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Abstract—Reset control systems have possessed the potential
to meet the demands of machines, such as faster response
times, improved disturbance rejection and enhanced tracking
performance. However, prior research on the analysis and design
of reset controllers has been restricted to the assumption of
two resets per period, neglecting multiple-reset scenarios. In
light of this, we focus on the frequency-domain analysis of
Infinite-reset Control Systems, which serve as the limit case of
multiple-reset control systems, and propose a new model for
their analysis. Through this model, the sensitivity functions of
Infinite-reset Control Systems are characterised, linking their
frequency-domain and time-domain behaviour. The effectiveness
of the infinite-reset system is evaluated through simulation of
a reset control system case. The results reveal that the infinite-
reset system demonstrates improved accuracy in prediction in
multiple-reset systems compared to the previous analysis meth-
ods. Furthermore, this study provides a deeper understanding of
the reset systems.

Index Terms—reset control system, infinite-reset systems,
frequency-domain analysis, sensitivity functions

I. INTRODUCTION

The use of controllers in the precision motion industry is
crucial for achieving precise positioning in machines. How-
ever, it can be challenging for traditional linear compensators
to meet the demands for high speed and precision due to
the limitations imposed by the Bode gain-phase relationship
and the waterbed effect [1]. As a result, the development of
nonlinear controllers that can overcome these limitations is
necessary. One such potential alternative is the reset controller
(RC), which has the advantage of being easily integrated into
conventional design frameworks and has thus been gaining
increasing attention in both academic and industrial settings
(2], [3].

The concept of the Reset Controller (RC) was first in-
troduced by Clegg in 1958 with the development of the
Clegg Integrator (CI) [4]. The CI, a linear integrator with an
internal reset mechanism, has the ability to reset its output to
zero when the input signal crosses zero. Through the use of
Describing Function (DF) analysis, it was found that the CI
has a phase lag of only 38.1° compared to the 90° phase lag
of a traditional linear integrator. This phase advantage of the
CI demonstrates its ability to overcome the Bode gain-phase
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trade-off restriction. In the 1970s, Horowitz, et al. developed
the first-order reset element (FORE) and a quantitative design
procedure for it [5], [6]. The FORE, which combines a first-
order linear low-pass filter with a reset law, has been found
to perform well in disturbance-tolerance. Subsequently, the
field of RC has attracted increasing attention, leading to the
development of various reset elements, see [7], [8], [9], [10],
[11], [12], [13].

Frequency-domain techniques are easy-to-use, ‘industry-
friendly’ design tools for reset control systems (RCSs) [14]. In
open-loop, Higher-order sinusoidal input describing function
(HOSIDF) have been utilised to analyse the frequency-domain
properties of each harmonic of RCSs [15], [16] [17]. In
closed-loop, numerical evaluation for RCSs was proposed
in [18], however, this method is not suitable for the loop-
shaping technique. In [3], the authors developed a frequency-
domain based analysis method for RCSs in closed-loop but
failed to include reset actions of higher harmonics in output
signals, which will cause deviations. In [19], a model for
analysing closed-loop RCSs was developed to overcome these
deviations and achieve precise loop-shaping analysis of Single-
input single-output (SISO) RCSs.

However, the above analytical methods for RCSs in closed-
loop are limited to scenarios with two resets per period,
thereby excluding multiple-reset situations, such as in [20],
[21]. The frequency-domain characteristics of Multiple-reset
Control Systems (MRCSs) are not well-understood. How-
ever, directly analysing the nonlinear elements of MRCSs is
redundant. Therefore, we investigates the frequency-domain
properties of the extreme case of the MRCS: Infinite-reset
Control System (IRCS).

The overall structure of the study takes the form of five
sections. Section II introduces the definition of the RCS, its
stability and convergence analysis, and analysis methods for
RCSs. Section III demonstrates the two main contributions
of this study: (1) We demonstrate that all closed-loop RCSs
can be separated into their base-linear systems (BLSs) and
corresponding nonlinear components; and (2) we develop a
new frequency-domain based model for analysing the IRCSs.
Additionally, sensitivity functions of the IRCS that connect the
frequency-domain and the time-domain are developed. Then,
the performance of the proposed technique is validated by the
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simulation in an RCS in section IV, showing its effectiveness.
Finally, concluding remarks are illustrated in section V. It
should be notes that the IRCS is an extreme case. In practice,
RCSs will not experience infinite reset intervals and lead to
Zenoness.

II. PRELIMINARIES

This section presents the definition, the stability and conver-
gence conditions, and current frequency-domain analysis tools
for the RCS.

A. General Reset Control System

Figure 1 shows the block diagram of a general RCS in
closed-loop. It includes a reset controller represented by the
block C, a plant embodied by the block P, in which r(t), e(t),
u(t), and y(t) are the reference input signal, error, control
input, and system output signals respectively. In this study,
we have restricted our attention to the analysis of SISO RCSs
with the reference input signal given by r(¢), and the process
disturbance d(t) and measurement noise n(t) are not taken
into consideration.

d(r) n(t)

(1) e(f) u(f) P y(t)_>
— I

Fig. 1: Block diagram of the RCS, where the dashed-line
represents the resetting action.

The RCS is a class of hybrid systems whose flow map
is identical to its linear counterpart, while the jump map is
a resetting mechanism [22], [23]. The jump set is based on
different reset laws. The classical reset law is “zero-crossing
law” where the output will be reset when the input signal
crosses zero. The state-space model of a general RCS can be
represented as follows:

2y (t) = Apz,(t) + Bre(t),
e (t7) = Ay (1),

u(t) = Crzr(t) + Dre(t),
where z,(t) € R is the RC state, and n. is the number of

the states; Agr, Br, Cr, Dg together describe the dynamic of
the BLS; A, defines the reset matrix:

when e(t) # 0

C= when e(t) =0 (1)

Ap = 7 77:diag(717’72a"' 7’7T)a (2)
I

with ~,. € [—1,1] showing that the RC state resets to
its proportional value. There are two type of states in A,:
nonlinear reset states with number of r , and [ linear states,
where n, = r + 1.

In Fig. 1, the state-space representations of the plant P are
defined as

b {%(t) = Apay(t) + Bpu(t). )

y(t) = Cpay(1),

where Ap, Bp, Cp describe the dynamic of the plant, x, €
R™» is the plant state, and n,, is the number of plant states.

Neglecting the exogenous input signal r(¢) and combining
C in (1) and P in (3), the state-space representatives of the
closedOloop RCS denoted by # is given as

{,C(t) = Aclx(t),
x(t+) = Arx(t)a

y(t) = Caz(t),
T

where 2T = [2,T 2,7] € R™ with nj;, = n. + n, being the
number of H states, and J := {x € R"|Cyz = 0} is the
set of reset instants meeting the condition of e(t) = 0. The
state-space matrices are given as

| Ar —BgrCp _ 4,
Acl = |:BPCR AP :| aOcl = [0 CP] aAT = |: (Ij)

when z ¢ J

H = when z € J 4)

B. The Stability and Convergence Conditions for RCSs

For an RCS, we need to guarantee its stability and conver-
gence. The Hg condition presented in proposition 1 provides
sufficient conditions for L, (bounded input bounded state)
stability for the closed-loop RCS driven by periodic inputs.

Proposition 1. (Hg condition [7], [24]) The RCS in (4) is
quadratically stable if and only if the Hg condition holds, i.e.,
there exists a f € R" and a positive definite matrix P, € R™*"
such that the transfer function

0
Hy(s) 2 [BC, Opq Po](sI—Ag)" | 0T, |, (6)

I’I'XT

is Strictly Positive Real (SPR) and additionally a non-zero
reset matrix A, satisfies the condition

AlP.A, - P, <. (7)

If the Hg condition holds, then RCS has the uniform
bounded-input bounded state (UBIBS) property. Besides, [25]
provides the Lo stability of reset systems. Except for the
stability conditions, for nonlinear systems, extra convergence
conditions for the closed-loop RCS under periodic inputs are
provided in [26], [27].

C. Frequency-domain Analysis Tool for Two-reset Control
System

In open-loop, HOSIDF is applied to analyse RCSs [28]. The
function H,,(w) is defined to describe the ratio of the control
input signal u(t) to the error signal e(t) at steady-states, where
n is the number of harmonics and w is the frequency of input
signal e(t). H,(w) [3], [28] is given by

Cr(jnwl — AR)~1jOp(w)Bg, for odd n > 2
0, for even n > 2

®)

CR(jUJI — AR)il(I +j®D(w))BR + Dpg, forn=1
Hy(w) =
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with

A(w) = w?T + AR?,
Aw) = I + el&4r)
AT-(LU) =1+ Ape(gAR), (9)
Fo(w) = A7 (@) ApA W) A~ (w),
9,2
Op(w) = L AW)[T(w) ~ A~ )]

In closed-loop, assuming there are two reset instants per
period, the sensitivity functions of a RCS are given in the
following Proposition [19].

Proposition 2. (Sensitivity functions for the RCS with two
reset instants in closed-loop) In a RCS (4), for a sinusoidal
reference signal r(t) = sin(wt), S, (w) (n € N) and T, (w) are
defined to be the n-th sensitivity function and complementary
sensitivity function of the RCS in closed-loop given by

who o
Snlw) = _FﬁNLL(SZ;) ' |e1i£o(iw)|’ for oddn =2 (10)
0, for even n = 2
Lo prned
_ L (nw ,—inLLo(w
To(w) = 1+N£L(W)> Eate foroddn=2 (1)
0, for even n = 2
with
Lo(nw) = L(nw) + TLyL(nw),
L(nw) = R (nw)P(w),
Lyr(nw) = Ry ( w)P(nw), (12)
Rp(w) = Cr(jwl — Ag) ' Bg + Dg,
Ryp(nw) = *Ra(nw)R(s (W) [H1(w) = Re(w)],

where T'(w) is given by
ra -1 (1 - Smallrhtne)),

n(w)
C(nw) = —|Lni(nw)| cos(LLyi(nw))
n(nw) = (

1+ | Ly (nw)| cos(£ Ly (nw))’

A, —1)|Cyp(w)|sin(rm + £Cy(w)), (reN).
(13)

However, there is a lack of frequency-domain analysis
methods for multiple-reset control systems. To address this
gap, we develop a frequency-domain analysis method for
multiple-reset systems based on the limit-case of infinite-reset
systems.

III. METHODOLOGY

This section is primarily focused on the development of a
frequency-domain analysis method for Infinite-reset Control
Systems (IRCSs). Additionally, a comparison metric is estab-
lished to evaluate the performance of the proposed method
compared to previous methods. Note that IRCSs are are limit
cases of MRCSs and are distinct from the zenoness scenario.

A. The Piece-wise Model of RCSs

In this subsection, we show the outputs of a general RCS
are piece-wise functions. Furthermore, RCSs are proved to be
the sum of their BLSs and stair-step inputs.

Suppose that the reference signal r(¢) in Fig. 1 is a
sinusoidal wave given by r(t) = Rpsin(wt) and Cp(w) is
the base-linear controller. The open-loop transfer function,
sensitivity function, complementary sensitivity function, and
control sensitivity function of the BLS denoted by Ly (w),
Spi(w), Toi(w), and CSy;(w) respectively are given by

Ly (w) = Cp(w)P(w),
Soulw) = 1+lel(w)
Tou(w) = 1?2(“ )w) "
CSulw) = 5.

The control input signal w,(¢), error signal ey (t) and output
signal yp; () of the BLS are given by

upi(t) = Ro [CSp(w)|sin(wt + £LCSp(w)),
epi(t) = Ro |Spi(w)|sin(wt + LSy (w)), (15)
ypi(t) = Ro | Tor(w)] sin(wt + LTy (w)).
Rs(w) is defined for calculation convenience given by
Rs(w) = Crjwl — Ag)~"juwl. (16)
The unit Heaviside step function h(t) is defined by
1, t>0
h(t) := {O, L <0 17)

hs(t) and h,s(t) represent the step responses of h(t) with
respect to Rs(w)Sp ( ) and Rs(w)P(w)Spi(w):

hs(t) = F 7 [H(w) - Rs(w)Su(w)],
hps(t) = y_l[H(w) “ R (W) P (w)Sei(w)],

with H(w) being the Fourier transform of h(t).

tr := {e(t;) = 0| € N} is defined to be the set of reset
instants, with £y = 0. ¢;” denotes the before-reset state while
the ¢ denotes the after-reset state. Afterwards, uppercase
letters are used to indicate the frequency-domain components,
while lowercases denote time-domain ones as per convention.
The RCSs in the paper are under the zero initial condition.

(18)

Lemma 1. (The first reset instant) Suppose the input signal
of the RCS is a sinusoidal wave given by r(t) = Ry sin(wt),
by ignoring the initial transient response, the first reset instant
t1 can be approximated as follows:

= CIC) (19)

w

Proof. The first reset instant meets the condition that the base-
linear error signal ey (t) hits to zero for the first time. ey (¢)
in steady-state is given by

ept(t) = Ro|Spi(w)|sin(wt + Z(Spi(w))), (20)
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so the first solution of e (1) = 0 is the first reset instant ¢,
of the RCS as given in (19). O

Lemma 2. (The piece-wise formats of RCSs outputs) In a
SISO RCS, the input signal is defined as a sinusoidal wave
r(t) = Rgsin(wt), and the number of reset instants in one
period is denoted by u, the control input signal u(t), output
signal y(t), and error signal e(t) are piece-wise functions
that are defined by the reset instants t; € tr. Specifically,
for the time interval between two reset instants (t;,t;11), the
piece-wise functions for the control input signal, output signal,
and error signal are denoted by w;1(t), yi+1(t), and e;11(t),
respectively, and are mathematically represented as follows.
i1 (t —ti) = ui(t —tio1) — (L = Y)wilty) - hs(t —ti),
Yirr1(t —ti) = yi(t —tic1) — (L= )ui(t;) - hps(t — ti),
eirv1(t —ti) = ei(t —ti1) + (L= Y)uity) - hyps(t — ;).
(2D
Proof. At an arbitrary reset instant ¢; € tg(i € N), the state
x(t;) of the RC is reset to its proportional value v (¢;), where
~y is a constant in the range [—1, 1]. The reset action during two
arbitrary reset instants (¢;, t;11) is equivalent to introducing a
step signal with amplitude (y — 1)u;(¢; ) as a disturbance in
the state x(t). Therefore, the piece-wise functions for wu;1(t),
yi+1(t), and e;41(¢) can be derived as shown in (21). O

Theorem 1. (The time-domain model for a general RCS)
In a SISO RCS, the input signal r(t) is defined as r(t) =
Ry sin(wt), and the number of reset instants in one period
is given by p. The output y(t) is divided in two signals: its
base-linear output yy(t), and a nonlinear output denoted by
Yni(t) as shown below.

y(t) = yu(t) + yu(t), (22)
where yy(t) is given in (15) and
i=p—1
Yu(t) = (v —1) Z wi(t; ) hps(t — 1) (23)
i=1

Proof. As previously demonstrated, at an arbitrary reset in-
stant t; € tg (¢ € N), the control input signal of the RCS
after the reset, u(t)), is equivalent to the base-linear signal
up(t;) augmented by a step signal of amplitude (y—1)u(t; ).
Consequently, the RCS in the time-domain can be viewed
as its base-linear system and a discrete stair-step disturbance,
denoted by d(t), as defined below.

1=p—1
d(t) = (y=1) 3, wlty)h(t—t:). (24
i=1
Thus, y(t) is comprised of two elements: one is yp(t) from
the input 7(¢); the other is yy;(¢) in (23) from d(t). O

Since MRCSs have multiple reset instances at discrete
locations, the analysis of the corresponding disturbance signal
ds(t) is complex. When the number of reset instants per period
approaches infinity (u — 0), li_r)rgO ds(t) is a continuous linear

function when ¢ € (t1,7/w). In the following subsection, we

analyse the boundary case of MRCSs, namely the Infinite-
Reset Control Systems (IRCSs).

B. Frequency-domain Analysis of Infinite-reset Control Sys-
tems

For the case of an IRCS, there are an infinite number of reset
instants from ¢; until ¢ = 7/w during the first half period.

Theorem 2. (The frequency-domain based model for IRCSs)

The output signal y(t) and error signal e(t) of a SISO IRCS
with the input signal defined as r(t) = Rysin(wt) can be
represented as

y(t) = yu(t) + £Sn(w)
e(t) = (1 £Suw)

where H,(w,t) is given by

epl (t) + H, (w, t),
(25)

) ' ebl(t) - HT‘(wvt)a

H,(w,t) =|Sp(w)] Z % sin(nZ Sy (w)) - [sin((2n + 1)wt+
n=1

(n+1)£Su(w)) —sin((2n — 1wt + (n — 1) LSy (w))],

(26)
and yy (t) and ey (t) are given in (15).

Proof. In IRCSs, during one period (k7/w, (k+2)m/w), k€
N, the output y(t) is given by

) ym(t),
y(t) = {T(t%

In order to write the piece-wise affine function (27) to a Mixed
Logical Dynamical (MLD) format, we introduce a square wave
s(t) as shown in Fig. 2 to separate the signals before and after
t1. s(t) is given by

s(t) = £8uw) + Z %sin(néé‘bl(w))cos[ant +nlSp(w)],

™ n=1
(28)
whose amplitudes alters between 0 and 1, period is g and
duty cycle is %
Thus, y(t) in (27) and e(t) can be derived as below:
y(t) = yu(t) - (1 —s(t)) +r(t) - s(t) = yu(t) + en(t) - s(t),
e(t) =r(t) —y@t) = (1 —s(t)) - en(t).

Substitute (28) to (29), equation (25) is derived.

for t € (km/w, km/w +t1),

for t € (km/w +t1, (k + 1)m/w). @D

(29)

1 T 2

T/w titw/w
Amplitude/abs

2 /w

Fig. 2: Square wave s(t) with amplitudes of 0 and 1.

Ignoring d(t) and n(t) in Fig. 1, based on (27), the new block
diagram of the IRCS is shown in Fig. 3. O

Sensitivity functions of IRCSs are derived based on Theo-
rem 2, as shown in the following Corollary.
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'

s(t)
em(t) C

yhl(t) w0

0] w0

Fig. 3: The new block diagram of the IRCS.

Corollary 1. (Sensitivity functions of IRCSs) In a SISO
IRCS, the input signal is defined as r(t) = Rgsin(wt). The
n-th sensitivity function S,(w), complementary sensitivity
function T ,(w), and control sensitivity function CS,(w) of
the IRCS are given in the following equations:

(1 - %’(“’)) Spi(w) — 7\Sl,l )| sin(£8y(w)), forn =1,
< — \S;,;( "an(k,‘LS},l(uJ))F’]<}'+l)A‘>"‘(w>
Sn ((.d) (A“ —|Spi(w)|sin((k + 1) £ Sy (w))edk£Sn (@) for odd n =2k +1,
0, for even n = 2k(k € N),
1-81(w), forn=1,
Tow) =13 =Sn(w), for odd n = 2k + 1,
0, for even n = 2k(k € N),
T1(w)/Pw), forn =1,
CS,(w) =3 Tn(w)/P(nw), for odd n =2k + 1,
0, for even n = 2k(k € N).
(30)
C. Comparison Metric
We define Prediction Error (PE) as follows:
PE = ‘Hy”Measured - Hy”PrediCted|7 (31)

to describe the error between predicted results from the model
and measured results from the simulation. Root mean square
(RMS) (L2 norm indicated as ||.||2) at steady-state are used
as metrics to compare the difference between values. The PE
of the new analysis method in Corollary 1 and the previous
method in Proposition 2 (Two-reset Control System (2RCS)
model) are defined as PE and PE’, respectively.

IV. RESULTS DISCUSSION

We apply an RCS example RC'S; to illustrate the effective-
ness of the IRCS model. RC'S; is comprised of a CI and a a
Direct Current (DC) motor in [29]. Their base-linear transfer
functions are

0.2

C —
u(s) 0.15% + 2.55 + 0.44

where the reset value is v = 0.

Figure 4 (a) illustrates a comparison of the Phase Error (PE)
of the RC'S; based on the IRCS model (PE) and Two-reset
Control System (2RCS) model (PE’). It can be observed that
the PE of the IRCS model is less than that of the 2RCS model
for frequencies below 0.037 Hz. Figure 4 (b) show the input
signal r(¢) and error signal e(t) when f = 0.037 Hz, which

% and P(s) = (32)

illustrates f = 0.037 Hz is closed to the critical frequency that
separates the two-reset and multiple-reset scenarios in RC'S;.
The results show than when there are more than two reset
instants per period in an RCS, the new IRC model has better

prediction performance than the 2RCS model.
(b) 1 T —r(r)
e(l)
1

[—
s PE!

X 0.037
Y 0.184

Amplitude/abs
Amplitude/ab:
o

0.08 0.1 0 10 20 30 40
Frequency/Hz

Fig. 4: (a) Prediction Error based on the IRCS (PE) and 2RCS

(PE’) models, and (b) Time-domain response of RC'S; when
f=0.037 Hz.

0.02

0.04 0.06
Frequency/Hz

Figure 5 presents a comparison of the first-order sensitivity
functions of the RCS in three scenarios: (1) assuming two
resets per period utilising Proposition 2; (2) assuming infinite
resets per period utilising Corollary 1; and (3) the Base-Linear
System (BLS) without resets. The BLS is presented as a
reference to demonstrate the differences between systems with
and without resetting.

-‘
X 0.0327455
Y -4.87959

Magnitude [dB]
8

IS
=)

100 ¢

m— 1 -reset System
=== [nfinite-reset System

50 _/k Base-linear System | |

10 10°
Frequency [Hz]

Phase [deg]

102

Fig. 5: Sensitivity function of the first order elements in “Two-
reset system”, “IRCS”, “BLS”.

The critical frequency (0.037 Hz) obtained through the PE
analysis in Fig. 4 (a) corresponds to that (0.033 Hz) obtained
through the sensitivity function analysis in Fig. 5. There is
a slight deviation between these two critical points. Figure 6
visualises the first four harmonics of the sensitivity function
in RC'S7 based on the IRCS model. We can see in the low
frequencies, the higher order harmonics also contribute to
the outputs of the system. The discrepancy between the two
critical frequencies in Fig. 4 and 5 may be attributed to the
fact that the sensitivity function in Fig. 5 only considers the
first-order harmonic of the RC'S; system.
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Fig. 6: The first four harmonics (51, Ss, S5, S7) of sensitivity
function in the IRCS.

V. CONCLUSION

The frequency-domain analysis technique of control systems
is effective to quantify their performance in practice. Current
frequency-domain analysis tools for RCSs are only valid when
there are two resets per period. This study contributes to
develop an analysis method for IRCSs in frequency domain,
which serves as an extreme case of multiple-reset systems.
The results show the proposed IRCS model demonstrates
better prediction performance compared to the 2RCS model
when the number of reset instants per period is high (much
more than two). This method provides a foundation for the
further analysis and design of MRCSs. Considerably more
work regarding to the frequency-domain analysis of MRCSs
will be done in the future.
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