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Abstract

Existing estimatorsfor edge length in 2D and surface
area in 3D are appliedo a binary representationof the
object. In this paper we estimate length and area
through volume measurementsVolume is measured
without thresholdingand doesnot introduce a sampling
error. Edgesare transformedinto volumeshby giving
thema constantheight after which they can be shifted
perpendicular to the edge over a small distance.
Subtractionof two imagesshiftedin oppositedirection
producesa volume that is proportional to the edge
length. To guaranteea constantedge height along the
edgeor acrossthe surfaceto be measuredwe apply a
“soft” clipping operationto the linear region of the
edge. For accuratend isotropic displacemenbf edges
we introduce a continuous space equivalent to the
discrete local minimum and maximum filters. These
filters are samplinginvariant and allow shifts in the
subpixel region.

1. Introduction

The estimation of edge length such as preeimeterof

an object from its digital image is a well-known
problem.Practical recipes summarizing experimental
resultshave been proposed[1] for the worst case in

which only a binary image is available. Fitting an
analytical curve to interpolateddigital contour points
and calculating its length is a more theoretically
founded approach [2].

We believe that in the thresholdingthat usually
produces the binary image valualitgdormation is lost
that shouldbe preservedto improve the estimation of
edge length.

The method presentedhere works on grey value
images andcombinesedge detectionand edgelength
estimation.Apart from a few plausible assumptionsit
is founded on sampling theory.

2. Edgelength estimation in the discr ete domain
isa problem, volume estimation is not

Edge detection is generally based thnesholding.The
simplestexampleis thresholdingof the original grey
image at a fixed level, e.g. half edge height.
Thresholdingthe original image at a space variant
level (a reference imagthat can be derived from the
original by low—passfiltering or local minimum and
maximum filtering [4]) is equivalent to high pass
filtering and thresholding at a fixed level. particular,
one often thresholds secondderivative at level zero.
This introducesnoise sensitivity but solves the level
selection problem.

Thresholdingis a very nonlinear operation in the
sensethat the Taylor expansionof the corresponding
scaling function T(grey level) - {0,1} has
appreciable higher-order terms. Consequently, [3]
thresholdingin the continuous domain can only be
replacedby an equivalentdigital operation"sampling
- digital thresholding - interpolation" at the cost of
equally appreciable oversampling.

By contrast, the volumef a grey value landscape
(integrated grey value) is equal to the sum of the
samplesif only the Nyquist criterion is fulfilled (no
oversampling). This has led us to look for an
estimation method where edge length is expressed in
volume measure.

3. Constant height edges
3.1. Straight edges

To start with, we employ our argument in the
continuous domain. llorderto convertan edgelength
into a volume of a grey value landscapeproportional
to it we can see from dimension considerationsthat
we must multiply by a constantwidth and a constant
height. For an edge of constantgrey level (constant
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edge range) this value could be used as constant
height. But the problemremains how to introduce a
constant width.

The solution we found is to apply an analog round
local maximumfilter of diameter size to the analog
edge. The effect of which is mainly a sideways
translation of the edge over the filter radius.

The volume enclosedbetweenthe original and the
translated edge is then equal to

volumeofmax- ori) = lengthyqe 3 sizeledge,nge

(1)

with maxbeingthe result after maximum filtering and
ori the original edge image.

For astraightedgethe relation is exact as long as
the maximum filtering truly amountsto translation.
We shall discuss ways to ensure this.

3.2. Curved edges

For a curved edge, maximum filtering will not only
translate the edge, but will also change the edge
radius. From the simple example of a circular step
edge we se¢hat it is then betterto apply two filters,
an analogroundlocal maximum filter and an analog
roundlocal minimum filter, to the original edge. The
volume enclosed between the results is then equal to

volumeofmax- min) = length g [Sizeledgg,nge  (2)

For an edge of different shape it is more
complicatedto define edge position and edge length.
There are several traditional definitions of edge
position. The simplestis basedon thresholdingwhich
producesa binary edge. In section 6 we show how
edge length according to othegmditional definitions —
such as the zero crossing afsecondderivative — can
be handled. For now, we rematthkat eq. (2) holds for
one particular uncommondefinition of edge position
(cf. fig.1): the average (continuous) positigss of the
binary edge in a cross section perpendicularto the
edge, when the average is taken over the entire
interval of threshold levels (&dge height
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Figure 1: Cross section perpendicularto an
edge of constant height.
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This follows immediately from the expressionbelow
for a sectodg of the enclosed volume

dvolumeofmax—min) _ ed9%eign r(h)+%5izerdrdh
ap J-O J’r(h)—%size

_1 J.edgeange% S|za:7r EL sma:f
2
0

r(h)dh = sizelédge,nge ey

(3)

4. | sophote edge length

In practice the edge height widhow ripple and noise.
To achieve a simulated constant height we apply
clipping at two levels clipjoyand cliphgh. This
amountsto usinga more general definition of edge
position (cf. fig.2): the average (continuous) position
ref Of the binary edgén a crosssection perpendicular
to the edge, when the average is taken over an
interval of threshold levelsclipioy, , Cliphigh)-
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Figure.2: Cross section perpendicularto the
edge;reffis the averageposition of the binary
edge, when the average is taken over an
interval of threshold levelclipjow,cliphigh)-

In particular, the clipping levels can be chosenclose
togetherarounda fixed “threshold” level t . Then the
length calculated is that dhe isophoteat level t.. As
we are still handling continuous positions we have
constructeda continuous analogy of contour length.
Just like discrete contour length, our edge length
depends on a “threshold” level

5. Continuous edge length from a sampled image
When assessinghe volume that is representativefor

edge length it makes little difference whether the
image is sampled anot. For a bandlimitedimage the
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integral overcontinuousgrey value equalsthe sum of
the grey value samples.

Two operations used to convert edge length into
volume need attention when assessing continuous
contour length from a sampled image:

* the continuous maximum filter used for
translationof the edge must be replacedby a
discrete operation which on the basis of the
sampled imageyields the samplevalues of the
translated continuous edge,

» the clipping operation being nonlinearscaling
function must be handled with care.

In both issues an approximationpsoposedto make a
practical compromise between bandlimitation and
accuracy.

Edgetranslationover siz€2 is approximatedby a

truncated Taylor expansion.

h% S|ze|] izedh() 1 sizecf 0°h(r)
2 o 2020 a2

In terms of the 2D image this reads(r is along the
gradient direction)

h% +S£GD_

1 [s|za_jr

toOs SDGD(hxy)

(4a)

+ %9 |gra((h(x, y))|
(4b)

where

|9ra0(h(x, y))| =gradh)| = \/%T%

and SDGD stands for Second Derivative in the
Gradient Direction and can be written as

dzh%g Phohon 82h Con(f

d><y0><f?>/ 4

i

Although the derivatives are all bandlimited, the
modulus of the gradient and the SDGD convert a
bandlimited image into resulthat can only be hoped
to be approximately bandlimited. The reasonfor this
hopeis in the fact that non-linearity of the modulus
and of theSDGD doeshardly occur in the center part
of the edges which we select for edge length
estimation.

spGDh) =

Clipping a sampledimage is tantamountto clipping
the continuous image and sampling; clipping the
continuous image distortihe grey value landscapeso
that it is no longer bandlimited. (The distortion is
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already much weaker than the one caused by
thresholding.) In order to reduce aliasing we propmse
replace the grey scaling function of clipping by a
smoother function, the error function, between the
same levels.

Cliperr((r)) = Clipi

Ch(r) - L (clip,,, + clipp:. | O
+C|iprangeerf ( ) 2£ p.low ph|gh)
ﬁcnprange

with C“prange = (Cliphigh_C“plow)-
In cross sections where the edge slope between
clipping levels is approximately constant

h(r)y=ar+b
the edge is shaped into a scaled error function

Clipg (h(l’)) = clipjqy

(5a)

, Car +b—%(c|ipIOW +cIiphigh)E (5b)
+C||prangeerf§ 2 qli E
ﬁc Iprange
the approximate bandwidth of which is
¢ _ a2/m
maxerf 2(C|iphigh - Clip|ow)/«/77
(lemma 1) limited by (lemma 2)
a frnadrey,
f =& 1 [pg_maxd Fhange 6
maxert ‘/ETC”prange 2 CIiprange ( )

Hence, if the clipping interval and the linear part of
the edge slope encompassesl/k of the total grey
range, the erf clipping needs k times oversampling

(%\/271-:1). The value k=4 seems reasonableand

practical.

lemma 1

As a signal and its derivative have the same
bandwidth,we take for the approximatebandwidth of
the error function the value dfo ., = 2/(2m0) of the

gauss functiorof which it is the integral. As the error
z
function is defined as erf z = *FJ' exd t )dt,

erf(cr) = J' exr( c’t )dt based on a Gaussiavith

variance o?=1c™?. Thus,
27'IU c/( the

) and
bandwidth 20freq:( ‘F)/

O freq = approximate
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lemma 2
The original slope is Ilimited by a<a.

EanmaX%grey,ange where f, is the maximum

frequency in the original cross section.

proof of lemma 2

The steepestslope occursif all allowed frequencies
add up with the same phase

7] . _
EIA(f)sm(ant)df - —27TJ'A(f) fdf (7)
the maximum signal value that can occur is
J'A(f)cos(ant)df . =IA(f)df (8)
t=

The spectrum that gives the steepest slope with
respectto the maximum signal h,,,, = %greyrange has

amplitude A(f) = hy,, &(f - f..,), with steepest slope

amax = 27T fmax hmax = 27T fmax% greyrange (9)

6. Zer ocrossing of second-derivative edge length

When edge height varies slowly like in shading,the
length of an isophote does not representedge length
properly. The edge is then defined as the position
where a weighted sum of second derivatiaésng and
perpendicularto the edge crosseszero. We shall
loosely call this "the second derivative" (secde}.
Examples are: the Laplaciathe secondderivative in
the gradient direction and their sum [5,6]. We now
define the local “threshold” t,,; in sucha way that it
intersects the original edge where the second
derivative crosseszero. The easiestway to achieve
this is to take

t,c = Ori +a secde (10)

with a chosenso as to yield a constantt,. in the
cross section perpendicular to the edge, i.e.

gradty,c) * gradori) =0

a™ = -gradori) » gradsecde}/gracf (ori)

7. Experiments and conclusions

The test imagescontain a simulatedimage of a step
edgeimagedthroughan optical systemand sampled
at the Nyquist frequency (1N) and at four times the
Nyquist frequency(4N). Such an edge is constructed
undervarious orientationswith respectto the square
sampling grid in order to detect directional
dependencies. Bandlimited disk images are
constructed in a similaway. To constructan arbitrary
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bandlimited object, we start out from its Fourier
transform, ensure propdérandlimitation by multiplying
with the OTF (opticaltransferfunction), and apply an
inverse Fourier transform to obtain the desired image.
From eq. (4) we notice thahe SDGD is usedto shift

the edge. The operator SDGD(ori)[grad(ori)|’ requires

three times oversampling [3]. In order to avajourious
aliasing effects by shifting the edge, the image must
at least be sampled at three times the Nyquist
frequency(even thenit may introduce some aliasing
becausein the shift procedurewe use SDGD(ori),
dividing SDGD(ori)|gradori)]* by [gradori)’is not
guaranteedto be bandlimited). If a fixed optical
system and image sensor canpodvide this, then the
bandwidth must be reduced by a digitalv—passfilter
such as a Gaussidiiter. Earlier work [6] showedthat
(applied to a Nyquist sampled signal) a Gausdiker
with o = 2.7 reducesthe bandwidth by a factor of
three, as needed.

The digital implementation can be achievasing two
different strategies.

In the first strategy, wetart with clipping arounda
certain “threshold” to ensurea constantedge height.
The result of clipping is then shifted perpendiculady
the edge accordingto eq. (4). Following eq. (2), the
edge length is given by

lengthgge = vqumeo(|grac(ori)| /cliprange)

We notice that the SDGD does not contribute to the
final result.

The secondstrategy starts with shifting the edge
image, selecting a suitable “threshold” level and
apply the clipping around the selected “threshold”.
Now the measured edge length is given by

engthgge = volumeo@

sizeltlipange

sizé

cIipe,f%ri +%Ze|grac(ori)| + SDGD(ori)E

sizé

0 i N
-clipe,fgari —S'Tze|grac(ori)| + SDGD(ori)E
The filters usedo build |grad|and SDGD are the first
and second derivatives of a Gaussian.In order to
guarantee isotropy, all partial derivatives used to
construct the SDGD must have the same built—in
low—passfilter, equal 0. At the sametime this o is
used to avoid spurious aliasing.

For curved edgesthe Gaussianfilter built in the
derivative filters virtually shifts the isophote inwards.
The reasonis that for a filter with center on the
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isophote (starting from 50% overlap for a straight
edge) the overlap between filter and object will
decreasewith increasingcurvature.This will happen,
evenif (minimizing edge displacementby OTF and
noise combatting low pass filters) we base the
isophote on the PLUS edge detector.
The first strategyallows us to choosethe following
parameters:
« the threshold level and clipping range,
* the built-ino of the derivative filters.
The second strategy has one additional parameter:
« the size of the analog max and min filters

For strategyl, the experimentsshow that the type of
clipping (soft clipping using the error function or hard
clipping) does not make any difference hesampling
at the Nyquist frequency seems to be sufficient
(surprisingly, oversamplingis not needed), since all
measurementsvith small built—in o worked well (cf.
table 1). For straight edges, the edge length was
independentof the “threshold” level and clipping
range.For circular edgesthe isophoteshave different
length. A largero reduces the length of thisophoteat
half height and producesa systematicunderestimate
of the contourlength. Since the edge radius is not a
priori known we have chosennot to correct for this
error [5].

Table 1: Relative errorsin the measurededgelength
using strategy 1

bandlimited edges| 0=1.00 0=1.94 0=2.00 0=2.5

0.5 %
0.2 %

0.3 %
0.1 %

0.1%
0.1 %

0.0%
0.0 9%

Straight edge ma|
0° — 45 meaur

0.0 %
0.5 %
0.0% 0.0%
0.0% 0.0%

0.0 %
0.3 %

0.0 %
0.1%
0.0% 0.0%
0.0% 0.0%

0.09%
0.09%

straight edge 0
straight edge 5
straight edge 22°5
straight edge 45

<0.8%9 <1.2%
05% 0.7%

circular edge maj <0.49 <0.5%
15<R<32 mearn 0.2% 0.3%

<0.39%9 <0.4%
0.29% 0.29%

circular edge ma)<0.3%| <0.2%
33<R<50 mear 0.29% 0.1%

-0.79% -1.2 %
-0.39% —0.4 %
-0.194 0.1 %

circular edge R=14 0.2 94 —-0.3 ¢
circular edge R=34 0.1 94 -0.19
circular edge R=5(0 0.2 %4 —0.0 9

For strategy 2, the experimentsshow that only soft
clipping gives a good length measure.Hard clipping
causes unacceptable errors (at best 10%nanch too
sensitiveto the choice of o) for straight edgesunder
0° and 48. For soft clipping the straighédge under0°
turned out to be the most sensitive to parameter
choices ¢, andsize. An acceptablesensitivity could
not be achieved when omittintpe SDGD contribution
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to the edge shift. Typical combinationsare shownin
table 2 and 3.

Table 2: Relative errorsin the measurededge length
using strategy 2 for straight edges

bandlimited edges o=24 o=1
sizd2 = 0.3 sizd2 = 0.3
1 x Nyquis{ 4 x Nyquist
straight edge mal 0.2 % 0.1%
0° — 45 meal 0.1 % 0.0 %

Table 3: Relative errorsin the measurededge length
using strategy 2 for circular edges

bandlimited edges 0=2 1<0<2.H o=1
sizd2=0.3 sizd2=0.3 sizd2=0.3
1xNyquis{ 4xNyquis| 8xNyquis

circular edge ma 0.5 %
15<R<30 meal 0.3 %
circular edge ma 0.2 %
40< R< 121 mear 0.1 %

0.1 %
0.0 %

circular edge ma
80< R< 140 mearn

A 3D implementation to measure surface aieander
way.
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