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Abstract

Overtheyears, a varietyof algorithmsfor findingfrequentsequentialpatternsin very large sequentialdatabases

have beendeveloped.Thekeyfeature in mostof thesealgorithmsis that they usea constantsupportconstraint to

control the inherentlyexponentialcomplexity of theproblem. In general, patternsthat containonly a few itemswill

tendto beinterestingif they havea highsupport,whereaslongpatternscanstill beinterestingevenif their supportis

relativelysmall. Ideally, wedesireto haveanalgorithmthatfindsall thefrequentpatternswhosesupportdecreasesas

a functionof their length.In thispaperwepresentanalgorithmcalledSLPMiner, thatfindsall sequentialpatternsthat

satisfya length-decreasingsupportconstraint. SLPMinercombinesan efficientdatabase-projection-basedapproach

for sequentialpatterndiscovery with threeeffectivedatabasepruning methodsthat dramaticallyreducethe search

space. Our experimentalevaluation showsthat SLPMiner, by effectivelyexploiting the length-decreasingsupport

constraint, is up to two orders of magnitudefaster, and its runtimeincreasesgraduallyas the average lengthof the

sequences(andthediscoveredfrequentpatterns)increases.

1 Intr oduction

Datamining researchduring the last eight yearshasled to the developmentof a variety of algorithmsfor finding

frequentsequentialpatternsin verylargesequentialdatabases[10,12,8]. Thesepatternscanbeusedto find sequential

associationrules or extract prevalent patternsthat exist in the sequences,and have beeneffectively usedin many

differentdomainsandapplications.

Thekey featurein mostof thesealgorithmsis thatthey controltheinherentlyexponentialcomplexity of theproblem

by findingonly thepatternsthatoccurin asufficiently largefraction ofthesequences,calledthesupport. A limitation

of this paradigmfor generatingfrequentpatternsis that it usesa constantsupportvalue, irrespective of the length

of the discoveredpatterns.In general,patternsthat containonly a few itemswill tendto be interestingif they have

a high support,whereaslong patternscanstill be interestingeven if their supportis relatively small. Unfortunately,

if constant-support-basedfrequentpatterndiscovery algorithmsareusedto find someof the longerbut infrequent�
This work was supportedby NSF CCR-9972519,EIA-9986042, ACI-9982274, ACI-0133464, by Army ResearchOffice contract

DA/DAAG55-98-1-0441,by theDOEASCI program,andby Army High PerformanceComputingResearchCentercontractnumberDAAH04-95-

C-0008.Accessto computingfacilitieswasprovidedby theMinnesotaSupercomputingInstitute.



patterns,they will endup generatingan exponentiallylarge numberof shortpatterns.Ideally, we desireto have an

algorithmthatfindsall thefrequentpatternswhosesupportdecreasesasafunctionof their length.Developingsuchan

algorithmis particularlychallengingbecausethedownwardclosurepropertyof theconstantsupportconstraintcannot

beusedto pruneshortinfrequentpatterns.

Recently[9], we introducedthe problemof finding frequentitemsetswhosesupportsatisfiesa non-increasing

function of their length. An itemsetis frequentonly if its supportis greaterthanor equalto the minimum support

valuedeterminedby thelengthof the itemset.We identifieda propertythatan itemsetmusthave in orderto support

longeritemsetsgivena length-decreasingsupportconstraint.Thisproperty, calledthesmallestvalid extensionor SVE

for short,enabledus toprunelargeportionsof theinput databasethatareirrelevant for finding frequentitemsetsthat

satisfya length-decreasingsupportconstraint.

In this paper, we extendthe problemof finding patternsthat satisfya length-decreasingsupportconstraintto the

muchmorechallengingproblemof findingsequentialpatterns.WedevelopedanalgorithmcalledSLPMinerthatfinds

all frequentsequentialpatternsthat satisfya length-decreasingsupportconstraint.SLPMinerfollows the database-

projection-basedapproachfor frequentpatterngeneration,thatwasshown to leadto efficient algorithms,andserves

asa platform to evaluatethreenew pruning methodsbasedon the SVE property. Thesepruningmethodsexploit

differentaspectsof the sequentialpatterndiscovery processandpruneeither entiresequences,itemswithin certain

sequences,or entireprojecteddatabases.OurexperimentalevaluationshowsthatSLPMinerachievesupto two orders

of magnitudeof speedupby effectively exploiting the SVE property, andthat its runtimeincreasesgraduallyasthe

averagelengthof thesequences(andthediscoveredpatterns)increases.

Therestof thispaperis organizedasfollows. Section2 providessomebackgroundinformationandrelatedresearch

work. Section3 describesthebasicpatterndiscovery algorithmof SLPMinerandhow thelength-decreasingsupport

constraintcanbeexploitedto prunethesearchspaceof frequentpatterns.Theexperimentalevaluationof SLPMiner

is shown in Section4, followedby aconclusionin Section5.

2 Background

2.1 SequenceModel and Notation

The basicsequencemodel that we will usewas introducedby Srikant et al [10] and is definedas follows. Let�����
	���
�	���
�������
�	����
be the setof all items. An itemsetis a subsetof items. A sequence� ��������
�����
�������
��! #"

is an

orderedlist of itemsets,where
��$&%'�

for (&)+*,)'- . A sequentialdatabase. is a setof sequences.Thelengthof a

sequence� is definedto bethenumberof itemsin � anddenotedas / �0/ . Similarly, given anitemset
�
, let / � / denotethe

numberof itemsin
�
. Givenasequentialdatabase. , / .1/ denotesthenumberof sequencesin . .

Sequence� ��������
����2
������3
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is calleda sub-sequenceof sequence��5 ����� 5 � 
�� 5 � 
�������
�� 56 "87 -9);:,< if thereexist -

integers
	���
�	��2
�������	= 

suchthat (>) 	��@?;	��A?B�����C?;	= )D: and
��$>%D� 5EGF 7 * � ( 
IH0
�������
 -�< . If � is a sub-sequence

of ��5 , thenwe write � % ��5 andsaysequence��5 supports� . Thesupportof a sequence� in a sequentialdatabase. ,

denotedas J�K 7 �2< , is definedto be / .&LM/ NO/ .P/ , where .&L �Q� � E / � % � E�R � ETS . � . Fromthedefinition,it alwaysholds

that U>)VJ�K 7 �2<W)D( . We usethetermsequentialpatternto refer to a sequencewhenwe want to emphasizethat the

sequenceis supportedby many sequencesin asequentialdatabase.

Weassumethattheitemsin
�

canbearrangedin alexicographicorder, andwewill useconsecutiveintegersstarting

from oneto representtheitemsaccordingto thatordering.Finally, we will usethetraditionalmethodfor writing out

sequences,in which eachitemsetis representedasa list of itemsorderedaccordingto their lexicographicalorderand

enclosedwithin matchedparentheses
7 < , and the sequence oftheseitemsetsis written one-after-the-otherenclosed

within matchedangledparentheses
��"

.

To illustrate the above definitionsconsiderthe setof items
�X�Y� ( 
�H0
�Z[� . This setcangenerateseven possible

itemsetsandeachof themis representedas
7 (2< , 7�H < , 7�Z < , 7 ( 
�H < , 7 ( 
�Z < , 7�H0
�Z < , 7 ( 
�H0
IZ < . Let

���\�]7 ( 
�H < , ���8�]7 ( 
IH[
IZ < , and
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�!^9�]7�Z < , bethreeitemsetsof sizestwo, three,andone,respectively. Sequence� �;������
����2
��!^
"C�;��7 ( 
IH < 

7 ( 
�H0
�Z < 
27�Z < "
hasthreeitemsetsandhaslength / �0/ �_Ha`bZa` ( �Qc . Sequence��5 �d��7 ( 
�Z < 
27 ( 
IH0
�Z < 

7 ( 
�H0
IZ < 
27�H < 

7�H0
�Z < " supports

� , or in otherwords � is a sub-sequenceof ��5 .
2.2 SequentialPattern Mining with ConstantSupport

The problemof finding frequentsequentialpatternsgiven a constantminimum supportconstraint[10] is formally

definedasfollows:

Definition 1 (SequentialPattern Mining with ConstantSupport) Givena sequentialdatabase. anda minimum

supportJ ( U&)+JP)'( ), findall sequenceseach of which is supportedby at least e�Jf/ .1/ g sequencesin . .

Suchsub-sequencesarecalledfrequentsequentialpatterns. Notethatif everysequenceconsistsof exactlyoneitemset,

theproblemof findingfrequentsequentialpatternsdegeneratesto theproblemof findingfrequentitemsetsin anitemset

database[3].

Efficient algorithmsfor finding frequentitemsetsor sequencesin very large itemsetor sequencedatabaseshave

beenoneof thekey successstoriesof datamining research.Oneof theearlycomputationallyefficient algorithmwas

Apriori [3], which findsfrequentitemsetsof length - basedon previously generated
7 -ihb(2< -lengthfrequentitemsets.

The GSP[11] algorithmextendedthe Apriori-lik e level-wisemining methodto find frequentpatternsin sequential

databases.Recently, a set of database-projection-basedmethodshasbeendevelopedthat significantly reducethe

complexity of finding frequentpatterns[1, 6, 5, 8]. The key ideabehindthesemethodsis to find the patternsby

growing themoneitem at a time, andsimultaneouslypartitioning(i.e., projecting)theoriginal databaseinto pattern-

specificsub-databases(which in generaloverlap).Theprocessof pattern-growth anddatabase-projectionis repeated

recursively until all frequentpatternsarediscovered.Prototypicalexamplesof suchalgorithmsarethetree-projection

algorithm[1] thatconstructsa lexicographicaltreeandprojectsa largedatabaseinto asetof reduced,item-basedsub-

databasesbasedonthefrequentpatternsminedsofar. Theoriginalalgorithmwasdevelopedfor findingnon-sequential

patterns,but it hasbeenextendedby our groupto find sequentialpatternsaswell [5]. Anothersimilar algorithmis

theFP-growth algorithm[6] thatcombinesprojectionwith theuseof theFP-treedatastructureto compactlystorein

memorytheitemsetsof theoriginaldatabase.Thebasic ideasin thisalgorithmwererecentlyusedto developasimilar

algorithmfor finding sequentialpatterns[8]. Still anotherapproachwasintroducedin SPADE [13]. SPADE explores

thelatticeof frequentsequentialpatternsandusesaspeciallypreprocesseddatabasecalledthevertical id-list database

format,which transformseachsequenceinto a setof (item, time stamp)pairs.

The key featurein thesealgorithmsis that they control the inherentlyexponentialcomplexity of the problemby

usingthedownwardclosureproperty[10]. This propertystatesthat in orderfor a patternof length - to be frequent,

all of its sub-sequencesmustbe frequentaswell. As a result,oncewe find thata sequence oflength - is infrequent,

we know thatany longersequencesthat includethis particularsequencecannotbefrequent,andthuseliminatesuch

sequencesfrom furtherconsideration.

2.3 Finding Patternswith Length-DecreasingSupport

A limitation of the above paradigmfor generatingfrequentpatternsis that it usesa constantvalueof support,irre-

spective of the lengthof the discoveredpatterns.In general,patternsthat containonly a few itemswill tendto be

interestingif they have ahigh support,whereaslong patternscanstill beinterestingevenif their supportis relatively

small. Unfortunately, if constant-support-basedfrequentpatterndiscovery algorithmsareusedto find someof the

longerbut infrequentpatterns,they will endup generatingan exponentiallylarge numberof shortpatterns. In the

context of the frequentitemsetmining, maximal frequentitemsetdiscovery algorithms[4, 7, 2, 13] canpotentially

be usedto find someof theselonger itemsets,but thesealgorithmscanstill generatea very large numberof short

infrequentitemsetsif theseitemsetsaremaximal.As for thefrequentsequentialpatternmining,eventheproblemof
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findingmaximalpatternshasnotbeenaddressedmainlydueto thehigh complexity of theproblem.

Recently, we introducedtheideaof length-decreasingsupportconstraint[9] thathelpsus tofind long itemsetswith

low supportaswell asshortitemsetswith high support.A length-decreasingsupportconstraintis givenasa function

of theitemsetlength j 7 -�< suchthat j 7 -lkm<onpj 7 -lqI< for any -lk 
 -lq satisfying-lk ? -lq . Theideaof introducingthiskind of

supportconstraintis thatby usinga supportfunctionthatdecreasesasthelengthof theitemsetincreases,we maybe

ableto find long itemsetsthatmaybeof interestwithoutgeneratinganexponentiallylargenumberof shorteritemsets.

We cannaturallyextendthis constraintto thesequencemodelby usingthelengthof a sequenceinsteadof thelength

of anitemsetasfollows:

Definition 2 (Length-DecreasingSupport Constraint) Givena sequentialdatabase. anda function j 7 -#< thatsat-

isfies (,nrj 7 -�<snBj 7 - ` (2<sndU for any positiveinteger - , a sequence� is frequentif and only if J�K 7 �2<snrj 7 / �0/ < .

Givena length-decreasingsupportconstraintj 7 -�< , wecandefinetheinversefunctionof j 7 -�< asfollows:

Definition 3 (The InverseFunction of Length-DecreasingSupport Constraint) Givena length-decreasingsupport

constraint j 7 -#< , its inversefunctionis definedas jut � 7 Jv< �pw&xzy{7�� -�/ j 7 -�<T)bJ � < for Us)+JP)'( .
Figure1showsatypicallength-decreasingsupportconstraint.In thisexample,thesupportconstraintdecreaseslinearly

to theminimumvalueandthenstaysthesamefor sequentialpatternsof longerlength.Formally, theproblemof finding

this typeof patternsis statedasfollows:

Definition 4 (SequentialPattern Mining with Length-DecreasingSupport) Givena sequentialdatabase. anda

length-decreasingsupportconstraint j 7 -�< , find all sequentialpatterns� such that J�K 7 �2<fnpj 7 / �0/ < .

101
Lengthof sequence

0.001

0.0001

S
up

po
rt

Length-decreasingsupportconstraintj 7 -�<

Figure 1. A typical length-decreasingsupportconstraint

A simplewayof findingsuchsequentialpatternsis to useany of thetraditionalconstant-supportfrequentsequential

patterndiscoveryalgorithms,in whichthesupportis setto
wsxGy| l}v� j 7 -�< , andthendiscardthesequentialpatternsthatdo

notsatisfythelength-decreasingsupportconstraint.Thisapproach,however, doesnotreducethenumberof infrequent

sequentialpatternsbeingdiscovered,andasourexperimentswill show, requiresa largeamountof time.

Findingthecompletesetof frequentsequentialpatternsthatsatisfyalength-decreasingsupportconstraintis particu-

larly challengingsincewecannotrely solelyonthedownwardclosurepropertyof theconstantsupportpatternmining.

Noticethat,undera length-decreasingsupportconstraint,asequencecanbefrequentevenif its sub-sequencesarein-

frequentsincetheminimumsupportvaluedecreasesasthelengthof a sequenceincreases.We mustuse
w&xGy~ l}v� j 7 -�<

astheminimumsupportvalueto apply thedownwardclosureproperty, which will resultin finding anexponentially

largenumberof uninterestinginfrequentshortpatterns.

A key propertyregardingsequenceswhosesupportdecreasesasa functionof their lengthis thefollowing. Given

a sequentialdatabase. anda particularsequence� S . , if thesequence� is currentlyinfrequent( J�K 7 �2< ? j 7 / �0/ < ),
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Lengthof sequence

� 5 : SVEof �S
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po
rt Length-decreasingsupportconstraintj 7 -�<

Figure 2. Smallestvalid extension(SVE)

then jut � 7 J�K 7 �2<�< is theminimumlengththata sequence��5��'� musthave beforeit canpotentiallybecomefrequent.

Figure2 illustratesthis relationgraphically. The lengthof ��5 is nothingmorethanthepoint at which a line parallel

to the � -axis at � � J�K 7 �2< intersectsthe supportcurve; here,we essentiallyassumethat the bestcasein which �35
exists and it is supportedby the samesetof sequencesas its sub-sequence� . This propertyis called the smallest

valid extensionpropertyor SVEpropertyfor shortandwasinitially introducedfor theproblemof finding itemsetsthat

satisfya length-decreasingsupportconstraint[9].

3 SLPMiner Algorithm

We developedanalgorithmcalledSLPMinerthatfindsall thefrequentsequentialpatternsthatsatisfya givenlength-

decreasingsupportconstraint.SLPMinerserves asa platform to developandevaluatevariouspruningmethodsfor

reducingthecomplexity of finding this typeof patterns.Ourdesigngoalsfor SLPMinerwereto make it bothefficient

andat thesametime sufficiently genericsothatany conclusionsdrawn from our experimentscancarrythroughother

database-projection-basedsequentialpatternminingalgorithms[5, 8].

This sectionconsistsof two mainparts.First, we explain how SLPMinerfindsfrequentsequentialpatternsin the

casein which the supportof the desiredsequentialpatternsremainsconstant.Second,we explain variouspruning

methodsthat we have developedand incorporatedin SLPMiner. Thesepruning methodssubstantiallyreducethe

complexity of SLPMinerwhenit is usedto find frequentsequentialpatternsthatsatisfya length-decreasingsupport

constraint.

3.1 SequentialDatabase-Projection-basedAlgorithm

SLPMinerfinds frequentsequentialpatternsusinga database-projection-basedapproachthat was derived from the

sequentialversion[5] of thetree-projectionalgorithmof Agarwal etal [1] for finding frequentitemsets.Notethatthe

algorithmin [5] sharesthesameoverall structurewith thePrefixSpan[8] algorithmthatwasindependentlydeveloped

at thesametime frame.

Key to thisalgorithmis theuseof atreeto bothorganizetheprocessof sequentialpatterndiscoveryandto represent

the patternsthat have beendiscoveredthusfar. Eachnodein the treerepresentsa frequentsequentialpattern. The

relationbetweenthesequentialpatternrepresentedat a particularnodeat level � andthatof its parentat level ��hb( ,
is that they sharethesame�shp( prefix. That is, thechild’s patternis obtainedfrom thatof theparentby addingone

itemat theend.For example,if anoderepresentsapattern
��7 (2< 

7�H0
�Z < " , its parentnoderepresents

��7 (2< 

7�H < " . Theroot

nodeof thetreerepresentsthenull sequencewith no itemset.Fromtheabove definition it is easyto seethatgivena

particularnodecorrespondingto pattern� , all thepatternsrepresentedin thenodesof thesubtreerootedat thatnode

will have � asaprefix. For this reason,wewill referto this treeastheprefixtree.

SLPMinerfinds the frequentsequentialpatternsby growing this treeasfollows. It startsfrom the root nodeand

expandsit to createthe childrennodesthat correspondto the frequentitems. Then it recursively visits eachchild

nodein a depth-firstorderandexpandsit into childrennodesthat representfrequentsequentialpatterns.SLPMiner
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grows eachpatternin two differentways,namely, itemsetextensionandsequenceextension. Itemsetextensiongrows

a patternby addingan item to the last itemsetof thepattern,wheretheaddeditem mustbe lexicographicallylarger

thanany item in thelast itemsetof theoriginal pattern.For example,
��7 (
< 
27�H < " is extendedto

��7 (2< 

7�H0
IZ < " by itemset

extension,but cannotbe extendedto
��7 (2< 

7�H0
 (2< " or

��7 (2< 
27�H[
IH < " . Sequenceextensiongrows a patternby addingan

item asa new itemsetnext to the last itemsetof thepattern.For example,
��7 (2< 
27�H < " is extendedto

��7 (2< 

7�H < 
27�H < " by

sequenceextension.

Input SequentialDatabase��4�#�I�=�I�=���l�������#�� � �4�#���=���l���=�3�#�� �� � �4�#���=���l�I�#��4�����=���l���=�3�#��!�

� ��� � ��� � �

� �I� � �

� �I� � � � �I� � ��� �!�

� ��� � ��� � ��� �!�

SE SE

SE= SequenceExtension
IE = ItemsetExtension

IE

IE

SE SE

� �I� � ��� � � � ��� � ��� � ��� �!�

�[�M�z�

�4�#���#� �4�l�3�#�

�4�#���=���l�3�#� �4�#���=�������#� �4�l�������#�

�4�#���=���l�������#�

� �I� � ��� �!�
SE

�4�����#�

PrefixTree

Figure 3. Theprefix treeof a sequentialdatabase

Figure3 shows a sequentialdatabase. andits prefix treethatcontainsall the frequentsequentialpatternsgiven

minimum support0.5. Since . containsa total of four sequences,a patternis frequentif andonly if at leasttwo

sequencesin . supportthe pattern. The root of the treerepresentsthe null sequence.At eachnodeof the treein

the figure, its patternand its supportingsequencesin . aredepictedtogetherwith symbolSE or IE on eachedge

representingitemsetextensionor sequenceextensionrespectively.

The key computationalstepin SLPMiner is that of countingthe frequency of the variousitemsetandsequence

extensionsateachnodeof thetree.In principle,thesefrequenciescanbecomputedby scanningtheoriginaldatabase

for eachoneof thenodes;however, this is notcost-effective,especiallywhenthesupportfor eachof thoseextensions

is verysmall.For this reason,SLPMinercreatesaprojecteddatabasefor eachnodeof thetree,andusesthisprojected

database(which is usuallymuchsmaller)to determineits frequentextensions.Theprojecteddatabaseof asequential

pattern� hasonly thosesequencesin . that support� . For example,at the node
��7�H0
�Z < " in Figure3, its projected

databaseneedsto containonly �M( 
 � H0
 ��� since � Z doesnot supportthis pattern.Furthermore,we caneliminatepre-

cedingitemsin eachsequencethatwill never beusedto extendthecurrentpattern.For example,at thenode
��7�H < " in

Figure3, we canstoresequence�M(�5 �d��7�H0
�Z < " insteadof �M( itself in its projecteddatabase.Also notethat itemsthat

do not contributeto a frequentsequence oritemsetextensiongetprunedfrom all projecteddatabasesunderthatnode

of thetree.Overall, databaseprojectionreducestheamountof sequencesthatneedto beprocessedat eachnodeand

promotesefficientpatterndiscovery.

3.2 PerformanceOptimizations for Disk I/O

Expandingeachnodeof thetree,SLPMinerperformsthefollowing two steps.First, it calculatesthesupportof each

item that canbe usedfor itemsetextensionandeachitem that canbe usedfor sequenceextensionby scanningthe

projecteddatabase.�5 once. Second,SLPMinerprojects .�5 into a projecteddatabasefor eachfrequentextension

foundin thepreviousstep.

SincewewantSLPMinerto beableto runagainstlargeinputsequentialdatabases,theaccessto theinputdatabase

andall projecteddatabasesis disk-based.To facilitatethis, SLPMinerusestwo kindsof buffers: a read-buffer anda

write-buffer. Theread-buffer is usedto loada projecteddatabasefrom disk. If thesize ofa projecteddatabasedoes
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notfit in theread-buffer, SLPMinerreadspart ofthedatabasefrom diskseveraltimes.Thewrite-buffer is usedto tem-

porally storeseveralprojecteddatabasesthataregeneratedat a nodeby scanningthecurrentprojecteddatabaseonce

usingthe read-buffer. Therearetwo conflicting requirementsconcerninghow many projecteddatabaseswe should

generateatatime. In orderto reducethenumberof databasescans,wewantto generateasmany projecteddatabasesas

possiblein onescan.On theotherhand,if wekeepsmallbuffersfor many projecteddatabasessimultaneouslywithin

thewrite-buffer, it will reducethesize ofthebuffer assignedto eachprojecteddatabase,leadingto expensive frequent

I/O betweenthe write-buffer anddisk. In orderto balancethesetwo conflicting requirements,SLPMinercalculates

thesize ofeachprojecteddatabasewhencalculatingthesupportof every itemin thecurrentprojecteddatabasebefore

it actuallygeneratesnew projecteddatabases.Then,SLPMinerperformsanumberof databasescan,andin eachscan,

it generatesasmany projecteddatabasesasthey canfit in thewrite-buffer andthenwritestheentirebuffer to thedisk.

Thenumberof scansdependson thedatabasesizeandthesize ofthewrite buffer. Thismethodalsofacilitatesstoring

eachprojecteddatabasein a contiguoussegmenton thedisk,allowing us tousefastsequentialdisk operationswhich

dramaticallyimprove theefficiency of disk I/O.

3.3 Pruning Methods

In this subsection,we introducethreepruningmethodsthatusetheSVE propertyto substantiallyreducethesize of

theprojecteddatabasesandallow SLPMinerto efficiently find all sequentialpatternsthatsatisfya length-decreasing

supportconstraint.

3.3.1 SequencePruning, SP

Thefirst pruningmethodis usedto eliminatecertainsequencesfrom theprojecteddatabases.RecallthatSLPMiner

generatesa projecteddatabaseat every node. Let usassumethatwe have aprojecteddatabase.�5 at a node � that

representsa sequentialpattern� . Eachsequencein .�5 has � as its prefix. If � is infrequent,we know from the

SVE propertythat in order for this patternto grow to somethingindeedfrequent,it musthave alengthof at least

jut � 7 J�K 7 �i<�< . Now considera sequence� that is in the projecteddatabaseat node � , i.e., � S .�5 . The largest

sequentialpatternthat � cansupportis of length / �[/ ` / ��/ . Now if / �0/ ` / ��/ ? jvt � 7 J�K 7 �i<�< , then � is tooshortto support

any frequentpatternsthat have � asprefix. Consequently, � doesnot needto be consideredany further andcanbe

pruned.We will referto this pruningmethodasthesequencepruningmethodor SPfor shortandis formally defined

asfollows:

Definition 5 (SequencePruning) Givena length-decreasingsupportconstraint j 7 -�< anda projecteddatabase.�5 at

a noderepresentinga sequentialpattern� , a sequence� S .@5 canbeprunedfrom .�5 if
j 7 / �0/ ` / ��/ <f�+J�K 7 ��< �

SLPMinerchecksif a sequenceneedsto beinsertedto a projecteddatabasejust beforeinsertingit ontothewrite-

buffer. We evaluatedthe complexity of this methodin comparisonwith the complexity of insertinga sequenceto a

projecteddatabase.Therearethreeparameterswe needto know to prunea sequence:/ �0/ , / ��/ , and J�K 7 ��< . As the

lengthof eachsequenceis part of the sequencedatastructurein SLPMiner, it takesa constanttime to calculate / �[/
and / ��/ . As for J�K 7 �i< , we know this valuewhenwe generatedthe projecteddatabasefor the pattern� . Evaluating

function j takesa constanttime becauseSLPMinerhasa lookuptablethatcontainsall possible
7 - 
 j 7 -�<�< pairs.Thus,

thecomplexity of this methodis justaconstanttime perinsertinga sequence.

3.3.2 Item Pruning, IP

Thesecondpruningmethodeliminatescertainitemsfrom eachsequencein eachprojecteddatabase.Let usassume

that we have aprojecteddatabase.�5 at a node � that representssequentialpattern� andconsideran item
	

in a
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sequence� S .�5 . FromtheSVEpropertyweknow thattheitem
	
will contributeto avalid frequentsequentialpattern

only if

/ �0/ ` / ��/[npj t � 7 J�KT� 74	 <�< (1)

where J�KT� 74	 < is the supportof item
	

in .@5 . This is becauseof the following. The longestsequentialpatternthat �
canparticipatein is / �0/ ` / ��/ , andwe know that, in the subtreerootedat � , sequentialpatternsthat extend � with

item
	

have supportat most J�KT� 74	 < . Now, from theSVE property, suchsequentialpatternsmusthave lengthat least

j t � 7 J�K � 74	 <�< in orderto befrequent.As aresult,if equation(1) doesnothold, item
	

canbeprunedfrom thesequence

� . Onceitem
	

is pruned,then J�KT� 74	 < and / �0/ decrease,possiblyallowing further pruning. Essentially, this pruning

methodeliminatessomeof the infrequentitemsfrom the shortsequences.We will refer to this methodasthe item

pruningmethod,or IP for shortandis formally definedasfollows:

Definition 6 (Item Pruning) Givena length-decreasingsupportconstraint j 7 -�< and a projecteddatabase.�5 at a

noderepresentinga sequentialpattern� , an item
	

in a sequence� S .@5 canbeprunedfrom � if

/ �[/ ` / ��/ ? j t � 7 J�KT� 74	 <�< �

A simpleway to implementthis pruningmethodis asfollows: for eachprojecteddatabase.�5 , repeatscanning.�5
to collectsupportvaluesof itemsandscanning.�5 againto pruneitemsfrom eachsequenceuntil nomoreitemscanbe

pruned.After that,wecanprojectthedatabaseinto aprojecteddatabasefor eachfrequentitemin theprunedprojected

database.This algorithm,however, requiresmultiple scansof theprojecteddatabaseandhencewill betoo costlyasa

pruningmethod.

Instead,we canscana projecteddatabaseonceto collectsupportvaluesandusethosesupportvaluesfor pruning

itemsaswell asfor projectingeachsequence.Noticethatweareusingapproximatesupportvaluesthatmightbehigher

thanthe real values sincethe supportvaluesof someitemsmight decreaseduring the pruningprocess. SLPMiner

appliesIP beforegeneratingaprojectedsequence��5 of � andaftergenerating�35 justbeforeinserting ��5 into thewrite-

buffer. By applyingIP beforeprojectingthe sequences,we canreducethe computationof sequenceprojection. By

applyingIP onceagain for theprojectedsequence��5 , we canexploit thereductionof length / �[/�hp/ ��5�/ to furtherprune

itemsin ��5 . Pruningitemsfrom eachsequenceis repeateduntil nomoreitemscanbeprunedor thesequencebecomes

shortenoughto beprunedby SP.

IP canpotentiallyprunealargerportionof theprojecteddatabasethanSPsinceit alwaysholdsthat J�K 7 �i<fn+J�KT� 74	 <
andhencejvt � 7 J�K 7 ��<�<\)'jut � 7 J�K � 74	 <�< . However, thepruningoverheadof IP is muchlargerthanthatof SP. Givena

sequence� , in theworstcase,only oneitemwill beprunedduringeachiterationover theitemsin � . Sincethiscanbe

repeatedasmany asthenumberof itemsin thesequence,theworstcasecomplexity for onesequenceis � 74� � < where�
is thenumberof itemsin thesequence.Laterin thepaper, wewill seehow thisoverheadaffectsthetotal runtimeof

SLPMinerthroughourexperimentalresults.

3.3.3 Structur e-basedPruning

Given two sequences� ��
 � � of the samelength � , thesetwo sequencesaretreatedequallyunderSPandIP. In fact,

the two sequencescanbe quite differentfrom eachother. For example,
��7 ( 
IH0
�Z0
 �0< " and

��7 (
< 
27�H < 

7�Z < 

7 �0< " support

the same1-sequence
��7 (2< " , ��7�H < " , ��7�Z < " , and

��7 �0< " but never supportthe same � -sequencesfor �'n H
. From this

observation, we consideredways to split a projecteddatabaseinto smallerequivalent classes.By having smaller

databasesinsteadof onelargedatabase,we maybeableto reducethedepthof a certainpathfrom theroot to a leaf

nodeof thetree.
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As a structure-basedpruning, we developedthe min-max pruning method. Let � be a sequentialpatternat a

particularnode, .�5 be its projecteddatabase,andassumethat � is infrequent(i.e., J�K 7 ��< ? j 7 / ��/ < ). FromtheSVE

property, in order for � to becomefrequent,we needto grow � by addingat least jut � 7 J�K 7 �i<�<oh]/ ��/ items. Now,

considerthefollowing two valuesthataredefinedfor eachsequence� S .@5 .
1. � 7 �2< � thesmallestnumberof itemsetsin � thatneedto beusedto grow � by jvt � 7 J�K 7 ��<�<{h / ��/ items.

2. ¡ 7 �
< � thenumberof itemsetsin � .
Thesetwo valuesdefinean interval ¢ � 7 �2< 
 ¡ 7 �2<=£ , that we call the min-maxinterval of sequence� . If two sequences

� 
 � 5 S . 5 satisfy ¢ � 7 �2< 
 ¡ 7 �
<=£O¤¥¢ � 7 � 5 < 
 ¡ 7 � 5 <=£ �]¦
, then � and � 5 cannotsupportany commonsequentialpatternsince

theirmin-maxintervalsaredisjoint. Thebasicideaof themin-maxpruningis motivatedby theaboveobservationand

its goal is to split theprojecteddatabase.�5 into two databases.@5� and .�5� suchthat they contribute to two disjoint

setsof frequentsequentialpatterns.

If thereexists .�5� and .�5� thatsatisfy § L�¨MK �© ¢ � 7 �2< 
 ¡ 7 �
<=£ª¤A§ L�¨MK �« ¢ � 7 �2< 
 ¡ 7 �
<=£ �'¦ , then .@5� and .�5� supportdistinct

setsof frequentsequentialpatterns.In general,however, this is impossible.Instead,.�5 will be split into threesets¬ 
�­@
�®
of sequencesasshown in Figure4. Moreprecisely, thesethreesetsaredefinedfor somepositive integer � as

follows. ¬ 7 �ª< � � �0/ � S . 5 R ¡ 7 �2< ? � �­¯7 �O< � � �0/ � S . 5 R � 7 �
<fnp� �®�7 �ª< � . 5 h 7 ¬ § ­ <¬ 7 �O< and
­°7 �ª< supportdistinctsetsof frequentsequentialpatterns,whereas

¬ 7 �O< and
®&7 �O< aswell as

­¯7 �O< and
®�7 �O<

supportoverlappingsetsof frequentsequentialpatterns.From thesethreesets,we form .@5� � ¬ 7 �O<T§ ®&7 �O< and

.�5� �±­°7 �ª<v§ ®&7 �O< . If we minefrequentsequentialpatternsof lengthup to ��hb( from .�5� andpatternsof lengthno

lessthan � from .�5� , we will obtainthesamepatternsaswewould from original .@5 .

1 � Min-max interval

¬
­
®

Figure 4. Min-max intervalsof asetof sequences

Throughoutour experiments,we observed that / ® / is usuallycloseto / .�5�/ ; thus,mining .�5� and .@5� separately

will costmore thanmining the original database.�5 . We can,however, prunethe entire .@5 if both / .�5� / and / .�5� /
aresmallerthanthe

w&xzy| l}v� j 7 -�< . Furthermore,we canincreasethis minimumsupportby thefact thatany sequential

patternsthatthecurrentpattern� canextendto is of lengthatmost
w&²�³ L�¨MKT� 7 / �0/ < ` / ��/ . Now, from theSVEproperty,

we know that if both / .�5� / and / .�5� / aresmallerthan jut � 74w�²2³ L�¨´KT� 7 / �0/ < ` / ��/ <�/ .P/ , thenwe caneliminatetheentire

.�5 . Essentially, this meansthat if we cansplit a projecteddatabaseinto two subsetseachof which is too small to be

ableto supportany frequentsequentialpattern,thenwe caneliminatetheentireoriginal projecteddatabase.We will

referto thismethodasthemin-maxpruningmethodor MP for short,andis formally definedasfollows:

Definition 7 (Min-Max Pruning) Givena length-decreasingsupportconstraint j 7 -�< anda projecteddatabase.�5 at

a noderepresentinga sequentialpattern� , theentire .�5 canbeprunedif there existsa positiveinteger � such that

/ . 5 � / � / ¬ 7 �ª<�/ ` / ®�7 �ª<�/ ? j 74w�²�³L�¨MK � 7 / �0/ < ` / ��/ <�/ .P/ , and
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/ . 5� / � / ­¯7 �O<�/ ` / ®&7 �O<�/ ? j 74w�²�³L�¨´KC� 7 / �0/ < ` / ��/ <�/ .P/ .

We applyMP just aftera new projecteddatabase.�5 is generatedif theentiresequencesin .�5 is still kept in the

write-buffer and if / .�5�/f)�( �µH j 74w�²�³ L�¨´KC� 7 / �0/ < ` / ��/ <�/ .P/ . The first condition is necessaryto avoid costly disk I/O

andthe secondconditionis necessaryto increasethe probability of successfullyeliminatingthe projecteddatabase.

Thealgorithmfor MP consistsof two parts.Thefirst partcalculatesthedistribution of thenumberof sequencesover

possiblemin-maxintervals.Thesecondpartfindsa positive integer � thatsatisfiestheabove two equations.Thefirst

part requiresscanning.�5 onceandfinding themin-maxinterval for eachsequence.For eachsequence� , SLPMiner

determines� 7 �2< asthesmallestnumberof thelargestitemsetswhosesizesaddup to at least j t � 7 J�K 7 ��<�<�h±/ ��/ . The

othervalue ¡ 7 �2< is simplythenumberof itemsetsin � . Thispartrequires� 7 :¶< where: is thetotalnumberof itemsets

in .�5 . Thesecondpartusesan
�¸·¹�

uppertriangularmatrix º �]7#» E $ < where
» E $9� / � �0/ � 7 �2< �p	 R ¡ 7 �2< � * R � S .�5 � /

and
�

is themaximumnumberof itemsetsin a sequencein .�5 . Matrix º is generatedduringthedatabasescanof the

first part.Givenmatrix º , wehave

/ ¬ 7 �ª<�/ ` / ®�7 �O<�/ � ¼ t
�½

El¾ �
�½ $ ¾�E
» E $

/ ­°7 �ª<�/ ` / ®�7 �O<�/ �
�½$ ¾ ¼

$½
El¾ �

» E $

Usingtherelations

7 / ¬ 7 � ` (2<�/ ` / ®�7 � ` (2<�/ <{h 7 / ¬ 7 �O<�/ ` / ®�7 �O<�/ < �
�½$ ¾ ¼
»
¼
$

7 / ­¯7 � ` (2<�/ ` / ®�7 � ` (2<�/ <{h 7 / ­°7 �ª<�/ ` / ®�7 �O<�/ < � h ¼½
El¾ �

» E ¼
wecancalculate/ ¬ 7 �ª<�/ ` / ®�7 �ª<�/ and / ­°7 �ª<�/ ` / ®�7 �ª<�/ incrementallyfor all � in � 74� � < . Sotheoverall complexity of

themin-maxpruningfor oneprojecteddatabaseis � 7 : `+� � < . In somecases,this complexity maybemuchlarger

thanthe runtimereductionachievedby eliminatingtheprojecteddatabase.However, our experimentalresultsshow

thatthemin-maxpruningmethodalonecansubstantiallyreducethetotal runtime.

4 Experimental Results

We experimentallyevaluatedthe performanceof SLPMiner using a variety of datasetsgeneratedby the synthetic

sequencegeneratorthat is provided by the IBM Quest groupandwasusedin evaluatingthe AprioriAll algorithm

[10]. All of our experimentswereperformedon Linux workstationswith AMD Athlon at 1.5GHzand3GB of main

memory. All thereportedruntimevaluesarein seconds.

In our experiments,we primarily usedtwo classesof datasetsDS1 andDS2, eachof which contained25K se-

quences.For eachof the two classeswe generateddifferentprobleminstancesasfollows. For DS1, we variedthe

averagenumberof itemsetsin asequencefrom 10to 30in incrementsof two, obtainingatotalof 11differentdatasets,

DS1-10, DS1-12,¿�¿�¿ , DS1-30.For DS2,wevariedtheaveragenumberof itemsin anitemsetfrom 2.5to 7.0in incre-

mentsof 0.5,obtainingatotalof 10differentdatasets,DS2-2.5, DS2-3.0,¿�¿�¿ , DS2-7.0.For DS1-� , wesettheaverage

size ofmaximalpotentiallyfrequentsequencesto be �iN H . For DS2-� , we settheaveragesize ofmaximalpotentially

frequentitemsetsto be �iN H . Thus,thedatasetcontainslongerfrequentpatternsas � increases.Thecharacteristicsof

thesedatasetsaresummarizedin Table1.
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parameter DS1 DS2À Á°À
: Numberof sequences 25000 25000À ÂÃÀ
: Averagenumberof itemsetspersequence ÄÆÅ+ÇIÈMÉ�Ç3ÊmÉ�Ë�Ë�Ë�É!Ì
È 3 to 10À ÍWÀ
: Averagenumberof itemsperitemset 2.5 ÄÆÅ�ÊmÎ ÏmÉ�Ì´Î È´É�Ë�Ë�Ë�É�ÐmÎ ÈÑ

: Numberof items 10000 10000À ÒCÀ
: Averagesizeof maximalpotentiallyfrequentsequences ÄªÓ2Ê 5À ÔOÀ
: Averagesizeof maximalpotentiallyfrequentitemsets 1.25 ÄªÓ
Ê

Table 1. Parametersfor datasetsusedin our tests

In additionto theabovedatasets,wealsoperformeda limited numberof experimentswith anotherdatasetDS3,for

which theparametersweresetasfollows: / .P/ �ÕHmÖ UMUMU , / ® / �ÕH U , / ×�/ � (�U , � � (�UMUMUMU , / Øa/ � (�U , and / � / �ÙÖ
.

This datasetcontainsmuchlongersequencesthanDS1 andDS2 andwasusedto evaluatethe overheadsassociated

with thevariouspruningmethods.

In all of our experiments,we useda minimum supportconstraintthat decreaseslinearly with the lengthof the

frequentsequentialpattern.In particular, theinitial valueof supportwassetto0.001andit wasdecreasedlinearlydown

to 0.0001for sequencesof up to length Ú�/ ® /G/ ×�/ N H2Û . For the restof sequences,thesupportwaskeptfixedat 0.0001.

Figure5 shows theshapeof thesupportcurve for DS1-20for which Ú�/ ® /G/ ×�/ N H�Û9� Ú H U ·,H[�µÖ N H2Û9� Ú Ö U[N H�Û9�±HmÖ .
We alsoran SPADE [12] to compareruntimevalueswith SLPMiner. WhenrunningSPADE, we usedthe depth

first searchoption,which leadsto betterperformancethanthebreadthfirst searchoptionon our datasets.We setthe

minimumsupportvalueto be
w&xzy| l}v� j 7 -�< .

For SLPMiner, we setthe size ofthe read-buffer to 10MB andthe write-buffer to 300MB. Similarly, we setthe

availablememorysizeto 310MBfor SPADE.

1 25
Lengthof sequence

0.001

0.0001

S
up

po
rt

Figure 5. Supportcurve for DS1-20

4.1 Results

Tables2 and 3 show the experimentalresultsthat we obtainedfor the DS1 and DS2 datasetsrespectively. Each

row of the tablesshows the resultsobtainedfor a differentDS1-� or DS2-� dataset,specifiedon the first column.

The columnlabeled“SPADE” shows the amountof time taken by SPADE. The columnlabeled“None” shows the

amountof time taken by SLPMinerusinga constantsupportconstraintthat correspondsto the smallestsupportof

thesupportcurve, that is 0.0001for all datasets.Theothercolumnsshow theamountof time requiredby SLPMiner

thatusesthe length-decreasingsupportconstraintanda total of five differentcombinationsof pruningmethods.For

example,the column label “SP” correspondsto the pruningschemethat usesonly sequencepruning,whereasthe

columnlabeled“SP+IP+MP”correspondsto theschemethatusesall thethreepruningmethods.Notethatvalueswith

a “–” correspondto experimentsthatwereabortedbecausethey weretakingtoo long time.

11



SLPMiner

Dataset SPADE None SP IP MP SP+IP SP+IP+MP

DS1-10 10.562 20.219 11.514 11.570 12.641 12.006 11.839

DS1-12 18.245 41.420 15.316 15.430 17.804 15.358 15.935

DS1-14 46.216 98.359 21.290 21.583 24.453 21.429 21.297

DS1-16 87.289 208.187 27.342 26.635 31.230 26.186 27.383

DS1-18 273.325 592.886 39.228 39.030 43.490 38.790 40.172

DS1-20 594.777 1438.932 46.147 48.440 54.727 47.864 47.723

DS1-22 4702.697 8942.943 63.351 65.123 74.905 65.232 65.907

DS1-24 – – 82.756 85.622 94.640 82.377 83.148

DS1-26 – – 106.986 112.180 126.647 111.699 106.567

DS1-28 – – 139.369 142.760 162.062 137.955 138.411

DS1-30 – – 180.715 189.029 212.848 185.601 184.105

Table 2. Comparisonof pruningmethodsusingDS1

SLPMiner

Dataset SPADE None SP IP MP SP+IP SP+IP+MP

DS2-2.5 10.562 20.219 11.514 11.570 12.641 12.006 11.839

DS2-3.0 21.159 45.887 16.627 16.940 18.719 15.871 15.902

DS2-3.5 117.486 279.617 31.851 35.319 43.267 31.445 31.696

DS2-4.0 333.786 899.025 32.783 32.488 39.805 31.940 32.107

DS2-4.5 731.402 1784.572 35.871 37.955 43.138 38.030 36.539

DS2-5.0 6460.641 17106.370 57.677 61.654 77.835 59.115 59.096

DS2-5.5 – – 59.500 62.617 73.759 61.187 61.798

DS2-6.0 – – 77.752 78.684 96.951 77.925 75.186

DS2-6.5 – – 98.061 105.475 144.387 101.213 102.184

DS2-7.0 – – 116.986 119.907 136.513 113.443 117.602

Table 3. Comparisonof pruningmethodsusingDS2

SP IP SP+IP SP+IP+MP

Runtime 15939.386 16019.344 15103.936 15205.960

ProjectedDatabaseSize(GB) 65.990 47.501 43.206 41.358

Table 4. Comparisonof pruningmethodsusingDS3
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A numberof interestingobservationscanbemadefrom the resultsin thesetables.First, even thoughSLPMiner

without any pruningmethodis slower thanSPADE, theratio of runtimevaluesis stablerangingfrom 1.9 to 2.7with

average2.3. This shows thattheperformanceof SLPMineris comparableto SPADE anda reasonablygoodplatform

for evaluatingour pruningmethods.Second,eitheroneof pruningmethodsperformsbetterthanSLPMinerwithout

any pruningmethod.In particular, SP, IP, SP+IP, andSP+IP+MPhavealmostthesamespeedup.For DS1,thespeedup

by SPis about1.76timesfasterfor DS1-10,7.61timesfasterfor DS1-16,and141.16timesfasterfor DS1-22.Similar

trendscanbe observed for DS2, in which the performanceof SLPMinerwith SPis 1.76 timesfasterfor DS2-2.5,

8.78timesfasterfor DS2-3.5,and296.59timesfasterfor DS2-5.0.Third, comparingthedifferentpruningmethods

in isolation,wecanseethatSPleadsto thelargestruntimereduction,IP leadsto thesecondlargestruntimereduction,

andMP achievesthesmallestreduction.Theproblemwith MP is theoverheadof splittingadatabaseinto two subsets.

Even so, it seemssurprisingto gain sucha greatspeedupby MP alone. This shows a large part of the runtimeof

SLPMinerwithout any pruningmethodis accountedfor by many small projecteddatabasesthatnever contribute to

any frequentpatterns.As for SPandIP, SPis slightlybetterthanIP becauseIP andSPprunealmostthesameamount

of projecteddatabasesfor thosedatasetsbut IP hasmuch larger overheadthanSP. Fourth, the runtimewith three

pruningmethodsincreasesgraduallyastheaveragelengthof the sequences(andthediscoveredpatterns)increases,

whereastheruntimeof SLPMinerwithoutany pruningincreasesexponentially.

Finally, Table 4 shows the runtime and projecteddatabasesize for the DS3 dataset. We testedSP, IP, SP+IP,

SP+IP+MPfor DS3 sincethey were the bestwhen appliedto DS1 andDS2 datasets.Even thoughthe projected

databasesize ofIP is 1.5 timessmallerthanthatof SP, SPandIP achieve almostthesameruntimeagain becauseof

thelargeoverheadof IP. Thesetwo methods,however, canachievethebestruntimewhencombinedasSP+IPbecause

IP doesnot have to prunethepart ofprojecteddatabasesfor which SPcanprune. SinceDS3containsmuchlonger

sequencesthanDS1andDS2datasets,therearemoreopportunitiesfor IP to prunewhereSPdoesnotwork.

5 Conclusion

In this paperwe presentedanalgorithmSLPMinerthatcanefficiently find all frequentsequentialpatternsthatsatisfy

a length-decreasingsupportconstraint.Thekey insightthatenabledus toachieve high performancewasthesmallest

valid extensionpropertyof the length-decreasingsupportconstraint.This allowed us todevelop effective database

pruningmethodsthatimprovedtheperformanceof SLPMinerby upto two ordersof magnitude.

The pruningmethodsarenot specificto SLPMinerbut almostall of themcanbe incorporatedinto other algo-

rithmsfor sequentialpatterndiscovery. For example,it is straight-forwardto implementall threepruningmethodsin

PrefixSpan[8] with disk-basedprojection.PrefixSpanwith pseudo-projectioncanusethesequencepruningmethod.

EvenSPADE [12], whichhasnoexplicit sequencerepresentationduringpatternmining,canusethesequencepruning

methodby addingthelengthof asequenceto eachrecordin theverticaldatabaserepresentation.
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