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Abstract—In this paper, we introduce a novel approach for
optimal resource allocation from multiple carriers for users
with elastic and inelastic traffic in fourth generation long term
evolution (4G-LTE) system. In our model, we use logarithmicand
sigmoidal-like utility functions to represent the user applications
running on different user equipments (UE)s. We use utility
proportional fairness policy, where the fairness among users is
in utility percentage of the application running on the mobile
station. Our objective is to allocate the resources to the users op-
timally from multiple carriers. In addition, every user sub scribing
for the mobile service is guaranteed to have a minimum quality-
of-service (QoS) with a priority criterion. Our rate alloca tion
algorithm selects the carrier or multiple carriers that provide
the minimum price for the needed resources. We prove that
the novel resource allocation optimization problem with joint
carrier aggregation is convex and therefore the optimal solution
is tractable. We present a distributed algorithm to allocate the
resources optimally from multiple evolved NodeBs (eNodeB)s.
Finally, we present simulation results for the performanceof our
rate allocation algorithm.

Index Terms—Optimal Resource Allocation, Joint Carrier
Aggregation, Inelastic Traffic

I. I NTRODUCTION

In recent years, mobile broadband systems have witnessed
rapid growth in both the number of subscribers and the traffic
of each subscriber. Mobile subscribers are currently running
multiple applications, simultaneously, on their smart phones.
The network providers are moving from single service (e.g.
Internet access) to multiple service offering (e.g. multimedia
telephony and mobile-TV) [1]. In order to meet this strong
demand for wireless resources by the mobile users more
resources are needed [2]. However, due to the scarcity of
the spectrum, it is difficult to have a single frequency band
fulfilling this demand. Therefore, resources from different
carriers need to be aggregated, leading to interband non-
contiguous carrier aggregation [3].

In addition, The National Broadband Plan (NBP) and the
findings of the President’s Council of Advisors on Science
and Technology (PCAST) spectrum study have recommended
that under-utilized federal spectrum be made available for
commercial use [4]. Making more spectrum available will
certainly provide opportunities for mobile broadband capacity
gains, but only if those resources can be aggregated efficiently
with the existing commercial mobile system. The efficient non-
contiguous carrier aggregation of federal spectrum into the
existing cellular network is a challenging task. The challenges
are both in hardware implementation and joint resource allo-

cation. Hardware implementation challenges are in the need
for multiple oscillators, multiple RF chains, more powerful
signal processing, and longer battery life [5]. Regarding re-
source allocation, a distributed resource allocation algorithm
is needed to optimally allocate resources from different carriers
of different network providers.

In this paper, we focus on joint resource allocation from
multiple carriers. We formulate the resource allocation opti-
mization problem with joint carrier aggregation into a convex
optimization framework. We use logarithmic and sigmoidal-
like utility functions to represent delay-tolerant and real-
time applications, respectively [6]. Our model supports both
contiguous and non-contiguous carrier aggregation from one
or more network providers. In the rate allocation process, our
distributed algorithm allocates resources from one or more
carriers to provide the lowest resource prices for the mobile
users. In addition, our algorithm uses utility proportional
fairness policy to give priority to real-time applicationsover
delay-tolerant applications when allocating resources.

A. Related Work

In [6]–[8], the authors present an optimal rate allocation
algorithm for users connected to a single carrier. The optimal
rates are achieved by formulating the rate allocation optimiza-
tion problem in a convex optimization framework. The authors
use logarithmic and sigmoidal-like utility functions to repre-
sent delay-tolerant and real-time applications, respectively. In
[6], the rate allocation algorithm gives priority to real-time
applications over delay-tolerant applications when allocating
resources as the utility proportional fairness rate allocation
policy is used.

In [9], the authors present multiple-stage carrier aggregation
with optimal resource allocation algorithm with utility propor-
tional fairness. The users allocate the resources from the first
(primary) carrier eNodeB until all the resources in the eNodeB
are allocated. The users switch to the second (secondary)
carrier eNodeB to allocate more resources, and so forth. In
[10], spectrum sharing of public safety and commercial LTE
bands is assumed. The authors presented a resource allocation
algorithm with priority given to public safety users. The
resource allocation algorithms in [9], [10] does not ensure
optimal pricing where the allocation is performed in multiple
stages. In this paper, we present an algorithm that allocates the
resources jointly from different carriers and therefore ensures
optimal rate allocation and optimal pricing.
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B. Our Contributions

Our contributions in this paper are summarized as:

• We introduce a novel rate allocation optimization problem
with joint carrier aggregation that solves for utility func-
tions that are logarithmic and sigmoidal-like representing
delay-tolerant and real-time applications, respectively.

• In addition, we prove that the proposed optimization
problem is convex and therefore the global optimal solu-
tion is tractable.

• We present a distributed rate allocation algorithm that
converges to the optimal rates that maximize the opti-
mization problem joint utility objective function.

• Our algorithm outperforms that presented in [9], [10]. It
guarantees that mobile users receive minimum (optimal)
price for resources.

The remainder of this paper is organized as follows. Section
II presents the problem formulation. Section III proves the
global optimal solution exists and is tractable. In Section
V, we present our distributed rate allocation algorithm with
joint carrier aggregation for the utility proportional fairness
optimization problem. Section VI discusses simulation setup
and provides quantitative results along with discussion. Section
VII concludes the paper.

II. PROBLEM FORMULATION

We consider 4G-LTE mobile system consisting ofK carriers
eNodeBs withK cells andM UEs distributed in these cells.
The rate allocated by thelth carrier eNodeB toith UE is
given by rli where l = {1, 2, ...,K} and i = {1, 2, ...,M}.
Each UE has its own utility functionUi(r1i + r2i + ...+ rKi)
that corresponds to the type of traffic being handled by the
ith UE. The utility function represents the percentage of
user satisfaction eith the allocated rate. As UEs run different
applications their utility functions are different. Our objective
is to determine the optimal rates that thelth carrier eNodeB
should allocate to the nearby UEs. We assume the utility
functionsUi(r1i + r2i + ... + rKi) to be a strictly concave
or a sigmoidal-like functions. The strictly concave function
is a good approximation for delay-tolerant applications,e.g.
File Transfer Protocol (FTP), emails, etc. The S-shaped or
sigmoidal-like utility function represents real-time applica-
tions, e.g. video streaming, Voice over IP (VoIP), etc. The
utility functions have the following properties:

• Ui(0) = 0 andUi(r1i + r2i + ...+ rKi) is an increasing
function of rli for l.

• Ui(r1i+r2i+...+rKi) is twice continuously differentiable
in rli for all l.

In our model, we use a normalized multi-variable sigmoidal-
like utility function that can be expressed as

Ui(r1i+r2i+...+rKi) = ci

( 1

1 + e−ai(
∑

K

l=1 rli−bi)
−di

)

(1)

where ci = 1+eaibi

eaibi
and di = 1

1+eaibi
. So, it satisfies

Ui(0) = 0 andUi(∞) = 1. See Figure 2 for a two dimensional
view of sigmoidal-like utility of sigmoidal-like utility function

Ui(r1i+ r2i). We use a multi-variable normalized logarithmic
utility function, as in [11], that can be expressed as

Ui(r1i + r2i + ...+ rKi) =
log(1 + ki

∑K

l=1 rli)

log(1 + kirmax)
(2)

wherermax is the required rate for the user to achieve 100%
utilization andki is the rate of increase of utilization with
allocated rates. So, it satisfiesUi(0) = 0 andUi(rmax) = 1.
See Figure 2 for a two dimensional view of sigmoidal-like
utility of logarithmic utility functionUi(r1i+r2i). We consider
the utility proportional fairness objective function given by

max
r

M
∏

i=1

Ui(r1i + r2i + ...+ rKi) (3)

where r = {r1, r2, ..., rM} and r i = {r1i, r2i, ..., rKi}. The
goal of this resource allocation objective function is to allocate
the resource for each UE that maximizes the total system
utility while ensuring proportional fairness between utilities
(i.e., the product of the utilities of all UEs). This resource allo-
cation objective function ensures non-zero resource allocation
for all users. Therefore, the corresponding resource allocation
optimization problem provides a minimum QoS for all user.
In addition, this approach allocates more resources to users
with real-time applications which improves QoS for 4G-LTE
system.

The basic formulation of the utility proportional fairness
resource allocation problem is given by the following opti-
mization problem:

max
r

M
∏

i=1

Ui(r1i + r2i + ...+ rKi)

subject to
M
∑

i=1

r1i ≤ R1, ...,

M
∑

i=1

rKi ≤ RK ,

rli ≥ 0, l = 1, 2, ...,K, i = 1, 2, ...,M.

(4)

whereRl is the total available rate at thelth carrier eNodeB.
We prove in Section III that the solution of the optimization

problem (4) is the global optimal solution.

III. T HE GLOBAL OPTIMAL SOLUTION

In the optimization problem (4), since the objective func-
tion argmax

r

∏M

i=1 Ui(r1i + r2i + ... + rKi) is equivalent to

argmax
r

∑M

i=1 log(Ui(r1i+r2i+ ...+rKi)), then optimization
problem (4) can be written as:

max
r

M
∑

i=1

log
(

Ui(r1i + r2i + ...+ rKi)
)

subject to
M
∑

i=1

r1i ≤ R1, ...,

M
∑

i=1

rKi ≤ RK ,

rli ≥ 0, l = 1, 2, ...,K, i = 1, 2, ...,M.

(5)

Lemma III.1. The utility functions log(Ui(r1i+ ...+ rKi)) in
the optimization problem (5) are strictly concave functions.



Proof: In Section II, we assume that all the utility
functions of the UEs are strictly concave or sigmoidal-like
functions.

In the strictly concave utility function case, recall the utility
function properties in Section II, the utility function is positive
Ui(r1i + ... + rKi) > 0, increasing and twice differentiable
with respect torli. Then, it follows that∂Ui(r1i+...+rKi)

∂rli
>

0 and ∂2Ui(r1i+...+rKi)
∂r2

li

< 0. It follows that, the utility
function log(Ui(r1i + r2i + ... + rKi)) in the optimization

problem (5) have∂ log(Ui(r1i+...+rKi))
∂rli

=
∂Ui

∂rli

Ui
> 0 and

∂2 log(Ui(r1i+...+rKi))
∂r2

li

=

∂
2
Ui

∂r2
li

Ui−(
∂Ui

∂rli
)2

U2
i

< 0. Therefore, the
strictly concave utility functionUi(r1i+r2i+ ...+rKi) natural
logarithmlog(Ui(r1i+r2i+ ...+rKi)) is also strictly concave.
It follows that the natural logarithm of the logarithmic utility
function in equation (2) is strictly concave.

In the sigmoidal-like utility function case, the util-
ity function of the normalized sigmoidal-like function is
given by equation (1) asUi(r1i + r2i + ... + rKi) =

ci

(

1

1+e
−ai(

∑
K
l=1

rli−bi)
− di

)

. For 0 <
∑K

l=1 rli <
∑K

l=1 Rl,

we have the first and second derivative as∂
∂rli

logUi(r1i +

...+ rKi) > 0 and ∂2

∂r2
li

logUi(r1i + ...+ rKi) < 0. Therefore,
the sigmoidal-like utility functionUi(r1i + ... + rKi) natural
logarithmlog(Ui(r1i+ ...+ rKi)) is strictly concave function.
Therefore, all the utility functions in our model have strictly
concave natural logarithm.

Theorem III.2. The optimization problem (4) is a convex
optimization problem and there exists a unique tractable
global optimal solution.

Proof: It follows from Lemma III.1 that for all UEs utility
functions are strictly concave. Therefore, the optimization
problem (5) is a convex optimization problem [12]. The
optimization problem (5) is equivalent to optimization problem
(4), therefore it is a convex optimization problem. For a convex
optimization problem, there exists a unique tractable global
optimal solution [12].

IV. T HE DUAL PROBLEM

The key to a distributed and decentralized optimal solution
of the primal problem in (5) is to convert it to the dual problem.
We define the Lagrangian

L(r , p) =
M
∑

i=1

log
(

Ui(r1i + r2i + ...+ rKi)
)

− p1(

M
∑

i=1

r1i + z1i −R1)− ...− pK(

M
∑

i=1

rKi + zKi −RK)

(6)
wherezli ≥ 0 is the lth slack variable of theith constraint
corresponding torli and pl is the shadow price of thelth

carrier eNodeB (i.e. the total price per unit rate for all the
users in the coverage area of thelth carrier eNodeB) and
p = {p1, p2, ..., pK}. Therefore, theith UE bids for rate from

the the lth carrier eNodeB can be written aswli = plrli
and we have

∑M
i=1 wli = pl

∑M
i=1 rli. The dual problem

objective function can be written asD(p) = max
r

L(r , p).
Now, we divide the primal problem (5) into two simpler
optimization problems in the UEs and the eNodeBs. Theith

UE optimization problem is given by:

max
ri

log(Ui(r1i + r2i + ...+ rKi))−

K
∑

l=1

plrli

subject to pl ≥ 0

rli ≥ 0, i = 1, 2, ...,M, l = 1, 2, ...,K.

(7)

The second problem is thelth eNodeB optimization problem
for rate proportional fairness that is given by:

min
pl

D(p)

subject to pl ≥ 0.
(8)

The minimization of shadow pricepl is achieved by the min-
imization of the slack variablezli. Therefore, the maximum
utilization of the lth eNodeB rateRl is achieved by setting
the slack variablezli = 0. The utility proportional fairness
policy in the objective function of the optimization problem
(4) is guaranteed in the solution of the optimization problems
(7) and (8).

V. D ISTRIBUTED OPTIMIZATION ALGORITHM

The distributed resource allocation algorithm for optimiza-
tion problems (7) and (8) is an iterative solution for allocating
the network resources from multiple carriers simultaneously
with utility proportional fairness policy. The algorithm is
divided into theith UE algorithm shown in Algorithm (1)
and thelth eNodeB carrier algorithm shown in Algorithm (2).
In Algorithm (1) and (2), all UEs bid for resources from the
nearby eNodeBs (or eNodeB receives bids from all the UEs in
its coverage). eNodeB sets a price for resource based on the
sent UE bids. For UE with more than one nearby eNodeB, it
chooses from the nearby carriers eNodeBs the one with the
lowest shadow price and start requesting resources from that
carrier eNodeB. If the allocated rate is not enough or the price
of the resources increase due to high demand on that carrier
eNodeB resources from other UEs, the UE switches to allocate
the rest of the required resources from another nearby eNodeB
carrier with a lower resource price. This is done iteratively
until an equilibrium between demand and supply of resources
is achieved and the optimal rates and price are allocated in
the mobile network. Our distributed algorithm is set to avoid
the situation of allocating zero rate to any user (i.e. no user
is dropped) which is inherited from the utility proportional
fairness policy in the optimization problem 4.

VI. SIMULATION RESULTS

Algorithm (1) and (2) were applied to various logarithmic
and sigmoidal-like utility functions with different parameters
in MATLAB. The simulation results showed convergence
to the global optimal solution. In this section, we present



Algorithm 1 The ith UE Algorithm

Send initial bidwli(1) to lth carrier eNodeB (wherel ∈
L = {1, 2, ...,K})
loop

Receive shadow pricespl∈L(n) from all in range carriers
eNodeBs
if STOP from all in range carriers eNodeBsthen

Calculate allocated ratesropt
li = wli(n)

pl(n)
STOP

else
Setp0min = {} andr0i = 0
for m = 1 → K do
pmmin(n) = min(p \ {p0min, p

1
min, ..., p

m−1
min })

lm = {l ∈ L : pl = min(p \
{p0min, p

1
min, ..., p

m−1
min })} {lm is the index of the

corresponding carrier}

Solverlmi(n) = argmax
rlmi

(

logUi(r1i + ...+ rKi)−

∑K

l=1 pl(n)rli

)

for the lm carrier eNodeB

rmi (n) = rlmi(n)−
∑m−1

j=0 r
j
i (n)

if rmi (n) < 0 then
Setrmi (n) = 0

end if
Send new bidwlmi(n) = pmmin(n)r

m
i (n) to lm

carrier eNodeB
end for

end if
end loop

Algorithm 2 The lth eNodeB Algorithm
loop

Receive bidswli(n) from UEs{Let wli(0) = 0 ∀i}
if |wli(n)− wli(n− 1)| < δ ∀i then

Allocate rates,ropt
li = wli(n)

pl(n)
to ith UE

STOP
else

Calculatepl(n) =
∑

M

i=1 wli(n)

Rl

Send new shadow pricepl(n) to all UEs
end if

end loop

the simulation results of two carriers and 18 UEs shown
in Figure 1. The UEs are divided into three groups. The
1st group is connected to1st carrier eNodeB only (index
i = 1, 2, 3, 4, 5, 6), the 2nd group is connected to2nd carrier
eNodeB only (indexi = 7, 8, 9, 10, 11, 12), and the 3rd

group is connected to both1st and 2nd carriers eNodeBs
(index i = 13, 14, 15, 16, 17, 18). We use three normalized
sigmoidal-like functions that are expressed by equation (1)
with different parameters. The used parameters area = 5,
b = 10 corresponding to a sigmoidal-like function that is an
approximation to a step function at rater = 10 (e.g. VoIP
and is the utility of UEs with indexesi = 1, 7, 13), a = 3,
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Fig. 1. System Model with three groups of users. The1st group
with UE indexes i = 1, 2, 3, 4, 5, 6 (red), 2nd group with UE indexes
i = 7, 8, 9, 10, 11, 12 (blue), and 3rd group with UE indexesi =
13, 14, 15, 16, 17, 18 (green).
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Fig. 2. The users utility functionsUi(r1i + r2i) used in the simulation
(three sigmoidal-like functions and three logarithmic functions).

b = 20 corresponding to a sigmoidal-like function that is
an approximation of an adaptive real-time application with
inflection point at rater = 20 (e.g. standard definition video
streaming and is the utility of UEs with indexesi = 2, 8, 14),
and a = 1, b = 30 corresponding to a sigmoidal-like
function that is also an approximation of an adaptive real-
time application with inflection point at rater = 30 (e.g.
high definition video streaming and is the utility of UEs
with indexesi = 3, 9, 15), as shown in Figure 2. We use
three logarithmic functions that are expressed by equation
(2) with rmax = 100 and differentki parameters which are
approximations for delay-tolerant applications (e.g. FTP). We
usek = 15 for UEs with indexesi = 4, 10, 16, k = 3 for UEs
with indexesi = 5, 11, 17, andk = 0.5 for UEs with indexes
i = 6, 12, 18, as shown in Figure 2. We setδ = 10−3, the
1st carrier eNodeB rateR1 takes values between 20 and 300
with step of 10, and the2nd carrier eNodeB rate is fixed at
R2 = 100.

In Figure 3(a) and 3(b), when the resources available at
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(a) The allocated ratesr1i from the 1st carrier eNodeB to the3rd group of
users.
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(b) The allocated ratesr2i from the 2nd carrier eNodeB to the3rd group of
users.

Fig. 3. The allocated ratesrli from thelth carrier eNodeB to the3rd group
of users with1st carrier eNodeB rate20 < R1 < 300 and 2nd carrier
eNodeB rate fixed atR2 = 100.
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Fig. 4. The1st carrier shadow pricep1 and2nd carrier shadow pricep2 with
the 1st carrier eNodeB rate20 < R1 < 300 and the2nd carrier eNodeB
rateR2 = 100.

the 2nd carrier are more than that at1st carrier, we observe
that the resources allocated to the3rd group users are from
the 2nd carrier. With the increase in the1st carrier eNodeB
resourcesR1, we observe a gradual increase in the3rd group
rates allocated from the1st carrier and a gradual decrease from
the 2nd carrier eNodeB resources. This shift in the resource
allocation is due to the decrease in the price of resources from
1st carrier as it has more resources. In Figure 4, we observe
that the shadow price of the1st carrier eNodeB is higher
than that of2nd carrier eNodeB forR1 ≤ 50, approximately
equal for 60 < R1 ≤ 200, and lower for R1 > 200.
Therefore, the3rd group users, that are covered by1st and
2nd carrier eNodeBs, receive the minimum price for resources

by aggregating resources from both eNodeBs as intended by
our algorithm.

VII. C ONCLUSION

In this paper, we introduced a novel resource allocation
optimization problem with joint carrier aggregation. We con-
sidered mobile users running both real-time and delay-tolerant
applications with utility proportional fairness allocation policy
in 4G-LTE system. We proved that the global optimal solution
exists and is tractable for mobile stations with logarithmic
and sigmoidal-like utility functions. We presented a distributed
algorithm for allocating resources from different carriers op-
timally to mobile users. Our algorithm ensures fairness in
the utility percentage achieved by the allocated resourcesfor
all users. Therefore, the algorithm gives priority to the users
with adaptive real-time applications with guaranteed minimum
QoS for all service subscribers. In addition, our algorithm
guarantees allocating resources from different carriers with
the lowest resource price to mobile users. We showed through
simulations that our algorithm converges to the optimal rate
allocation with the lowest possible resource price.
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