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Abstract

We construct prediction intervals for the linear regres-
sion model with IID errors with a known distribution, not
necessarily Gaussian. The coverage probability of our pre-
diction intervals is equal to the nominal confidence level not
only unconditionally but also conditionally given a natural
o-algebra of invariant events. This implies, in particular,
the perfect calibration of our prediction intervals in the on-
line mode of prediction.

1. Introduction

We are interested in procedures for finding a prediction
interval [L, U] for the label y of a new (fest) instance x
given a training set of labelled instances (examples) of a
fixed size N. The classical notion of prediction intervals
only requires that the unconditional coverage probability
P(y € [L,U]) should be equal to the chosen confidence
level 1 — ¢, € € (0,1), when both the training set and test
example are generated from a given statistical model. This
requirement of “unconditional validity” for classical predic-
tion intervals, which they share with confidence intervals
originated by Neyman, has often been criticised, starting
from Fisher’s work ([4] being particularly important).

The other extreme is provided by the case where the la-
bels are generated by a known probability measure (such
situations often arise in Bayesian statistics: see, e.g., [9],
Section 5.2.4). We can then choose prediction intervals
(say, the narrowest or symmetric ones) whose conditional
coverage probabilityis 1 — ¢, P(y € [L,U] | Fn) =1 —,
where “ | Fn” stands for conditioning on the training set
(precise definitions will be given later) and the conditional
distribution is assumed continuous. Unfortunately, such

guarantees are impossible for the statistical models that we
are interested in in this paper (see Appendix A).

In Section 3 we use the pivotal method to define predic-
tion intervals that satisfy P(y € [L,U] | Ky) = 1 — ¢,
where “ | ICn” stands, intuitively, for “conditioning on the
relevant aspects of the data set”. Our approach is similar to
that of [7], but the pivotal method itself goes back to [4].
When applied in the on-line mode our prediction intervals
lead to the frequency of error close, with high probability,
to the chosen significance level (Section 5). Our empirical
studies (Section 4) show that this is approximately true in
the batch mode of prediction as well.

2. The Gosset measure

Let x1,x2,... be a fixed arbitrary sequence of vectors
in RX, for some K € N; they will play the role of in-
stances. Our statistical model (P ), parameterized by
(B,0) € RE x (0,00), is that the sequence of labels

Y1, Y2, - - . is generated by
Yn = B'%n + 0, (1)
where &1, &9, . . . is a sequence of IID noise variables with a

known distribution P. Each Pj3 . is a probability measure
on R* (the distribution of the sequence of labels, with the
instances fixed). We will assume that P is a continuous
probability measure on R with density p.

Remark 1. The model (1) may appear narrower than the
IID model, standard in machine learning, but its advantage
is that the instances x,, can be controlled rather than chosen
independently from the same distribution: instead of saying
that x,, are fixed we could say that they are generated by an
arbitrary stochastic process with (1) holding conditionally
on the realized values of x,,.



Let G be the group of all transformations

Gap s (Y1,Y2,...) — (a'x1 + by, a’xa + bya, .. .),
where ¢ € RE¥ and b > 0, acting on R>*. We con-
sider two fundamental o-algebras on the set R*° of all
infinite sequences (y1,ya,...) of real numbers. The o-
algebra F consists of all Borel sets in R (it will be our
default o-algebra on R°°); by events we mean elements of
F. Forn =1,2,...,letY, : R*® — R be the projec-
tion onto the nth component: Y, (y1,y2,...) := y,. For
each N = 0,1,.. ., the o-algebra F on R* is defined as
Fn :=0(Y1,...,Yn). The g-algebra K on R consists of
all invariant events in R, i.e., all events that are invariant
with respect to the group §. The o-algebra KCn on R* is
defined as Cn := Fy N K.

Lemma 1. All measures Pg , coincide on K.

Proof. This follows from the fact that all P3 , are images
of each other under the transformations in G. O

Fix a positive integer number N, the size of the training
set (at the beginning of the next section we will impose a
mild restriction on N': it should not be too small). Let (3, 5)
be an estimator of the parameter (3, o) that is equivariant:
if

(21,22,...) = (a'x1 + by1,a’xa + by, ...), (2)

where a € R¥, b > 0, and y,,, 2, € R for all n, then

5’(2’1,...,21\/‘)Zbﬁ(yl,...,yN).

When deriving our prediction algorithm in the next section,
we will choose a specific equivariant estimator, but all re-
sults stated before we do so hold for any equivariant esti-
mator. Set

v(y1,ya,...) =
y1 =By un)x1 y2 = By, yn)xe ,
5—(y17"'7yN) ’ &(ylvayN) ’ 7

we will sometimes call v the normalizing transformation.
By vn(y1, y2, - . .) we will mean the nth element of the se-
quence v(y1,y2,...), and by v(y1,...,yn) we will mean
the first NV elements of the sequence v(y1, Yo, . . .) (there is
no dependence on y,,, n > N). In statistics, v(y1, ..., yn)
is known as the configuration statistic for the training set
(x1,91),- .-, (XN, yn); the function v is maximal invariant
with respect to the group S.

Lemma 2. The mapping v is K-measurable.

Proof. Letus abbreviate B(yl, ..., YN) to By, Y1y, YN)
to Gy, ﬁ(zl, ...,2ZN) to ., and (z1,...,2N) to &,. Since
v is F-measurable, it suffices to check that v is invari-
ant, i.e., constant on each orbit. This follows immediately
from the equivariance of the estimator (5’ ,&): Equation (2)

implies

) _ Zn — B;Xn

Vn(zlaz%"' &
z
_a'Xy + by, — (a+ bﬁy)’xn
N bG,
Yn — By
=2 VR oy (yyye,.). O
Oy

Corollary 1. The distribution of v(Y1,Ys, ..
does not depend on (3, o).

.) under Pg 5

Proof. This follows immediately from Lemmas 1 and 2.
O

By the Gosset measure G (with respect to the density p,
equivariant estimator (3, &), and sample size N) we will
mean the image P ,v~! of any measure Ps, under the
normalizing transformation v. Corollary 1 says that it does
not matter which 3 and o we take.

The following corollary strengthens Lemma 2.

Corollary 2. K = o(v).

Proof. By Lemma 2, X 2 o(v). On the other hand,
since v(y1,ya2,...) always belongs to the same orbit as
(y1,92,...), wehave E € K = E = v (E) € o(v),
ie, K Cov). O

3. Prediction intervals for the linear regression
model

In this section a training set (Xx1,¥1),..., (XN, yn) of
the fixed size NV will usually be represented as the N x K
matrix X whose rows are the vectors x,,, n = 1,..., N,

and the N x 1 vector y of all y,,s. We will always assume
that N > K + 1 and that X is a full rank matrix. Our
goal is to predict the label of a new instance xx41. As in
the previous section, the instances x,, are regarded as fixed
(in the next section they will be generated stochastically,
but our conclusions will be still valid, since our analysis
can be applied conditionally on knowing the instances: cf.
Remark 1 above).

Fix a significance level ¢ € (0,1). An interval predic-
tor is a pair of measurable functions L : RY — R and
U : RN — Rsuchthat L < U. Another representa-
tion of the interval predictor is as the function I'(y) :=
[L(y), U(y)] mapping the labels to the corresponding pre-
diction interval. The interval predictor is unconditionally



valid (for a given statistical model) if its coverage probabil-
ity is 1 — e: P(err) = € under each probability measure in
the given model, where err = err” (Y7, Y, . ..) is the event
{Yng1 ¢ T(Y1,...,YN)} (sometimes called an error). It
is Ky-valid if P(err | Kn) = € ass.

There exist many interval predictors I" such that

G(err | Fn) =€ as. 3)

(assuming that the conditional distribution of Yx4; given
Fn with respect to the Gosset measure is continuous; this
assumption is satisfied for the noise distributions and equi-
variant estimator (5’ , &) used in our empirical studies in Sec-
tion 4).

Given an interval predictor I" for the Gosset measure G,
we can define an interval predictor T for the original linear
regression model (P3,.) as

Fl(yla'-'ayN) =

_(n-Bx1  yv-Bxn) | s

JyF ~ K R ~ K +5;XN+17 (4)
Oy Oy

where we again use the notation By = B(yl, ...,yn) and
Gy = 0(y1,...,yn). In words, to obtain I'(y1,...,yn)
we first normalize (y1,...,yn), then apply T' to obtain a
prediction interval, and finally apply the inverse transfor-
mation to that prediction interval. Notice that the inter-
val predictor IV is equivariant in the sense that {Yyy1 €
I'(Yi,...,Yn)} € K.

Proposition 1. If ' is an interval predictor satisfying (3),
the interval predictor I defined by (4) is K n-valid.

Proof. Using Corollary 2 and Equations (3) and (4), we ob-
tain:

ngg(errpl | Kn)
= P57U(YN+1 §§ F/(Yl, .
= Pﬂ,a <YN+71 iﬁg/jXN-i_l

,YN) | KnN)

Oy ¢

Y, — 3 x Yy — B x
r( Loy v By N>|ICN>
Oy Oy

)| Kn)

= Pﬁ,a(errr(yl,w,--.) | vi,...,uN)

= Gerr" (Y1,Ya,...) | Yi,..., YN)

=G(er" | Fy) =€ as. 0

— Pﬁ’g(errF(Vl, Vo, ..

Now we can define our interval predictor. Among the
interval predictors I' satisfying (3) we choose the symmet-
ric one, i.e., the interval predictor I' = [L, U] such that
G(YN+1 < L | .FN) = G(YN+1 >U | .FN) = 6/2 a.s.

(Such an interval predictor is essentially unique.) The pre-
dictor I'V defined by (4) will be called the symmetric pivotal
interval predictor (abbreviated to SPIP). Proposition 1 says
that it is -valid (and so, in particular, unconditionally
valid).

MCMC implementation of the SPIP

Suppose (Y1, Y2, . . .) are distributed according to Py 1 =
P> Let (Z1,Zs,...) := v(Y1,Y2,...), and let B and &
be the random vector B(Yl, ..., Yy) and random variable
a(Y1,...,Yn), respectively. If A and B are random ele-
ments, we let f4 p(a | b) stand for the conditional density
of A at point a given B = b. We will also use similar no-
tation for unconditional distributions: f4(a) stands for the
density of A at a. We will be interested in regular (in partic-
ular, continuous) versions of conditional distributions, and
so will omit the qualification “a.s.”

In this subsection we choose a specific equivariant esti-
mator (3, 5); as we explain in the following subsection, we
will obtain the same SPIP for any other equivariant estima-
tor. As 3 we take the least squares estimate (X'X) X'y
of 3, and as & we take |ly — X/3||/V/N, one of the stan-
dard estimates of 0. These are the maximum likelihood
estimates when the noise distribution is Gaussian, but we
will use them for other noise distributions as well. (The
other standard estimate of o, ||y — X/3||/vN — K, is the
maximum likelihood estimate of o based on the residuals
y — XB. We could also use it as : the divisor is irrelevant
for our construction.)

The following lemma (generalizing Fisher’s [4] Equation
(4), correspondingto K = landx; = 22 = --- = 1) will
be the main ingredient of our prediction algorithm.

Lemma 3. Suppose 3 = 0 and 0 = 1. The conditional
density of (B,X) given Z1 = z1,...,ZN = zN is propor-
tional to N5 1p(B'x) + 621) - p(B'xn + G2y) (With
the coefficient of proportionality a function of z1, ..., 2ZN).

Proof. Toeachy € RY there corresponds a vector of resid-
vals r == y — XB, where 5’ is chosen to minimize the
length of r. The mapping y +— r is the projection onto
the (V — K)-dimensional subspace .S; of residuals, defined
as the orthogonal complement of the column space of the
matrix X. Dividing r by ¢ is essentially the same as the
transformation r — r/|r| for r # 0. It further transforms
the residuals r into an element z = (21, . . ., 2z ) of a sphere
Soin Sy of a fixed radius, and the mapping r — z is the pro-
jection of S7 onto .S (each point r of S; different from the
origin is mapped to the intersection of S and the ray ema-
nating from the origin in the direction of r). The topological
dimension of Sy is N — K — 1, one fewer than that of S;.
The underlying measure on the (N — K — 1)-dimensional
sphere S is the standard surface measure. The underly-



ing measure on (3,5) is the restriction of the (K + 1)-
dimensional Lebesgue measure to R” x (0, 0o). Finally, the
underlying measure on (y1,...,yn) is the N-dimensional
Lebesgue measure.

Since
fB,E\Zl,...,ZN(Ba& | 21,...,2N)
_ fBnzi..2y (B,0,21,...,2N)
Jzy,zn (21,000, 2N)

([9], Proposition B.45) and the denominator is indepen-
dent of (3,5), we only need to prove that the density
B2z . ..2xy(B,5,21,...,2N) is proportional to

GNTET e v (Bx1 + 621, BN+ GaN)

- &NiKille,...,YN (yla e yN)a
where (8,5, 21,...,zy) are connected with (y1,...,yn)
as described above.

In other words, we are required to check that the Jaco-
bian of the mapping

(B,&,Zl,...

is proportional to &~ ~%~!. (This mapping is somewhat

unusual in that it is defined on the half-cylinder R¥ x
(0,00) x So, but the notion of Jacobian for it is similar to
the standard one: it is the factor by which the mapping ex-
pands a small volume in its domain.) The mapping from
(B, G,21,...,2N) tO (5’, r1,...,7n) has Jacobian propor-
tional to the surface area of a sphere of radius &, i.e., to
5N=K—=1_ The linear mapping from (B, rjtoy = XB+r
has a constant Jacobian that is different from zero since
the mapping is bijective and both (3,r) € R x S and
y € R¥ range over spaces of dimension N. |

,ZN)H(yl,-u,yN)

Our prediction algorithm, given as Algorithm 1, uses
MCMC sampling (see, e.g., [3]) from the conditional dis-
tribution of (3,5) given v(y1,...,yn). Its inputs are the
training set Xi1,¥1,...,XyN, Yy and a new instance Xy 1.
The duration of the burn-in period is B, and B + M is the
overall duration of the random walk. Let s3 and s, be small
positive constants (the standard deviations of the Gaussian
proposal distributions for B and log ¥, respectively) and I
be the identity matrix (whose size will be clear from the
context). Fix a significance level € € (0,1/2); for simplic-
ity we assume that Me/2 is an integer.

The correctness of the algorithm (to any accuracy
with probability approaching one as M — oo) fol-
lows from the facts that the stationary distribution of
the ergodic Markov chain (f8,,,0m,), m = 0,1,..., is
IBx1z1,zx (- | 21, .., 2n) and that

Zni1Z0,zn (Zng1 | 2150, 2N)

Algorithm 1 MCMC SPIP based on noise distribution with
density p

Compute B, ¢ from the training set;
forn=1,...,Ndo
Zp = (yn - 5,Xn)/5—;
end for
set By := 0, 00 := 1, and pg := p(z1) - - - p(2n);
form=1,...,B+ M do
set By = Bm—1 + N(0, s%[) and
log oy :=logom_1 + N(0,52);
set py, 1= oy TE—1
p(ﬁ;nxl + O'm,zl) te p(ﬁ;nXN + O'm,ZN);
if p,,, < pm—1 then
with probability 1 — p,,/Pm—1,
redefine 3, := Bm_1, Om = Om_1,
and py 1= pim—1;
end if
sample &, from p and set (,p, := (& — B, XN+1)/Oms
end for
order (g1, . .-
C1ys - - -5 G(ar)s
output the prediction interval
[B'%XN11 4+ 0C(ares2), BXN+1 + 0 (1—e/2)))-

, (B4 Into an increasing sequence

= / 2y B 21, zn(ZN41 | 8,0, 21, .. 2N)
RE x(0,00)

X fB,E\Zl,quN (B’ o | Zlyees ZN)d(ﬁ’ &)
= / fZN+1|B,E(ZN+1 | Ba&)
RE x(0,00)
,2n)d(3,5) 5)

X fB,E\Zl,...,ZN(Baa' | 21,...

(the second equality follows from the conditional indepen-
dence of Zy, and (Zy,...,Zy) given (f3,5), which in
turn follows from the conditional independence of Y41
and (Y1,...,Yn) given (5,5)).

In our empirical studies reported in the next section we
use B = M = 100,000 (although already B = M = 2000
would have led to very similar results) and sg = s, = 0.1.

The role of the estimator

As defined above, the SPIP potentially depends not only
on the noise distribution P but also on the equivariant es-
timator (3, 5). The dependence on (3, 5) is worrying be-
cause it might lead to an inefficient interval predictor when
(3,5) is not an efficient estimator of ((,¢) under P; we
have such a situation when Algorithm 1 is applied to a non-
Gaussian noise distribution. In this subsection we will see
that in fact the SPIP does not depend on the choice of (3, &).

Let (B, &) be any equivariant estimator (not necessar-
ily the one defined in the previous subsection). The im-



age v(R*°) of the normalizing transformation v coincides
with the set of all sequences (y1,¥2,...) € R* for which
By1,--.,yn) = 0and 6(y1,...,yn) = 1. We will call
v(R*) the Gosset space for (3,5), and we will write & for
v to indicate the dependence on (3,5). The Gosset space
determines © (indeed, © maps each element of R* to the
unique element of its orbit that belongs to the Gosset space)
and therefore determines the Gosset measure Py 17~ *. The
Gosset measure is concentrated on the Gosset space, and
we will sometimes regard the Gosset space as the measure
space equipped with the Gosset measure (more accurately,
with the restriction of the Gosset measure to the Gosset
space).

It is easy to see that all Gosset measures coincide on /C
with Pg . and, therefore, with each other. What is even
more important for us, we will see that all Gosset spaces
are isomorphic as measure spaces.

Let (5’ , &) be another equivariant estimator. The corre-
sponding normalizing transformation will be denoted ©. By
Lemma 2, each normalizing transformation collapses each
orbit into one point, and so both © and ¥ are projections:
v = v and P9 = U. Moreover, these projections are such
that 7 = U and v0 = ». We can see that the restric-
tion U'|;r~) of ¥ to the Gosset space 7(R*) is a bijection
between the Gosset spaces 7(R>°) and #(IR°°), with the in-
verse mapping 7| r~). The corresponding Gosset mea-
sures G and G are related by G = G 'and G = Go~!. In
other words, the Gosset spaces 7(R°°) and (R*°) are iso-
morphic as measure spaces with isomorphism ¢ := 7| (ge).

Let I' = T be a symmetric interval predictor satis-
fying (3) (but remember that now our notation for G is
G). We are only interested in the values I'(y, ..., yx) for
(y1,92, . ..) in the Gosset space 7(R>). Let I be the inter-
val predictor corresponding to I' under the isomorphism ¢;
in other words, I is defined by the right-hand side of (4)
for (y1,ya2,...) in the Gosset space 7(R*°). Because of
the isomorphism, I will be a symmetric interval predic-
tor satisfying (3) with G replaced by G and err standing
for err”. It is clear that we will obtain the same prediction
interval IV (y1, . . ., yn) regardless of whether we apply the
recipe (4) to I and (3, 5) or to I" and (3, &). In other words,
we will obtain the same SPIP from (3, ) and (8, 5).

4. Empirical studies

In our empirical studies we apply Algorithm 1 to the fol-
lowing noise distributions: the Gaussian distribution with
density p(y) e~¥°/2, the Laplace distribution with den-
sity p(y) o< e~ 1%/, and Student’s ¢-distribution on 4 degrees
of freedom with density p(y) o< (1 + »?)~°/2 (up to scal-
ing).

The Gaussian distribution is standard. The prediction in-

tervals produced by the SPIP are identical to the classical
prediction intervals (defined in, e.g., [10], Section 5.3.1):
indeed, by (5) and Basu’s theorem, the conditional den-
Sity fzy 1121,z (- | 21,...,2Nn) does not depend on
z1,...,2nN and so is identical to the unconditional density
fZns.- The Laplace distribution is used in robust linear
regression (see, e.g., [10], Sections 3.13.1 and 11.12.1, or
[1D.

Lange et al. [6] suggest using t-distributions in ro-
bust linear regression; they report ([6], p. 883) that the
t-distribution on 4 degrees of freedom worked well in many
of their applications. However, our emphasis will be on the
more standard Gaussian and Laplace distributions.

First we investigate the behaviour of our prediction in-
tervals on artificially generated data sets. Figure 1 shows
four calibration plots, each of which is a graph of the error
rate against the significance level for data generated by p;
and the algorithm using ps (where p; and po are to be de-
fined later). For each plot we generated 5,500 examples
(Xn, Yn) from the model (1) with K = 1, 8 = 0 = 2, x,
generated independently from the uniform distribution on
[0,1], and &,, generated independently (among themselves
and x1, . ..,Xs500) from a distribution with density p;. The
first N = 500 examples were used as the training set and
the remaining 5,000 examples as the test set. We ran Algo-
rithm 1 (with N + k in place of N + 1) based on a noise
distribution with density py to predict the label yxn iy of
each test instance xyyx, £ = 1,...,5000, for a fine grid
of significance levels ¢ € (0,0.2]. Each of the four plots
shows the percentage of the test examples (XN 4k, YN+k)s
k = 1,...,5000, for which yy % was not covered by the
prediction interval produced for xn . by Algorithm 1 as
function of €. We call them calibration plots since the func-
tion being close to the bisector of the first quadrant means
that the prediction intervals are well calibrated: the predic-
tion algorithm’s frequency of error is close to the nominal
significance level. We concentrate on the most interesting
range of small €, which includes, in particular, the standard
values of 5% and 1%. Since the results of our experiments
are random, each calibration plot is shown for five different
initial states of the MATLAB random number generator.

The top left plot has both p; and p2 equal to the Gaussian
distribution, and the bottom right plot has both p; and p»
equal to the Laplace distribution. These two plots demon-
strate empirically the validity of our prediction algorithm:
when it is provided with the correct model, its predictions
are well calibrated. The top right plot describes an applica-
tion of a robust prediction algorithm (based on the Laplace
distribution) to benign (Gaussian) data. The algorithm is
rather conservative: at significance level 5% it typically
makes between 1% and 2% of errors, while at 1% the per-
centage of errors is typically below 0.05%. The bottom left
plot describes an application of an optimistic prediction al-



Figure 1. Calibration plots for the Gaussian
prediction intervals on Gaussian (top left) and
Laplace (bottom left) data and for the Laplace
prediction intervals on Gaussian (top right)
and Laplace (bottom right) data. The hori-
zontal axis is € € (0, 0.2], and the range of the
vertical axis is also [0, 0.2].

gorithm (based on the Gaussian distribution) to somewhat
unruly (Laplace) data. For interesting values of the signif-
icance level, the predictions are not well calibrated: at sig-
nificance level 5%, the percentage of wrong predictions is
around 6—7%, and at 1% it is around 2—3%.

In Figure 2 we give the median widths of the predic-
tion intervals at significance levels € € (0, 0.2], with p; be-
ing the Gaussian distribution for the two top plots and the
Laplace distribution for the two bottom plots, and with ps
being the Gaussian distribution for the two left-hand plots
and the Laplace distribution for the two right-hand plots.

We know that the unconditional, and conditional on K,
coverage probability of our prediction intervals is equal to
the confidence level 1 — ; this is illustrated by the top left
and bottom right plots of Figure 1. (It should be remem-
bered that there is always implicit conditioning on the ob-
served instances: cf. Remark 1.) An interesting question
is how stable the fully conditional, i.e., conditional on Fy,
coverage probabilities are. The results for our experimental
setup are shown in Figure 3. We generated five training sets,
each of size 500; box plots 1 to 5 describe the results for the
first training set, 6 to 10 for the second training set, etc. For
each training set we generated five test sets of size 5,000 fol-
lowing the same distribution. For each of the test examples
(x,y) we computed the fully conditional coverage probabil-
ity of the corresponding prediction interval (computed from
the instance x and the corresponding training set, with the
label y ignored). Box plot 1 gives some statistics for the first

x

Figure 2. The median widths of prediction in-
tervals for various ¢ € (0,0.2], with the same
layout as Figure 1. The range of the vertical
axis is always [0, 40].

test set generated for the first training set, box plot 2 gives
statistics for the second test set generated for the first train-
ing set, etc. Namely, each box plot gives the median cover-
age probability, the quartile coverage probabilities, and the
maximum and minimum coverage probabilities for the pre-
diction intervals generated for the test instances. We can see
that for the same training set the box plots are very similar
(because of the large size of the test sets), but the variation
of coverage probabilities between the training sets is signif-
icant.

In the next section we will see the strength of the guaran-
tee P(err | ) = € compared with the usual Neyman-type
guarantee P(err) = . On the other hand, Figure 3 shows
the weakness of the guarantee P(err | Ky ) = € compared
with the ideal (but impossible) guarantee P(err | F) = €:
it is not uncommon for the probability P(err | Fy ) to be as
high as 5.5% for our prediction intervals when the nominal
significance level is 5%.

We have also applied three kinds of prediction inter-
vals to the ChickWeight data set ([2], Example 5.3; [5],
Table A.2; part of the standard R distribution, package
datasets). The data set gives weight versus age of chicks
on different diets. The body weights of the chicks were
measured at birth, every second day thereafter until day 20,
and on day 21; some measurements (22 in total) are miss-
ing. The range of the body weights is 35 to 373 grams.
There are four groups of chicks on different protein diets.
Our task was to predict a chick’s weight given its age. We
used the chicks on diets 1 and 2 as the training set (of size
340) and the chicks on diets 3 and 4 as the test set (of
size 238).
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Figure 3. The fully conditional coverage prob-
abilities of Gaussian (top) and Laplace (bot-
tom) prediction intervals for ¢ = 5%.

It is clear that all three models that we have discussed are
wrong for this data set, for a multitude of reasons, and our
question is which is more useful for predicting the weights
of the chicks in the test set. Figure 4 shows that the Laplace
prediction intervals (i.e., those produced by Algorithm 1
based on the Laplace distribution) are fairly well calibrated
over our range of significance levels, and that the t4 predic-
tion intervals (i.e., those produced by Algorithm 1 based on
the ¢ distribution on 4 degrees of freedom) are not very dif-
ferent. Figure 5 gives the median widths of the prediction
intervals at significance levels € € (0, 0.2], as in Figure 2.

In general, we have found that the best calibration was
usually achieved by the Gaussian prediction intervals (with
the Laplace and t4 ones somewhat conservative) or by the
Laplace and t4 prediction intervals (with the Gaussian ones
somewhat miscalibrated). The performance of Laplace and
t4 prediction intervals was broadly similar, despite the dif-
ferent nature of the tails of the corresponding noise distri-
butions (decaying exponentially fast in the case of Laplace
and polynomially fast in the case of t4).

To be on the safe side, our recommendation would be

0.18F Gauss s’
— — — Laplace -/
0.16 —_u Ny

0.2

Figure 4. The calibration plots for the Chick-
Weight data set, with ¢ € (0,0.2].

to use the Laplace or t4 prediction intervals when in doubt.
Alternatively, a safe prediction algorithm could output the
union of the Gaussian, Laplace, and t4 prediction intervals
(as suggested by Morgenthaler [8], Section 3, in the context
of confidence estimation; later in the paper Morgenthaler
considers potentially more efficient prediction algorithms
sacrificing the conditional validity).

5. Implications for on-line prediction

In Sections 2—4 we discussed using our prediction al-
gorithm in the batch mode, when test labels are predicted
repeatedly using a fixed training set. In the on-line mode,
we start from the empty training set and add each new ex-
ample (X,,yn), » = 1,2,..., to the training set after pre-
dicting its label y,,. An important class of prediction inter-
vals are strong prediction intervals, which satisfy P(erry |
erry,...,erry_1) = € a.s. foreach N = 1,2,..., where
err,, is the event of an error being made at the nth step
(in other words, which make errors independently at dif-
ferent steps). The random binary sequence leyr, , lerr,, - - -
of indicators of errors for strong prediction intervals has the
same distribution as for fully conditional prediction inter-
vals (i.e., those satisfying P(erry | Fy—1) = € a.s. for
all N). In this sense strong prediction intervals are per-
fectly calibrated. The prediction intervals constructed in
this paper can be applied in the on-line mode, and they
are automatically strong (cf. [11], Proposition 2): indeed,
they are equivariant (in particular, err,, are KC,,-measurable)
and P(erry | Kny—1) = € a.s. for each N. Notice that the
Neyman-type guarantee P(err) = € would not have been
sufficient for this conclusion. It can be shown ([12], Chap-
ter 4) that strong prediction intervals have certain properties
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Figure 5. Median widths of the prediction in-
tervals for the ChickWeight data set.

of validity in the batch and “semi-on-line” (intermediate be-
tween batch and on-line) modes, and we saw in Section 4
that they are empirically approximately valid in the batch
mode.
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A An impossibility result

In Section 1 we said that no interval predictor can be
Fn-valid in the models considered in this paper. Now we
prove this simple claim.

Proposition 2. Suppose p is bounded above and ¢ < 1. No
prediction interval satisfies Pg ,(err | Fn) < € a.s. for all
0B and o simultaneously.

Proof. It we consider a fixed probability measure Pg .
from our model, the conditional distribution of Yx 1
given the training set coincides with the distribution of
B'xni1 + &, € ~ P, and does not depend on the training
set. Set ¢ := sup, p(y). The density of the conditional
distribution of Y1 is bounded above by ¢/o. This means
that a prediction interval satisfying P(err | Fn) < € must
have length at least (1 — €)o/c. As o is unbounded above,
the prediction interval has to be of infinite length in order
to be suitable for all o simultaneously. (|
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