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Abstract—As fundamental spectrum sensing and access
techniques in cognitive radio networks (CRN) matured in
last decade, the satisfaction of quality-of-service (QoS) de-
mands for cognitive users (CU) has attracted lots of research
attention. In this paper, we study how the delay QoS require-
ments affect the dynamic spectrum access (DSA) strategy
on network performance. We first treat the delay-QoS in
interference constrained cognitive radio network by applying
the effective capacity theory, focusing on the dominant DSA
scheme: underlay. We show that the roles that the transmit-
power/interference-power constraints play in optimizing CUs’
throughput vary significantly with the delay QoS require-
ments. Performance analysis and numerical evaluations are
provided to demonstrate the effective capacity of CRN based
on underlay scheme, taking into consideration the impact of
delay QoS requirements and other related parameters.

I. INTRODUCTION

The increasing density of competing wireless communi-
cation requirements makes the cognitive radio (CR) playing
a central role in future communication systems. Since
there is only a finite amount of the spectrum resource,
the remaining spectrum is being exhausted and it leads
to the spectrum scarcity problem. It is reported in recent
studies by the FCC, that there are vast temporal and spatial
variations in the usage of he allocated spectrum, which can
be as low as 15% [1]. So the frequency bands are often idle
in many areas, and inefficiently used.

While CR can improve the overall spectrum efficiency,
transmission from cognitive devices can create harmful
interference to primary users (PU). This motivates re-
searches to maximize the throughput of a CR network while
maintaining performance of the coexistent PUs.

Previously, the cognitive users (CUs) can only transmit
when detecting spectrum holes, particular frequency bands
that are not concurrently used by any PUs. Some recent
studies have extended the cognitive protocols to allow both
users (primary and secondary) to transmit simultaneously
in the same frequency band [2]. In these protocols, the CUs
are assumed to be willing to relay the PU’s information.

The main challenge for the cognitive users is to control
their interference levels to guarantee their own quality of
service requirements by transmitting at the desired rates and
limiting the delay experienced by the data in the buffers [3].

Recently, the problem of quality-of-service (QoS) sat-
isfaction demands for cognitive users has attracted lots
of research attention. The functions of cognition radio
networks have been broadened such that the CUs can not
only detect the transmission opportunities under the specific
DSA approach, but also cognitively adapt the dynamic
spectrum access strategies to the QoS requirements and the
channel variations. Among several DSA schemes, underlay
based spectrum sharing is the dominant scheme in cognitive
networks. In the underlay scheme [4, 5], the CUs are
allowed to use the PUs’ spectrum even when PUs are
active, but need to confine the interference power to a
tolerable level. In [4], optimal power allocation policies
were derived, which can optimize the ergodic and outage
capacities of CRNs under the PU outage constraint. The
joint bandwidth and power allocation was considered in
[5], and the optimal resource allocation schemes are inves-
tigated under all possible combinations of the average/peak
transmit and interference power constraints. However, the
previous work could not well meet the requirements on
QoS constraints in CRNs, thus the developed schemes may
cause performance degradation for CUs.

In this paper, an efficient resource allocation scheme is
developed with statistically guaranteed delay QoS for the
underlay DSA scheme to achieve maximum capacity. The
concept of effective capacity proposed in [6] is applied, it
is defined as the maximum constant arrival rate that can be
supported by the given time-varying service process.

The rest of this paper is organized as follows. The
system model and assumptions are presented in Section
II. The concept of the statistical delay QoS requirements
is discussed in Section III. Section IV is divided into
two subsections, where, the effective capacity and optimal
resource allocation are studied, respectively. Performance
analysis and numerical results are presented in Section V.
Section VI concludes the paper.

II. NETWORK MODEL AND ASSUMPTIONS

A typical CRN model is assumed [7], in which a cog-
nitive wireless network coexisting with a primary wireless
network by sharing B Hz spectrum band is considered. In
which, a primary user and a cognitive user try to access
this spectrum band. It is assumed that there is no direct
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signalling between the primary and cognitive networks. The
cognitive network includes a CU transmitter TSX and a
CU receiver RSX . The primary network includes a PU
transmitter TPX and a PU receiver RRX . The primary
transmitter adjusts its transmit power Sp based only on
its own transmission requirements, while the secondary
transmitter transmits with variable power Ss and should
not exceed a maximum value of Sms . All channel power
gains are assumed to be stationary and ergodic independent
random processes. These system gains are grouped in
the vector G = [gss, gsp, gpp, gps], where gij , i, j ∈ {s, p}
represents the power fading of the channel between the
transmitter i to the receiver j. All channel power gains
are assumed to be independent and identically distributed
(i.i.d.), and follow the Gamma probability density function
(pdf), with the same mean μ. The Gamma distribution
has been considered as an adequate model to characterize
wireless channel fading such as slow fading (shadowing)
or even fast fading [8, 9]. It has been observed that this dis-
tribution fits the experimental data [8]. The corresponding
pdfs for fgss , fgsp , fgpp , and fgps , are given as

fX(x) =
xa−1e−x/b

Γ(a)ba
; x ≥ 0, (1)

where a is known as the shape parameter of the distribution,
and b is the scale parameter. Without loss of generality,
it is assumed that scale parameter b = 1. The average
E[X] = ab = μ, and Var[X] = ab2 = μ. The background
noise at both receivers are modeled as AWGN independent
zero-mean Gaussian random variables with variance σ2s
and σ2p respectively. For all the used abbreviations below,
the common subscripts s and p refer to the cognitive
user and primary user respectively, while the superscripts
{0, 1} and ∗ refer to the state number and optimal value
respectively. The maximum interference at the primary
receiver should be kept below a threshold value Ith. This
value is a system parameter which can be specified by the
primary network operator or by the spectrum regulator.
Small scale variations are assumed in this paper, where
other variations such as distance path loss dependent or
shadowing impacts are considered as background or/and
interference constraint.

In this paper, resource allocation schemes will be de-
veloped taking into account the statistical delay QoS guar-
antees. As mentioned above, in the underlay scheme, the
secondary user is required to always satisfy the interference
constraint. Therefore, even in circumstances when the
primary user is not transmitting, the cognitive user has
to adjust its transmission power based on the interference
threshold constraint. Consequently, the derived resource
allocation schemes should not be only a function of system
gain vector G, but also will be varied with different QoS
requirements. In order to clearly illustrate the concept, it
is assumed that each frame at the data link layer of the
CU transmitter has the same time duration, denoted by
T . The frames are stored at the transmit buffer and split
into bit-streams at the physical layer. The CU transmitter
employs adaptive modulation and power control based on
the statistical QoS constraint and the system gain vector G,
which can be perfectly derived by the CU transmitter.

The factors that will impact the resource allocation of
the cognitive network include: (1) the average transmit
and interference power constraints; (2) the statistical delay
QoS requirement; (3) the primary network activities; (4)
the DSA strategy used by the cognitive network; and (5)
the interference caused by the PU transmitter on the cogni-
tive network. The existing literatures studied the underlay
strategy, while the primary network activities are ignored.
In this paper, the PUs’ spectrum-occupancy probability is
taken into consideration even for the underlay strategy. It
is assumed that the primary network will choose whether
to use the spectrum or not at the beginning of each frame.
As the spectrum-occupancy status of the primary network
can be viewed as the two hypothesis test from the CU’s
perspective, the probability that the primary network does
not occupy the spectrum is denoted as Pi (idle probability),
and the probability that the spectrum is occupied as Pb
(busy probability). These probabilities are assumed to be
fixed during the frame interval.

III. OPTIMAL RESOURCE ALLOCATION FOR

UNDERLAY SCHEME

In this section, an optimal resource allocation for the
underlay scheme is proposed under given statistical delay
QoS guarantee determined by the QoS exponent θ. When
the CU applies the underlay scheme, the spectrum sensing
is not needed, and the CU can use the whole frame duration
for transmission with adjusted transmit power no matter
whether the primary network occupies the spectrum or not.
The cognitive network with the underlay scheme has two
system states for each frame, which are listed as follows:

• State 0: The channel is idle, i.e., it is not occupied by
the primary network, with a probability Pi.

• State 1: The channel is busy, i.e., it is currently used
by the primary network, with a probability Pb.

The service rates of these two states are denoted as R0

and R1 at CU, respectively. Based on Shannon information
theory, the achievable service rates of the two system states
can be written as

R
0

= TB log2

(
1 +

gssS
0
s

σ2
s

)
(2)

R
1

= TB log2

(
1 +

gssS
1
s

gpsSp + σ2
s

)
, (3)

where S0s and S1s are the transmit power of the CU
transmitter when the spectrum is idle and busy, respectively.

A. Effective Capacity for Underlay scheme

The effective capacity denoted by EC (θ), is defined as the
maximum constant arrival rate that can be supported by the
time-varying service process under a given QoS exponent
θ [6]. If the service rate R[t] is time-uncorrelated, EC (θ)

can be represented by [6]

EC(θ) = − 1

θ
log E[e

−θR[t]
]. (4)
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As the PU active probability is taken into consideration,
the solution of the effective capacity of (4) can be found
as [10, 11]

EC(θ) = − 1

θ
log (ρ(P · D)) , (5)

where D is a diagonal matrix given by

D = diag

[
d1(θ), d2(θ)

]
=

[
E[e−θR0

],E[e−θR1
]

]
, and ρ(·)

function is the spectral radius of a matrix, which is defined
as the maximum of the absolute values of its eigenvalues,
i.e., ρ(A)

def
= max

i
(|ωi|), ωi’s are the eigenvalues. P in (5)

denotes the transition probability matrix. As the primary
network independently selects whether to access the spec-
trum or not at the beginning of each frame, the two system
states are time-uncorrelated and thus the entries of the
transition probability matrix can be written as{

p00 = p10 = Pi,
p01 = p11 = Pb.

(6)

Since the transition probability matrix P has a unit rank,
the spectral radius of matrix (P ·D) can be easily calculated
by

ρ(P · D) = trac(P · D) = PiE[e
−θR0

] + PbE[e
−θR1

]. (7)

Substituting (7) into (5), the effective capacity can be
obtained as

EC(θ) = − 1

θ
log

(
PiE[e

−θR0
] + PbE[e

−θR1
]
)
. (8)

Statistically, if X and Y are two independent Gamma
distributed random variables with parameters μ1 and μ2,
respectively, then, Z = X

Y
is a Beta Prime distributed

random variable with parameters μ1 and μ2 [12]. Let us
define a new random variable Y = (gpsSp + σ2s )/S

1
s , since

all power gains are assumed to be Gamma distribution, Y
is also Gamma distributed with mean μ2. The pdf of Y can
be expressed as

fY (y) =
yμ2−1e−y

Γ(μ2)
, (9)

where μ2 =
(μ1Sp+σ

2
s )

S1s
. Then, the pdf of the random vari-

able Z has the following Beta Prime distribution function

fZ(z) =
zμ1−1(1 + z)−μ1−μ2

β(μ1, μ2)
, (10)

where β(μ1, μ2) is the Beta function, and μ1 = μ is the
mean value of power channel gains as it is assumed above.
Substituting (2) and (3) in (8), we get

EC(θ) = − 1

θ
log

(
PiE

[
e
−TBθ log2

(
1+
gssS

0
s

σ2s

)]

+PbE

[
e
−TBθ log2

(
1+

gssS
1
s

gpsSp+σ2s

)])
,

(11)

which can be written as

EC(θ) = − 1

θ
log

[
PiEx

[(
1 +

x

γ

)−α ]
+ PbEz

[
(1 + z)

−α
]]

, (12)

where, Ex and Ez is the average value with respect to
the random variable X and Z defined in (1) and (10),

respectively, γ =
σ2s
S0s

, and α = (TBθ/ ln 2) can be named

as the normalized QoS exponent. It can characterize the
statistical delay QoS requirement since it is only a function
of θ.

By evaluating (12), a closed form result can be obtained
as in (13),

EC = − 1

θ
log

[
Pi

(
Γ(α− μ1)

Γ(α)
(γ)
μ

1F1 (μ1; 1 + μ1 − α; γ)

+
Γ(μ1 − α)

Γ(μ1)
(γ)
α

1F1 (α; 1 + α− μ1; γ)

)

+ Pb

(
Γ(α + μ2)Γ(μ1 + μ2)

Γ(α + μ1 + μ2)Γ(μ2)

)]
,

(13)

where the function 1F1 is called Confluent Hypergeometric
function of first kind, defined as [13]:

1F1(a, b, z) =

∞∑
n=0

(a)n

(b)n

zn

n!
, (14)

where
(a)n = a(a+ 1)(a+ 2) · · · (a+ n− 1); n �= 0, and (a)0 = 1, and
μ1 = μ.

The above integrations are expressed in terms of gamma
function and hypergeometric function. Some properties of
these functions listed in [13] are used to obtain a simplified
expression as below

EC(θ) = − 1

θ
log
[
PiCi1f1(x) + PiCi2f2(x) + Pbf3(y)

]
, (15)

where:
Ci1 = Γ(α− μ1)/Γ(α), Ci2 = Γ(μ1 − α)/Γ(μ1);
f1(x) = γμ 1F1 (μ1; 1 + μ1 − α; γ)

f2(x) = γα 1F1 (α; 1 + α− μ1; γ),
f3(y) = (Γ(α+ μ2)Γ(μ1 + μ2))/(Γ(α+ μ1 + μ2)Γ(μ2)),

where the dummy variables x, y correspond to the variables
S0s , S

1
s which are embedded in the variables γ and μ2,

respectively.

B. Optimal Power Allocation for Underlay scheme

Now, the objective is to find the optimal power allocation
(S0s , S

1
s ) to maximize the effective capacity of the cogni-

tive network subject to the upper bounded transmit and
interference powers. Therefore, from (15), an expression
for the optimal effective capacity for the cognitive network
channel can be formulated and the optimization problem
can be written as follows

maximize
x,y

− 1

θ
log
[
Pi (Ci1f1(x) + Ci2f2(x)) + Pbf3(y)

]
S.t. 0 ≤ Pix + Pby ≤ S

m
s

PiE[gspx] + PbE[gspy] ≤ I
th
.

(16)

The optimization variables x, y are again equivalent to
S0s , S

1
s respectively. They are not only a function of the

system gain vector G, but also a function of the QoS
exponent θ. Because the CU transmitter usually has an
upper bounded transmit power Sms , the CU transmitter
should satisfy transmit power constraint, which appears in
the first constraint in (16). In the same time, since the
transmissions of the cognitive network will interfere the
primary network, in order to protect the QoS of the primary
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network, the average interference power constraint is in the
second constraint of (16). Now, by using the fact that the
function log(z) is a monotonically increasing function of
z, the solution to the maximization problem (16) can be
mapped to the following minimization problem

minimize
x,y

1

θ

[
Pi (Ci1f1(x) + Ci2f2(x)) + f3(y)

]
S.t. 0 ≤ Pix + Pby ≤ S

m
s

PiE[gspx] + PbE[gspy] ≤ I
th
.

(17)

Using Lagrangian optimization approach, the corre-
sponding optimal power allocation can be written as in (18)
and (19) (The details are omitted for the lack of space).

[
Ci1μ1 (γ)

μ1+1

(
1F1(μ1; 1 + μ1 − α; γ) +

γ 1F1(1 + μ1; 2 + μ1 − α; γ)

1 + μ1 − α

)

+ Ci2α (γ)
α+1

(
1F1(α; 1 + α− μ1; γ) +

γ 1F1(1 + α; 2 + α− μ1; γ)

1 + α− μ1

)]
= σ

2
sθ(λ + νμ1).

(18)

(μ
∗
2)

2 Γ(α + μ∗2)Γ(μ1 + μ∗2)

Γ(α + μ1 + μ∗2)Γ(μ∗2)

(
Ψ(α + μ

∗
2) + Ψ(μ1 + μ

∗
2)

−Ψ(α + μ1 + μ
∗
2)−Ψ(μ

∗
2)

)
= θ(μ1Sp + σ

2
s)(λ + νμ1).

(19)

The function Ψ in (19) is known as polygamma function
and defined as [13]

Ψ(z) =

∫ ∞
0

tme−zt

et − 1
dt. (20)

The optimal value μ∗2 in (19) is the value of μ2 correspond-
ing to S∗1s , i.e., μ∗2 = (μ1Sp + σ2s )/S

∗1
s .

Unfortunately, there is no closed form solutions for
power allocation, because the inverse hypergeometric func-
tion, i.e., 1F

−1
1 (a; b; z) is not known up until now. Fur-

thermore, the inverse function of both Gamma, Γ−1(·),
and Polygamma Ψ−1(·) can only be found numerically.
Therefore, by solving (18) and (19) numerically, one can
find optimal solutions for both S∗0s and S∗1s .

In (18) and (19), γ =
σ2s
S∗0s

, and the multipliers, λ and

ν are the optimal Lagrangian multipliers that satisfy the
constraints in (17).

IV. NUMERICAL RESULTS AND PERFORMANCE

ANALYSIS

In this section, numerical results are presented to eval-
uate the performance of the proposed power allocation
strategies. In the calculation, the frame duration is set to
T = 50ms, the sampling frequency B = 100Ksymbol/s,
and the probability of the channel to be idle is set to
Pi = 0.2 as a target value. Other parameters are listed in
the corresponding figures.

First, the convergency of the proposed algorithm is eval-
uated. Fig. 1 shows the iterative method for determining the
optimal Lagrangian multipliers. The maximum secondary
transmit power is set to 10dBw, i.e., Sms = 10W and the
interference threshold and the primary transmit power are
set to 0dBw, and Sp = 10dBw, respectively. The QoS
exponent θ = 0.001. As shown in Fig. 1, the Lagrangian

multipliers can quickly converge to their optimal values
when choosing a dynamic step size.
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Fig. 1. Tracking the optimal Lagrangian multipliers. Ith = 0dBw,
Sp = 10dBw, Sm

s = 10dBw, and θ = 10−3

Fig. 2 presents the normalized effective capacity as a
function of the QoS exponent θ. From the figure, it can
be observed that the QoS exponent θ plays a critically
important role in the maximum throughput of the cognitive
network. When θ is small (i.e., the QoS constraint is loose),
the cognitive network can realize higher throughput. On
the contrary, when θ is large (i.e., the QoS constraint is
stringent), the cognitive network can only support lower
arrival rates.
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Fig. 2. Normalized effective capacity versus exponent delay. Sm
s =

10dBw

Higher Pi means the cognitive transmitter assumes that
the channel is idle with a higher probability. The CU
exploits the situation and transmits with a higher power
level, which in turn, gains more capacity. While at lower
Pi, the cognitive transmitter assumes the channel is busy
with a higher probability (since Pb = 1 − Pi) and thus, it
reduces the transmit power to comply with the interference
constraint.

The interference threshold Ith also has a significant
impact on the performance. In order to evaluate the impact
of Ith, Fig. 3 shows the normalized effective capacity
versus Ith with different QoS exponent θ. It can be noted
that the effective capacity improves with increasing of Ith.
This can be easily understood since a higher Ith means the
PU receiver can tolerate higher interference. Consequently,
the CU transmitter can use higher transmit power and thus
achieve better performance.

The transmit power of the primary network Sp is another
crucial parameter that affects the performance of the cog-
nitive network. Fig. 4 shows the effective capacity versus
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Fig. 3. Normalized effective capacity versus interference thresh-
old for different θ.

the transmit power of the primary user Sp with different
QoS exponent θ. It can be observed that the performance
of the cognitive network degrades as Sp increases. This is
because that a higher Sp will cause more severe interference
to the CU receiver. Therefore, the CU transmitter needs to
transmit with a higher power to overcome this negative
impact. However, as shown in Fig. 4, when the QoS
exponent is small (i.e., θ = 10−3), the performance loss
is not obvious. On the contrary, the performance of the
cognitive network degrades more dramatically when the
QoS exponent is large (i.e., θ = 0.1). The reason for this
observation is that a small θ denotes loose QoS requirement
and the power allocation becomes water-filling, thus the
power resource can be more efficiently utilized. However,
large θ means stringent QoS requirement, which results the
cognitive network transmit with constant rate. Therefore,
more power is used to overcome the more serious inter-
ference caused by larger Sp and the upper bounded power
resource is less efficiently utilized.
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Fig. 4. Normalized effective capacity versus primary transmit
power with different θ, Pi = 0.2.

Fig. 5 shows the interference power versus θ under
different spectrum-idle probabilities (Pi). It is shown that
the interference power increases with the increase of θ, and
decreases with the increase of (Pi). It is reasonable that
when θ increases, the CU transmitter will transmit with
higher power to meet the more stringent QoS requirement,
leading to higher interference to PU.

V. CONCLUSIONS

In this paper, the concept of effective capacity is investi-
gated and the optimal resource allocation for the underlay
DSA scheme is developed. The impact of the delay-QoS
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Fig. 5. Interference power threshold versus exponent delay for
various PUs’ spectrum-occupancy probability, Sm

s = Sp = 10W .

constraint on the network performance is investigated tak-
ing into account the PUs’ spectrum-occupancy probability.
Closed form for the effective capacity is derived. Optimal
power allocation to achieve the maximum effective capacity
is also obtained in implicit forms. The cognitive user can
support higher throughput in loose QoS constraint and
vice versa. Numerical results are presented to give more
interesting observations and insights.
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