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Abstract

Group interactions are prevalent in a variety of areas. Many of them, including email exchanges,
chemical reactions, and bitcoin transactions, are directional, and thus they are naturally modeled as
directed hypergraphs, where each hyperarc consists of the set of source nodes and the set of destination
nodes. For directed graphs, which are a special case of directed hypergraphs, reciprocity has played a key
role as a fundamental graph statistic in revealing organizing principles of graphs and in solving graph
learning tasks. For general directed hypergraphs, however, even no systematic measure of reciprocity has
been developed.

In this work, we investigate the reciprocity of 11 real-world hypergraphs. To this end, we first introduce
eight axioms that any reasonable measure of reciprocity should satisfy. Second, we propose HYPERREC, a
family of principled measures of hypergraph reciprocity that satisfy all the axioms. Third, we develop
FASsTHYPERREC, a fast and exact algorithm for computing the measures. Fourth, using them, we examine
11 real-world hypergraphs and discover patterns that distinguish them from random hypergraphs. Lastly,
we propose REDI, an intuitive generative model for directed hypergraphs exhibiting the patterns.

1 Introduction

Beyond pairwise interactions, understanding and modeling group-wise interactions in complex systems
have recently received considerable attention [Benson et al., 2018a, Comrie and Kleinberg, 2021, Do
et al., 2020, Kook et al., 2020, Lee et al., 2021]. A hypergraph, which is a generalization of a graph, has
been used widely as an appropriate abstraction for such group-wise interactions. Each hyperedge in a
hypergraph is a set of any number of nodes, and thus it naturally represents a group-wise interaction.

Many group-wise interactions are directional, and they are modeled as a directed hypergraph, where
each hyperarc consists of the set of source nodes and the set of destination nodes. Examples of directional
group-wise interactions include email exchanges (from senders to receivers), chemical reactions [Yadati
et al., 2020], road networks [Luo et al., 2022], and bitcoin transactions [Ranshous et al., 2017]; and they
are modeled as directed hypergraphs for various applications, including metabolic-behavior prediction
[Yadati et al., 2020] and traffic prediction [Luo et al., 2022]. See Figure 1 for an example of hypergraph
modeling.

Reciprocity [Newman et al., 2002, Garlaschelli and Loffredo, 2004], which quantifies how mutually
nodes are linked, has been used widely as a basic statistic of directed graphs, which are a special case of
directed hypergraphs where every arc has exactly one source node and one destination node. Reciprocity
increase understanding of a graph, especially potential organizing principles of it, and has proved useful
for various tasks, including trust prediction [Nguyen et al., 2010], persistence prediction [Hidalgo and
Rodriguez-Sickert, 2008], anomaly detection [Akoglu et al., 2012], and analysis of the spread of a computer
virus through emails [Newman et al., 2002].
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Figure 1:
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(a) Example Citation Dataset (b) Model

A citation dataset modeled as a directed hypergraph with 8 nodes and 3 hyperarcs. Nodes

correspond to authors. Hyperarcs correspond to citations. The head set and tail set of each hyperarc

correspond to sets of papers.

However, reciprocity has remained unexplored for directed hypergraphs, and to the best of our knowl-
edge, no principled measure of reciprocity has been defined for directed hypergraphs. One straightforward
approach is to first convert a directed hypergraph into an ordinary directed graph via clique expansion and
then calculate standard reciprocity on the ordinary graph, as suggested in [Pearcy et al., 2014]. However,
clique expansion may incur considerable information loss [Yadati et al., 2020, Dong et al., 2020, Yoon
et al., 2020]. Thus, multiple directed hypergraphs whose reciprocity should differ, if they are determined
by a proper measure, may become indistinguishable after being clique-expanded.

In this work, we investigate the reciprocity of real-world hypergraphs based on the first principled
notion of reciprocity for directed hypergraphs. Our contributions toward this goal are summarized as
follows:!

e Principled Reciprocity Measure: We design HYPERREC, a family of probabilistic measures of
hypergraph reciprocity. We prove that HYPERREC satisfy eight axioms that any reasonable measure of
hypergraph reciprocity should satisfy, while baseline measures do not.

e Fast and Exact Search Algorithm: The size of search space for computing HYPERREC is exponential
in the number of hyperarcs. We develop FASTHYPERREC, a fast and exact algorithm for computing
HypPERREC.

e Observations in Real-world Hypergraphs: Using HYPERREC and FASTHYPERREC, we investigate
11 real-world directed hypergraphs, and discover three reciprocal patterns pervasive in them, which are
verified using a null hypergraph model.

e Realistic Generative Model: To confirm our understanding of the patterns, we develop REDI, a
directed-hypergraph generator based on simple mechanisms on individual nodes. Our experiments
demonstrate that REDI yields directed hypergraphs with realistic reciprocal patterns.

For reproducibility, the code and data are available at https://github.com/kswoo97/hyprec.

In Section 2, we discuss preliminaries and related work. In Section 3, we propose a family of measures
of hypergraph reciprocity with a computation algorithm. In Section 4, we discuss reciprocal patterns of
real-world directed hypergraphs. In Section 5, we propose a generative model for directed hypergraphs.
Lastly, we offer a conclusion in Section 6.

IThis work is an extended version of [Kim et al., 2022], which was presented at the 22nd IEEE International Conference on
Data Mining (ICDM 2022). In the extended version, we introduce several theoretical extensions: (a) generalized versions of
the axioms in Section 3.1 and a proof of Theorem 1 for the generalized versions (Appendix A), (b) seven baseline hypergraph
reciprocity measures (Section 3.3), (c) a proof that none of the baseline measures satisfies all the axioms (Appendix B), and (d)
proofs of Theorem 2 and Corollary 1 (Appendix A). In addition, we conduct additional experiments regarding (a) the efficiency
of FASTHYPERREC (Figure 4 and Table 3 in Section 3.4), (b) the statistical significance of Observation 1 (Table 8 in Section 4.2),
(c) the robustness of HYPERREC with respect to the choice of o (Tables 6 and 9 in Section 4.2), and (d) the verification of
Observation 2 in 12 more real and synthetic hypergraphs (Figure 5 in 4.2 and Figure 7 in Section 5.2). At last, we provide one
additional reciprocal pattern in real-world hypergraph (Observation 3: Figure 6 in Section 4.2) and verify whether REDI can
reproduce this pattern.
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Table 1: Frequently-used symbols.

Notation Definition

G=(V,E) hypergraph with nodes V' and hyperarcs E

e; = (H;,T;) hyperarc (or a target arc)

H;,,T; head set and tail set of a hyperarc e;

R ={e}, - ,¢e[g,} reciprocal set of a hyperarc e; (see Section 3.1 for details)
r(ei, R;) reciprocity of a target arc e; with a reciprocal set R;
r(G) reciprocity of a hypergraph G

din(v), doyt (V) in-degree and out-degree of a node v

|A] cardinality of a set A (i.e., number of elements in A)

2 Basic Concepts and Related Work

In this section, we introduce some basic concepts and review related studies. See Table 1 for frequently-used
symbols.

2.1 Basic Concepts

A directed hypergraph G = (V, E) consists of a set of nodes V = {v1,--- ,vjv|} and a set of hyperarcs
E={e1, - ,ep} C{(HT): HCV,TCV} Foreach hyperarc e; = (H;,T;) € E, H; indicates the
head set and T; indicates the tail set. In Figure 1, the hyperarc e; = (H1,T1) € E is represented as
an arrow that heads to H1 = {v1,v2} from T1 = {vs,v6}. It is assumed typically and also in this work
that, in every hyperarc, the head set and the tail set are disjoint (i.e., H; NT; = 0,Vi=1,--- ,|E|). The
in-degree din(v) = |{e; € E : v € H;}| of a node v € V is the number of hyperarcs that include v as a
head. Similarly, the out-degree do.:(v) = [{e; € E : v € T;}| of v € V is the number of hyperarcs that
include v as a tail.

From now on, we will use the term hypergraph to indicate a directed hypergraph and use the term
undirected hypergraph to indicate an undirected one. We will also use the term arc to indicate a hyperarc
when there is no ambiguity.

2.2 Related Work

Reciprocity of Directed Graphs: Reciprocity of directed graphs (i.e., a special case of directed hy-
pergraphs where all head sets and tail sets are of size one) is a tendency of two nodes to be mutually
linked [Newman et al., 2002, Garlaschelli and Loffredo, 2004]. This is formally defined as |[E*7|/|E|, where
|E| is the number of edges in a graph, and |E*’| is the number of edges whose opposite directional arc
exists, i.e., e = ({vi}, {v;}) € |[ET| if and only if ({v;},{vi}) € E. The notion was extended to weighted
graphs [Squartini et al., 2013, Akoglu et al., 2012], and using them, the relationship between degree and
reciprocity was investigated [Akoglu et al., 2012]. Moreover, the preferential attachment model [Albert
and Barabasi, 2002] was extended by adding a parameter that controls the probability of creating a
reciprocal edge for generating reciprocal graphs [Cirkovic et al., 2022, Wang and Resnick, 2022]. Refer to
Section 1 for more applications of reciprocity.

Patterns and Generative Models of Hypergraphs: Hypergraphs have been used widely for model-
ing group-wise interactions in complex systems, and considerable attention has been paid to the structural
properties of real-world hypergraphs, with focuses on node degrees [Do et al., 2020, Kook et al., 2020],
singular values [Do et al., 2020, Kook et al., 2020], diameter [Do et al., 2020, Kook et al., 2020], density
[Kook et al., 2020], core structures [Bu et al., 2023], the occurrences of motifs [Lee et al., 2020, Lee and
Shin, 2021], simplicial closure [Benson et al., 2018a], ego-networks [Comrie and Kleinberg, 2021], the
repetition of hyperedges [Benson et al., 2018b, Choo and Shin, 2022], and the overlap of hyperedges [Lee
et al., 2021]. Many of these patterns can be reproduced by hypergraph generative models that are based
on intuitive mechanisms [Benson et al., 2018b, Do et al., 2020, Kook et al., 2020, Lee et al., 2021]. Such
models can be used for anonymization and graph upscaling in addition to testing our understanding of
the patterns [Leskovec, 2008]. All the above studies are limited to undirected hypergraphs, while this
paper focuses on directed hypergraphs.




Directed Hypergraphs and Reciprocity: Directed hypergraphs have been used for modeling chemical
reactions [Yadati et al., 2020], knowledge bases [Yadati et al., 2021], road networks [Luo et al., 2022],
bitcoin transactions [Ranshous et al., 2017], etc. To the best of our knowledge, there has been only one
attempt to measure the reciprocity of directed hypergraphs [Pearcy et al., 2014], where (a) a hypergraph
G is transformed into a weighted digraph G by clique ezpansion, i.e., by replacing each arc e; = (H;,T;)
with the bi-clique from T} to H;, (b) a weighted digraph G is obtained in the same way from a hypergraph
G’ where, the perfectly reciprocal arc (T}, H;) of each arc e; = (H;,T;) € E is added if it is not already in
E, and (c) 151“([&2)/757"(14’2)7 where A and A’ are the weighted adjacency matrices of G and G’, respectively,
is computed as the reciprocity of G. Note that tr(A?) corresponds to the weighted count of paths of
length two in G that start and end at the same node, which is the same as the weighted count of mutually
linked pairs of nodes in G, and tr(A’z) is the count in the perfectly reciprocal counterpart. However, as
discussed in Section 1, clique expansion may cause substantial information loss [Yadati et al., 2020, Dong
et al., 2020, Yoon et al., 2020], and thus multiple directed hypergraphs whose reciprocities should differ,
if they are determined by a proper measure, can be transformed into the same directed graphs by clique
expansion. We further analyze the limitations of this approach based on axioms in the following section.

3 Directed Hypergraph Reciprocity

In this section, we present eight necessary properties of an appropriate hypergraph reciprocity measure.
Then, we present a family of reciprocity measures, namely HYPERREC, and an algorithm for fast
computation of them. Lastly, we compare HYPERREC with baseline measures to support its soundness.

3.1 Framework and Axioms

We present our framework for measuring hypergraph reciprocity. Then, we suggest eight axioms that any
reasonable reciprocity measure must satisfy.

Framework for Hypergraph Reciprocity: Given a hypergraph G, we measure its reciprocity at two
levels:

e How much each arc (i.e., group interaction) is reciprocal.

e How much the entire hypergraph G is reciprocal.

For a target arc, which we measure reciprocity for, multiple arcs should be involved in measuring its
reciprocity inevitably. For example, in Figure 1, arc e2’s head set and tail set overlap with e; and e3’s tail
set and head set, respectively, and thus we should consider both e; and es in measuring e2’s reciprocity.
In graphs, however, only the arc with the opposite direction is involved in the reciprocity of an arc. This
unique characteristic of hypergraphs poses challenges in measuring reciprocity. The reciprocal set R; of
a target arc e; is the set of reciprocal arcs that we use to compute the reciprocity of e;, We use r(e;, R;)
to denote the reciprocity of an arc e;, where the domain is E x 2€.2 In graphs, a traditional reciprocity
measure [Newman et al., 2002] is defined as the proportion of arcs between nodes that point both ways,
and if we assign 1 to such an arc and 0 to the others as reciprocity, the proportion is equivalent to the
average reciprocity of arcs. Similarly, we regard, as the reciprocity of a hypergraph G, the average
reciprocity of arcs, i.e.,

1 [E|
r(G) = 7] > (e R). (1)

Motivations of axioms: What are the characteristics required for r(e;, R;) and 7(G)? We introduce
eight axioms that any reasonable measure of r(e;, R;) (Axioms 1-5) and 7(G) (Axioms 6-8) should
satisfy. blue We first provide the motivation and necessity of the proposed axioms.

e Incremental changes: Understanding when a value of a measure increases (decreases) helps users to
understand how the measure works and have faith in the values the measure returns. Without this
understanding, one cannot trust the measure, and this unreliability towards a measure may lead to
misinterpretation of the measured value. Thus, we propose Axioms 1-4 (and their generalized axioms)
to describe the cases where the value of a reciprocity measure increases (decreases).

e Boundness: Establishing a finite range for a measure helps an intuitive comprehension of the numerical
extent of a characteristic. For instance, if a measure does not lie in a fixed range, it becomes challenging
to readily ascertain whether a particular hypergraph is reciprocal or not. Furthermore, a measure with

?Note that all arcs in R; are used in computing the reciprocity of e;, and thus it does not correspond to a search space.
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Figure 2: Examples for Axioms 1-4. In each subfigure, the reciprocity of the arc e; on the left side should be
smaller than that of the arc e; on the right side. This inequality holds by HYPERREC (see Section 3.2) in all
subfigures. Specifically, if & =1, r(e;) & r(e;) are 0.0000 & 0.3605 in (a), 0.2697 & 0.5394 in (b), 0.4444 &
0.5394 in (c), 0.3167 & 0.6466 in (d), 0.3233 & 0.6466 in (e), and 0.2347 & 0.2500 in (f).

a defined finite range enhances the ability to make meaningful comparisons across diverse hypergraphs.
Motivated by this intuition, we propose Axiom 5 and Axiom 7, which suggest the bound of hyperarc
and hypergraph reciprocity measures, respectively.

e Reducibility: Reciprocity in an ordinary directed graph is a well-known statistic that is widely used
in various fields of study [Nguyen et al., 2010, Hidalgo and Rodriguez-Sickert, 2008, Newman et al.,
2002] (see Section 1 for details). Since a directed hypergraph is a generalization of an ordinary directed
graph, one would expect that a directed hypergraph reciprocity measure should be equivalent to the
common directed graph reciprocity when applied to any hypergraph containing only hypercars with
head sets and tail sets of size 1 (i.e., directed graph. where |H;| = |T;| = 1,V(H;,T;) € E). Thus, we
propose Axiom 6, which suggests this characteristic

¢ Reachability: Identifying whether the upper bound of a measure is truly achievable or not plays a
crucial role in ensuring the reliability of the measure’s range and the accurate interpretability of its
returned value. For example, let’s consider a reciprocity measure with a known upper bound of 1, but
it can actually only reach the value of 0.2. In this scenario, if a particular hypergraph achieves the
reciprocity value of 0.2, which is actually the maximum possible value for a hypergraph, one may think
the corresponding hypergraph is not highly reciprocal, since the known upper bound of 1. Thus, we
propose Axiom 8 to formalize the reachability of the maximum reciprocity value.

Details of axioms: In Axioms 1-4, we compare the reciprocity of two target arcs e; and e; whose
reciprocal sets are R; and Rj, respectively. Moreover, in Axiom 2-4, we commonly assume two target
arcs e; and e; are of equal size (i.e., |H;| = |H;| and |T;| = |T}|). Here, we say two arcs e; and ex € R;
tnversely overlap if and only if H; N Ty # 0 and T; N Hy, # (. Below, the statements in Axioms 1-4
are limited to the examples in Figure 2 for simplicity. Each statement of Axioms 1-4 is generalized in
Generalized Axioms 1-4.

Axiom 1 (Existence of Inverse Overlap). In Figure 2(a), r(e;, R;) < r(e;, R;j) should hold. Roughly, an
arc with at least one inverse-overlapping reciprocal arc is more reciprocal than an arc with no inverse-
overlapping reciprocal arcs.

Generalized Axiom 1 (Existence of Inverse Overlap). Consider two arcs e; and e;. If R; and R; satisfy

(i) VYe; € R; : min(|H; NTY|,|T; N H;|) = 0,
(i) 3¢j € R, : min(|H; N T}, |T; N Hj|) > 1,
then the following inequality holds:
r(ei, Ri) < r(ej, Rj).

Axiom 2 (Degree of Inverse Overlap). In Figures 2(b-c), r(e;, Ri) < r(e;, R;j) should hold. Roughly, an
arc that inversely overlaps with reciprocal arcs to a greater extent (with a larger intersection and/or with
a smaller difference, which are considered separately in the generalized azioms) is more reciprocal.



Generalized Axiom 2A (Degree of Inverse Overlap: More Overlap). Consider two arcs e; and e; of
the same size (i.e., (|Hi| = |H;|) A (|Ti] = [T4])). If Ri = {ei} and R; = {e};} satisfy
|Hj| = |Hjl, |T}| = |Tj], and
(i) 0<|H;NTi|<|H;NTs| and 0 < |T{ N H;| <|T; N H;| or
(i1) 0< |H;NT| <|H;NT;| and 0 < |T; N Hy| < |T; N H;jl),

then the following inequality holds:

r(ei, Ri) < r(ej, R;).
Generalized Axiom 2B (Degree of Inverse Overlap: Small Difference). Consider two arcs e; and e; of
the same size (i.e., (|Hi| = |H;|) A (T3] = [T])). If Ri = {ei} and R; = {e};} satisfy

|Hi| > |Hj|, [T =75, 0<|H;NTi|=|H;NTj|, and 0 <|T{ N H;| = |Tj N Hj],

then the following inequality should hold:

r(ei, Rz) < r(ej, Rj).

Axiom 3 (Number of Reciprocal Arcs). In Figures 2(d-e), r(e;, Ri) < r(ej, R;) should hold. Roughly,
when two arcs inversely overlap equally with their reciprocal sets, an arc with a single reciprocal arc is
more reciprocal than one with multiple reciprocal arcs.

Below, we generalize Axiom 3 by dividing it into two cases. Although the below two statements
compare an arc with a single reciprocal arc and an arc with exactly two reciprocal arcs, these statements can
be further extended to encompass a comparison of the former and an arc with two or more reciprocal arcs.
These extended statements remain valid for our proposed measure (refer to Remark 1 in Appendix A).

Generalized Axiom 3A (Number of Reciprocal Arcs Differs: Identical Tail Sets). Let e}, C(g) ex indicate
H, C Ty and Ty, C Hy. Consider two arcs e; and e; of the same size (i.e., (|H;| = |H;|) A (| T3] = |T5]))-
If Ri = {e}1,eia} and R; = {€}} satisfy
e Cmy €, €2 Cmy€i, €5 Cmy €5, Th =T, |Th| =T}l
HiyNHijy =0, and |(HjUHp)NT| = |Hjn T,
then the following inequality should hold:
7‘(67;, Ri) < r(ej, RJ)

Generalized Axiom 3B (Number of Reciprocal Arcs: Identical Head Sets). Let ej, C(g) er indicate
H;, C Ty and Ty, C Hy,. Consider two arcs e; and e; of the same size (i.e., (|H;| = |H;|) A (| T3] = |T5]))-
If Ri = {e}1, eia} and R; = {€}} satisfy
eir Cr) €, €2 C(my €i, € C(ry €5, Hi=Hj, |Hu|=|Hjl
Tz"l ﬂTZIQ :®7 and |(TZ,1UT;2)0HZ‘ = \TJIHHJL
then the following inequality should hold:
r(ei, Ri) < r(ej, Rj).
Axiom 4 (Bias). In Figure 2(f), r(ei, Ri) < r(e;, R;) should hold. Roughly, when two arcs inversely

overlap equally with their reciprocal sets, an arc whose reciprocal arcs are equally reciprocal to all nodes
in the arc is more reciprocal than one with reciprocal arcs biased towards a subset of nodes in the arc.

Generalized Axiom 4 (Bias). Consider two arcs e; and e; of the same size (i.e., (|H;| = |H;|) A
(1751 = 175)))- If Ri and R; satisfy

(i) |Ri| =|Rj| = |Ti| = |Tj|, and |T{|=|Tj|, Ve;€ Ri, Vej€ Ry,

(i) T{ =H;, H,CT;, and |H|=2, Ve;€R;,

(i) Tj=H;, H;CTj, and |Hj|=2, Vej€R;,

(iv) Fu,v €Ti where |[{uc H, | e; € R} #|{ve H, | e € R} 2)
(v) Vu,v€T; where [{u€Hj | e;€ R} =[{veH | e;eR;}, (3)

then the following inequality should hold:
r(es, Ri) < r(ej, Rj).



(a) Non-optimal case (b) Optimal

Figure 3: Examples for describing the computation of transition probabilities.

Axiom 5 (Upper and Lower Bounds). The reciprocity of any arc should be within within a fized finite
range. Without loss of generality, we assume that the reciprocity values are within the range of [0,1], i.e.,
for every e; € E and R; € 2%, r : E x 2% + [0,1] should hold. Note that any fized finite range can be
re-scaled to [0,1].

Now, we present the axioms defined at the hypergraph level.

Axiom 6 (Inclusion of Graph Reciprocity). The graph reciprocity [Newman et al., 2002] should be
included as a special case. That is, if G is a graph (i.e., |H;| = |T;| = 1,Vi € {1,--- ,|E|}), then the
following equality should hold:

r(G) = |ET|/|E], (4)

where E7 is the set of arcs between nodes that point each other in both directions.

Axiom 7 (Upper and Lower Bounds). The reciprocity of any hypergraph should be within a fized finite
range. Without loss of generality, we assume that the reciprocity values are within the range of [0,1], i.e.,
for any hypergraph G, the reciprocity function r : G +— [0, 1] should hold. Note that any fized finite range
can be re-scaled to [0,1].

Axiom 8 (Reachability of Bounds). The mazimum reciprocity, which is 1 by Axiom 7, should be reachable
from any hypergraph by adding specific arcs. That is, for every G = (V, E), there exist GT = (V, E™)
with EY D E such that r(GT) = 1. Similarly, the minimum reciprocity, which is 0 by Axiom 7, should
be reachable from any hypergraph by removing specific arcs. That is, for every G = (V, E), there exist
G~ = (V,E7) with E= C E such that r(G~) = 0.

Note that Axiom 8 is about whether the maximum and minimum values of a reciprocity measure are
attainable or not (i.e., whether its bounds are tight or not), and it does not specify the situation when
the value of a measure is maximized or minimized.

3.2 Proposed Measure of Hypergraph Reciprocity: HyperRec

We propose HYPERREC, a family of principled hypergraph-reciprocity measures based on transition
probability.

Transition Probability: For a target arc e; = (H;,T;) and its reciprocal arcs R;, the transition
probability p,(v) from a head set node v, € H; to each node v is the probability of a random walker
transiting from v;, to v when she moves to a uniform random tail-set node of a uniform random arc
among the reciprocal arcs incident to v,. For example, consider a target arc e; and a reciprocal set
R: = {e2,e3} in Figure 3(a). For a head set node vz of the target arc, the reciprocal arcs incident
to it are {e2,e3}. The node vr is only in the head set of ez, and thus the transition probability
p2(v7) = Plez | {e2,e3}) x P(vr | Hz) = 0.5 x 0.5 = 0.25. Similarly, since the node vs is in the
head set of both ez and es, p2(vs) = P(ez2 | {ez2,es}) x P(vs | H2) + P(es | {ez2,es}) x P(vs | H3) =
0.5 x 0.5+ 0.5 x 0.5 = 0.5. Since, vs is not in tail set of any reciprocal arc, p2(vs) = 0. For a head set
node v3 of the target arc, the only reciprocal arc incident to it is e2. Since the node vg is in the head set
of €2, pg(vg) = P(€2 ‘ {62}) X P(’UG | TQ) =1.0x 0.5 =0.5.

There might be some head set nodes that are not incident to any reciprocal arc. For example, v4 in
Figure 3(a) is such a node when the target arc is e; and the reciprocal set is R1 = {e2, e3}. We assume
that, from such a node, the random walker always transits to the virtual sink node vsing ¢ V.

Then, for each head set node vy, € H; of a target arc e;, a transition probability distribution over
V U {vsink } is defined, and we use p;, to denote it. We also denote an optimal transition probability
distribution by p;, which is a transition probability distribution when the perfectly reciprocal arc




e; = (H; =T;,T; = H;) is assumed as the reciprocal arc of e;, i.e., R; = {ej }. For example, in Figure
3(b), ez is the perfectly reciprocal arc of e;. The following equality always holds:

1 .
N — ifveT;,
pr(v) = T3 .l
0 otherwise.

Proposed Measures: Based on the above concepts, we propose HYPERREC (Hypergraph Reciprocity)
as a family of principled measures of hypergraph reciprocity. We notice that reciprocal arcs in a graph
lead to paths of length two that start and end at the same node. Thus, intuitively, in a hypergraph, a
target arc should become more reciprocal if its reciprocal arcs allow for heading back to the head-set
nodes of the target arc more “accurately”. In order to measure numerically the accuracy for a target
arc e;, we compare the transition probability distribution p, from each head-set node v, € H; with the
optimal distribution pj,.

While any distance function £ can be used to quantify the difference between p, and pj,, we use the
Jensen-Shannon Divergence (JSD) [Lin, 1991] since it is a symmetric measure that can handle zero mass
in both distributions. The JSD between distributions p and g with domain D is defined as

L(p,q) == Z (M 10g2p7(i) + @log 2q7(z)) )

22 e a2 B p0) +al)

Based on L, we define HYPERREC of an arc e; whose reciprocal set is R; as

1 « theHi E(phvp;i)
r(e;, Ri) :== (|Rz|) (1 - —|Hz\ I ) , (5)

where « € (0,1] is a constant controlling the degree of penalization of a large reciprocal set, and Lmax
is the maximum value of the distance measure £, which is log2 for the JSD. Note that the value of
r(es;, R;) becomes larger if L(pn, pj,) becomes small, implying that an arc is more reciprocal if its transition
distribution becomes closer to the optimal distribution.

Note that as the value of « increases, the penalty that occurs from the size of the reciprocal set (i.e.,
|R;|) increases. This allows HYPERREC to effectively capture the user’s preferences regarding the impact
of reciprocal set size on reciprocity. For instance, in certain domains, users may believe that, under the
same conditions, an arc with a larger number of reciprocal arcs is considerably less reciprocal compared
to an arc with fewer reciprocal arcs. To reflect this belief, a higher value of « can be set. However, in
domains where the size of the reciprocal set is relatively less significant in relation to reciprocity, a smaller
value of o can be employed. The flexibility of choosing « allows HYPERREC to adapt to different scenarios
and user preferences.

Since the value of r(e;, R;) varies depending on the specific choice of o, HYPERREC can be regarded as
a family of hypergraph-reciprocity measures. Throughout the remainder of the paper, we use HYPERREC
to denote any measure that falls within the HYPERREC family, unless explicitly mentioned otherwise.

Composing Reciprocal Sets: The value of r(e;, R;) is dependent on how we select the reciprocal set
R; from the set E of all arcs. For each target arc e;, we propose to choose non-empty R; C E that
maximizes the reciprocity r(e;, R;) of e;, i.e.,

R; := argmax 7(e;, R;). (6)
RICE,R,#0

In summary, according to HYPERREC, the reciprocity of an arc e; € E' is

r(ei,Ri), (7)

r(e;) :=  max
R;CE,R;#0
and by Eq. (1), the reciprocity of G is r(G) := ﬁ Zli‘l r(e;).

Strengths of HyperRec: HYPERREC satisfies all proposed Axioms regardless of the value of a > 0,
as stated in Theorem 1, while none of the considered baseline measures, which are described below, does.

Theorem 1 (Soundness of HYPERREC). HYPERREC always satisfies Axioms 1-8 and Generalized
Axioms 1, 2A, 2B, 3A, 3B, and 4

Proof. See the caption of Figure 2 for the numerical values for the examples. Full proofs can be found in
Appendix A.2. O



Note that while any distance function can be utilized as £ in Eq (5), the selected function should
enable HYPERREC to satisfy all the axioms to ensure the soundness of HYPERREC.
Limitations of HyperRec: One limitation of HYPERREC is its high computational cost, as it involves
finding maximum reciprocity value over O(Q‘E ‘) potential reciprocal sets. This search, however, is necessary
to satisfy the proposed axioms, as discussed in Section 3.3 In Section 3.4, we discuss methods to reduce
the search space and thus mitigate this computational burden, without affecting the reciprocity value.

3.3 Baseline Approaches and Axiomatic Analysis

Below, we present the baseline measures considered in our work.

B1. Pearcy et al. [2014]: Refer to the last paragraph of Section 2 for details of this measure. This
measure is defined only for the entire hypergraph. For the arc-level axioms (i.e., Axioms 1-5), we use
the hypergraphs that consist only of arcs that are mentioned in each axiom. That is, we compare the
reciprocity of G; = (V,{e;} UR;) and G; = (V,{e;} U R;).

B2. Ratio of Covered Pairs: This measures, roughly, how accurately pair interactions within a target
arc are matched with those within reciprocal arcs. We define the pair interactions within e; as:

K(ez) = {(’Uh,’t)t> | Vh € Hi,’Ut S TZ}
We also define the set of inverse pair-interactions for ey as:
K™ Y(ex) = {(ve,vn) | vn € Hg,vi € Ty}

Then, inspired by the Jaccard Index, we define the measure as the ratio of identical members between
K(e;) and Kﬁl(ek) for all e, € R; as follows:

|K(ei) NU,, er, K~
[K(ei) WU, cr, K

- Hew)|
r(ei,Ri) = 6k)|

B3. Penalized Ratio of Covered Pairs: This measure is an extension of B2, where large reciprocal
sets are penalized as in HYPERREC:

)l
)

r(ei, R;) = ( : )a X K (ei) NUeper, K~ (ex
v | R |K (e) UU,, cr, K" (ex

To demonstrate the necessity of the reciprocal-set penalty term ((1/|R;|)*) and the normalizing term
|H;| in Eq. (5), we consider two variants of HYPERREC where these two terms are removed respectively
from Eq. (5).

B4. HyperRec w/o Normalization: This measure is a variant of HYPERREC where the normalization
by |H;| is removed from Eq. (5) as follows:

1\ 2o, e, £(onsp1)

B5. HyperRec w/o Size Penalty: This measure is a variant of HYPERREC where the reciprocal-size
penalty term (1/|R;|)® is removed from Eq. (5) as follows:

ZUhEHi E(phva)
|Hz‘ . Emax

T(ei,Ri) =1-

The baseline measures B1 - B5 are other forms of arc-level reciprocity r(e;, R;) given R;. Below, we
suggest two more baseline measures that are variants of HYPERREC with different ways of forming R;.
B6. HyperRec w/ All Arcs as Reciprocal Set: This measure is a variant of HYPERREC where the
reciprocal set is always defined as R; = E.

B7. HyperRec w/ Inversely Overlapping Arcs as Reciprocal Set: This measure is a variant of
HyPERREC where the reciprocal set is always defined as

R; = {ek c b min(|Hi ﬂTk‘, |TZ ﬂHkD > 1}.



Table 2: HYPERREC satisfies all axioms, while all the others do not.

(a) Arc-level Axioms (B6 and B7 are exactly the same with HYPERREC regarding
arc-level reciprocity)

Axioms
Measure 1 2 3 4 5
B1 (Pearcy et al. [2014]) vV v X Vv Vv
B2 (Ratio of Covered Pairs) vV v X X Vv
B3 (Penalized Ratio of Covered Pairs) ¢ ¢ ¢ X ¥
B4 (HYPERREC w/o Normalization) Vv v v v X
B5 (HYPERREC w/o0 Size Penalty) Vv v X v Vv
HYPERREC (proposed) Vv v v v Vv

(b) Hypergraph-level Axioms (B2-B5 are not applicable)

Axioms
Measure 6 7 8
B1 (Pearcy et al. [2014]) X v v
B6 (HYPERREC w/ All Arcs as Reciprocal Set) X v X
B7 (HyPERREC w/ Inversely Overlapping Arcs as Reciprocal Set) ¢ ¢ X
HyPERREC (proposed) v v Vv

That is, all inversely overlapping arcs (see Section 3.1 for the definition) are used as the reciprocal set.

As summarized in Table 2, none of the considered baseline measures satisfies all the axioms, while
HyYPERREC satisfies all (Theorem 1). Refer to Appendix B for specific counter-examples for the baseline
measures. Especially, the failure of B6 and B7 highlights the necessity of finding the maximum reciprocity
value over all potential reciprocal arcs, as described in Eq (6), in order for HYPERREC to satisfy all the
axioms.

3.4 Exact and Rapid Search for Reciprocal Sets

We propose FASTHYPERREC (Fast and Exact Algorithm for Hypergraph Reciprocity), an approach for
rapidly searching for the reciprocal set R; of Eq. (6). We prove the exactness of FASTHYPERREC and
demonstrate its efficiency in real-world hypergraphs.

High-level ideas: The computational overhead of HYPERREC lies in finding the maximum reciprocity
value over all possible subsets of the hyperarc set E (i.e., maxg,cg r,207(€i, Ri)). Conducting an
exhaustive search over the entire search space results in the time complexity of O(2/”!), which becomes
infeasible for the considered real-world hypergraphs (refer to Table 4 for the sizes of the real-world
hypergraphs). To address this issue, FASTHYPERREC explores 2% instead of 2F, where ¥; C FE holds,
without affecting the computed reciprocity value. Specifically, FASTHYPERREC first creates disjoint groups
of hyperarcs, which will be further explained in the following paragraph. Subsequently, it constructs ¥;
by selecting solely the hyperarcs with the smallest head set size from each group. Then, FASTHYPERREC
computes maxg,cw,,r; %0 (€, Ri). Importantly, |¥;| < |E| for most, if not all, real-world hypergraphs.
That is, by employing FASTHYPERREC, the computation of r(e;, R;) in HYPERREC is performed for
a significantly smaller number of reciprocal sets R;, leading to a substantial reduction in the overall
computational time. Again, it is important to highlight that FASTHYPERREC is an exact algorithm that
gives the precise value of Eq (7).

Detailed Procedure: FASTHYPERREC is described in Algorithm 1. For each arc e;, we first retrieve
the set €; of inverse-overlapped arcs (see Section 3.1 for the definition) and check whether e; is (1)
non-reciprocal, (2) perfectly reciprocal, or (3) partially reciprocal. Reciprocity for the first two cases is 0
(lines 5-6) and 1 (lines 7-8), respectively. For a partially reciprocal case (lines 9-17), we group the arcs in
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Algorithm 1: FASTHYPERREC for Exact and Rapid Computation of HYPERREC

Input: Hypergraph G = (V, E)
Output: The reciprocity {r(e1),---r(ejg|)} of arcs in £

1 foreach e; € E do
2 ®; + a mapping table whose default value is
3 U, < {}
4 Qi<—{ej mln(‘HlﬂTJ|,|TlﬂH1|) > 1}
5 if O, =0 then
6 L r(e;) <0
7 else if (T}, H;) € Q; then
8 ‘ r(e) <1
9 else
10 foreach e, = (Hy, Ty) € ©; do
11 H} < H; N Ty;
12 T + T; N Hy,
13 @i ((H;, T})) < ®:((Hi, Ti)) U {ex }
14 foreach (H;,T}) where ®;((H;,T})) # 0 do
15 e +— argminej€q>i(<Hl{yTi/>)|Hj\
16 Ui W, U {e;}
17 r(e;) < maxg,cw, 7(€i, Ri)
18 return {r(e1), --r(e/g)}

Table 3: Running time in seconds of FASTHYPERREC and searching ;. O.0.T.: out of time (> 12 hours).

metabolic email citation qna bitcoin
iAF1260b 1JO1366  enron eu data mining software  math server 2014 2015 2016
FasTHYPERREC 0.382 0.567 0.220 8.221 20.766 422.764  2.820 2981  12297.318 762.645 428.283

Searching €; 0.0.T. 0.0.T. 0.0.T. 0O.0.T. 0.0.T. 0.0.T. 0.0.T. 0.0.T. 0.0.T. 0.0.T. O0.0.T.

Q; using a mapping table ®; where the key of each arc ey € €; is the head-set and tail-set nodes of e;
that it covers (i.e., (H;,T;) where H; < H; N Ty, and T] + T; N Hy). For each group with the same key
(H],T}), we choose an arc with the minimum number of head set nodes. Then, we create a new search
space ¥, containing only the chosen arcs. After that, every subset R; of ¥; is considered to maximize
Eq. (5), and we return the maximum value as the reciprocity r(e;) of e;.

Theoretical Properties: As stated in Theorem 2, FASTHYPERREC finds the best reciprocal set, as in
Eq. (6), and thus it computes the reciprocity of each arc exactly, as in Eq. (7).

Theorem 2 (Exactness of FASTHYPERREC). For every e; € E, maxg,cgr(ei, Ri) is identical to the
maxRig\pi r(ei, RZ)

Proof. See Appendix A.3. O

For a special type of hypergraphs, we further reduce the search space based on Corollary 1. Recall
that U, is a final search space produced by FASTHYPERREC.

Corollary 1. Consider a hypergraph G where every arc’s tail set size is 1 (i.e., |T;| = 1,Vi € {1,--- ,|E|}),
and let T, be a subset of V; that satisfies Ui x| = k and |Hs| < |He|,Ves € Dig,Ver € {¥; \
ik} Then, argmax g .cp s |r; =k T(€i, ) is identical to T, Vk € {1, -+ ,|W;[}, which implies

that argmaxp, c g, g, o (€, 1) is identical to argmaxp c(r, .. r, o} r(ei, Ri). That is, the size of the
search space for R; is reduced to O(| ;). '

Proof. See Appendix A.4. O

Complexity Analysis and Evaluation in Real-world Hypergraphs: After the reduction above,
the size of the search space for R; becomes O(2/¥il) in general and O(|¥;|) for the case where every
arc’s tail set size is 1 (L.e., |T;| =1,Vi € {1,--- ,|E|}). Although the complexity is still exponential, we
demonstrate that the search space is reasonably small, and thus a search can be performed within a
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metabolic email

iAF1260b iJO1366 eu
236_ 224. 244
Search
Space for 218} 212t 222
each Arc
201 —1 = oL 0
Naive FastHR Naive FastHR Naive FastHR Naive FastHR
Naive’s Max 2463 2502 288 2433
FastHyperRec’s Max 211 211 18 11

Figure 4: FASTHYPERREC (FastHR in short, left in each box plot) reduces the search space by up to
2491 (~ 10'7) x, compared to that of the naive method (right in each box plot) in the iJO1366 dataset,
which has 1,805 nodes and 2,251 arcs. To improve legibility, we remove several outliers that lie outside the
interquartile range (refer to Footnote 3).

Table 4: Summary of 11 real-world hypergraphs from 5 domains: the number of nodes |V|, the number of
arcs |E|, the average size of head set |H;|, the average size of tail set |T;|, the average node in-degree |d;;, (v)]
and the average node out-degree |doy:(v)].

Dataset VI B [H] L] Jdin(@)] [dout(v)]
metabolic-iaf1260b 1,668 2,083 2.267 1.998 2.831 2.495
metabolic-iJO1366 1,805 2,251 2.272  2.026 2.833 2.527
email-enron 110 1,484 2354 1.000 31.764 13.491
email-eu 986 35,772 2.368 1.000  85.900 36.280
citation-dm 27,164 73,113 3.038 3.253 8.177 8.755
citation-software 16,555 53,177 2.717  2.927 8.729 9.401
q&a-math 34,812 93,731 1.000 1.779 2.692 4.789
q&a-server 17,2330 27,2116 1.000 1.747 1.579 2.759
bitcoin-2014 1,697,625 1,437,082 1.697 1.478 1.437 1.251
bitcoin-2015 1,961,886 1,449,827 1.744 1.568 1.288 1.159
bitcoin-2016 2,009,978 1,451,135 1.715 1.495 1.238 1.079

reasonable time period for real-world hypergraphs. To evaluate the effectiveness of FASTHYPERREC, we
compare the size of search space of FASTHYPERREC and a naive method that finds the best reciprocal
set in ; in four real-world hypergraphs, which are described in the following section. As shown in
Figure 4,% in the iJO1366 dataset, which has 1,805 nodes and 2,251 arcs, the naive method searches at
most 2°9%(~ 10'®) sets for the reciprocity of an arc, while FASTHYPERREC searches at most 2'! (= 2048)
sets. In addition, we report the running time taken to compute the reciprocity of each of the 11 real-world
hypergraphs, which are described in detail in the following section. As shown in Table 3, FASTHYPERREC
terminates within 3.5 hours for every hypergraph, while naively searching 2; does not terminate within
12 hours for any of the hypergraphs.

12



Table 5: Hypergraph reciprocity r(G) of 11 datasets when o = 0, a = 0.5, and o = 1.

metabolic email citation q&a bitcoin
iAF1260b 1JO1366 enron eu data mining software math server 2014 2015 2016

a0 21.455 22.533  59.161 79.489 12.078 15.316  9.608 13.219 10.829 6.923 3.045
r(G) a=05 17.756 18.497  49.480 65.477 10.840 13.984 9.283 13.196 10.654 6.845 2.988
a=1.0 16.654 17.385  44.459 58.139 10.585 13.704  9.236 13.193 10.606 6.828 2.977

Table 6: Hypergraph reciprocity 7(G) is robust to the choice of a. Although their absolute value may differ
(see Table 5), their relative values are not sensitive to the to the choice of «, as supported by the fact that all
the measured Pearson correlation coefficients and Spearman rank correlation coefficients are greater than
0.99.

Pearson Correlation Spearman Rank Correlation

ar0a=05 0.999 1.0
rG) ax0+a=1.0 0.999 0.991
a=05a=1.0 0.999 0.991

4 Datasets and Observations

In this section, we investigate the reciprocal patterns of real-world hypergraphs using HYPERREC and
FASTHYPERREC. After introducing used real-world hypergraph datasets and null hypergraphs, we discuss
our observations at three different levels: hypergraph, arc, and node. The significance of the patterns are
verified by a comparison with the null hypergraphs.

4.1 Datasets and Null Hypergraphs

Datasets: We use 11 real-world hypergraphs from five different domains. Refer to Table 4 for basic
statistics of them. All duplicated edges are removed, and detailed pre-processing steps are described in
the Appendix C.

e Metabolic (iIAF1260b and iJO1366 Yadati et al. [2020]): Each network models chemical reactions
among various genes. Nodes correspond to genes, and arcs indicate reactions.

e Emails (email-enron Chodrow and Mellor [2020] and email-eu Leskovec and Krevl [2014]): Each node
is an email account, and each arc consists of two ordered sets of senders and receivers of an email.

e Citations (DBLP-data mining and DBLP-software Sinha et al. [2015]). Each node is a researcher, and
each head set and tail set indicates a paper. Arcs represent citations, as in Figure 1.

e Question and Answering (math-overflow and stack-exchange server fault Archive [2022]). Each
node is a user, and each arc corresponds to a post. The questioner of a post becomes the head of an
arc and the answerers compose its tail set.

e Bitcoin Transactions (bitcoin-2014, 2015, 2016 Wu et al. [2021]). Each node is an address in bitcoin
transactions, and each arc is a transaction among users. The three datasets contain the first 1,500,000
transactions of Nov 2014, June 2015, and Jan 2016, respectively. We filtered out all transactions where
the head set and the tail set are the same.

Null Hypergraphs: Patterns observed in real-world graphs can be caused by chance. In order to
demonstrate discovered reciprocal characteristics are distinguishable from random behavior, we measure
the same statistics and patterns in randomized hypergraphs, which we call null hypergraphs. Given a
real hypergrpah, we create a null hypergraph with the same number of nodes and the same distribution
of arc sizes (i.e., the size of the head set and tail set of each arc). To create each arc, we draw nodes

3Note that, to improve legibility, we remove data points that lie outside the interquartile range (i.e., [Q1 — 1.5(Q3 — Q1), @3 +
1.5(Q3 — Q1)], where Q3 and Q1 denote the third and first quantile of the corresponding distribution) from the box plots.
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Table 7: Observations 1 and the superiority of REDI. Reciprocity in (a) real-world hypergraphs, (b) null
hypergraphs, (c) those generated by REDI (Section 5), and (d) those generated by a baseline generator is
reported. Specifically, we generate five synthetic hypergraphs using each generator (Null, REDI, and Baseline)
and the statistics from each dataset, and report the average (r(G)) and standard deviation (sd(r(G))) of
hypergraph-level reciprocity values of the generated hypergraphs. As the arc-level difference, we report the D-
statistic (the lower the better) between each distribution of arc-level reciprocity and that in the corresponding
real-world hypergraph. Values below 1076 are all marked with *. In each column, the hypergraph reciprocity
closest to that in the real-world hypergraph and the minimum D-statistic are underlined. Note that real-world
hypergraphs are more reciprocal than null hypergraphs, and our proposed generator, REDI, successfully
reproduces the reciprocity in real-world hypergraphs.

metabolic email citation q&ea bitcoin
iAF1260b iJO1366 enron eu data mining software math server 2014 2015 2016

Real World r(G) 21.455 22.533  59.001 79.416 12.078 15.316  9.608 13.219 10.829 6.923  3.045
r(G) 0.306 0.270 14.862  4.633 0.094 0.147 0.018 0.002  0.0001 0.000* 0.000*

Null sd(r(GQ)) 0.054 0.091 0.296  0.110 0.005 0.006 0.001  0.005 0.000* 0.000* 0.000*
D-Stat 0.625 0.642 0.539  0.807 0.355 0.377 0.124 0.160  0.147  0.100  0.050

ReDi r(G) 21.727 22.185  59.161 79.489 12.601 14.279  9.427 13.229 10.267 6.587  3.497
(Section 5) sd(r(G)) 1.811 0.562 2.895  1.013 0.586 0.448 0.004 0.083 0451 0.121  0.796
D-Stat 0.098 0.104 0.053  0.043 0.212 0.151 0.011  0.005 0.045 0.033 0.017

Baseline r(G) 0.412 0.851 23.846  31.190 0.048 0.004 1.622  0.002  0.002  0.002  0.001
(Section 5) sd(r(GQ)) 0.117 0.882 1.437  0.273 0.642 0.543 0.004 0.009  0.002 0.002 0.002
° D-Stat 0.625 0.623 0.403  0.535 0.328 0.367 0.103  0.160  0.147  0.099  0.050

Table 8: P-value testing results on the 11 considered datasets. The null hypotheses are all rejected, which
implies that real-world hypergraphs are significantly more reciprocal than null hypergraphs. A p-value smaller
than 0.00001 is denoted by 0.0000%.

metabolic email citation q&ea bitcoin

iAF1260b iJO1366  enron eu data mining software math server 2014 2015 2016
Z-stat -1502.52  -1789.79 -241.13 -3835.98  -17548.20  -9605.19 -8884.98 -88965.12 -691316.77 -555709.95 -325308.06
P-value 0.0000* 0.0000*  0.0000*  0.0000* 0.0000* 0.0000*  0.0000* 0.0000* 0.0000* 0.0000* 0.0000*
Null hypothesis Reject Reject Reject Reject Reject Reject Reject Reject Reject Reject Reject

uniformly at random and compose a head set and a tail set with the chosen nodes. To minimize the
randomness of experiments, we create 30 null hypergraphs from each dataset and report the statistics
averaged over them.

4.2 Observations

We investigate the reciprocal patterns of real-world hypergraphs at three different levels: Hypergraph,
Arc, and Node.

L1. Hypergraph Level: We first demonstrate that hypergraph reciprocity r(G) = \T{JI De,enrle)is
robust to the choice of «, i.e. the size penalty term for reciprocal sets. As shown in Table 6, although
absolute reciprocity values vary depending on «, their ranks in real-world hypergraphs remain almost the
same, as supported by the fact that both the Pearson and rank correlation coefficients are near 1. Based
on this result, we fix « to a value near zero for the investigation below.

As shown in Table 7, the hypergraph reciprocity is several orders of magnitude greater in real-world
hypergraphs than in corresponding null hypergraphs. To statistically verify this, we conduct statistical
tests for all the datasets where the alternative hypothesis is that r(G) is statistically-significantly greater
than 7(Gpuu). The detailed numerical results of the tests are provided in Table 8. In summary, we
demonstrate that the hypergraph reciprocity is statistically-significantly greater in real-world hypergraphs
than in corresponding null hypergraphs.

Observation 1. Real-world hypergraphs are more reciprocal than randomized hypergraphs.

L2. Arc Level: We first show the robustness of arc-level reciprocity to the choice of «, i.e. the size
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Table 9: Arc-level reciprocity r(e, R) is robust to the choice of c. Although their absolute values may differ,
their relative values are not sensitive to the choice of «, as supported by the fact that the measured Pearson
correlation coefficients and Spearman rank correlation coefficients are at least 0.678 and in many cases even
close to 1.

metabolic email citation q&a bitcoin
iAF1260b iJO1366 enron eu data mining software math server 2014 2015 2016

a0 a=05 0.961 0.957 0.928  0.836 0.984 0.986 0.994 0999 0.997 0.998 0.997

Pearson a0 a=1.0 0.916 0.913 0.828 0.678 0.973 0.977 0.992 0999 0.995 0.997 0.996
a=05<a=10 0.985 0.986 0.975  0.967 0.998 0.998 0.999 0.999 0.999 0.999 0.999

ar 0+ a=05 0.973 0.969 0.947  0.817 0.998 0.998 0.999 0.999 0.999 0.999 0.999

Spearman Rank a~0<+ a=1.0 0.925 0.918 0.869 0.721 0.996 0.996 0.999 0.999 0.999 0.999 0.999
a=05<a=1.0 0.975 0.973 0.978  0.983 0.999 0.999 0.999 0.999 0.999 0.999 0.999

penalty term for reciprocal sets. We measure the Pearson and Rank correlation coefficients between
arc-level reciprocity values in each pair of settings with different « values (spec., 0.0 +» 0.5, 0.0 +> 1.0,
and 0.5 <» 1.0). As shown in Table 9, the correlation coefficients are at least 0.721 and in most cases close
to 1, implying that relative values of arc-level reciprocity remain almost the same regardless of a values.
Due to this robustness, we fix a to a value close to 0 for all the following experiments.

At the arc level, we examine the relations between the degree of arcs and their reciprocity. We define
degrees at the arc level as follows:

Head set out-degree: dg,out(€:) Z dout (v (8)
‘H | veEH;
Tail set in-degree: dr n(e;) |T| Z din(v (9)
veT;

Refer to Section 2.1 for the definitions of dout(v) and din(v). Then, we compare the distributional
difference of these statistics (i.e., Egs. (8) and (9)) between the arcs of zero reciprocity and those of
non-zero reciprocity.

As shown in Figure 5, the degrees at arcs with non-zero reciprocity tend to be greater than those at
arcs with zero reciprocity. This is intuitive since arcs where their head sets are frequently being pointed
and tail sets are frequently pointing others tend to have higher chance to be reciprocal. Such tendency,
however, is not clear in null hypergraphs.

Observation 2. Arcs with non-zero reciprocity tend to have higher head set out-degree and tail set
in-degree than arcs with zero reciprocity.

L3. Node Level: Lastly, we investigate reciprocal patterns at the node level. A node is called degree-
balanced, when its in-degree and out-degree are similar. One may suspect that degree-balanced nodes tend
to be involved in highly reciprocal arcs, as the number of incoming arcs and outgoing arcs are similar
at them. To verify this hypothesis, we measure the degree balance of each mode v, which we define as
z(v) :=log(din(v) + 1) — log(dout(v) + 1), and measure node-level reciprocity r(v), which we define as

1
r(v) = 5] Z r(ex) (10)

e EE,

where E, = {er : v € (Hp UTy)} is the set of arcs where v is included in its head set or its tail set.
Figure 6 shows how the average node-level reciprocity depends on the degree balance of nodes after
applying the Savitzky—Golay filter [Savitzky and Golay, 1964] for smoothing the curves. The curves
from the real-world hypergraphs are bell-shaped with maximum values around zero, implying node-level
reciprocity gets larger as nodes’ in- and out-degrees become balanced. On the other hand, such a tendency
is not clear in null hypergraphs.

Observation 3. There is a tendency that degree-balanced nodes participate more in arcs with high
reciprocity.
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Figure 5: Observation 2. In real-world hypergraphs, the (a) head set out-degree and the (b) tail set in-degree
tend to be larger at arcs with non-zero reciprocity (left in each box plot) than at arcs with zero reciprocity
(right in each box plot), while there is no such trend in null hypergraphs.

5 Directed Hypergraph Generation: ReDi

In this section, we propose REDI (Reciprocal and Directional Hypergraph Generator), a realistic generative
model of directed hypergraphs. We first describe REDI1. Then, we demonstrate its successful reproduction
of the reciprocal properties of real-world hypergraphs examined in Section 4. In addition to testing our
understanding of the patterns, REDI can also be used for anonymization, graph upscaling, etc [Leskovec,
2008].

5.1 Model Description

High-level Introduction to ReDi: Given some basic hypergraph statistics and three hyperparameter
values, REDI generates a directed hypergraph with realistic structural and reciprocal patterns. REDI is
largely based on HYPERPA [Do et al., 2020], an extension of the preferential attachment model [Albert
and Barabdsi, 2002] to hypergraphs. In HYPERPA, each new node forms hyperedges with groups of nodes
that are drawn with probability proportional to the degree of groups (i.e., the number of hyperedges
containing each group). Introducing the degree of groups, instead of the degree of individual nodes,
tends to lead to more realistic higher-order structures of generated graphs [Do et al., 2020]. RED1
extends HYPERPA, which only can generate undirected hypergraphs, to generate directed hypergraphs
and especially those with realistic reciprocal patterns. In a nutshell, REDI stochastically creates reciprocal
arcs while controlling the number of reciprocal arcs and their degree of reciprocity.

Details of ReDi: The pseudocode of REDI is provided in Algorithm 2. It requires three hyperparameters:
(a) a proportion 81 € [0, 1] of reciprocal arc, (b) their extent B2 € [0, 1] of reciprocity, and (c) the number
N of initial nodes. In addition, REDI requires the following statistics that it preserves in expectation: (a)
the number n of nodes, (b) the distributions fup and frp of the head-set and tail-set sizes, and (c) the
distribution fxp of the number of new arcs per node. We adopt N P distribution suggested in [Do et al.,
2020] as our fnp.

At each step, REDI introduces a new node v; and creates k arcs where k is sampled from fxp. Before
creating a new arc, we decide whether it to be reciprocal (with prob. 1) or ordinary. After deciding the
size of a new arc according to the sizes sampled from fgp and frp, we decide whether to include v into
the head set (with prob. 0.5) or the tail set.

If a new arc is decided to be ordinary, we include v; in either the head set or the tail set according

16



metabolic email
iAF1260b iJO1366 enron eu
0.301 rw| 0.301 RW 0.61 0.81
RW
Average 0.151 R 0.151 7R 0.3 R RW| 0.4 R
Reciprocity
‘V\,N
1 / - [\
0.00 t——==% 0.001 =, 0.0, ‘ 0.0 2 .
-3 03 -3 70 3 -3 0 3 -3 0 3
Generator R N R N R N R N
Mean Gap 0.0260 0.2513 0.0373 0.2531 0.0831 0.4144 0.1193 0.7316
citation question & answering
data mining software math server
0.141 Rw | 0.2 0.161 Rw | 0.329 Rw
R RW
R R
Average
Reciprocity | 0.071 0.11 0.08 0.16 .
N N -
0.00{ M= | g0l ———n] | %001 ] Vo000,
3 fa} 3 =3 0 3 =4 s} 4 =4 Q 4
Generator R N R N R N R N
Mean Gap 0.0205 0.1202 0.0451 0.1597 0.0009 0.0202 0.0379 0.1763
bitcoin
2014 2015 2016
0.4] 0.46 0.181 I Real-world (Rw)
RW RW RW
ReDi (R
Average - )
Reciprocity | 0.21 0.231 0.09 - Null (N)
R R R Baseline (2)
0.0 /Y 0.00{¥—= 0.001— -
4——4 =40 4 =404
Generator R N R N R N
Mean Gap | 0.0449 0.1144 0.0461 0.1142 0.0375 0.0797

Figure 6: Observation 3 and the superiority of REDI1. Relations between the degree balance and average
reciprocity of nodes in real-world hypergraphs (RW), synthetic hypergraphs generated by REDI (R) (Section 5),
null hypergraphs (N), and those generated by a baseline generator (B) are reported. For each dataset, we also
report the mean gap values (Eq. (11)) from the real-world hypergraph. In real-world hypergraphs and those
generated by REDI, node-level reciprocity tends to increase as nodes’ in- and out-degrees become balanced.
The curves from the hypergraphs generated by REDI are most similar to those from real-world hypergraphs,
as supported numerically by the smallest gaps from the real-world hypergraphs.

to the choice made beforehand. Subsequently, we fill the new arc with nodes sampled based on in- and
out-degrees of groups (i.e., the number of arcs that include the group in their head set and tail set,
respectively). Note that the head set and the tail set should be disjoint for both reciprocal and ordinary
arcs.

If a new arc is decided to be reciprocal, we choose an opponent arc e, uniformly at random among
those with v; (or among all existing arcs if no arc contains v;). Then, we decide how many nodes are
brought from the opponent arc’s head set and tail set by binomial sampling with probability 82 € [0, 1].
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Algorithm 2: REDI: Realistic Directed Hypergraph Generator

15
16

17
18
19
20
21
22
23
24

25
26
27
28

29
30

31

32

Input: (1) Number of nodes n and number of initial arcs N
(2) Distribution of hyperedge head, tail set size fup, frp
(3) Distribution of number of new hyperedges fnp
(4) Reciprocal hyperparameter 81 and 32
Output: Generated hypergraph G = (V, E).
Initialize G with N arcs (w/ 1 head & 1 tail) with 2N nodes
foreach node v; € {v1, - ,v,} do
k < a number sampled from fyp
V+Vu {’Ul}
for j < 1 to k do
while True do
recip. < B(1,51); head <+ B(1,0.5)¢
h,t < arc sizes sampled from fup, frp
if recip. = 0 then
if head = 1 then
| H' «{v}; T <0
else
| T'«{vi}; H «0
H' « H' U ((h — |H'|) nodes sampled®)
T < T' U ((t — |T’']) nodes sampled®)
else
€, < an arc sampledd from F;
nyg + B(min(h,|T,]), 82)*
H' < max(ng, 1) nodes sampled® from T,
nr < B(min(t,|Ho|), B2)*
T + max(nr, 1) nodes sampledf from H,
if head =1 and h > |H'| then
L H « H' U {Uz}
else if head =0 and ¢ > |T”| then
‘ T + T U {v;}
H' « H'U ((h — |H'|) nodes sampled®)
T' < T'U ((t — |T’|) nodes sampled®)
if ' NT = ( then
L break the while loop

| B EU{H.TY: B = E 0 {(H,T')}

return G = (V, E)

¢ B(n,p) denotes binomial sampling with parameters n and p

® with probability proportional to group in-degree [Do et al., 2020]
¢ with probability proportional to group out-degree [Do et al., 2020]
¢ uniformly at random from E; (or from E if E; = ()

¢ with probability proportional to node in-degree

f with probability proportional to node out-degree

After sampling nodes from the opponent arc with probability proportional to their degree, we fill the new
arc with v; and those sampled based on in- and out-degrees of groups.

5.2 Evaluation of ReDi

We evaluate how well REDI can reproduces the reciprocal patterns of real-world hypergraphs discussed in
Section 4. For each real-world hypergraph, we generate 5 hypergraphs using their statistics and report
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Figure 7: Hypergraphs generated by REDI exhibits Observation 2, which is a pervasive pattern in real-world
hypergraphs, as shown in Figure 5

the average of generated statistics.* In addition, we introduce a naive preferential attachment model, as
a baseline model for comparison, to clarify the necessity of the reciprocal edge generation step. The
baseline model is identical to REDI, except only for that it always decides to create ordinary arcs, i.e.,
pr1=p2=0°

Reproducibility of Observation 1: We measure the reciprocity of generated hypergraphs at the
hypergraph and arc levels and compare it with that of real-world hypergraphs. As shown in Table 7, RED1
generates hypergraphs whose reciprocity is very close to that in the corresponding real-world hypergraphs
both at the hypergraph and arc levels. The baseline model fails to reproduce high enough reciprocity in
most cases.

Reproducibility of Observation 2: Moreover, as shown in Figure 7, in the hypergraphs generated by
REDI, arcs with non-zero reciprocity tend to have higher (a) head set out-degree and (b) tail set in-degree
than arcs with zero reciprocity, just as in the real-world hypergraphs.

Reproducibility of Observation 3: Furthermore, as shown in Figure 6, the bell-shaped relation be-
tween the degree balance and average reciprocity of nodes in hypergraphs generated by REDI is close
to the relation in the corresponding real-world hypergraphs, as supported numerically by the smallest
mean gaps (i.e., mean of squared differences) from the real-world hypergraphs. Formally, the mean gap is
defined as follows:

1
mean-gap(f, f') = 7] D (@) = f(@)?, (11)
xeD
where D is the intersection of the domains of f and f’. Specifically, the mean gaps are up to 13x smaller
in hypergraphs generated by REDI than in those generated by the baseline model.

6 Conclusion

In this paper, we perform a systematic and extensive study of reciprocity in real-world hypergraphs. We
propose HYPERREC, a family of probabilistic measures of reciprocity that guarantee all eight desirable
properties (Table 2). Our algorithmic contribution is to develop FASTHYPERREC, which enables rapid
yet exact computation of HYPERREC (Theorem 2, Figure 4, and Table 3). Using both, we discover
several unique reciprocal patterns (Table 7 and Figures 5-6) that distinguish real-world hypergraphs
from random hypergraphs. Lastly, we design REDI, a simple yet powerful generator that yields realistic
directed hypergraphs (Table 7 and Figures 6-7). For reproducibility, we make the code and all datasets
available at https://github.com/kswoo97/hyprec.

4The search space of 1 is (a) [0.05,0.1, - - ,0.6] for the small datasets where |V/| < 104, and (b) [0.001,0.0015, - - - ,0.005] for
the dense large datasets where |V| > 10* and |E|/|V| > 3, and (c) [0.01,0.02, - --0.15] for the other sparse large datasets. The
search space of B2 is fixed to € [0.1,0.1,---,0.5] for all datasets.

5As bitcoin transactions are made among randomly chosen accounts, the repetition of (partial) group interactions is rarely
observed. Due to this intrinsic characteristic of the datasets, we use the degrees of individual nodes instead of the degrees of
groups when REDI and the baseline model are given the statistics from bitcoin datasets. The same strategy is also used for the
baseline model when the input statistics are from the g&a server dataset. Without the strategy, the baseline model takes more
than 12 hours.
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A Appendix: Proof of Theorems

In this section, we provide proofs of theorems in the main paper. We first introduce some preliminaries
of proofs and then prove why HYPERREC, the proposed family of reciprocity measures, satisfies all of
Axioms 1-8. Then, we prove the exactness of FastHyperRec and the related complexity reduction
techniques.

A.1 Preliminaries of Proofs

In this subsection, we first give the general form of our proposed measure. Then, we introduce several
important characteristics of Jensen-Shannon Divergence (JSD) [Lin, 1991], which plays a key role in our
proofs. After that, we examine how these concepts are applied to our measure. Basic symbols used for
hypergraphs and arcs are defined in Section 2.1.

HyPERREC, the proposed reciprocity measure for an arc e; and for a hypergraph G is defined as

7‘(67;) — L)& (1 . thEHi ['(ph,p;)>’ (12)

= max
R;CE,R;#0 (|R1| ‘H1| '»Cmaa:

r(es), (13)

where L(pp, p;,) denotes Jensen-Shannon Divergence [Lin, 1991] between a transition probability distribu-
tion p, and the optimal transition probability distribution pj;.

For a target arc e; with an arbitrary non-empty reciprocal set R;, the transition probability is defined
as

vy €Ty vEH]

Sepen, (FEEHETEE)

e er; Mon€Ty]) if vy € UekeRj Ty,
pr(v) = 1 if v = vsink and vy ¢ UekeRj Ty,
0 otherwise,

where 1[TRUE] = 1, and 1[FALSE] = 0.
In Lemma 1, we provide several theoretical properties of JSD that are used for our proofs. Note that
a general form of JSD(P || Q) is defined as

L(P,Q) = Upi,ai), (14)
=1
where 5 9
Upirgi) = Blog —Pi 4 Tipg =0 (15)

2 pit+q 2 i+ i
Lemma 1 (Basic Properties of Jensen-Shannon Divergence). The Jensen-Shannon Divergence (JSD)
has the following properties:
e A-I. For any two discrete probability distributions P and @, 0 < JSD(P || Q) < log 2 holds.

e A-II. For two discrete probability distributions P and @) where their non-zero-probability domains do
not overlap (i.e., pigs =0, Vi = {1,--- ,|V|}), JSD(P || Q) is maximized, and the maximum value is
log 2.

e A-III. Consider two discrete probability distributions P and Q. If there exists a value where both P
and @ have non-zero probability, JSD(P || Q) < log 2 holds.
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Proof. e (Proof of A-I) Refer to [Lin, 1991] for a proof of A-I.

e (Proof of A-II) Let X, be the domain where P has non-zero probability, and let Xy be the domain
where @ has non-zero probability. Since X, and X, do not overlap, Eq. (14) is rewritten as

L(P,Q) = Z %logQJr Z %log2: 1052 ZPHF Z g | =log2.

i€Xy i€y, i€Xy i€y,

e (Proof of A-III) Let k be a point where prqr # 0 holds. Then, Eq. (14) is rewritten as

Di qi Dk 2pk qx 2qx

L(P, < —log2 + =log2+ | = lo + Zlog ———— ). 16

(P,Q) ,’E 5 108 E 5 log (2 S ra T o gkaqu) (16)
i€Xp\k i€Xg\k

The below inequality implies that Eq. (16) is smaller than log 2.

Dk Gk Dk 2Pk qk 2qx,
Pk 1og o+ B 2)—(—10 4 ey, 7> >0
(2 s 2 %% 2 gpk+% 2 gkaer

="log (l-i-qi) + & o (l—i-&) >0 (. pr,qx >0).
2 Dk 2 s

Since log(x) > 0 holds for any = > 1, the last inequality holds. Thus, we can conclude that JSD(P || Q) <
log 2 holds in this case.
O

In Lemma 2, we provide several basic properties of HYPERREC, our proposed measure of reciprocity
in hypergraphs.
Lemma 2 (Basic Properties of HYPERREC). HYPERREC (i.e., defining r(e;, R;) as in Eq. (5)) has the
following properties:

e A-TIV. If a target arc’s head set and the tail sets of its reciprocal arcs do not overlap, the target arc’s
reciprocity becomes zero. Formally,

If H; N U Ty =0 then 7r(e;, R;)=0.
er€ER;

e A-V.If a target arc’s tail set and the head sets of its reciprocal arcs do not overlap, the target arc’s
reciprocity becomes zero. Formally,

IfT; N U Hp,=0 then r(e;,R;)=0.
e ER;

e A-VI. If (a) a target arc’s head set and the tail sets of its reciprocal arcs overlap and (b) the target
arc’s tail set and the head sets of its reciprocal arcs overlap, then the target arc’s reciprocity is greater
than zero. Formally,

If > |HiNTy|-|T,NHg|>1 then r(e;, Ri) > 0.
e, €ER;
Proof. Below, we use Lnqz to denote the maximum value of JSD, which is log 2.

e (Proof of A-IV) For this case, as mentioned in Section 3.2, the probability mass is non-zero only at
Vsink. On the other hand, the optimal transition probability p* is non-zero only at each v € T;. Since
Vsink € T;, the non-zero-probability domains of the transition probability and the optimal transition
probability do not overlap, and by A-II, the probabilistic distance between them is maximized. This
happens for all v € H;. Therefore,

L\ () Supem, Lnas
i, 1) = 1-— b
e i) <R>< (L] Lo
1

° |H1| ' ﬁmaz) ( 1 )a
= l1-——— | = x 0=0.
<‘R1‘> ( |H’L| ° Lmaz |R'L|
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e (Proof of A-V) As in A-IV, the non-zero probability domains of the transition probability and
the optimal transition probability do not overlap since 7; N J Hj, = (. Again, the probabilistic
distance is maximized. This happens for all H;, i.e.,

r(ei, Ri) = (L) 1-— 721%6}[’
|Rz‘ |Hz‘ 'Emaac
1 « |H7,| . E'maz)
- 1 - PRl mar )
() (-l
e (Proof of A-VI) According to the statement, there exists at least one reciprocal arc e, whose (a)
tail set overlaps with the target arc’s head set (i.e., |[Tx N H;| > 1) and (b) head set overlaps with the

target arc’s tail set (i.e., |Hx NT;| > 1). Thus, for v, € H; N T}, pn and pj, share non-zero probability
domains, which implies L(pp, p) < log2 by A-III. Hence, we can derive the following inequality:

_ 1 “ th,eHi ‘C(phvp;;)
T’(@z,Rz)— (|R1|> (1_1—“%

1 @ |Hz‘£'maz>
> (=) (1- Zi=mer) —o.
(|R7'|> ( |HZ‘[/maz

eL€ER;

A.2 Proof of Theorem 1.

In this section, we show that the proposed measure HYPERREC satisfies all the generalized axioms.
For a proof of Generalized Axiom 1, we simply show that the former’s reciprocity gets zero (i.e.,
r(e;, R;) = 0), while the latter’s reciprocity gets a positive value (i.e., r(e;, R;) > 0). For proofs of
Generalized Axioms 2-4, we first show how the formal statement of each axiom can be written in terms
of the probabilistic distance. Then, we derive a less reciprocal case has a higher probabilistic distance
between the transition probability and the optimal transition probability for every head set node of a
target arc.

A.2.1 Proof of the Fact that HyperRec Satisfies Axiom 1

Through an example, Axiom 1 states that an arc that has at least one inversely-overlapping arc should
be more reciprocal than an arc without any inversely-overlapping arc. The generalized statement of
Axiom 1 is formalized in Generalized Axiom 1.

Proposition 1. HYPERREC (i.e., defining r(e;, R;) as in Eq. (5)) satisfies Generalized Axiom 1.

Proof. We first show that r(e;, R;) = 0. The suggested condition (Ve; € R; : min(|H; NT}|,|T; N Hi|) = 0)
implies that every reciprocal arc e € R; lies in one of the following cases (for simplicity, we refer to
e; € R; as a non-influential arc if €] does not contribute to making the non-zero probability domains
of the transition probability that overlap with that of the optimal transition probability): (1) When
(H; NT] = 0) A (T; N H; # @) holds, as shown in the proof of A-IV, e} is non-influential. (2) When
(H; N'T{ # 0) A (T: N H; = 0) holds, as shown in the proof of A-V, e} is non-influential. (3) When
(H; NT{ = 0) A(T; N H{ = 0) holds, as shown in the proof of A-II and A-V, €] is non-influential. That
is, all reciprocal hyperarcs in R; are non-influential, and by A-II, the distance between the transition
probability and the optimal transition probability is maximized. This happens for all v € H;. Therefore,

1 2o, cn,; Lmas
r(ei, Ri) = (m) (1 |Hi| - Loas

1\” |H¢|-£maz) ( 1 )a
= l— ] = x 0=0.
<‘Rl‘> ( |H1| “Lomax |R1|
We now show that r(e;, R;) > 0 holds. The suggested condition (Je; € R; : min(|H; NT;|,|T; N H{|) > 1)

is equivalent to the condition of A-VI. Thus, by A-VI, the inequality r(ej, R;) > 0 holds. Since
r(ei, Ri) = 0 and r(ej, R;) > 0, the following inequality holds: r(e;, R;) < r(ej, R;). O
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A.2.2 Proof of the Fact that HyperRec Satisfies Axiom 2

Through an example, Axiom 2 states that an arc that inversely overlaps with reciprocal arcs to a greater
extent should be more reciprocal. In addition, Axiom 2 is divided into two cases, which are formalized
in Generalized Axiom 2A and 2B respectively.

Proposition 2A. HYPERREC (i.e., defining r(e;, R;) as in Eq. (5)) satisfies Generalized Axiom 2A.

Proof. Since |R;| = |R;| = 1, the cardinality penalty terms on both sides can be discarded, i.e.,

ey = (L) (1 Buem Eonri)) ) Eeien, Lonpi)
©ves ‘Rz‘ |Hz|£maz N |H'L|£maz ’

Since |H;| = |H;|, the main inequality is rewritten as
r(es, Ri) < r(ej, R;)
= > Lpwph)> Y Lpph)- (17)

v, €H; vp€Hj

Each head set can be divided into two parts: Hj, \ Ty, and Hx NTy,, Vk = i,j. For Hy, \ T}, as described
in A-IV, the probabilistic distance is maximized to Lmax = log2. For Hy N T}, by using the fact that
Ty N H;, # 0, Vk = 14,7, we can derive L(pn,p;,) < log?2 holds, Vv, € Hp N T}, Yk = i,j by A-VL. One
more notable fact is that, since there is a single reciprocal arc for the target arc, £(pn, pj) is the same for
every v, € Hy NTy,. Here, let pi, Yk = i, j be the transition probability distribution regarding the target
arc ey and its reciprocal set Rj. We rewrite the inequality (17)

> Lpnivh) > Y Loniph)
v, €H; vp€H;
= [Hi\T;| x log 2 + |H; N'T;| x L(pi, p;) > |H;j \ Tj| x log2 + |H; NT}| x L(pj, ;)

Below, we show that this inequality holds for Case (i) and then Case (7).

Case (i): For Case (i), we first show that the inequality (17) is equivalent to L(ps, 5;) > L(D;,D;). The
intersection of the target arc’s head set and the reciprocal arc’s tail set is larger for e; than for e;. Thus,
the following inequality hold:

|H; \ T7| x log 2+ |H; N'T}| x L(Ps, p; ) > |H; \ Tj| x log 2 + [H; N'T5| x L(Ps, p;)-
Therefore, Eq. (17) is implied by

|H; \ Tj| x log2 + |H; N'T5| x L(Ps,P;) > |H; \ Tj| x log2 + |H; NT;| x L(pj,P;)

= |H; NTj| x L(pi, p7) > |H; NTj| x L(Dj,P})

= L(pi,pi) > L(p;, P;)-
Now, we show that L(pi,p;) > L(p;,p;) holds. To this end, denote the size of the intersection regions as
Fi =|T;NHj| < F»=|T; N Hj|. We can decompose the domain of v € V into four parts as

Tw N Hy, Ti\Hp, Hp\Ty, and V\{H,UTy}, Vk=1i,j

For the last part, both the transition probability and the optimal transition probability of it have zero
mass, i.e., pp(v) = pj(v) = 0, which results in no penalty. We only need to consider the first three parts
for comparison. Here, the probabilistic distance can be explicitly written as

L 11 1 1
,C(p“pi)—FlX€<?,Z)+(A—F1)><ﬂlog2+(T—F1)><ﬁlogQ,
Lo =Fex (2 1) 4 (A-F) x L log2+ (T — Fy) x — log2

p]ap] - 2 T’A 2 214 Og 2 2T Og ’
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where £ denotes a single-element comparison of JSD(P || Q) in Eq. (15). Let A = |H;| = |Hj| and
= |T;| = |T}|. Then, we can rewrite L(pi, p;) — L(Pj,p;) > 0 as

L(pi, pi) — L(pj,pj) >0
B 11
= (- )xé(T A)+(F2—F1)><<2A+—>log2>0

1 1
=(F2—F1) X <2A10g2+ log2 — Z(T’Z)) >0

B 2T 24 N
:(zAlongQAlogA_FTwLﬁlg2f—logA+T)>0 Sy —F1 >0
1, A+T 1, A+T

=gqloe g tople— >0

The inequality holds since log(x) > 0 holds for any x > 1. Hence, we show L(p:,5;) > L(p;,P;) and thus
the inequality (17) hold for Case (7).

Case (ii): For Case (i), we first show that the inequality (17) is equivalent to L(p:,p;) > L(p;,P;). The
inequality can be rewritten as

(IHs| = [Hi N'T{]) x log 2 + |H; N 'T}| x L(Bs, Py )

> (|Hj| = |H; NTj]) x log2 + |H; N Tj| x L(pj,D;)

= |, AT % (LG5, 1) — log2) > [H; N Y] x (£(55,5) — log 2)

_ |H;NTj| _ log2— L(pi, py)

~H:NTY| T log2 — L(p;,p})

o |H; NTy|,|H; NT;| > 0 and log2 > L(ps, i ), L(Dj,P;)-

By the condition of the axiom, the intersection of the target arc’s head set and the reciprocal arc’s tail set

is larger than for e; than for e;, and thus l\HJﬂT’| > 1 holds. Thus, Eq. (17) is implied by % <1,

which is equivalent to L(p:, p;) > L(pj,p;), holds. Now we show that L(p:,p;) > L(p;,p;) holds, which
is rewritten as

L(Phi»Ph.i) — L(Dh,j,Ph;) >0

= (I — )><€<T ;) (F2—F1)><<ﬂ+—)log220

1 1
= — — — s >
(F2 — F1) X (2A 10g2—|— log2 Z(T, A)) >0

Note that, unlike Case (i), where F} < F, holds, F1 < F5 holds for Case (i¢). If F» = Fy, then ths LHS
above becomes 0, and thus above inequality holds. If F» > Fi,

1 1
— J— — JR— >
(F2 — F1) X (2 10g2—|— log2 Z( , )) >0

B oT 24 y
(2Alog272A10gA+T+ﬁlog27—logA+T)>0 SRy —F1 >0
1 A+T 1 A+T
= ﬂl 7 + 71 ) > 0.
The inequality holds since log(x) > 0 holds for any x > 1. Hence, we show L(p:, p;) > L(p;,P;) and thus
the inequality (17) hold for Case (it). O

Proposition 2B. HYPERREC (i.e., defining r(e;, R;) as in Eq. (5)) satisfies Generalized Axiom 2B.
Proof. Since |R;| = |R;| = 1, the cardinality penalty terms can be ignored. The overall inequality is
re-written as

r(ei, Ri) <r(ej, Rj)

=1 ZviEHi ‘C’(ph?p;:,) <1 ZUjEHj [:(ph7p;k1)

o |H2| ‘[«maz ‘Hj| ‘L:maz

- ZijHj L(pn,pi,) < ZvieH,i L(pn,pr)

|H]| 'Emn,z |H'L| 'cmaz
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As in the previous proof, |H;| = |H,|, and L(ps,p},) is identical for every vy, € Hx NT}. Let pi,Vk =1, j
be the transition probability distribution regarding the target arc e, and its reciprocal set Ry. Here,
|H; NT]| = |H; NTj|, |T{| = |T;|, and the number of target arc’s head set nodes vy that satisfy
L(pn,pr,) < log2 is identical for both cases. Thus, the above inequality is re-written as

Dvyen; £0nPh) X, cp, L(Ph, k)
|H| maz |H| maz
= [H; N Tj| x L(p;, p;) < |Hi N Ti| x L(Ps, B;)
= L(p;,pj) < L(Pi, D7)

Now, we only need to show that the probabilistic distance between transition probability and the
optimal transition probability is greater in e; than in e;. Let A = |H;| > B = |Hj|. We can decompose
the domain of v € V into four parts as

TwNHj, Ti\Hp, Hp\Ts, and V\{HyUT:}, Vk=1i,j

Here, JSD(P || Q) in the second and fourth parts is identical for both cases. That is, we only need to
compare the probabilistic distances that are related to the first and third parts of the above four domains.
That is,

_ 11 B-F 11 A—F
FXK(B T)+ 2B 10g2<F><4<Z,T>+ 24 log 2,

where F' = |H; NT;| = |[H; NT};| and T = |T;| = |T;|. Note that A > B. Overall inequality is rewritten as

L(pj,p;) < L(PisP7)

_F (1 1 11 11
- (B A)log2>F><<Z(§,f)—é(Z,T))

To simplify the equation, we unfold £(p, q) as

g(ﬁ )log2>Fx(£<%,%)f£(%,%))
51(———>10g2>—10g 2B —&—Llog 2T — ! log 24 —Llog 2T
2\B A 2T B+T 2B B+T 2T A+T 2A A+T
- (L- >10g2> g 2B Ly 20 1,24 1, o
B T B+T B B+T T A+T A A+T
0> T 1 A 1 T

1 L iog C Clog X og
TOgB+T+BOB+T T®AsT A ®ALT

.- pull 2 inside each log term out

1, B(A+T) 1, B+T A4T
= —log ———-~ — =log —— 71
0>7le s+ B T TAeTT
AB+ BT T A T B . .
= log ————— 1 1 — =1 1+ — o Itipl h T
=0> OgAB+AT 1 og ( +T) 5 og ( +T) - multiply both sides by

‘We show that the last inequality holds by splitting it into two parts: log ﬁgif; <0and L 7 log (1 + %) -
T log (14 £) < 0. The first part is trivial since B < A implies

AB + BT

AB+ar - b

In the second part, each term is in the form of f(z) = 2 log (1 + z). Since f(z) is decreasing at = > 0,°
A > B implies

T B
—log(1+ =

T A
L loe (14 2y _
og(l+7) -5 7)

2 < 0.

O

6Note that (1 4 %)” is a well-known increasing function whose limit as  — oo is e. Thus, log(1 + %)” =zlog(1l+ %) is also
an increasing function, and since =’ = 1/z is decreasing at = > 0, ' log(1 + %) = %log(l + ) is decreasing at > 0.
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A.2.3 Proof of the Fact that HyperRec Satisfies Axiom 3

Through an example, Axiom 3 states that when two arcs inversely overlap equally with their reciprocal
sets, an arc with a single reciprocal arc is more reciprocal than one with multiple reciprocal arcs. Axiom
3 is split into two cases and each case is formalized in Generalized Axioms 3A and 3B respectively,
where an arc with a single reciprocal arc and an arc with exactly two reciprocal arcs are compared. In
Remark 1, we further generalize them to encompass a comparison of the former and an arc with two or
more reciprocal arcs and provide a proof sketch to show that these extended statements hold true for our
proposed measure.

Proposition 3A. HYPERREC (i.e., defining r(e;, R;) as in Eq. (5)) satisfies Generalized Axiom 3A.

Proof. Since the sizes of the reciprocal sets differ, the cardinality penalty term should be considered.
Here, r(e;, R;) and r(ej, R;) is rewritten as

_(1\® o e, L(PnsPh)
T(euRz) - (5) (1 - |Hz‘ R Acmaz )

Dven, ﬁ(mmi))

r(ej, R;) = (1 |H;|- L
7 mazx

Since a > 0, 7(es, R;i) < r(ej, R;) is implied by

<1_W)§<1_W>,

|H’L| 'Lmaz |HJ‘ 'L:maz
Since |H;| = |Hj|, the inequality is rewritten as
1_ thgHi [/(phmplt) < 1_ ZuheHj E(thp;i)
|Hz‘ '['maz - ‘Hj| ‘['maz
_ theHj ﬁ(ph,p;;) < ZuheHi E(Ph:PZ)
|H]‘ 'Acmaz B ‘H7,| ‘[«maz
= > Lpnpi) < Y Lpnoph)- (18)
uhGHj v €H;

For the target arc e;, since T}, = T}, pr for every vy, € H; has the same distribution. For the target
arc e;, since there is only one single reciprocal arc, p, for every v, € H; has the same distribution. Let
Pk, Vk =i, j be the transition probability distribution regarding the target arc ex and its reciprocal set
Ry;. Here, the inequality (18) is rewritten as

> Llpropi) < > Lpnopi)
v EH, vp €H;
= [H; NTj| x L(p;,p;) < |Hi N Tii| x L(pi, 5;)
Since e}y C(r) €i, €2 C(r) €i, €5 C(r) €5, and |Tj| = |T};|, the last inequality is rewritten as
|H; N T5| x L(pj,p;) < |Hi N Th| x L(pi, by )
= |Tj| x L(pj,p;) < |Th| x L(ps,p7)
= L(p;,p;) < L(Pi, P7)-
The proof can be done by showing the last inequality, £(p;, ;) < L (s, D; )-

In order to show L(p;j,p;) < L(Ps, i), we should take a close look at the transition probability in e;.
Since the head sets of the two reciprocal arcs do not overlap, the transition probability is

L ifve Hj;

2[H |
1 . /
Ph,i(v) = [HT,] if v e Hj,
i
0 otherwise.

Since ej; C(ry €i, €io C(r) €, and e C(gy €5, the domain of v € V can be divided into
Hz{lv H7{27 Tl \ {Hz/l U Hz{2}7 and V\Th fOI‘ €i,
HJ/ TJ\HJI7 and V\Tj, fore;.
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Since |T;| = |Tj|, the probability mass for the last part is identical for both cases. Let A = |H;|, B = |Hi|,
and T = |T;| = |T}|. Since H},Hjy C Ty, H]/ Cc Ty, HNHj, =0, and I( i UH{Q) NT| = IHJ/ NTyl,
|Hi1| + |Hs2| = |Hj| holds. Then, based on the above fact, we rewrite L(p;,p;) < L(pi, D) as

L(p;,p5) < L(pi, D)

EAXK(l,l)JrT Alog2

T A 2T
11 1 1 T-B—(A-B)
<B><€<T QB>+(A_B)XZ<T’2(A—B))+ 5T log 2
1 1 1
:AXZ(T A><B Z(T 2B)—F(A—B)XZ(T 54— B)) (19)
A 24 A 2T
E—l + —log
SA+T 24 B AFT
< Elog _1B —|—£log T
- 2T 2B+T 4B 2B+T
(A—-B) 4(A— B) (A—-B) 2T B
o7 lOgQ(A—B)—i—T 4(A—B)10g2(A—B)+T’ . unfold ¢(p, q)
= Mlog o+ o
o SA+T 24 B ATT
<£10g 2B —|—Blg T
- 2T 2B+7T 4B 2B+T
+(A—B)1Og 2(A—-B) +(A—B) log T
27 24— B)+T " 4(A—B) °2A—B)+T

where, for the last equivalence, we subtract (% + ) log2 = (— + 2A) log2 = (2T + 4B +4 S 54 4(3 A)) log 2
from both sides. We show the last inequality by dividing it into two and proving each. If the following
two inequality holds, the proof is done.

% log 7 i T = % log 2Bzﬁ T (A;TB) log 2(,%1(i1 ;)BJZ T (20)
1 A+T‘4lg2Bjj|—T+ lgﬁ @1
We first show the inequality (20). By multiplying by 27" both sides, we get
% log % = % log 232 f Tt (Az_TB) log 2(31@_1 ;)sz T
EAIOgAﬁT§B10g2B2—|B—T+(A_B)IOg% (22)
Here, we prove this inequality by using the functional form of f(B) = Blog % +(A—B)log %

where 0 < B < A. Its derivative is

%zlog@B) log(2B+T)+B(2ZB 2BQ+T)
7log(2(AfB))+log(2(AfB)+T)7(AfB)(2(A2_B)72(14_2B)+T).
— log (2B) — log (2B +T) — %
—log (2(A—B))+log(2(A—B)+T) + %
e 2B 2B, 2AA-B) 2(A - B)
T89B+T 2B+T  ®2A-B)+T " 2A-B)+ T

Thus, % =logz —x — (logy — y) for z = ZB+T and y = %, which satisfy 0 < z,y < 1, and it
has the following properties:

e If we plug in B = 2, f/(B) = 0 holds,
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e logx — x is an increasing function at 0 < x < 1,
e f0< B %, then (logy) —y > (logx) — z, which implies f'(B) < 0,
e If 2 < B < A, then (logz) — z > (logy) — y, which implies f'(B) > 0.
From these properties, we can derive
<0 if0<B< 2
f'(B)yg=0 ifB=4%
>0 if 4 <B<A.

Hence, when 0 < B < A, f(B) has its minimum value at B = A/2, and therefore the inequality (22),
which is equivalent to the inequality (20), holds. Now we show the inequality (21), which is rewritten as

1log T <110g T JrllogL
2 A+T — 4 2B+T 4 20A-B)+T
EllogT—2<llog £

4 (A+T)A+T) 4 2B+ T)2(A-B)+T)’

(2B+T)2A-B)+T) < (A+T)(A+T)
=4B(A— B) + 2AT + T < A’ + 2AT + T°
= A’ —4AB+4B* = (A—2B)* > 0.

The last inequality trivially holds. O

Proposition 3B. HYPERREC (i.e., defining r(e;, R;) as in Eq. (5)) satisfies Generalized Axiom 3B.

Proof. By following the proof of Proposition 3A, we can show that r(e; R;) < r(e; R;) is implied by

> Lpnpi) < D Lpr,ph)-

v, €H; vp€H;

Since T}1NT;5 = O and Hj; = Hj,, the transition probability for every v, € H;N{T;, UT},} is identical for e;.
This is also true for e, whose reciprocal set has only one arc. Let px, Vk = 4, j be the transition probability
distribution regarding the target arc ey and its reciprocal set Ry. Since |H; N {T}; U T} = |H; NTY|,
the above inequality is rewritten as

L(pi,pi) < L(p;,Pj)-
Since €}; C(r) €, iz C(r) €i; €5 C(r) €5, and |H;;| = |Hj|, the probabilistic distances for e; and e; are
identical. That is,

L(pi, pi) = L(P3,P}); (23)
and thus L(p:, p;) < L(p;,p;) also holds.

O

Remark 1 (Extension of Propositions 3A and 3B to Multiple Hyperarc Cases). Although the
statement of Proposition 3A presents a case with a single arc in R; and two arcs in R;, it can be
further generalized: a single arc in R; and K > 2 hyperarcs in R; under the following conditions, which
are equivalent to the current conditions for K = 2: (1) the head sets of the arcs in R; are disjoint and
their tail sets are identical, (2) all arcs in R; satisfy the condition of C(ry, and (8) the coverage of T; by
the head sets of the arcs in R; is of the same size as the coverage of T by the head set of the arc in R;.

We provide a proof sketch to demonstrate the validity of HYPERREC in this generalized setting. As in
the proof of Proposition 3A, it suffices to show that Eq. (24) holds, which generalizes Eq. (19),

11 11 11
- )< Bl [
AXE(T’A)*BM(T’KBJJr +BK€<T’KBK)’ (24)

where A = Zfil B;. Considering that the Jensen-Shannon Divergence (JSD) is an average of two
KL-divergence terms, which is a well-known convex function when one probability distribution is fixed
(1/T in our case), we can derive that each term € in Eq. (24) is also a convex function.

From this fact, we can apply Jensen’s Inequality, which states: f(aiz1 + -+ axzr) < aif(z1) +
- +ak f(xx) holds for a convex function f and non-negative coefficients ai,--- ,ax where Y .-, a; = 1.
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By considering the fact that Z(%7 x) is a convex function with respect to x, we derive Eq. (25) by setting
a; = Bi/A and ©; = 1/(KB;).

S (L KEN_, (L L B 1 Bk
T'A) \T'AK) \T’KB; A KBk = A
B 1 1 Bx 1 1
<=l =, == =1 = . 2
- A4<T’KB1>+ AZ<T’KBK> (25)
Multiplying both sides of Eq. (25) by A implies Eq. (24), which is the result we aim to show.
Similarly, we can further generalize Proposition 3B to case with a single arc in R; and K > 2 arcs
in R; under the following conditions, which are equivalent to the current conditions when K = 2: (1)
the tail sets of the arcs in R; are disjoint and their head sets are identical, (2) all arcs in R; satisfy the
condition of C(gy, and (8) the coverage of H; by the tail sets of the arcs in R; is of the same size as the

coverage of H; by the tail set of the arc in Rj. The proof provided for Proposition 3B can be directly
applied in this generalized setting to show the validity of HYPERREC.

A.2.4 Proof of the Fact that HyperRec Satisfies Axiom 4

Through an example, Axiom 4 states that an arc whose reciprocal arcs are equally reciprocal to all
nodes in the arc is more reciprocal than one with reciprocal arcs biased towards a subset of nodes in the
arc. The generalized statement of Axiom 4 is formalized in Generalized Axiom 4.

Proposition 4. HYPERREC (i.e., defining 7(e;, R;) as in Eq. (5)) satisfies Generalized Axiom 4.

Proof. By the definition, the inequality is rewritten as
r(ei, Ri) <r(ej, Rj)
_ ( 1 )“ | _ Zusen, £on,ph) _ ( 1 )‘” L 2 unen; £on,pr) .
| R |Hil - Lz | R, |Hj| - Lmaz
Let pi,Vk = ¢, j be the transition probability distribution regarding the target arc e, and its reciprocal
set Ry which does not rely on the starting node v;,. The above inequality is rewritten as

T(ei,Ri) < T(eijj)
E , *L Zv .‘c(phyp*)
<1_w> < <1—h€Hﬁh VR = 1R

|H7,| '[:ma:c |H]‘ 'Lmaz

D Llpnsph) < D Lpwoph) o |Hil = |H;

u;LGHj vp€H;
= L(p;,p;) < L(ps,p;) T = H; and T} = H,

Here, we prove the last inequality by showing that, in the above setting, (a) R; minimizes the
distance (i.e., L(pn,j,ph,;) = L(Pj,P;)), and (b) the distance is inevitably larger in all other cases. By the
assumptions, for the target arc e;, the corresponding reciprocal arcs have a head set of size 2, and the
number of reciprocal arcs equals the number of tail nodes (i.e., |R;| = |T}]). In addition, the head set of
every reciprocal arc is a subset of the tail set T; of e; and Tj = H;. Thus, Eq. (3), which is about e;,
implies that every node v € Tj in the tail set is included in two of the head sets of the reciprocal arcs.

Because of these facts, the transition probability can be written as
_1 1 _ 1 .
Ph,i (V) = a1 AT T ) ifv e T,

’ 0 otherwise,

Note that this is identical to the optimal transition probability.

Now, consider the case of e;. Here, due to Eq. (2), the transition probability cannot be uniform as
in the case of e;. Assume a node v;; € T; belongs to reciprocal arcs’ head sets K # 2 times. Then, the
transition probability assigned to vj; is p(vi;) = ﬁ x K # ﬁ This result indicates that the transition
probability of e; is not the only optimal one. Thus, the following inequality holds:

L(py,pj) < L(Ps, Pi)
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A.2.5 Proof of the Fact that HyperRec Satisfies Axioms 5-8
Proposition 5. HYPERREC (i.e., defining 7(e;, R;) as in Eq. (5)) satisfies Axiom 5.
Proof. This can be shown by using the known range of the probabilistic distance £(p, q) as follows:
L(pn, )
0< ——— < |Hi| (-0< 1q) < Lmaz, Vp,
< > £ SIHl (20<L(pq) < Lmaz, ¥P,9)
vp€H;
0 < Z’U}LGH«L ‘C(ph7p;kl)
- |Hz| N Emaz -
ZUhEHi ‘C'(phyp;;)
|Hz‘ . Emaz -

1\ 2 v, en, £(Pr,Pr)
| ZwmeH TP g S
<\Ri\> ( ] Lar ) =1 )

Proposition 6. HYPERREC (i.e., defining 7(G) as in Eq. (1)) satisfies Axiom 6.

0<1—

IN

0

IA

Proof. Recall that the hypergraph level reciprocity of HYPERREC is defined as

By the assumption, the size of every arc’s head set is 1, and thus each r(e;, R;) is rewritten as

1\" L(pn,pr)
)= 1 PP
T(e ) Rzg%?;(z#@ <|R1|) ( [/maz

where {v,} = H;. Here, the optimal transition probability is

i (o) = {1 if {v} =T,

0 otherwise.

For a case where the perfectly reciprocal opponent e; = (H; = T;, T; = H;) of e; exists (i.e., e; € E),
R, = {€;} maximizes (ﬁ)a (1 - %ﬁ) since it minimizes both |R;| (to 1) and L(pn,p;) (to 0).
Thus, r(e;) becomes 1.

For a case where the perfectly reciprocal opponent e; = (H; = T;,T; = H;) of e; does not exist (i.e.,
e; ¢ E). Then, for each arc ey in the reciprocal set R;, since |H;| = |T;| = |Hg| = |Tx| =1, HiNTp, =0
or T; N Hy, = () should hold. Thus, there is no transition possibility from any node in € H; to any node in
T;, and as a result, pn(v) = 0, Vv, € H;, Vv € T;. Hence, for every R; C E, by A-I1, L(pn,p},) = Lmaz,
and thus r(e;) = 0.

If we consider both cases together, r(e;) becomes an indicator function that gives 1, if there exists the
perfectly reciprocal opponent, and 0, otherwise. Formally,

1
(6 = 5 (e

|E|

! > " 1(3¢; € E such that H] = T, and T} = H,),
=1

1B
where 1(TRUE) = 1 and 1(FALSE) = 0; and this is identical to the digraph reciprocity measure [Newman
et al., 2002, Garlaschelli and Loffredo, 2004], i.e., |E|/|E|. O
Proposition 7. HYPERREC (i.e., defining 7(G) as in Eq. (1)) satisfies Axiom 7.
Proof. Recall that the hypergraph-level reciprocity of HYPERREC is defined as

|E| |E|
1 Z 1 Z
r(&) = |E| i=1 o) = B i=1 R'igr%?‘gi#@T(ei’Ri)
By Axiom 5, 0 < r(e; R;) <1 for any e; and R;. This implies 0 < Eli‘l r(e;) < |E|, which is equivalent

1
to 0 < r(GQ) = ﬁ Zlill r(e;) < 1.
]
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Proposition 8. HYPERREC (i.e., defining r(G) as in Eq. (1)) satisfies Axiom 8.

Proof. We first show that the maximum value of HYPERREC is attainable under the given condition of
Axiom 8. From an arbitrary hypergraph G, let E' = {e; € E : (T;, H;) ¢ E} be the set of arcs whose
perfectly reciprocal opponents do not exist in G. Let F%4 = UemeE’ (T3, H;) be the set of perfectly
reciprocal opponents of the arcs in E’. If we add E% to G, which gives GT = (V,E¥t =EU E“dd),
then for each arc e; € E™, the perfectly reciprocal opponent e} = (H; = T;,T] = H;) of e; exists (i.e.,
e; € ET), and thus

/ >opem; L(on, i)
r(e:) = r(ei, {ei}) = (1 - M)

04---+0 .
( |Hz‘ '[/maz> ( Pn ph)

L,

which implies that r(G") = E+| Z‘E Ir(es) = 1.

We now show that the minimum value of HYPERREC is attainable under the given condition of
Axiom 8. From an arbitrary hypergraph G = (V| E), let E~ = {e;} be a hyperarc set that contains any
single hyperarc e; € E. For a hypergraph G~ = (V, E7), the only possible choice of R; is R; = {e;} since
R; should be a non-empty set and there exists only a single hyperarc e; in G™, and thus

S, e, L(on,ph)
r(e;) = r(ei, {e;}) = (1 - M)

- (1 - W) (.- A-IV and A-V)

0,
which implies that r(G™) = r(e;) = 0. O

A.3 Proof of Theorem 2

Proof. Refer to Section 3.4 for the definition of ®;((H;,T;)). Given a target arc e;, let e, and e, be two
arcs in a set ®;((H;,T;)) where A = |H,| < B = |Hp|. Consider an arbitrary reciprocal set R; C E.
We use p(;,q,n) to denote the probability distribution at each node v € H] when the reciprocal set is
R; U{e.}. Then, probabilistic distance between p(; o n) and pj, is rewritten as

1 Kqin(v) 1 Kqin(v)
. Z > Z 2\
L(p(z,a,h)7ph Z Tz ) K—|—1 + A Z Tz ) K + 1 )

’UET/ vET; \T’

KQ(Z h)(v
g 2 log2, (26
+ > 2K + 1) + Z 2A(K +1) 8 (26)

ve(U ; HO\T; vEHa\T
Ck€E(; )

where E(; ) = {ex € Ri : vp € Ty}, K = |Ej;|, and qq n is the probability distribution at each
node vy, € H] when the reciprocal set is R;. It should be noticed that the definition of H, and T,
H =T,NH; =TyNH; and T; = H,NT; = Hy, NT; hold. In the same way, we define p(; 5 ) is as the
probabilistic distribution at each node v, € H; when R; U {es} is the reciprocal set. Then, L£(p(.s,n), Ph)
can be rewritten as in Eq. (26).

We prove the theorem by showing that L£(p(,a,n), Ph) < L(Peb,n),pr) holds for every v, € H; =
H;NT, = H; NT,. Note that the second and third terms of the RHS do not depend on e, and ep, and
they are identical in L£(p(i,a,n), ) and L(p,b,n),Ph)- Thus, we rewrite L(pi a,n),Ph) < L(P@,b,h)> Ph) a8

L(P(i,a,h) PZ) < L(p(,b,n), Ph)

K‘I(ih)(v)
= ’ AT 82
1 Kq(ih)(v) 1 1
<S¢ * ——_log2.
—Z T K1 TBEED T Z 2B(K +1) 8

vEH\T;
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For simplicity, let |T;| = T abd |Tj| = F. Then, the above inequality is rewritten as
1 Kq(i,h)(v) n
B(K +1)
(27)

(

Sk Kent) 1y gL
T K+1 AR+ T TR+
A-F log2 .
), and let p’ = g(; p)(v"). Then,

veT!
B-F
< log2 —
SO9BK +1) 277 2A(K + 1)
Kaqei,py(v) Kaqei,py(v)
%7 ;H}-L)l + A(Kl+1)) _é(%7 1(1(4}-01 + B(I%-‘-l)
Kqg
1 oL dan®) 1 )
7" K+1 @ B(K+1)

Let v" = argmax, 1 £(
the following inequaflity holds:
1 Kq,n(v) -
A(K +1)
1 Kyp 1
T BERTD)

ZE(T’ K+1
UET{
1 Ky 1

<F - — (=

S e T amsn) TR
Thus, the inequality (27) is implied by

1 Kp 1 1 Ky 1
ExUG watawgsy) " x11 T BRI D)
log2 = Bk +1)

(28)

log2 .

< F
= 2A(K + 1)
By unfolding ¢ in the LHS and dividing both sides by F', the inequality (28) is rewritten as
1

1 t_1
)*A B
2 /
Il 1, Kp
T —
1 )+2(K+1+A(K—|—1)
1, Ky 1
)= 5( + ) log(
1 2'K+1 B(K+1) i+K+1

1
)log( ;
l_i_P +ﬁ

1
T T
1
— (P
A T
and Pg = P’ + m, where P4 > Pp. Then, by cancelling

T
1
AK+D)

Kp' Let Pa=P' +
out all identical terms, the above inequality is simplified as
1
1 T )

where P = K41

%—FPA)

P,
B) — Palog(

(29)

(30)

1 )TPB
log <0.
<(1 )T >
The inequality (29) is trivial since P4 > Pp. For the inequality (30), the numerator and the denominator
are in the form of f(n) = (14 £)", which is a non-decreasing function. Thus, the denominator is always
greater than or equal to the numerator, thus satisfying the inequality. (I
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A.4 Proof of Corollary 1

Proof. Since HYPERREC measures a weighted average of the probabilistic distances that are defined for
each head set node of the target arc, we consider each head set node v, € H; of the target arc e;. Since
the tail set size of every arc is identical to 1 (i.e., |T;| = 1), there exists at most one arc in ¥; that covers
a specific node vy, in the head set H; of the target arc, i.e., Vv, € H;,

|{€k eV, v, € Tk}| <1, (31)

Let v’ be the target arc’s tail set node, i.e., T; = {v'}. Then, by the definition of ¥;, v’ is included in the
head set of every ex € W;, i.e., Ver € U;,

v' € Hy. (32)
Eq. (31) and Eq. (32) imply that, Ver, € R; C ¥;, Eq. (33) holds.
. 1 1
JSD(pn || p) :((17?)+ Z 5(07?)- (33)
\Hel " i~y sl
vEH R \{v
Let A = |Hg1| and B = |Hya|. Then, Ve, e € R C U, s.t. |Hp| < |Hpol,
JISD(pn1 || pr1) < ISD(pn2 || Pha) (34)
1 1 1 1
=L+ Y A0 ) S UL )+ Y A0, )
H H H H
R R
1 2 2A A—
= —log 71 1 2
2AO( Tra) Tl T g e
2 1 2B B —
< il 2 2 -
= 23 los(755) * 210g(1+B)+ 2B "log2
_ A(B+1) 1 1 1 1
= log( ) + (5 - ) o2+ los((1+ B)F) —log(1+ %) < (5 — )log2
A(B+1) (1+B)®
=lo + log(————) <0, 35
ST e ) (3)

We prove the inequality (34) by showing that both first and second terms of the LHS of the inequality
(35) are smaller than or equal to 0. Since A < B, it is trivial that the first term is smaller than or equal
to 0. The second term has a functional form of log(f(z)/f(z’)) where f(z) is a non-increasing function

and z < 2, and thus the second term is also smaller than or equal to 0.
In addition, let e}, € ¥; be the only arc where Tj, = {vs}. Then, the probabilistic distance at a each
head set node v;, depends on whether e'h is in any reciprocal set R; C W, as follows:

/ * . /
ammm={”mm'“)ﬂﬁeﬁz (36)
Lomaz otherwise,

where pj, is the probability distribution at v, when the reciprocal set R; = {e}}, p;, is the optimal
probability distribution at a node vy, € H;.
By Eq. (31) and Eq. (36), for any R; = {ej1, - ,en} C ¥;, Eq. (37) holds.

oy (INT [ ISD(ha |l Pra) + -+ ISD W || Phie) + ([Hi| — k) X Linas
r(es, R;) = (k) (1 o] % Lonas , (37)

where T,; = {vn;} for every j € {1,--- ,k}. In addition, Eq. (37) and the inequality (34) imply that
drawing k reciprocal arcs from ¥; in ascending order of their head set size achieves the maximum
reciprocity for fixed k. Let I';  be such a reciprocal set. Formally, if we let I';  be a subset of ¥; such
that [Ty k| = k and |H,| < |He|, Ves € Tik, Ver € {W; \ '}, then argmaxp, c g, 5.4 (g, =1 T(€i, Bi) = Tik
holds. O

B Appendix: Limitations of Baseline Measures
In this section, we show why several baseline measures fail in satisfying some of Axiom 1-8. Below,

We use G; = (Vi, E;) and G; = (V}, E;) to denote the hypergraphs on the left side and the right side,
respectively, of each subfigure of Figure 2.
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Table 10: Violation of Axiom 3. We use G; and G to denote the hypergraphs on the left side and the right
side, respectively, of each subfigure of Figure 2. This table reports the computed reciprocity values, r(G;)
and 7(G;), of [Pearcy et al., 2014] (B1), and the computed reciprocity values, r(e;, R;) and r(e;, R;), of the
ratio of covered pairs (B2) and HYPERREC without size penalty (B5), for Figures 2(d)-(e). In order to satisfy
Axiom 3, r(e;, R;) < r(e;, R;) (or r(G;) < r(G;)) should hold in both subfigures. Note that, B1, B2, and
B5 cannot satisfy the inequality in at least one subfigure.

Figure 2(d) (Axiom 3A) Figure 2(e) (Axiom 3B)

r(e;, R;) or r(G;) r(ej, R;) or r(G5) r(ei, R;) or 7(G;) r(ej, Rj) or m(Gj)
B1 (Pearcy et al. [2014]) 0.2093 0.2093 0.2093 0.2093
2 (Ratio of Covered Pairs) 0.5625 0.5625 0.5625 0.5625
B5 (HYPERREC w/o Size Penalty) 0.6333 0.6446 0.6446 0.6446

Table 11: Violation of Axiom 4. The computed reciprocity values, r(e;, R;) and r(e;, R;), of the ratio of
covered pairs (B2) and the penalized ratio of covered pairs (B3) with a = 1 in Figure 2(f). While r(e;, R;) <
r(e;, R;) should hold to satisfy Axiom 4, the inequality does not hold for B2 and B3.

Figure 2(f) (Axiom 4)
rlei, Ri)  rlej, Ry)

2 (Ratio of Covered Pairs) 1.00 1.00
B2 (Penalized Ratio of Covered Pairs) 0.25 0.25

B.1 Violations of Axiom 3

We show how several baseline measures violate Axiom 3. In Figures 2(d)-(e), r(e;, R;) < r(ej, R;) should
hold in order to satisfy Axiom 3. However, we numerically verify that r(e;, R;) = r(ej, R;) hold for some
baseline measures, which violates Axiom 3.

B1. [Pearcy et al., 2014]: They use clique expansion, which transforms every hyperedge of a hypergraph
to a clique of a pairwise graph (e.g., ({v1}, {v2,v3}) = {{{v1}, {v2}), {v1},{vs})}). Through this process,
the original hypergraph is transformed into a weighted digraph (see Section 2.2). Since Pearcy et al. [2014]
do not propose any arc-level reciprocity, we compare its hypergraph-level reciprocity for counterexamples
regarding Axiom 3. That is, we compare r(G;) and r(G;) in Figures 2(d)-(e). As reported in Table 10,
r(G;) = r(G;) = 0.2093 and r(G;) = r(G;) = 0.2093 hold in Figure 2(d) and Figure 2(e), respectively,
violating Axiom 3.

B2. Ratio of Covered Pairs: We compare the ratio of covered pairs (B2), which is arc-level reciprocity,
in Figures 2(d)-(e). As reported in Table 10, r(e;, Ri = {€}1,eia}) = r(ej, R; = {€}}) = 0.5625 and
r(ei, Ri) = r(e;, Rj) = 0.5625 hold in Figure 2(d) in Figure 2(e), respectively, which violates Axiom 3.
B5. HyperRec w/o Size Penalty: As reported in Table 10, r(e;, Ri = {e}y, eia) = r(e;, Ry = {€}}) =
0.6446 holds in Figure 2(e), which violates Axiom 3.

B.2 Violations of Axiom 4

We show how several baseline measures violate Axiom 4. In Figure 2(f), r(e;, R;) < r(ej;, R;) should
hold in order to satisfy Axiom 4. However, we numerically verify that r(e;, R;) = r(ej, R;) hold for some
baseline measures, which violates Axiom 4.

B2. Ratio of Covered Pairs: As reported in Table 11, r(e;, R; = (Es \{ei}) =r(ej, R; = E;\{e;}) =
1.00 holds in Figure 2(f), which violates Axiom 4.

B3. Penalized Ratio of Covered Pairs: As reported in Table 11, r(e;, R; = (E; \ {e:}) =r(ej, Rj =
E;\ {e;}) = 0.25 holds in Figure 2(f), which violates Axiom 4.
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B.3 Violations of Axiom 5

B4. HyperRec w/o Normalization: In order to satisfy Axiom 5, reciprocity should always lie in a
fixed finite range. Here, we demonstrate that (B4) violates Axiom 5 by showing that its reciprocity
value can become infinite. Recall that (B4) is defined as

& . L(pn, D5,
r(en, Ri) = (|1r1zi|) (|Hiw>. (38)

Consider a case where R; = {e; = (T}, H;)}. Then, for each vy, € H;, L(pn,p;,) = 0 holds. In turn, Eq (38)
becomes r(e;, R;) = |H;|. In this case, as |H;| approaches infinity, r(e;, R;) also becomes infinite. Since
the value of (B4) does not lie in a fixed finite range, (B4) violates Axiom 5.

B.4 Violations of Axiom 6

Figure 8: A counterexample that shows that some baseline measures fail to satisfy Axiom 6.

B1. [Pearcy et al., 2014]: Consider the digraph in Figure 8 The digraph reciprocity of the digraph is

r(G) = % since E = {e1,e2,e3}, and B = {e1,e2}. In this case, however, the clique-expanded adjacency

matrices of the digraph and the perfectly reciprocal hypergraph are

0
A=11
0

S O =
=)

1 ) 11
0] and A’ = 0 0
0 0 0

Thus, according to the definition in [Pearcy et al., 2014], the reciprocity becomes % = 0.5 because

tr(A?) = 2 and tr(A’%) = 4. Since 2 o 2 [Pearcy et al., 2014] (B1) violates Axiom 6.
B6. HyperRec with All Arcs as Reciprocal Set: According to Axiom 6, a hypergraph reciprocity
value should equal 2/3 = 0.6667 in Figure 8. If we let @ = 1, then the overall hypergraph-level reciprocity

(r(@)) based on HYPERREC with all arcs as the reciprocal set (B6) is

r(ei, {e2,e3}) =0.5, r(e2,{e1,es}) =0.3444, and r(es,{e1,e2}) =0

r(e1, {627 63}) + T(627 {617 63}) + 7"(63, {617 62})
3

= 0.2815 # 0.6667

r(G) =

~0.5+0.3444 40
D e—

which violates Axiom 6.

B.5 Violations of Axiom 8

B6. HyperRec with All the Arcs as Reciprocal Set: Even when there exists the perfect reciprocal
opponent of a specific arc, the transition probability cannot be identical to the optimal transition
probability if there exists another inversely overlapping arc (see the target arc ez’s case in Figure 8).

B7. HyperRec with Inversely Overlapping Arcs as Reciprocal Set: As in the previous case, if
there exist multiple inversely overlapping arcs, all of them are included in the reciprocal set. As a
result, for such arcs, the cardinality penalty term gets smaller than 1 (i.e., (1/|R;|)® < 1), resulting in
r(es, R;) < 1. Consequently, the overall hypergraph reciprocity becomes smaller than 1.
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C Appendix: Data Description

In this section, we provide the sources of the considered datasets and describe how we preprocess them.

Metabolic datasets: We use two metabolic hypergraphs, iAF1260b and iJO1366, which are provided
by [Yadati et al., 2020]. They are provided in the form of directed hypergraphs, and they do not require
any pre-processing. We remove one hyperarc from each dataset since their head set or tail set is abnormally
large. Specifically, the size of their head sets is greater than 20, while the second largest one is 8. Each
node corresponds to a gene, and each hyperarc indicates a metabolic reaction among them. Specifically, a
hyperarc e; indicates that a reaction among the genes in the tail set T; results in the genes in the head
set H;.

Email datasets: We use two email hypergraphs, email-enron and email-eu. The Email-enron dataset
is provided by [Chodrow and Mellor, 2020]. We consider each email as a single hyperarc. Specifically, the
head set is composed of the receiver(s) and cc-ed user(s), and the tail set is composed of the sender. The
Email-eu dataset is from SNAP [Leskovec and Krevl, 2014]. The original dataset is a dynamic graph
where each temporal edge from a node u to a node v at time ¢ indicates that u sent an email to v at time
t. The edges with the same source node and timestamp are replaced by a hyperarc, where the tail set
consists only of the source node and the head set is the set of destination nodes of the edges. Note that
every hyperarc in these datasets has a unit tail set, i.e., |T;| = 1,Vi = {1,--- ,|E|}.

Citation datasets: We use two citation hypergraphs, citation-data mining and citation-software,
which we create from pairwise citation networks, as suggested by [Yadati et al., 2021]. Nodes are the
authors of publications. Assume that a paper A, which is co-authored by {v1,v2,v3}, cited another paper
B, which is co-authored by {v4,vs}. Then, this citation leads to a hyperarc where the head set is {va4,vs}
and the tail set is {v1,v2,v3}. As pairwise citation networks, we use subsets of a DBLP citation dataset
[Sinha et al., 2015]. The subsets consist of papers published in the venues of data mining and software
engineering, respectively.” In addition, we filter out all papers co-authored by more than 10 authors to
minimize the impact of such outliers.

Question answering datasets: We use two question answering hypergraphs, gqna-math and gna-
server. We create directed hypergraphs from the log data of a question answering site, stack exchange,
provided at [Archive, 2022]. Among various domains, we choose math-overflow, which covers mathematical
questions, and server-fault, which treats server related issues. The original log data contains the posts of
the site, and one questioner and one or more answerers are involved with each post. We ignore all posts
without any answerer. We treat each user as a node, and we treat each post as a hyperarc. For each
hyperarc, the questioner of the corresponding post composes the head set, and the answerer(s) compose the
tail set. Note that every hyperarc in these datasets has a unit head set, i.e., 1 |H;| =1,Vi={1,---,|E|}.
Bitcoin transaction dataset: We use three bitcoin transaction hypergraphs, bitcoin-2014, bitcoin-
2015, and bitcoin-2016. The original datasets are provided by [Wu et al., 2021], and they contain
first 1,500,000 transactions in 11/2014, 06/2015, and 01/2016, respectively. We model each account as a
node, and we model each transaction as a hyperarc. As multiple accounts can be involved in a single
transaction, the accounts from which the coins are sent compose the tail set, and the accounts to which
the coins sent compose the head set. We remove all transactions where the head set and the tail set are
exactly the same.

"We use the venues listed at [Wikipedia, 2022]
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