
This is a postprint version of the following published document:

Álvarez Polegre, A., Riera-Palou, F., Femenias, G. & 
García Armada, A. (07-11 June 2020). New insights on 
channel hardening in cell-free massive MIMO networks 
[proceedings]. 2020 IEEE International Conference on 
Communications Workshops (ICC Workshops), Dublin, 
Ireland. 

DOI: 10.1109/ICCWorkshops49005.2020.9145215

 © 2020 IEEE. Personal use of this material is permitted. Permission 
from IEEE must be obtained for all other uses, in any current or 
future media, including reprinting/republishing this material for 
advertising or promotional purposes, creating new collective works, 
for resale or redistribution to servers or lists, or reuse of any 
copyrighted component of this work in other works. 

https://doi.org/10.1109/ICCWorkshops49005.2020.9145215


New Insights on Channel Hardening in
Cell-Free Massive MIMO Networks
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Abstract—The cell-free (CF) massive multiple-input multiple-
output (M-MIMO) architecture has recently emerged as a
key technology for future wireless networks that is shown
to outperform alternative network deployments such as those
based on small-cells. Despite the many characteristics CF-M-
MIMO shares with conventional M-MIMO (i.e., centralized)
systems, its distributed nature brings along new issues that
need to be carefully accounted for. In particular, the so-called
channel hardening effect that postulates that the variance of the
compound wireless channel experienced by a given user from a
large number of transmit antennas tends to vanish, effectively
making the channel deterministic. This critical assumption,
which permeates most theoretical results of M-MIMO, has
been well investigated and validated in centralized architectures,
however, it has received little attention in the context of CF-
M-MIMO networks. Hardening in CF-M-MIMO is potentially
compromised by the different large-scale gains each access
point (AP) impinges to the transmitted signal to each user, a
condition that is further stressed when not all APs transmit to
all users as proposed in the user-centric (UC) variations of CF-
M-MIMO. This paper aims at presenting a comprehensive study
of the channel-hardening effect in CF-M-MIMO under realistic
operational conditions (e.g, presence of pilot contamination,
power control, different precoders). Closed-form expressions of
the hardening coefficient for different precoding schemes are
provided showing that the precoder’s choice, the number of
antennas at each AP and the geographical density of APs play
a key role in achieving this property.

Index Terms—Cell-Free, Channel Hardening, User-Centric,
Massive MIMO

I. INTRODUCTION

Base station coordination has been taken one step further

with cell-free massive multiple-input multiple-output (CF-

M-MIMO) [1], where a large number of low-power access

points (APs) serve in a coordinated manner a much smaller

number of mobile stations (MSs), effectively resulting in a

distributed massive MIMO (M-MIMO) system. CF-M-MIMO

architectures avoid the formation of cells, thus eliminating

edge performance issues, while taking the network infrastruc-

ture physically closer to the MSs. In the original proposal,

a single central processing unit (CPU) is used to coordi-

nate all APs that transmit to all users over the same time-

frequency resource relying on time-division duplex (TDD), as

is commonly done in co-located massive MIMO systems [2].

Recently, the user-centric (UC) approach to CF-M-MIMO has

been proposed in [3] whereby each AP only serves a subset

of users. The criterion for selecting the set of users served

by a given AP is mostly based on transmitting to those users

showing the best channel propagation conditions with respect

to that particular AP. As shown in [4], the UC approach

has lower fronthaul requirements than a fully-fledged CF

architecture at the cost of a modest performance penalty.

The theoretical underpinnings of CF-M-MIMO borrow

many results from the centralized M-MIMO literature. No-

tably, in the context of M-MIMO, closed-form expressions for

achievable rates have been found that, under the assumption of

channel hardening, are shown to tightly lower-bound the cor-

responding true rates when employing simple, yet extremely

effective, precoding schemes such as conjugate beamform-

ing (CB) [5]. Moreover, the presence of channel hardening

renders the downlink channel estimation unnecessary since

the channel tends to become deterministic. Furthermore, these

theoretical rate expressions are found to depend only on large-

scale channel statistics and therefore can be used as the objec-

tive functions driving the optimization procedures to suitably

determine the power coefficients and/or pilot sequence allo-

cation. Parallelizing their centralized M-MIMO counterparts,

closed-form expressions for the achievable rate were presented

in [1] for the case of CF-M-MIMO. The distributed nature of

CF-M-MIMO, with APs inducing different large-scale fading

coefficients with respect to a given user, may compromise

the channel hardening, causing the achievable rate bounds

to significantly underestimate the true performance of the

system. In [6] an extensive analytical framework based on

stochastic geometry when considering CB precoding is intro-

duced that actually questions the hardening effect in CF-M-

MIMO, specially when APs are single-antenna. Nonetheless,

authors in [6], for the sake of analytical tractability, assume

the absence of pilot contamination, the availability of perfect

channel state information (CSI) at the APs and also neglect

any effect induced by the power control coefficients or the

use of more sophisticated precoding strategies.

The main aim of this paper is to revisit the channel harden-

ing hypothesis taking into account operational conditions that

are often met in practice. In particular, the contributions are:

1) Closed-forms expressions for the hardening coefficient

are provided when considering minimum mean-square

error (MMSE) channel estimation, pilot contamination

and power loading. The hardening effects are then

contrasted with curves obtained for the achievable and

true rates of the network that serve to assess under what

conditions is hardening actually achieved.

2) The hardening coefficient is also evaluated when using

the normalized conjugate beamforming (NCB) intro-

duced in [7], a precoder designed to satisfy short-term

power constraints and that, as it is shown in this work,

leads to a large advantage in terms of hardening with

respect to CB. Remarkably, novel analytical expressions

for the achievable rate are derived. Note that the original
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NCB proposal was limited to single-antenna APs. In this

work we propose and analyze the vector-NCB.

3) Channel hardening is finally revisited in the context of

UC architectures for both CB and NCB precoding.

II. SYSTEM MODEL

Let us consider a large coverage area where K single-

antenna MSs and M APs are randomly deployed according

to a uniform distribution. APs are assumed to be equipped

with an array of N antennas. Transmissions are organized

in a TDD operation whereby each coherence time interval

is divided into three phases: uplink pilots training, downlink

data transmission and uplink data transmission. For ease of

presentation, this paper focuses on the performance of the

downlink communication segment.

A. Channel model

We model the channel between the m-th AP and the k-th

MS as an N × 1 vector,

gmk =
√
βmkhmk, (1)

with hmk ∼ CN (0, IN ) representing the small-scale fading

and βmk being a scalar value representing the large-scale

fading. For later convenience we denote gk = [gT
1k . . . g

T
Mk]

T

as the channel vector between the k-th MS and all APs. Large-

scale coefficients are expressed as βmk = ζmkχmk with

ζmk[dB] = −30− 36.7log10(dmk), (2)

representing the distance-dependent path loss with dmk being

the distance between the m-th AP and the k-th MS expressed

in m. The 3-slope path loss model previously used in [1] is

actually based on macro-cell deployments and could lead to

inaccurate conclusions, while (2) matches better micro-cell

scenarios [8]. The shadowing component χmk is modeled

as a correlated log-normal random variable with variance σ2χ
whose spatial correlation model is described in [1, (54)-(55)].

B. Channel Estimation

During the training phase, comprising τp time/frequency

samples, pilots are sent from MSs to APs in order to perform

channel estimation. The N×τp received training signal at the

m-th AP is

Ym =
√
ρuτp

K∑
k=1

gmkϕ
T
k +Wm, (3)

where ρu is the uplink normalized signal-to-noise ratio (SNR),

ϕk is the τp× 1 k-th user training sequence with ‖ϕk‖2 = 1
and Wm is a N × τp matrix of independent and identically

distributed (i.i.d.) additive noise samples with each entry

distributed as CN (0, 1).
In order to perform the uplink channel estimation, a pilot

assignment strategy needs to be carried out whereby each

user is assigned a specific training sequence. Note that τp is

assumed to be considerably shorter than the communication

coherence time/frequency interval (τc). Assuming that the

length of the available orthogonal pilots is equal to τp, two

different situations are considered:

1) Orthogonal pilot assignment: For a low number of

users, i.e. K ≤ τp, every MS is assigned a fully

orthogonal pilot, thus avoiding pilot contamination.

2) Fingerprinting pilot assignment: In those cases where

the number of users is greater than the length of the

training sequence, i.e. K > τp, pilot reuse will bring

along pilot contamination. In this paper, we employ

the fingerprinting pilot assignment first proposed in [9].

This particular strategy ensures that a pilot sequence

will only be reused by those users showing the highest

dissimilarity in terms of their large-scale channel coef-

ficients.

Channel estimates are obtained at the APs using the MMSE

estimator, which requires knowledge of the large-scale fading

coefficients βmk. These coefficients are considered to remain

static during several channel coherence intervals and known

perfectly beforehand [2]. Under this assumption, the channel

estimate using MMSE is

ĝmk =

√
ρuτpβmk

ρuτp
K∑

k′=1
βmk′

∣∣ϕH
k ϕk′

∣∣2 + 1

Ymϕ∗k, (4)

whose entries are distributed as CN (0, γmk) with

γmk =
ρuτpβ

2
mk

ρuτp
K∑

k′=1
βmk′

∣∣ϕH
k ϕk′

∣∣2 + 1

, (5)

corresponding to the mean square of the channel estimates.

In addition, and owing to the use of distributed precoding

strategies described later, CSI is neither sent back to the CPU

nor exchanged among APs reducing in this way the fronthaul

overhead. The channel estimation error, εmk = gmk − ĝmk,

has i.i.d. entries distributed as CN (0, βmk − γmk) [1].

III. DOWNLINK SIGNAL PROCESSING

As stated before, in the UC approach only a subset of

MSs are served by the m-th AP. Each AP provides service to

the KUC users exhibiting the strongest channel gain (largest

βmk). In order to generalize the model regarding the followed

architecture, we use the connectivity matrix C introduced in

[4], whose components are described as

cmk =

{
1, if the m-th AP serves the k-th MS,

0, otherwise.
(6)

The classical CF scheme results when cmk = 1 ∀m, k. Note

that alternative selection strategies can be derived by properly

selecting the entries in C without affecting the subsequent

analysis presented in the following sections.

A. Precoding Schemes and Power Allocation Strategies
In this work the multi-antenna AP version of the precoding

scheme CB [1] and NCB [7] are employed, which are defined

as

�CB

mk = cmk
√
ηmkĝ

H
mk, (7)

and

�NCB

mk = cmk
√
ηmk

ĝH
mk

‖ĝmk‖2 , (8)

respectively, where ηmk is the power coefficient assigned to

the link between the k-th MS and the m-th AP. If we define

zmk � E {‖ĝmk‖2} = E

⎧⎨
⎩
√√√√ N∑

n=1

|ĝmkn|2
⎫⎬
⎭ , (9)
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being ĝmkn the n-th entry of ĝmk, then

E {zmk} = 2

Γ(N)γN
mk

∫ ∞

0

z2Ne−z2/γmkdz

=
Γ(N + 1/2)

Γ(N)

√
γmk. (10)

For later convenience we define ΓN � Γ(N+1/2)
Γ(N) .

The downlink payload signal results in

xm =
√
ρd

K∑
k=1

�a
mksk, (11)

where ρd is the normalized downlink SNR, sk is the data

symbol intended for the k-th user, with E
{|sk|2} = 1, and

a is a token being either CB or NCB. For convenience we

denote �a
k = [�a

1k . . .�
a
Mk] as the precoding vector between

the k-th MS and all APs. The power coefficients are designed

to fulfill the average power constraint

E

{
‖xm‖2

}
≤ ρd. (12)

The power control strategy is precoder-dependent. A uni-

form power control scheme has been proven to be well

matched to the CB precoding [10], while NCB precoding best

suits a power allocation strategy where MSs with strongest

channels are assigned more power [7]. These coefficients are

then expressed as

ηmk =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1

N
K∑

k′=1

cmk′γmk′
, CB,

γmk
K∑

k′=1

cmk′γmk′
, NCB.

(13)

Note that other power allocation strategies (e.g. max-min

fairness [1]) could be employed without compromising the

analysis developed next.

B. Signal Reception and Achievable Rate

For single-antenna users, the received data signal at the k-th

MS is given by

ŝk =
M∑

m=1

xmgmk + wk =
√
ρd

M∑
m=1

K∑
k′=1

�a
mk′gmksk′ + wk,

(14)

where wk is the receiver thermal noise modeled as a

CN (0, σ2wk
) RV. Assuming that users only have statistical

knowledge of the CSI, we may rewrite (14) as [1]

ŝk = DSa
ksk + BUa

ksk +
K∑

k′ �=k

UIakk′sk′ + wk, (15)

where

DSa
k =

√
ρd E

{
M∑

m=1

�a
mkgmk

}
, (16)

BUa
k =

√
ρd

M∑
m=1

(
�a

mkgmk − E

{
M∑

m=1

�a
mkgmk

})
,

(17)

and

UIakk′ =
√
ρd

M∑
m=1

�a
mk′gmk, (18)

represent the desired signal, the self-interference contribution

due to the beamforming uncertainty and the multi-user inter-

ference, respectively. Now, a lower-bound achievable rate [2]

for the k-th MS can be obtained as

Ra,LB

k = B̄log2(1 + SINRa
k), (19)

with

B̄ = B
1− τp/τc

2
, (20)

where B is the system bandwidth, the term 1 − τp/τc
represents the losses due to training [1], while the factor

1/2 accounts for the equal time division between uplink and

downlink and

SINRa
k =

|DSa
k|2

E {|BUa
k|2}+

K∑
k′ �=k

E {|UIakk′ |2}+ 1

. (21)

It is straightforward to extend this expression as in [1, (24)]

to the multi-antenna APs case for the CB precoder [11], while

the expressions for the NCB precoder are

|DSNCB

k |2 = ρd

(
ΓN

M∑
m=1

cmk
√
ηmkγmk

)2
, (22)

E
{|BUNCB

k |2}=ρd M∑
m=1

cmkηmk

(
βmk+

(
N − Γ2N − 1

)
γmk

)
,

(23)

and

E
{ |UINCB

kk′ |2}
= ρd

M∑
m=1

cmk′ηmk′
(
βmk + (N − 1) γmk

∣∣ϕH
k ϕk′

∣∣2)

+ρd

M∑
m=1

M∑
m′ �=m

cmk′cm′k′

×Γ2N
√
ηmk′ηm′k′γmkγm′k

∣∣ϕH
k ϕk′

∣∣2 . (24)

Proofs are shown in Appendices A, B and C, respectively.

IV. CHANNEL HARDENING METRIC

In co-located massive MIMO systems, when the number

of transmitting antennas is large enough, the channel between

an AP and a MS becomes quasi-deterministic [5] due to the

channel hardening effect. Under such circumstances, there is

no need for the user to estimate its instantaneous channel

gain, but instead it can solely rely on channel statistics. For

the specific case of CB and assuming perfect CSI at the APs,

channel hardening can be mathematically expressed as [6]

‖hk‖2
E {‖hk‖2} −→ 1, as N −→∞, (25)

with ‖hk‖2 representing the effective channel gain between

the k-th user and all antennas from a particular AP [5]. In
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words, the instantaneous equivalent channel converges to its

mean when transmission takes place from a large number of

co-located antennas. The channel hardening condition for CB

or NCB can be more generally expressed as

|�a
kgk|

E {|�a
kgk|}

−→ 1, as M,N −→∞, (26)

whereby notice how, due to the definition of �a
k , the effects

of the power allocation, imperfect CSI and specific choice of

precoder, are all now reflected in the hardening expression.

Building on results in [6], the channel hardening metric can

be re-expressed as

ξak = Var

{ |�a
kgk|

E|�a
kgk|

}
=

Var {|�a
kgk|}

E{�a
kgk}2

=
E
{|�a

kgk|2
}− E {|�a

kgk|}2
E {|�a

kgk|}2
=

E
{|BUk|2

}
|DSk|2 .

(27)

The closed-form expression for (27), for any finite M and K,

with CB precoding is given by

ξCB

k =

M∑
m=1

cmkηmkγmkβmk

N

(
M∑

m=1
cmk

√
ηmkγmk

)2 , (28)

while for the NCB precoding is given by

ξNCB

k =

M∑
m=1

cmkηmk

(
βmk+

(
N−Γ2N−1

)
γmk

)
Γ2N

(
M∑

m=1
cmk

√
ηmkγmk

)2 . (29)

The computation of (28) can be easily proven using the ana-

lytical tools used in [1], whilst the computation for the NCB

precoder follows directly from the results in the appendices.

The convergence of these ratios to 0 would imply that the

instantaneous channel vector is close to its mean and thus

a high degree of channel hardening is achieved. Having a

low degree of channel hardening leads to a poor estimation

of the achievable rate when using the lower-bound in (19).

Therefore, in order to contrast the information provided by the

hardening coefficient, we define a rate expression for a genie-

aided user that perfectly knows its instantaneous channel gain

as

Ra,GA

k = B̄E

⎧⎪⎪⎪⎨
⎪⎪⎪⎩log2

⎛
⎜⎜⎜⎝1 +

√
ρd|�a

kgk|2
K∑

k′ �=k

√
ρd|�a

k′gk|2 + 1

⎞
⎟⎟⎟⎠
⎫⎪⎪⎪⎬
⎪⎪⎪⎭ .

(30)

This expression provides a benchmark against which the

lower-bound achievable rate metrics can be measured. In

those scenarios where hardening takes place, (19) and (30)

should tend to match each other when the number of antennas

and/or APs grow large. On the contrary, when hardening

is compromised, the achievable rate provided by (19) can

dramatically differ from the upper bound. In addition, it

would underestimate the true rate a user can enjoy. Note,

unfortunately, that (30) can only be estimated by simulation

as it exhibits a dependence on the instantaneous CSI. Such

a dependence precludes its practical use in governing power

allocation or pilot assignment strategies that can be developed

on the basis of achievable rate expressions. Consequently, it

is desirable to establish conditions under which achievable

rates are significantly close to the genie-aided user rates. We

note that the gap between (19) and (30) also depends on the

power allocation strategy since this has a large impact on

the large-scale fading contribution that each user experiences.

In distributed massive MIMO systems like CF, there is also a

dependency on the path loss propagation model as well as the

spatial density of APs, thus compromising the achievability

of channel hardening [6]. It seems obvious that in the UC

approach it would be even more difficult to achieve a high

degree of channel hardening since there are less transmitting

elements to a particular MS. Intuitively, the degree of channel

hardening can be improved by increasing the spatial density

of APs and/or the number of antenna elements in each AP.

V. NUMERICAL RESULTS

Similar to previous CF research, we consider for our

experiments a squared coverage area with side L = 1000
m. In order to avoid boundary effects, a wrapping around

technique is implemented [12]. The carrier frequency and

system bandwidth are set to fc = 1.9 GHz and B = 20 MHz,

respectively. Each AP has hAP = 15 m and a transmission

power of Pd = 200 mW, while MSs have hMS = 1.65 m

and a transmission power of Pu = 100 mW. The shadow

fading decorrelation distance has been set to ddecorr = 50 m.

Receivers’ noise figure is set to 9 dB. Channel coherence inter-

val is assumed to be τc = 200 samples in the time/frequency

grid, while the training sequence duration is set to τp = 20
samples.

A. Channel Hardening Ratio

The channel hardening ratio is depicted in Figs. 1 and

3 with power control, and in Figs. 2 and 4 without it,

for different values of M using CB and NCB precoders,

respectively. In agreement with [6], it is noticeable how for

the single-antenna scenario under CB precoder, the hardening

convergence is questionable, thus indicating that the true

performance is likely to exceed the forecasted by the lower

bound achievable rate. This would be the case experienced in

most of the CF literature, specially in the seminal research

works on this topic. However, by increasing the number of

transmitting antennas at the APs, a much higher degree of

hardening is achieved. Slight differences are shown between

the CF and UC approaches, however having N 	= 1 and

large M almost makes those differences negligible. These

results confirm that equipping the APs with more antennas

always helps the channel to harden and makes the lower-

bound achievable rate expressions tighter regarding the upper

bound. Confronting the results for CB with and without power

control, it is worth noting that the power allocation coefficients

significantly alter, in this case improves, the hardening metric.

Assessing the impact other power allocation strategies may

have on the hardening metric would be interesting for further

research. Turning now the attention on the NCB precoder, the

hardening ratio decreases considerably when compared to the

4



Fig. 1: Channel hardening ratio for K = 10 and different N under
CF and UC (KUC = 5) architectures with CB precoder with power
control.

Fig. 2: Channel hardening ratio for K = 10 and different N under
CF and UC (KUC = 5) architectures with CB precoder without power
control.

CB precoder. This fact can be attributed to the normalization

step NCB implements and suggests that NCB is a far more

desirable precoding option than plain CB since it enforces

APs to fulfill an instantaneous power constraint, it improves

the hardening effect and, as it will be shown next, does not

degrade the rate performance.

B. Lower-bound Achievable and Genie-aided Rates

A comparison between the lower-bound achievable rate and

the genie-aided rate is shown in Figs. 5 and 7 for CB and NCB

precoders, respectively. When having a large coverage area

the gap between the two metrics is considerably high, while

reducing this area makes the lower bound tighter, as Figs. 6

and 8 show. This trend is present for both precoders, though

the gap when using the NCB precoder, as shown in Fig. 3, is

smaller; in line with the lower channel hardening ratio NCB

attains. In the case of the UC approach, the behavior is similar

but with slightly worse performance (bear in mind that the

original CF proposal constituted an upper bound in terms of

Fig. 3: Channel hardening ratio for K = 10 and different N under
CF and UC (KUC = 5) architectures with NCB precoder with power
control.

Fig. 4: Channel hardening ratio for K = 10 and different N under
CF and UC (KUC = 5) architectures with NCB precoder without
power control.

average user rate). Increasing the number of antennas per AP

entails reducing the hardening ratio and, thus, the gap between

lower-bound and genie-aided rates. This fact can be observed

in the relative difference between rates defined as (RGA
k −

RLB
k )/RGA

k for different values of N , which can be seen to

decrease with increasing N . As an example, in Fig. 5 for the

CF approach, the lower-bound and genie-aided rates gap for

N = 1 is 37%, while for N = 2 is 31.9% and for N = 4 is

27.18%. Lastly, it is worth noting that the sudden reduction

of rate in L = 100 m for both precoders when K > 20 is

due to the pilot contamination (K > τp). This drop is present

for every L, however, it is much more pronounced when the

area is small because of the close vicinity of users sharing the

same pilot sequence.

VI. CONCLUSION

This paper has studied the channel hardening effect in

CF-M-MIMO systems under realistic operational conditions.

Closed-form expressions for the channel hardening coefficient
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Fig. 5: Comparison between lowed-bound and genie-aided rates
for M = 100 and L = 1000 m under CF and UC (KUC = 5)
architectures with CB precoder.

Fig. 6: Comparison between lowed-bound and genie-aided rates for
M = 100 and L = 100 m under CF and UC (KUC = 5) architectures
with CB precoder.

and achievable rates have been derived for the multi-antenna

APs version of CB and vector NCB precoders when consider-

ing the use of imperfect CSI, pilot contamination and power

loading. Numerical results have confirmed the advantage that

the NCB precoder has over the CB scheme in terms of channel

hardening. The effects of hardening in the recently proposed

UC approach have also been investigated revealing a rather

modest degradation, both, in achievable rate and hardening

that becomes negligible as the number of APs and/or antennas

per AP in the network increases. It has been shown that taking

for granted the presence of channel hardening could lead to

very poor estimation of the achievable rates, especially in

large coverage areas with single-antenna APs. Future research

will encompass centralized precoding schemes, such as zero-

forcing (ZF) precoder, while also considering a more general

channel model able to include the effects of spatial correlation

at the APs and the existence of line-of-sight propagation

(LOS). In addition, the uplink scenario may be considered.

Fig. 7: Comparison between lowed-bound and genie-aided rates
for M = 100 and L = 1000 m under CF and UC (KUC = 5)
architectures with NCB precoder.

Fig. 8: Comparison between lowed-bound and genie-aided rates for
M = 100 and L = 100 m under CF and UC (KUC = 5) architectures
with NCB precoder.
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APPENDIX

A. Computation of |DSk|2 with NCB precoding

|DSk|2 = ρdE {|�NCB

k gk|}2

= ρd

(
cmk

√
ηmkE

{
ĝH
mk

‖ĝmk‖2 gmk

})2

= ρd

(
M∑

m=1

cmk
√
ηmkE

{‖ĝH
mk‖2

})

= ρd

(
ΓN

M∑
m=1

cmk
√
ηmkγmk

)2
. (31)
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B. Computation of E
{|BUk|2

}
with NCB precoding

E
{ |BUk|2

}
= ρd

(
E
{|�NCB

k gk|2
}− E {|�NCB

k gk|}2
)

= ρd

(
M∑

m=1

M∑
m′=1

cmkcm′k
√
ηmkηm′k

×E
{

ĝH
mk

‖ĝmk‖2 gmkg
H
m′k

ĝm′k

‖ĝm′k‖2

}

−
(
ΓN

M∑
m=1

cmk
√
ηmkγmk

)2)
. (32)

Now, if m = m′, we compute the expectation as

E

{
ĝH
mk

‖ĝmk‖2 (ĝmk + εmk)
(
ĝH
mk + εHmk

) ĝmk

‖ĝmk‖2

}

= E

{
ĝH
mkĝmkĝ

H
mkĝmk

‖ĝmk‖22

}
+ E

{
ĝH
mk

‖ĝmk‖2 εmkε
H
mk

ĝmk

‖ĝmk‖2

}

= E
{
ĝH
mkĝmk

}
+ E

{
ĝH
mk

‖ĝmk‖2E
{
εmkε

H
mk

} ĝmk

‖ĝmk‖2

}
= Nγmk + βmk − γmk = βmk + (N − 1) γmk. (33)

If m 	= m′, due to the independence between ĝmk and ĝm′k,

it holds

E {‖ĝmk‖2}E {‖ĝm′k‖2} = Γ2N
√
γmkγm′k. (34)

Plugging (33) and (34) into (32) gives (23).

C. Computation of E
{|UIkk′ |2} with NCB precoding

E
{ |UIkk′ |2} = ρdE

{|�NCB

k′ gk|2
}

= ρd

M∑
m=1

M∑
m′=1

cmk′cm′k′
√
ηmk′ηm′k′

×E
{

ĝH
mk′

‖ĝmk′‖2 gmkg
H
m′k

ĝm′k′

‖ĝm′k′‖2

}

= ρd

M∑
m=1

c2mk′ηmk′ E

{
ĝH
mk′

‖ĝmk′‖2 gmkg
H
mk

ĝmk′

‖ĝmk′‖2

}
︸ ︷︷ ︸

T1

+ρd

M∑
m=1

M∑
m′ �=m

cmk′cm′k′
√
ηmk′ηm′k′

×E

{
ĝH
mk′

‖ĝmk′‖2 gmk

}
E

{
gH
m′k

ĝm′k′

‖ĝm′k′‖2

}
︸ ︷︷ ︸

T2

. (35)

Now, if ϕk′ = ϕk then ĝmk′ = βmk′
βmk

ĝmk, and we compute T1
and T2 as in (33) and (34), respectively. If ϕk′ 	= ϕk, instead

we have T2 = 0 and

T1 = E

{
ĝH
mk′

‖ĝmk′‖2E
{
gmkg

H
mk

} ĝmk′

‖ĝmk′‖2

}
= βmk. (36)

Plugging T1 and T2 for both cases in (35) gives (24).
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