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Abstract

A radio networkis a distributed systemwith no cental
arbiter, consistingof n radio transceives, henceforthre-
ferredto asstations.We assumehatthe stationsare identi-
cal and cannotbedistinguishedy serial or manufacturing
number Theleaderelectionproblemasksto designateone
of thestationasleader A leaderelectionprotocolis saidto
beuniformif in ead time slot every stationtransmitswith
the sameprobability.

In a seminal paper Wllard [9] presenteda uniform
leader electionprotocol for single-hannelsingle-hopra-
dio stationsterminatingin log log n + o(log log n) expected
time slots. It was openwhetherWillard’'s protocol fea-
tured the sametime performancewith “high probability”.
We proposea uniform leader electionprotocol that termi-
nates,with probability exceedingl — % for every f > 1,
in loglogn + o(loglogn) + O(log f) time slots. We also
prove that for every f € ¢9(™, in order to ensue termi-
nationwith probability exceedingl — % Willar d’s protocol
musttake loglogn + (y/f) time slots. Finally, we pro-
vide simulationresultsthat showthat our leader election
outperformsWillar d’s leader electionprotocol in practice

1 Introduction

A radio network (RN, for short)is a distributed system
with no centralarbiter consistingof n radio transcevers,
henceforthreferredto asstations In a single-diannelRN
the stationscommunicateover a unique radio frequeng
channeknown to all the stations A RN is saidto besingle-
hop whenall the stationsare within transmissiorrangeof
eachother In thiswork we focuson single-channekingle-
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hopradionetworks. Single-hopradionetworksarethebasic
ingredientsout of which larger, multi-hop radio networks
arebuilt [1, 9]. As customarytime is assumedlottedand
all transmissionsre edge-triggeredthat is, take placeat
timeslotboundarie$l, 3. In atime slotastationcantrans-
mit and/orlistento the channel.

We emplgy the commonly-acceptedassumptionthat
whentwo or more stationsare transmittingon a channel
in thesametime slot, the correspondingacletscollide and
are garbledbeyond recognition. It is customaryto distin-
guishamongradio networksin termsof their collision de-
tectioncapabilities.In the RN with collision detectionthe
statusof aradiochannein atimeslotis, NULL if nostation
transmittedn the currenttime slot, SINGLEIf exactly one
stationtransmittedin the currenttime slot, COLLISIONif
two or morestationstransmittecthe channelin the current
time slot.

The problemthat we addressn this work is the classi-
cal leaderelectionproblemwhich asksto designateneof
the stationin the network asleader. In otherwords, after
executingthe leaderelectionprotocol, exactly one station
learnsthat it was electedleader while the remainingsta-
tionslearntheidentity of theleader

Theleaderelectionproblemcanbestudiedin thefollow-
ing threescenariosScenariol if the numbern of stations
is known in advance Scenaria? if thenumbem of stations
is unknawvn, but an upperboundu on n is known in ad-
vance,andScenario3 if neitherthe numberof stationsnor
an upperboundon this numberis known in advance. It is
intuitively clearthatthetaskof leaderelectionis the easiest
in Scenaridl andthe hardestn Scenaric, with Scenarid®
beingin-betweerthetwo.

Randomized leader election protocols designed for
single-channelsingle-hopradio networks work asfollows:
in eachtime slot, the stationstransmiton the channelwith
someprobability. As we will discussshortly, this probabil-
ity may or may not be the samefor individual stations. If
the statusof the channels SINGLE, the uniquestationthat
hastransmittedis declaredthe leader If the statusis not



SINGLE, theaboveis repeatedintil, eventually a leaderis
elected. Supposehat a leaderelectionprotocolrunsfor ¢
time slotsandaleaderhasstill notbeenelectedat thattime.
Thehistory of a stationup to time slot¢ is capturedoy

the status of the channel: the status of the channelin
each of the t time slots, that is, a sequenceof
{NULL,COLLISION} of lengtht.

transmit/not-transmit: The transmissionactivity of the
stationin eachof the ¢ time slots,thatis, a sequence
of {transmit,not-transmjtof lengtht.

It shouldbeclearthatits historycontainsall theinformation
thatastationcanobtainin ¢ time slots. Fromtheperspectie
of how muchof thehistoryinformationis used we identify
threetypesof leaderelectionprotocolsfor single-channel,
single-hopradio networks: em obliviousiif, in time slot ¢,
(1 < 1), every stationtransmitswith probability p; andthe
probability p; is fixed beforehandand doesnot dependon
the history uniformiif, in time slot4, (1 < 1), all the sta-
tions transmitwith the sameprobability p;, wherep; is a
functionof the history of the statusof channeln time slots
1,2,...,7 — 1 non-uniformif, in eachtime slot, every sta-
tion determinedts transmissiorprobability dependingon
its own history.

Severalrandomizedrotocolsfor single-channekingle-
hop networks have beenpresentedn the literature. Met-
calfe and Boggs [4] presentedan oblivious leader elec-
tion protocolfor Scenariol thatis guaranteedo terminate
in O(1) expectedtime slots. Their protocolis very sim-
ple: every stationkeepstransmittingon the channelwith
probability L. Whenthe statusof channelbecomesSIN-
GLE, theuniquestationthathastransmitteds declaredhe
leader Recently NakanoandOlariu [6] presentedwo non-
uniform leaderelectionprotocolsfor Scenario3. Thefirst
oneterminateswith probability 1 — 1, in O(logn) time
slots! . Thesecondneterminatesvith probabilityl—@
in O(loglogn) time slots. The main dravback of these
protocolsis thatthe “high probability” expressedy either
1-Lor1— ﬁ becomesneaningles$or smallvaluesof
n. For example,the O(loglog n)-time protocolmaytake a
verylargenumberof time slotsto terminate.True, thisonly
happensvith probabilityatmost@. However, whenn is
small,this probabilityis non-ngjligible.

To addressthis shortcoming,Nakano and Olariu [7]
improved this protocol to terminate,with probability ex-
ceedingl — % in loglogn + 2.781og f + o(loglogn +
log f) time slots. NakanoandOlariu [8] alsopresentedn
oblivious leaderelectionprotocolfor Scenario3 terminat-
ing with probability at least1 — %, in O(min((logn)* +
(log f)2, f 8 logn)) time slots.

L In this paperlog andIn areusedto denotethe logarithmsto the base
2 ande, respectiely.

In a landmarkpaper Willard [9] presenteda uniform
leaderelectionprotocolfor theconditionsof Scenari® ter
minatingin log log u + O(1) expectedime slots. Willard’s
protocolinvolvestwo stages:the first stage,using binary
searchguessen log log u time slotsanumberi, (0 < i <
logu), satisfying2! < n < 2i+1, Oncethis approximation
for n is available,the secondstageelectsa leaderin O(1)
expectedime slotsusingtheprotocolof [4]. Thus,thepro-
tocolelectsaleaderin loglog u + O(1) expectedime slots.
Willard [9] went on to improve this protocolto run under
the conditionsof Scenaria3 in log logn + o(loglogn) ex-
pectedtime slots. Thefirst stageof the improved protocol
usesthetechniquepresentedn Bentley andYao([2], which
findsanintegeri satisfying2? < n < 2+, bypassinghe
needfor aknown upperboundu onn.

Ourfirst contributionis to proposeauniformleaderelec-
tion protocolterminatingwith probabilityexceedingl — %
in loglogn + o(loglogn) + O(log f) time slots. Our uni-
form leaderelectionfeaturesthe sameperformanceasthe
non-uniform leader election protocol of [7] even though
all the stationstransmitwith the sameprobability in each
time slot. This protocolis optimal becauseas proved by
Willard [9], every uniform leaderelectionprotocolsneeds
loglogn — O(1) expectedtime slotsto terminateand, as
wewill shawv later, ary uniform protocolthatelectsaleader
with probability at least1 — % needso run for log f time
slots.

Recall that Willard’s uniform leaderelection protocol
[9] runsin loglogn + o(loglogn) expectedtime. Since
our uniform leaderelection protocol runs in loglogn +
o(loglog n) expectedime slots,it featuregthe sameperfor
manceasWillard’s protocolin termsof the expectedhum-
berof time slots.However, the distribution of thetime slots
is differentin the two protocols.In orderto shaw this fact,
we prove thatwith probabilityatleastl — % Willard’s pro-

tocol hasto runfor atleastloglogn + Q(y/f) time slotsto
electaleader Thus,Willard’s protocolstandsamuchlarger
chancehanour protocolto runfor alongtime beforeelect-
ing aleader

Further aswe aregoingto shaw, 2(1/f) is adominant
factorfor someapplications. Supposehatn stationsare
partitionedinto /n clustersof 4/n stationseach. Let us
considerataskinvolving thefollowing two steps:

Step 1 electaleaderin eachcluster;

Step 2 electaleaderamongtheleaderslectedn Stepl.

Notethat,all of the/n leadersnustbeelectedn Stepl be-
fore startingStep2. Usingourleaderelectionprotocol,Step
1 terminateswith probabilityatleastl — % inloglog «/n+

o(loglog v/n) + O(log(f+/n)) = O(logn + log f) time
slots.



Step2 takesloglog v/n + o(loglog v/n) + O(log f) =
loglogn + o(loglogn) + O(log f) time slots. Thus, us-
ing our leaderelectionprotocol,the taskcanbe completed
in O(logn) expectedtime slots. On the other hand, us-
ing Willard's leaderelection protocol, the expectedtime
slotsto completethis taskis muchlarger, evenif Willard's
leaderelectionprotocolrunsfor loglogn + o(loglogn) +
O(J/f). Step 1 takes loglogy/n + o(loglog+/n) +
O(/fyn) = O(ni + /J) time slots. Step 2 takes
loglogn + o(loglogn) + O(y/f) time slots.Consequently
usingWillard’s protocol,thetaskis completedwith proba-
bility 1 — 4, in O(n# + /) timeslotsandthus,in O(n )
expectedtime slots. Arguably Willard's protocolis much
slower thanour protocolto completethis task.

We also provide simulationresultsthat shav that our
protocolis practicallyfastandthatWillard’s uniformleader
electionprotocolis very slow with someprobability. More
preciselyin 1,000,000simulationsfor variousvaluesof n
up to 100,000,000pur protocol never requiredmorethan
52 time slots, while Willard’'s protocol neededmore than
1,600time slotsin theworstcase.

2 A brief refresher of probability theory

The main goal of this sectionis to review elementary
probability theory resultsthat are usefulfor analyzingthe
performanceof our protocols. For a more detaileddiscus-
sionof backgroundnaterialwe referthereadetrto [5].

For a randomvariable X, E[X] denotesthe expected
valueof X. Let X bearandomvariabledenotingthe num-
ber of successem n independenBernoulli trials with pa-
rameterp. It is well known that X hasa binomialdistribu-
tion andthatfor everyintegerr, (0 < r < n),

(")

Further the expectedvalueof X is givenby

Pr[X =r] =

E[X] = ) r-Pr[X =r]=np.

To analyzethe tail of the binomial distribution, we shall
male useof thefollowing estimatescommonlyreferredto
asChernof boundg5]:

65

PrX > (1+eE[X]] < e TEXl  (0<e<1) (2
PrX < (1—E[X]] < e TFX 0<e<1). (3)

M)

E[X]
<

[

Let X bearandomvariableassumingonly nonneyative

values.The following inequality known asthe Markov in-
equality, will bealsoused
1
Pr[X >c¢- E[X]] < z foralle>1. (4)
To evaluatethe expectedvalueof arandomvariable,we
statethefollowing lemma.

Lemma 2.1 Let X be a randomvariable taking a value
smallerthanor equalto T'(F") with probability at leastF’,
(0 < F < 1),wherT is anon-deceasingfunction. Then,

E[X] < [} T(F)dF.
3 Uniform leader election protocols

Themainpurposeof this sectionis to developa uniform
leaderelectionprotocolthatterminateswith probabilityex-
ceedingl — ,in loglogn + o(loglogn) + O(log f) time
slots,where f > 1 is anarbitraryparameterWe begin by
presentinga very simple protocolthatis the workhorseof
all subsequerleaderelectionprotocols.

ProtocolBr oadcast ( p)
every stationtransmitswith probability ZLP ;
if the statusof the channels SINGLE then
the uniquestationthathastransmittedoecomeshe
leaderandall stationsexit the (main) protocol

In Subsectior8.1 we begin by exhibiting afirst uniform
leaderelection protocol terminating, with probability ex-
ceedingl — % in 2loglogn + O(log f) + o(loglogn) time
slots. In SubsectiorB8.2 we shav how this protocolcanbe
modifiedto runin loglogn + O(log f) + o(log log n) time
slots.

3.1 A uniform leader election protocol runningin
2loglogn time dots

In outline,our leaderelectionprotocolproceedsn three

phases.
In Phasel thecallsBr oadcast ( 2°) , Br oadcast ( 2'),
Br oadcast ( 22), ..., Broadcast (2%) are performed

until, for the first time, the statusof the channelis NULL
in Broadcast (2%) . At this point Phase2 begins. Phase
2 executesa variantof binary searchon theintenal [0, 2¢]
usingtheprotocolBr oadcast asfollows:

e First, Br oadcast ( %t) is executed.If the statusof
the channelis SINGLE thenthe uniquestationthat
hastransmittedoecomesheleader

e If the status of channelis NULL then binary
searchis performedon the intenal [0, %], that is,
Br oadcast ( 2{) is executed.



o If the statusof channelis COLLISION thenbinary
searchis performedon the intenal [%,?], thatis,
Broadcast ( 2 - 2) is executed.

This procedureis repeateduntil, at some point, binary
searchcannotfurther split aninterval. Let u be the inte-
ger suchthatthe last call of Phase2 is Br oadcast () .
Phases repeatghecall Br oadcast (u) until, eventually
thestatusof thechannels SINGLE, atwhich pointaleader
hasbeenrelected It isimportantto notethatthevalueof  is
continuouslyadjustedn Phase3 asfollows: if the statusof
the channelis NULL, thenit is likely that2 is largerthan
n. Thus,u is decreasethy one. By the samereasoningjf
the statusof the channelis COLLISION, u is increasedy
one.

With this preambleout of the way, we arenow in a po-
sition to spellout the detailsof our uniform leaderelection
protocol.

ProtocolUni f or m el ecti on
Phase 1.
i —1;
repeat
141+ 1;
Br oadcast ( 29)
until thestatusof thechanneis NULL;
Phase 2:
1+ 0;u+ 2%
whilel +1 < wu do
m « [H];
Br oadcast (m) ;
if thestatusof channels NULL then
UuU—m
else
l+<m
endwhile
Phase 3:
repeat
Br oadcast (u) ;
if thestatusof channeis NULL then
u  max(u — 1,0)
else
u+u+1
forever

We now turnto thetaskof evaluatingthe numberof time
slotsit takesthe protocolto terminate. In Phasel, once
the statusof the channelis NULL the protocol exits the
repeat-until loop. Thus,thereexist anintegert such
thatthe statusof thechannels:

e SINGLE or COLLISION
in the calls Br oadcast (2%, Broadcast (2!),
Br oadcast (2?),..., Broadcast (2¢71), and

e NULL in Broadcast (2!).

Let f > 1 bearbitraryandwrite

s = [loglog(4nf)]. ()

To motivatethe choiceof s in (5) we shawv thatwith prob-
ability exceedingl — %, s provides an upperboundon
t. Let X be the randomvariable denotingthe number
of stationsthat transmitin Br oadcast (2°) . The prob-
ability that a particular stationis transmittingin the call
Br oadcast (2°) is lessthan 2% Thus, the expected

valueE[X] of X is upperboundedby

n n 1

E[X]< 52 szﬂ

(6)
Usingthe Markov inequality(4) and(6) combinedwe can
write

Pr[X > 1] < Pr[X > 4fE[X]] < %. ©)

Equation(7) implies that with probability exceedingl —
4. the status of the channelat the end of the call

Br oadcast (2%) is NULL confirmingthat

t < s holdswith probabilityexceedingl — % (8)

Thus,with probabilityexceedingl — -1;, Phasel terminates

Ev
In

t+1 < s+1 = [loglog(4nf)]+1 = loglog n+O(loglog f)

time slots. SincePhase2 terminatesn at mosts + 1 =
loglogn + O(log log f) time slots,we have pravedthefol-
lowing result.

Lemma 3.1 With probability exceedingl — %, Phasel
and Phase 2 combined take at most 2loglogn +
O(loglog f) timeslots.

Our next goal is to evaluate the value of u at the
end of Phase2. For this purpose,we say that the call
Br oadcast (m) executedn Phase? fails

m

*ifn < anoy
COLLISION, or

andyet the statusof the channelis

o if n > 2™ -In(4(s + 1)f) andyet the statusof the
channels NULL.

We are interested in evaluating the probability that
Br oadcast (m) fails. Let Y be the randomvariable
denotingthe number of stationstransmittingin the call

Broadcast (m) . First,if n < 7257, thenE[Y] =



o < 177 holds. By usingthe Markov inequality (4),

D7
we have
Py > 1] < Pr[Y >4(s +1)f - E[Y]] < m

It follows thatthe statusof thechanneis COLLISION with
probabilityatmostm.

Next, supposehatn > 2™ - In(4(s + 1) f) holds. The
statusof thechannels NULL with probabilityat most

1
1__”
(1-55)
< eTTm
1
< e-mGrny _ 1
= ¢ s+ 1)f

Py =0] =

Clearly, in either case, the probability that the call
Br oadcast (m) fails is at mostm. Importantly
this probability is independenbf m. Sincethe protocol
Br oadcast is calledat mosts + 1 timesin Phase2, the
probability thatnoneof thesecallsfails is at least1l — 4L.
On the otherhand,recallthat the probability that Br oatf—

cast is calledatmosts + 1 timesexceedsl — ﬁ. Now
a simple agumentshaws that the probability that Phase?
involvesatmosts + 1 callsto Br oadcast andthatnone
of thesecallsfail exceedsl — % Thus,we have provedthe

following result.

Lemma 3.2 Wth probability exceedind — % whenPhase
2 terminatesu satisfiesthedoubleinequalitym <

2" < 4(s+1)fn.

Finally, we areinterestedn gettinga handleonthenum-
ber of time slotsinvolvedin Phase3. For this purposejet
v, (1 < v), betheintegersatisfyingthe doubleinequality

27t <n<2v. (9)

A genericcall Br oadcast (u) performedin Phase3 is
saidto fail to deceasef u > v + 2 andyetthestatusof the
channelis COLLISION, succeedo deceaseif u > v + 3
andyet the statusof the channelis NULL, fail to increase
if u < v — 2 andyet the statusof the channelis NULL,
succeedo increaseif u < v — 3 andyet the statusof the
channels COLLISION. good otherwise.

More generally we saythat the call Br oadcast ()
failsif it failseitherto increaseor to decreasesimilarly, the
call Br oadcast () issaidto succeedf it succeedsither
to increaseor to decreaseThemotivationfor thisterminol-
ogy comesfrom the obsenration that if Br oadcast (u)
succeedshen,u is updatedsothatu approaches.

Assumethatthecall Br oadcast (u) is good.Clearly,
if suchisthecasethedoubleinequalityv —2 <u <v+2

holdsatthe beginning of the call. The statusof thechannel
in Br oadcast (u) is SINGLEwith probabilityat least

(1) 20-3r

> 2—ue 2
Qut2 qutz Qu—3 2u—3
> min( 50 € T o ou e~ )
S .41 4
min(GE ger) =

We notethatthis probability is independenof u. Thus,if
agoodcall is executed% In(4f) times,a leaderis elected
with probabilityat least

1-(1- i)%ln(u) 5] e () —q_ 1

et af°

As we are aboutto shawv, good calls occur quite fre-
qguently in Phase3. To this end, we prove an upper
bound on the probability that the call Br oadcast (u)
fails. Let Z denotethe numberof stationsthattransmitin
Broadcast (u) . Clearly E[Z] = 5. Thus,if u > v 42
thenthecall Br oadcast (u) failsto decreasavith prob-
ability at most

Pz>1] = PiZ> 2 B[Z]
< Pr[Z > Z—vE[Z]] (fromn < 2%)
< Pr[Z > 4E[Z]] (fromu > v + 2)
< i (by Markov’sinequality(4)).

Ontheotherhand,if u < v — 2 thentheprobabilitythat
Br oadcast (u) failstoincreasas atmost

1
PrjZz=0] = (1- 2—u)"
< e
v—1
< ez (from2°~1 < n)
< e?2 (fromu<v-—2)
< 1!
i
Therefore the call Br oadcast («) fails with probability
atmostz.
Suppose that Br oadcast (u) is

executedS e’ (In(4f) + logloglogn) timesin Phased and
let N;, Ny, and N, be, respectiely, the numberof times
Br oadcast (u) succeeddails, andis goodamongthese
8e*(In(4f) + logloglogn) calls. Clearly,

N.+ N;+ N, = 4e*(Inf+logloglogn). (10)



If attheendof Phase? v satisfieshe doubleinequality of
Lemma3.2,we have

u > log(m)

> logn —log(s + 1) —loglog f — 2
> v —loglog f —logloglogn — logloglog f — 4,
and,similarly,

U log(n(In(4(s + 1) f)))
logn +logln(s + 1) + logln f + 2
v + loglog f + loglogloglogn

+ loglogloglog f + 3.

VANRVANVAN

Thus,we have,
|lu —v| < 2loglog f + logloglogn + 4. (11)

We notethatif |u — v| < 2 holdsattheendof Phase2, then
N, < Ny. By thesamereasoningit is easyto seethat if
(11) holdsattheendof Phase, we have

N, < Ny+2loglog f +logloglogn +2. (12)
Sincea particularcall Br oadcast (u) fails with proba-
bility atmosti, we have

4
E[Nf] < 2%(ln(élf) + logloglogn).

Thus,the probability thattherearemorethane? (In(4f) +
logloglogn) callsfailsis atmost

Pr[N; > e*(In(4f) + logloglogn)]
1
< PiNy > (14 5)E[N/]] < e @3]

< efg(ln(4f)+logloglogn) < i

4f

Supposehat N; < e*(log(4f) + logloglog n) is satisfied.

Then,we have

8
N, = ge'(ln(4f) +logloglogn) — (N, + Ny)

v

264(ln(4f) + logloglogn) — 2Ny
—(2loglog f + logloglogn + 2)

4
> SIn(4f).

2
1
4 47
5 (log(4f)+logloglogn) callsBr oadcast ( u) thereare
atleastZe* In(4f) goodones. It follows thatif atthe end
of Phase? u satisfieghe doublein equalityin Lemma3.2,
thenwith probability1 — % Phase3 terminatesn at most
§ (log f +logloglog n) timeslots. To summarizewe have
provedthefollowing result.

Therefore, with probability at least 1 — among

Lemma 3.3 Protocol Uni f or m el ecti on terminates,
with probability at least1 — % in at most2loglogn +

o(loglogn) + O(log f) timeslots.

3.2 Uniform leader electing protocol running in
loglogn time dots

The main goal of this subsectionis to outline the
changesthat will make protocol Uni f or m el ecti on
terminatewith probability exceedingl — % inloglogn +
o(loglogn) + O(log f) timeslots.

In
Phasel thecalls Br oadcast ( 2°) , Br oadcast (2°),
Br oadcast ( 222) ,...,Broadcast ( 2t2) areperformed
until, for the first time, the statusof the channelis NULL
in Broadcast (2’52) . Phase2 performsbinary search
on [0,2¢°] usingBr oadcast asdiscussedn Subsection
3.1. The readershouldbe in a position to confirm that

t < [v/loglog(4nf)] is satisfiedwith probability at least
1 - % for ary f > 1. Thus, Phasel terminatesin

[v/loglog(4nf)]+1timeslots,while Phase terminatesn
([V/loglog(4nf)] + 1)? time slots. Thereforewith prob-
ability atleastl — % Phasel and2 combinedterminatein
loglogn + o(loglogn) + O(log log f) timeslots. Thus,we
have the following result.

Theorem 3.4 Theee exists a uniform leader election pro-

tocol that terminates,with probability at least1 — % in

loglogn + o(loglogn) + O(log f) time slots, for every
f>1

It isworthnotingthatby Lemma2.1andTheoren3.4com-
bined, our uniform leaderelection protocol terminatesin
loglogn + o(loglog n) expectedime slots.

4 Willard’suniform leader election protocol

The main goal of this sectionis to take a very close
look at the performanceof Willard’s uniform leaderelec-
tion protocol[9]. As it turnsout, our uniform leaderelec-
tion protocol presentedn Section3 is very similar to the
onein [9]. Bothour protocolandWillard’s consistof three
phases. Phasesl and 2 are the samefor the two proto-
cols. In Willard’s protocol,oncew is determinechttheend
of Phase2, Br oadcast (u) is repeateduntil a leaderis
elected RecallthatPhases of our protocolkeepsadjusting
thevalueof u in eachtime slot, dependingon the statusof
thechannel.Onthe otherhand,Phase3 of Willard's proto-
col doesnotchangeshevalueof w.

Quite surprisingly both our andWillard’s protocol fea-
ture the exact sameexpected-timeperformanceterminat-
ing in loglogn + o(loglogn) expectedtime slots. How-
ever, aswe aregoingto shaw, in orderto electaleademwith



n41

probability at least1 — % for every f suchthat f < e™=—,

Willard’s protocolmustrun for at leastloglogn + Q(+y/f)
time slots.

Let us consider Willard’s version of Uniform
el ection. In other words, Phase3 repeatsthe call
Br oadcast (u) without changingthe value of u. Sup-
posethatn = 22" for someintegerw. RecallthatPhasel
involvesthecallsBr oadcast ( 2°°) , Br oadcast (217),
Br oadcast ( 222), ..., until the status of channelis
NULL for thefirst time.

We assumeywithout lossof generality that Phasel ter
minatesas a result of the fact that the statusof the chan-
nelis NULL in thecall Br oadcast (22") andprove that
Phases takesQ(+/f) time slotsfor this case.The proof of
the casewherePhasel terminatesearlieror lateris similar
andthereforeomitted.

After Phase, if u = 2%, theneachof thecallsin Phase3
electsaleaderwith probabilityatleast

n\(,_1 "_11>_2Lmn>1
1 gm om ~ ¢ T om T 9 /e

It follows thatPhase? electsaleadefin ——L1——log f ~
log(1—-527)

1.921og f time slotswith probability at leastl — % How-
ever, aswe aregoingto shav, Phase? doesnot guarantee
thatu = 2™ with high probability.

In orderto satisfyu = 2" attheendof Phase, thestatus
of channeln everycallin Phas& mustbe COLLISION. In
otherwords,Br oadcast ( 2% — %) , Broadcast (2% —
2°) ,Broadcast (2¥—2") ..., Broadcast (2¥—1)
shouldbe executed Let i beary integersatisfyingd < i <
w. Thestatusof thechannelin thecall Br oadcast (2% —
2%) is NULL with probabilityat least

i\ n—1
1 \"_1 2% i
@‘ﬁr;>>g<L"E> >t

OnceBr oadcast ( 2@ — 2%) isNULL thenu doesnot ex-
ceed2¥ — 2¢ atthe endof Phase2. In otherwords,with
probability at leaste=2" —, the inequalityu < 2 — 2¢
holdsafter the first phase.Writing e=2" -1 = % we have
2" = log(ln f — 1), and2" < 22"~ = 2. Notethat
f=e’+ and0 < i < w, andthuse® < f < e+l
If the statusof the channelin the call Br oadcast (2% —
log(ln f — 1)) isNULL, thenacallto Br oadcast () in
Phase3 electsa leademwith probabilityat most

(1)6-3)"2

n—1
< (1—1nf_1) (Inf—1)

n

< 2(1—1nf_1>n(1nf—1)

n
< 20nf—1)e "/ ¢ Qelnf;l

Thus,t callsfails to electaleademwith probabilityat least

(I_QJnﬁfl)

t—1
> (1 - 2e1nff_ 1) (1 —2e1nff_ 1)

4 Inf—1 Inf—1

—petmI=Ll _geplmiz1l_y

> 1—=5)e 77 >e "7
o2

1 —2etli=l g
Let ; = e 7 . Then,t mustbe at leastQ(f).

Hence,with probabilityatleast%, Phase3 runsin at least
Q(f) time slots. Recallthatin Phase2 the statusof the
channelin the call Br oadcast (2% — log(ln f — 1)) is
NULL with probability % Further if suchis the case,
Phase3 runsfor at least f time slots with probability at

leastl — % ConsequentlyWillard’s protocol runsin at

leastQ(f) time slotswith probability at least1 — ]}—2 for
everye? < f2 < etl. Thereforewe have the following
result.

Lemma 4.1 Willard’s uniform leader protocol runs in at
leastQ(+/f) time slotswith probability at least1 — % for

every f < e,
5 Simulation results

The maingoal of this sectionis to offer yetanothemper
spectve of the relative performanceof Willard’s and our
uniformleaderelectionprotocols.Both protocolsweresim-
ulatedandthe resultsarecapturedn Tablesl and?2 in the
form of ahistogram Eachprotocolwasrun 1,000,00Gimes
for eachof thevalues

n = 2,10, 100, 1000, 10000, 100000, ard 1000000.

It is easyto seethatthetwo uniformleaderelectionpro-
tocols have alImostthe sameperformancen termsof the
expectednumberof time slots. However, the simulationre-
sults shav that Willard's protocolis extremely slow with
someprobabilityaswe have proved mathematicallyln this
simulationamongthe 1,000,00Q-uns,thelargestnumberof
time slotstaken by Willard’s protocolexceedsl,600,while
our leaderelectionnever takesmorethan56 time slots.
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