have
developeda new fastthermalanalysis(FTA) tool to meetsuch
needs.

The FTA approachis basedon the fact that, the dimensions
of thegate-level or subcircuit-level heatsourcesin a VLSI chip
aresmall comparedwith the chip size. Thusall heatsources
canbeviewedaslocatedin a relatively infinite body. Consider
a point sourcein a chip asshown in Fig. 1(a). SinceICs havea
passivation layer, thetop of thechip is insulated.We therefore
have a boundaryvalueproblemwith infinite dimensionin the
x-y planewhile with semi-infinitedimensionin thez direction.
Moreover, theboundarycondition(BC) at z � 0 is ∂T � r � t �

∂z � 0.
To find the temperaturesubjectto this specificgeometryand
BCs,weusethemethodof imagesanalogousto theelectromag-
neticsproblems[5]. We addanidenticalheatsourcesymmetric
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Figure1: Methodof images.

with respectto z � 0 andremovetheinsulatingboundary. Now
theproblemin Fig. 1(a)is transformedto thatin Fig. 1(b).

The Green’s function solutionG
�
r  t � r �
 τ � to the heatdiffu-

sion equationfor the point sourcein Fig. 1 canbe derived as
G
�
r  t � r �
 τ ��� Gx � Gy � Gz, where

Gx � 1� 4πα
�
t � τ ��� 1� 2 exp � � � x � x� � 2

4α
�
t � τ � � �

Gy � 1� 4πα
�
t � τ ��� 1� 2 exp � � � y � y� � 2

4α
�
t � τ � � �

Gz � 1� 4πα
�
t � τ ��� 1� 2 � exp

� � � z � z� � 2
4α
�
t � τ � ��	 exp

� � � z 	 z� � 2
4α
�
t � τ � ��� (3)

whereα is the thermaldiffusivity. We formulatethe resulting
temperatureriseabove theambienceat observationpoint r due
to parallelepipedheatsourcewith dimensionsa � b � c as

�
T
�
r � t � � αP0

k
�
abc�

� t

τ � 0

� c

 c

� b� 2
 b� 2
� a� 2
 a� 2 G

�
r � t ! r � � τ � dv� dτ � (4)

wherethe coordinateorigin hasbeenchosento be at the cen-
ter of the sourceandP0 is the sourcepower. To proceed,we
integrate(4) by usingerrorfunctions:

�
T
�
x � y� 0 � t � � αP0

k
�
abc�

� t

0
G
�
x � a � τ � G � y� b � τ � G � 0 � c � τ � dτ � (5)

wheretheobservationpoint is setto beon thechipsurface(z �
0), and
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Defining % 1 � 2
�
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�
a & 2 ( x� , ) 1 � 2

�
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) 2 � 2
�
b& 2 ( y� , and *+� 2c, alongwith the changeof vari-

ables,(5) canberecastas
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In order to perform the integration in (7) analytically, we
piecewisely linearizetheerrorfunctionsby [6]

erf
�
x�54 2x" . π for x 6 . π " 2;

4 1 for x 7 . π " 2 � (8)

By definingta1 �8% 2
1 &
�
4πα � , ta2 �9% 2

2 &
�
4πα � , tb1 �8) 2

1 &
�
4πα � ,

tb2 �:) 2
2 &
�
4πα � , andtc �;* 2 & � 4πα � , we have the approxima-

tionsin Table1, wherem � 0 for % 2 < 0 andn � 0 for ) 2 < 0,
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Figure2: Transformation:constraintheobservationpoint to the
first quadrant.
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Figure3: Transformation:constrainta1 to belargerthantb1.

otherwisem � 1 for % 2 = 0 andn � 1 for ) 2 = 0. To obtain
theanalyticalsolutionof (7), we needto reducethenumberof
possiblepermutations(120)of ta1, ta2, tb1, tb2 andtc. To achieve
this,weassertthefollowing six constraints:

1. x 7 0, y 7 0

2.
� a

2 	 x�>7?! a2 � x ! �A@ , 2
1 7 , 2

2 �A@ ta1 7 ta2

3.
� b

2 	 y�>7?! b2 � y ! �A@ 0 2
1 7 0 2

2 �A@ tb1 7 tb2

4. 2
� a

2 	 x�>7 2c �A@ , 2
1 7 2 2 �A@ ta1 7 tc

5. 2
� b

2 	 y�>7 2c �A@ 0 2
1 7 2 2 �A@ tb1 7 tc

6. ta1 7 tb1

Constraints(2) and(3) arestraightforwardalgebraically. Con-
straints (4) and (5) are valid becausethe thicknessof heat
sourcesis in the order of 0 B 1µm which is much smaller than
the physicaldimensions(i.e., a � b) of a logic gateon chip.

Constraint(1) is equivalent to transformingall the observa-
tion pointsto thefirst quadrantby usingthesymmetricproperty
asgraphicallyshown in Fig. 2. To satisfy Constraint(6), we
usethecoordinatetransformationasshown in Fig. 3. With the
above specifiedconstraints,(7) now becomestractable.In oth-
er words,theprecedenceof ta1, ta2, tb1, tb2, andtc mustbelong
to oneof theeightcasesshown in Fig. 4. We have derivedthe
analyticalsolutionsfor all cases.Propersolutionswill beused
during simulation,dependingon the geometryandthe sizeof
the heatsource,as well as the relative locationsbetweenthe
heatsourceandtheobservationpoint.

For a VLSI chip with n heatsources,the temperatureriseat
the centerof sourcei is obtainedby consideringthe heatdif-
fusion from sourcei, plus that from othern ( 1 sourcesusing
superposition: �

TΣ
i � � Ti

�
0 � t ��	 n  1

∑
k � 1

�
Tk
�
rk � t ��� (9)



Table1: Error functionapproximations.
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Figure4: Eight casesundersix constraints.
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where I TΣ
i is the temperaturerise at the centerof sourcei,

I Ti
�
0  t � is the temperaturerise dueto i itself, and I Tk

�
rk  t �

is thetemperaturerisedueto sourcek. I Ti
�
0  t � and I Tk

�
rk  t �

canbothbefoundby combining(7) with oneof theeightcases
in Fig. 4. Take Fig. 5 asan example,whereonesourcewith
power PI is locatedat (0,0) while theotheronewith power PI I
is at (3,2).To find thetemperatureriseat thecenterof sourceII
duetosourceI (i.e., I Tk

�
rk  t � in (9)),weobservethatit belongs

to case1 whereta1 J tb1 J tb2 J ta2 J tc. Thusthe integration
in (7) at steadystate(t K ∞) canbecalculatedas

�
TI
�
x � y� 0 � ∞ � � αPI

4k
�
abc� � . tb1tc � . tb2tc �L� � 4 	 2log

� , 10 1
�M�L�

� . tb2tc 	 . ta2tc �N� 2log
�N0 10 2
� for m � 1 and n � 1 � (10)

where
�
x  y�O� �

3  2� . Similarly, thetemperatureriseat thecen-
ter of sourceII dueto self heating(i.e., I Ti

�
0  t � in (9)) canbe

foundsinceit is justaspecialcase(ta1 � ta2 J tb1 � tb2 J tc) of
case3: �

TI I
�
0 � ∞ � � PI I

πka� � 2 	 log
� a�
b� �L� c

b� � � (11)

Finally, thesteady-statetemperatureriseat thecenterof source
II canbeobtained,accordingto (9), as

�
TΣ

I I � � TI I
�
0 � ∞ ��	 � TI

�
3 � 2 � 0 � ∞ ��� (12)

Mathematicalformulation of the FTA methodis basedon
theclosed-formGreen’s functionwith theassumptionof semi-
infinite boundarycondition. In practice,this assumptionis not
totally valid dueto theexistenceof packageandheatsink in a
chip. Therefore,the temperaturerise in (9) bestrepresentsthe
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Figure6: Chip structureandheatsourcelocations.

relative valueinsteadof theabsolutetemperaturerise. Howev-
er, the FTA methodprovidesa quick estimateof the tempera-
turedistribution. This is particularlyusefulwhenthenumberof
heatsourcesis largeor whenalargenumberof repeatedthermal
simulationsareneeded.It is alsousefulwhenthechip package
specificationis not known in theearlydesignphase.

I I I . EXPERIMENTAL RESULTS

Amongdifferentthermalsimulationmethods,theFTA method
is primarily usedfor fast hot-spotidentification. In order to
observe how accuratelythe FTA methodcan identify the hot
spots,we performedthefollowing experiment.Considera chip
containing10 heat sources,all with dimensionsof 50µm �
50µm. The sourcesareconfinedwithin the area(sourcearea)
with dimensionsof 500µm � 500µm, andthedistancebetween
the boundaryof the sourceareaandthe chip’s bondingpadis
500µm as shown in Fig. 6. The heatsourceswere randomly
placedandthepowervaluesfrom 10mW to 100mW wereran-
domly assignedto the sources,and this processwas repeated
for 50 times(i.e., 50 tests).We claim thata violation happens
in a testif thehotspotidentifiedby theFTA methodis different
from theoneidentifiedby ournumericalmethoddevelopedear-
lier. The numberof violation andthe violation rateamong50
testsusingthe FTA methodareshown in the secondandthird
rows of Table2 for differenth (heattransfercoefficient in (2))
values.I Thot spot representstheaveragedifferenceof theactual
temperaturesof thetwo distincthot spotsidentifiedby theFTA
andnumericalmethodsfor all violatedtests. The datashown
in Table2 revealthata violation occursonly whenthetwo hot
spotshaveveryclosetemperaturevalues,which is insignificant
for reliability concerns.

To demonstratetheadvantageof FTA whentheproblemsize



Table2: Violation rateby usingtheFTA method.

h [W " m2 � K] 5,000 8,000 10,000 15,000 20,000 25,000 30,000 35,000

# violation 4 5 5 4 4 6 3 3
Violationrate(%) 8 10 10 8 8 12 6 6�

Thot spot [ P C] 1.1 0.83 0.6 0.8 0.35 0.75 0.21 0.16
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Figure7: Speedupof FTA overnumericalmethod.

increases,bothFTA andnumericalmethodareusedto identify
theon-chiphot spotsamongall heatsources.Thespeedupfac-
tor of FTA over thenumericalmethodwith increasingnumber
of heatsourcesis plottedin Fig. 7. In thenumericalsimulation,
onegrid line is assignedfor eachheatsourcein bothx andy di-
rections.This is to assigna minimumnumberof gridsrequired
to calculatethetemperatureof heatsources.

Anotherexperimentis performedon a prototypechip with
theunit-level layoutshown in Fig. 8. Eachunit containsseveral
functionalunit blocks(FUBs),andthepowervaluesweregiven
for all FUBs.Therearetotally 510FUBsin thischip. Thesym-
bols H andC in Fig. 8 representthe mostsignificanthot and
cold spotsidentifiedby FTA, while H andC representthe less
significanthot andcold spots.Thehot spotsarecausedprimar-
ily by placingtwo or morehigh power-densityFUBs in close
proximity. Theresultagreesverywell with thedetailednumer-
ical simulationwith packagemodeling [7], which is computa-
tionally expensive.By usingFTA in theearlychipdesignphase,
it is possibleto interchangethelocationsof hot andcold FUBs
in orderto ensuremoreuniformon-chiptemperatureprofileand
thusbetterreliability.

As a final remark,the efficiency of the iterative meshgen-
erationtechniqueemployedby our numericalmethoddepends
on the initial guessof the numberand locationsof the mesh
grids [3]. Chip areawith larger temperaturegradientoften re-
quiresmoregridsfor betteraccuracy. CurrentlytheFTA routine
hasbeenincorporatedinto ournumericalthermalsimulatorasa
preprocessorto estimatethetemperaturegradient,which help-
s to determinea betterinitial guessof the grids andtherefore
facilitatea moreaccurateandefficient thermalsimulation.
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Figure8: Unit-level layoutof a prototypechip.

IV. CONCLUSION

In this paper, we presenteda novel thermalanalysismethod-
FTA. This methodwas developedto quickly find the on-chip
hot spotsfor potentialreliability concerns.FTA is basedon the
Green’s functionanderrorfunctionapproximation.With prop-
er mathematicalmanipulationandconstraintassertion,concise
analyticalformulaewerederivedfor fasthot-spotidentification.
TheFTA methodis ableto accuratelylocatethehot spotswith
comparatively little timecomplexity.
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