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Abstract

Feature points for image correspondencare often se-
lectedaccoding to subjectivecriteria (e.g. edge density
nostrils). In this paper wepresenta geneil, non-subjective
criterion for selectinginformativefeature points,basedon
the correspondencenodelitself. We describethe approach
within the framawork of the BayesiarMarkov randomfield
(MRF)modelwhelethedegreeof feature pointinformation
is encodedby the entopy of the likelihoodterm. We pro-
posethat feature selectionaccoding to minimumentropy-
of-likelihood(EOL) is lesslikely to leadto correspondence
ambiguity thusimproving the optimizationprocessn terms
of speedand quality of solution. Experimentalresults
demonstatethecriterion’sability to selectoptimalfeatuies
pointsin a wide variety of image contets (e.g. objects,
faces). Comparisonwith the automatic Kanade-Lucas-
Tomasifeature selectioncriterion showscorrespondencto
be significantlyfasterwith feature points selectedaccor-
ing to minimumEOL in difficult correspondenceroblems.

1. Introduction

Image correspondenceefersto the task of finding the
optimal mapping of feature pointsin a model image to
pointsin a new image. In this paper we addresshe ques-
tion of how to selectthe optimal featurepoints for image
matching. Most existing stratejies basetheir selectionof
“informative” featurepointson subjectivecriteria. For ex-
ample finding correspondencdsetweerfaceimagestends
to involve a searchfor typical facial featuressuchaseyes
or noseg5, 20]. In contourbasedapproachefd], evenly-
spacedpoints lying on the boundaryof an objectare as-
sumedto be equally informative. Automatedstratgies
identify informative image feature points basedon crite-
ria suchas edgedensity[17]. Although suchtechniques

work reasonablyvell in thecontet for whichthey werede-
signed becausef theunderlyingsubjectvity of thefeature
selection,they cannotbe guaranteedo work in new con-
texts. In general selectionof non-subjectie featurepoints
for imagecorrespondenchaslargely beenignoredin the
literature.

Typically, oncefeaturepointsareselecteda correspon-
dencemodel combiningan image similarity metric and a
regularizationstrateyy is developed,basedon the chosen
featurepoints. Next, an optimization stratey is invoked
with the objective of attaininganoptimally fast,unambigu-
ouscorrespondencsolution. In this paperwe chooseo re-
versethis procedureandintroducea novel, non-subjectie
approacho automatideaturepointselection We shav that
by basingthe choiceof featuregreciselyon the givencor-
respondencenodel,optimizationover the selectedsetwill
necessarilyresultin a fast, unambiguouscorrespondence
solution. This approachs non-subjectie in the sensethat
the modelitself determinesvhichimagefeaturepointsare
best,eliminatingthe needfor additionalcontet-specificse-
lectiontechniques.

We embedour approachwithin a generalBayesianm-
agecorrespondenamodel,whereimagesimilarity is repre-
sentedby the likelihood probability distribution. We show
how the entropy of the likelihood (EOL) distribution can
thenbe usedto definea map describingthe degreeof in-
formationcontentin all pointsin theinputimage. Feature
pointsselectedaccordingto a minimum EOL criterionare
leastlik ely to suffer from correspondencembiguity, given
the similarity metric. This, in turn, leadsto a fasterand
morereliableoptimizationsolution. By describingour cri-
terionwith thelanguageof informationtheory, the stratayy
is generalizabldgo ary context wherethe local imagesim-
ilarity metric canbe definedthrougha probability distribu-
tion overthe spaceof possiblemappingsolutions.

Theremaindeiof our papelis organizedasfollows: Sec-
tion 2 describesour approachwithin the contet of the
BayesianMRF image correspondencenodel. We define



a global optimization stratg)y, and describehow feature
pointswith low EOL resultin a fast,unambiguousglobal
solution. Experimentalresultsin Section3 shav how the
EOL criterion identifies optimal feature points for corre-
spondencdor a wide variety of imagesusing a simple
BayesianMRF implementation.Correspondenctials are
performedcomparingeOL featurepoint selectionwith the
Kanade-Lucas-dmasi(KLT) [17] operatora popularauto-
matic featurepoint selectionapproachbasedon edgeden-
sity. Finally, Sectior4 offersa brief conclusion.

2. The Entropy-of-Likelihood (EOL) Criterion

The problemof imagecorrespondencis definedasfol-
lows: Given a modelimageof a scene,l;, determinethe
locationsof theimagepixelsin a new imageof the scene,
I, wheresomearbitrarydeformatiorhastakenplacein the
scenebetweernimageacquisitions.Specifically correspon-
denceseeksa displacemenfield T of randomvectors,t;,
eachof whichmapsafixed(z, y) pixellocationp,; in I; to
arandom(z, y) pixel locationp,; in I,. Imagecorrespon-
dencerequiresa modelto evaluatethe fitnessof T, andan
optimizationstrateyy to find anoptimalinstanceof T based
onthemodel.

The goal of correspondencss to find a fast,unambigu-
ousmappingsolution. Ideally, a featurepoint selectioncri-
terionshouldevaluatepointsaccordingto their potentialto
fulfill this goal. Sucha criterion canonly be definedby
explicitly consideringhe correspondencmodelused,and
possiblythe optimizationstratgy. We thereforebegin by
describinga Bayesianmagecorrespondencamodelandop-
timization strateyy, which provide the context in which a
generalandusefulcriterioncanbe defined.We thendefine
the EOL criterionfor featurepoint selection.

2.1. Bayesian Image Correspondence M odel

The BayesianMarkov randomfield (MRF) correspon-
dencemodel providesa generalframework for combining
local imagefeatureswith prior knowledgeof spatialrela-
tionshipsbetweerfeaturesln themodel,similarity andreg-
ularizationtermsaredefinedasprobabilitydensitieswhose
form can easily be changedwithout modifying the over-
all formulation. The model hasbeenwidely applied;ap-
proachesuchasactive blobs[15], deformablemodels[9],
andactive shapemodels[2] canall be describedusingthe
BayesiarMRF model[10].

TheBayesiarapproacho imagecorrespondenceefines
a posteriorprobability densityfunction over displacement
vectorfield T, conditionalontheimagesl; andls:

p(T|I, I2) o« p(I2|I1, T)p(T), 1)

wherep(Iz|I1, T) andp(T) arereferredto asthelikelihood
andp('T) prior distributions,respectiely.

The Markov randomfield (MRF) is a generalizatiorof
theMarkov procesgo higherdimensionsstatingthataran-
domvectort; € T is independentf therestof thefield T
givenasubseiN; C T of neighboringrlandomvectors:

p(t;|I1,I>, T) = p(t;|I1, I, N;). (2

A MRF is equivalentto a Gibbsdistribution over a ran-
domfield T [7]:

_ exp(~E(T))

p(T) 7 ,

3
where E(T) is referredto as an enegy functional, and
Z is a normalizationconstant. The enegy functional is
equalto thesumof individual enegy termsover all Markov
neighborhoodliquesi.e. all fully connectedingles pairs,
triples, etc...of variablest; in neighborhood®N; suchthat:

E(T) =) E(t:)+ Y EB(ti,t;) + . ()

The posteriordensityfunctionin (1) canbe describedasa
MRF by definingboththelikelihoodandthe prior asGibbs
distributions[6, 16]:
—E(T\L, I
p(Tin, 1) = BN L)
_ exp(—E(L|T, 1)) exp(—E(T))
= = .

()

The two enegy functionalsE(I,|T, I;) and E(T) define
thelikelihoodandthe prior, andare specifiedaccordingto
the particulartaskat hand. We considerthe likelihooden-
ergy functional as representinga measureof local image
similarity betweerapointin I; andit’s displacemenin I,.
Theprior enegy functionaldescribeshe prior assumptions
asto how the neighboringvectorst; andt; canvary spa-
tially. Our posteriorenegy functionalis thereforeof the
form:

E(T|L, L) =Y Er(L|h,t) + Y Ep(tilt;), (6)
i i

whereEr (1|1, t;) andEp(t;|t;) representhelikelihood
andthe prior enegy terms,respectiely.

2.2. Optimization Strategy

Oncethe model hasbeenspecified,correspondences
calculatedby optimizing over a fitnessfunction. In the
BayesianMRF model, the fithessfunctionis the posterior
in (5), and the goal is to find the maximum a posterior
(MAP) displacementield instancely; 4 p Suchthat:

Tvap = arg;nax{ p(T|L, I) }. (7)



Existingoptimizationstratgiescanbebroadlyclassifiedas
either global or local in nature[10]. Local stratgjiesin-
cludeiterative or gradientbasedschemesyhich are gen-
erally sub-optimalandbasedon assumptionshat canpro-
ducespurious,incorrectlocal solutions[8]. Global strate-
giesrequiresearchingheentireposteriorsolutionspaceor
a global maximum. Sucha searchis combinatorialin na-
ture andintractablein general,but feasiblefor correspon-
dencemodelsbasednasmallnumberof featurepoints[3].
We motivatethe EOL criterion usingan exhaustive search
globalstrateyy, althoughary optimizationstratgyy canben-
efit from featurepointsselectedaccordingto thecriterion.

An exhaustve searchor the globaloptimumof the pos-
terior in (5) requiresa searchover all possiblecombina-
tions of instancesf T. If T consistsof P randomvari-
ablest;, andthe domainof randomvariablest; consistsof
N discreteinstances?, k = 1..N, anexhaustve searchis
of compledity O(NF). The searchfor a globally optimal
solution can be viewed asthe traversalof a searchtree of
fixed depth P, wherebranchingat depthi correspondso
choosingnstance®f t;. Suchasearchcanbe solvedusing
techniquesuchasdynamicprogramming3] or the Viterbi
algorithm[13].

In orderto performthe searctin reasonabléime, search
heuristic§14] mustbe usedto intelligently prune,or disre-
gard,provably sub-optimalkolutions.We considera depth-
firsttreesearchwhereinstance®f t; areevaluatedn abest-
first manney and alpha-betgruningis used[14]. Sucha
stratgyy canefficiently eliminatelargeregionsof thesearch
spacevhenTys 4 p representasignificantuniqueposterior
maximum,andis foundearlyonin thesearch.

2.3. EOL Feature Point Evaluation

With a generalmodelandthe optimizationstrateyy de-
fined,we proceedo identify featurepointswhich arelik ely
to resultin a fastand unambiguouscorrespondenceolu-
tion. We begin by noting thatin the tree searchstratayy,
eachlevel ¢ of thetreecorrespondso a branchingfactorof
N, where N is the numberof discreteinstanceg; in the
domainof randomvariablet;. Usingthe best-firstsearch
heuristic[14], instanceg; areselectedor evaluationfrom
mostto leastprobable,in orderto locateThrap early on
andeffectively prunethe searchree.

During the searchthe probability of instanceg; canbe
evaluatedusingthe correspondencmodelposteriorin (5),
conditionaloninstances;..t; ; alreadyselected:

p(tilIl;IZ;tl---tz'—l) X
exp(=Er(L| I, t:) — Xi—] Ep(tjlt:).  (8)

Dueto theexponentiaformulation,the posteriorexpres-
sionin (8) representanupperboundon themaximumpos-
terior value obtainableat a stagein the searchtree. It can

thus be usedto prunethe tree if anotherbranchhaspre-
viously yielded a higher solution, i.e. if the branchcor

respondingo T 4p hasalreadybeenencounteredin the
worstcasetheposteriofin (8) is uniformly distributed,with

mary equally probableinstanceg; to be evaluated. This

resultsin a large branchingfactor and the probability is

high that mary falsebrancheswill betaken beforefinding

Ty ap- Inthebestcaseijt is highly informative, containing
asmallnumberof highly probabldocationsto beevaluated,
after which pruning can effectively eliminate sub-optimal
solutions.

The strategy we proposein this paperis to evaluate
pointst; accordingto how well they leadto an unambigu-
ous, informative posteriorin (8). This canbe doneby cal-
culatingthe Shannorentropy [4], awell-known measuref
probability distribution ambiguity:

H(tlel; IZ, t1...ti,1) =
N
Eim P, Bty tin) log ey ()

In orderto simplify the entropy calculationin (9), we pro-
poseconsideringonly the likelihoodterm of the posterior
in (8), which representshelik elihoodof amatchoccurring
betweerafeaturepointin I; andarandompointin I. In ef-
fect, the fewer potentialmatchesthe smallerthe branching
factor of the global optimizationstratey, andthe smaller
the numberof potentiallyambiguouscorrespondencsolu-
tions. We thusintroducethe notion of computingthe en-
tropy of the likelihood distribution (EOL) asa measureof
how likely t; is to resultin afast,unambiguougorrespon-
dencesolution:

H(ti|_[1,12,t1...tz'_1) ~ H(tz|I1,I2) =
Yies exp(—EL(L|1, ) L (L 1, t). - (10)

Calculationof (10) is computationallyintensve, requir
ing a sumover the entiredomainof t; for eachpointin I.
Thisis necessarpecauséntuitively, the EOL criterionpro-
videsa measureof the ambiguityof thelikelihoodover all
possiblematchesn I, of afixed pointin I;. In practice,
underthe assumptiorthat I; and I, containapproximately
the samelocal imagefeaturesthe EOL canbe calculated
off-line from I; alonefrom thelikelihoodof p(t;|I;, I1).

To selectfeaturepointsfor correspondencenEOL map
canbecalculatecbverall imagepointsfrom which asubset
is to be chosenfor correspondenceThosechosenaccord-
ing to minimum EOL aremorelikely to resultin fast,un-
ambiguousmagecorrespondenceAn exampleof anEOL
map generatedor theimageof a catcanbe foundin Fig-
ure 1. Note how informative featurepointsagreewith intu-
itive notionsof imageimportancge.g.eyes,ears).



(b)

Figure 1. (a) Cat image [12] (b) Entropy-of-
likelihood image, mapped such that light pix-
els correspond to low EOL, highl y informative
points. In this case, the likelihood of the cor-
respondence model represents a diff erence-
of-Gaussian similarity metric described in
Section 3.1.1.

3. Experimentation

In this section,we presenta seriesof experimentsper
formedto demonstrat¢hatthe EOL criterioncanbeusedto
selectoptimalfeaturepointsfor correspondencale begin
by describingthe specificBayesianMRF implementation
usedthroughoutheexperimentationNext, we describeour
implementatiorof featurepointselectiorbasednthe EOL
map,andthe optimization. Finally, we performcorrespon-
denceexperimentscomparingeOL featureselectionwith
thepopularKanade-Lucas-dmasi(KLT) automatideature
selectioncriterion[17], over awide variety of imagepairs.
Throughoutall experimentationthe samemodel and op-
timization is used,and only the featureselectioncriterion
is varied. The trials demonstrateéhat EOL featurepoints
resultin faster morereliableimagecorrespondenctor an
arbitrarily specifiedmodel.

3.1. Bayesian MRF Implementation

We first describethe particularimplementationof the
BayesianMRF model used throughoutexperimentation.
We emphasizehat the particularmodel chosenwas only
onepossibleimplementationandthe EOL criterioncanbe
usedin ary correspondencenodel for which local image
similarity canbe definedasa probability distribution over
thedomainof t;. For corveniencewe usep;; andps; to
denotethe pointsin I; andl, associateavith displacement
vectort;.

3.1.1 Likelihood Energy

As mentionedin 2.1, we definethe likelihood of t; to be
a local imagesimilarity metric, thatis independenbf the
similarity at neighboringt;. Thelikelihoodenegy thusis
definedover singlecliques,expressindocal similarity as:

ol = 3 Selup1) = fulla,pu)”

k oL

(11)

where fi() arelocal imagefeaturesando? is a variance
term. Specifying f() is task specific; ary relevantim-
agefeaturescanbe used.In this paper we usemulti-scale
difference-of-GaussiafpOG) featureq11]. The Gaussian
blurring kernelprovidespartial robustnesso small pertur
bationsin local imagegeometryandspuriousnoise. DOG
featuresarealsorotationallyinvariant,maminalizingorien-
tation andsimplifying the domainof t; to (z,y) locations
in I,. For experimentation,f() consistedof 4 levels of
DOG features,calculatedusing Gaussiarblurring kernels
of sigmaz2, 4, 8, 16, and32 pixels,with varianceparameter
U% = 100.

3.1.2 Prior Energy

The prior enegy function is designedto reflectary prior
assumptionsnaderegardingthe possiblespatialvariations
betweerfeaturesWe defineour prior to reflectthe general
assumptionthattherelative distancebetweerfeaturepoints
remainsapproximatelyconstanbetweenl; and/ls:
d(pi, 1) = d(p2i,p2;)- (12)
whered() is the Euclideandistance. The prior enegy is
thendefinedover all neighboringt; andt; as:

2(p1: 114) — d2(Das. D)2
Ep(tilt;) = < (PIZ=PIJ)G4 (P2, p2y))”
P’l,]

(13)

whereop, ; reflectsthe amountof variation permittedin
therelative distanceassumptionAs for neighborhoodela-
tionships,we evaluatethe relative distanceassumptiorbe-
tweenall pairst; andt;. We defineop, ; asproportional
to d(p1i, p1;) to reflectthe assumptiorthatthe greaterthe
separatiorbetweemeighboringpointsin I, the higherthe
expectedvariationin their relative distancesn I,. For all
experimentswe useop, ; = 2d(p1i, p1;)-

3.2. EOL FeaturePoint Selection and Optimization

Image correspondencérials were performedon input
imagespairs. For eachimagepair, the EOL mapwascalcu-
latedoff-line for eachpixel in imagel; . A setof n! feature
pointsis thenchosenfrom n lowestvalleys of the map,as
thesereflectthe lowest entrofy points. We usen = 10
for experimentation.To ensurethatfeaturepointswerenot
clusteredn a smallimageregion, a minimumdistanceof 5
pixelswasenforcedbetweerell featurepoints.

Optimizationwasperformedon-lineasdescribedn Sec-
tion 2.2, to find the optimal Ty 4p displacemenbf fea-
ture pointsfrom I; to I». In thesearchyariableswereor-
deredin decreasingignificanceaccordingto the particular
featureselectioncriterion, andinstanceof variableswere

1n is anarbitraryfeaturesetsizechoserempirically



(c) EOL featurepointsI;  (d) Correspondingpointsin I,
Figure 2. Feature selection and correspon-
dence for aface image (a) using the EOL map
(b). In (c) and (d), the EOL feature points are
found at the center of the white circles over-
laying I; and L.

evaluatedn orderof decreasindik elihood. Computational
compleity of optimizationwasreducedy constraininghe
domainof t; to instanceg; correspondindo peaksof the
likelihoodof t;.

In orderto emphasiz¢he generalityof theapproachthe
stratgy proposedn this papewastestedon awide variety
of imagetypes. We testedfaceimagecorrespondencas-
ing theMIT facedatabas§l9]. Figure?2 illustratesanEOL
map(b) computedff-line onthefaceimagedepictedn (a).
Note how themostinformative facialfeaturepoints(shavn
in (c)) accordingthe EOL agreewith intuitive notions of
interestingfacial features,namelyeyes, nostrils, etc. The
generalityof the approacHies in the factthat thesepoints
werechoserwithout the requiremenbf explicitly specify-
ing afacemodel. Theresultof correspondenceanbefound
in (d). A slightcorrespondenceaismatchoccursontheleft
eye in (d) becausehe distanceprior in (13) permitstwo
symmetricsolutions,above andbelow theeye.

3.3.Comparison of EOL and KL T Feature Selection

To demonstratéhatthe EOL canbe usedto selectopti-
mal pointsfor imagecorrespondencaye performedcorre-
spondencérials comparingfeaturepointsselectedaccord-
ing to minimum EOL with selectionaccordingto the KLT
criterion [17], which favors points with significant, non-
uniformly orientededgedensity The goal of testingwas
to compareEOL andKLT featurepoint selectioraccording
correspondenceptimizationtime. We expectedEOL fea-
tureswould generallyresultin fasteroptimization. Feature
pointswereselectedasin Section3.2: mapswerecomputed
off-line basedntheKLT andEOL criteria,andthebest10
peakg(or valleys) werechoserfor correspondence.

In termsof implementationthe KLT criterion required
specificationof 5 subjectie parametergi.e. local window
size,minimumedgeeigervalue etc.). We usedthe defaults
asspecifiedn [1]. TheEOL criterionis definedentirely by
thelik elihoodof thecorrespondenamodelin Section3.1.1,
andrequiredno additionalparameters.

Thetestsetfor included35imagepairsfrom the VASC
databasg18] depictinga wide variety of sceneqe.g. ob-
jects,naturalandsyntheticscenesaerialphotographsgtc.).
Imagespairsconsistedf differentviewpointsof the same
scene. In the interestof a fair comparisonwe intention-
ally choseimagepairssuchthatall featurepointsselected
arevisibly presenin bothimages,.e. we did not consider
occludedeaturesTrialsweredeemedsuccessfuif acorre-
spondencaolutionwasfoundin lessthan20 minutes.All
imageswerescaledo 128 x 128 resolutionfor processing.

The time requiredto find Ths4p rangedfrom millisec-
ondsto minutes dependingnthecomplexity of thescenes
in theimages All correspondencsolutionsfoundappeared
qualitatvely plausible,althoughno groundtruth compar
ison was performed. EOL feature points resultedin 33
successfusolutions,ascomparedwith 18 for KLT feature
points. Figure 3 illustratesa plot comparingoptimization
time for eachimage pair. Optimization of EOL feature
pointswasfasterin 27 of the 33 solutions.

Of the 35 imagepairstested,20 wererelatively simple,
unclutteredscenessuchasthe asone shavn in Figure 4.
For theseimage pairs, optimizationtime for EOL feature
pointswasonly maminally superiorto KLT featurepoints.
Intuitively, suchimageshave relatively few featurepoints
to choosdrom, andthereforefewer potentialfalsematches.
All 20 correspondenctrials weresuccessfufor EOL fea-
tures, versesl6 successfutrials for KLT features. For 6
of the 20 trials (houseltoys, book, ball, fruit, Pepsi[18]),
optimizationwasfasterfor KLT features.

The remaining 15 image pairs containeda larger de-
greeof featurecomplexity andwerethereforeprime candi-
datedor testingthetwo approaches moredifficultimage
matchingcontets. EOL featuresoutperformedKLT fea-



Optimization Time: EOL vs KLT
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Figure 3. Comparison of EOL and KLT feature
selection.  Optimization time (log scale) is
shown for atest set of 35 image pairs, sorted
according to EOL optimization time. Points
above the EOL curve represent image pairs
for whic h optimization was slower for KLT fea-
ture points. When no correspondence was
found after 20 minutes, time 6 is displa yed.

turesin termsof optimizationspeedn all trials. Out of 15
trials, 13weresuccessfulisingeOL featuresbut only 2 us-
ing KLT featureqSeeFigure5 for example).Interestingly
in the2 trials resultingin successfutorrespondencef KLT
featuresseveralfeaturepointschoseraccordingo the KLT
criterion werethe sameasthosechosenby the EOL crite-
rion. Figure6 depictssucha case.

It is not surprisingthat the EOL criterion outperforms
the KLT criterion, sinceit is designedto identify feature
pointswhich are optimal for the particularcorrespondence
modelused.This is preciselythe strengthof the approach;
if themodelis modifiedto usea similarity metricspecificto
differentlocalimagecharacteristicshe EOL criterionwill
definea new setof optimal featurepointsto achieve fast,
unambiguougorrespondence subjectve approachsuch
astheKLT featureselectionwill alwaysidentify the same
sub-optimaketof featurepoints.

4. Conclusions

In this paper we introducedthe EOL as a novel crite-
rion for selectingoptimal featurepoints for image corre-
spondenceThe criterionis optimalin the sensehatit se-
lectspreciselythe pointswhich drive optimizationtowards
a fastand unambiguoussolution basedon the correspon-
dencemodelitself, notonsubjectve notionsof featurepoint
importance. We describedthe criterion in the contet of
a generalBayesianMRF model, which canbe adaptedo
a wide variety of local imagesimilarity measuresandim-
ages Experimentatesultsshav thatfeaturepointsselected
accordingto the EOL criterion outperformthe well-known
KLT criterionin termsof optimizationtime. Futurework

(c) KLT featurecorrespondence

Figure 4. Telephone scene. In (b) and (c), EOL
and KLT feature points are found at the center
of the white circles seen overlaying I and I.
The default KLT parameter s used were: win-
dow size = (7,7), smoothing = true, gradient
sigma = 1.0, min eigenvalue = 1.

will involve furthervalidationof the EOL criterion,includ-
ing testingover arangeof correspondencmodelsandop-
timization strategyies,andgroundtruth verificationof corre-
spondencaccurag.
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