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Abstract

Somethinningalgorithmsfor 3D objects,or gener-
alizationsof existingonesfor 2D, havebeenproposed
in recentyears. Theonegivenherein is surprisingly
simpleand very fast compared to mostof them,and
still it hastheoreticallyfavorableproperties.Actually,
it providesa connectedsurfaceskeletonthat allows
shapesto bereconstructedwith boundederror. In ad-
dition, it is alsoveryattractivebecauseit allowsdis-
crete skeletonsto be obtaineddirectly from volumes
in manyrepresentationswithoutconvertingthemto a
voxel-basedrepresentation.

Our algorithm is a generalization of the onepre-
sentedin [2] for 2D objects. It is basedon the ap-
plicationof directionalerosions,while retainingthose
voxelsthat introducedisconnections.

1. Introduction

Three-dimensionalskeletonsare a promisingtool
for anincreasingnumberof applicationsin biomedical
imagery[4, 8], andin generalto many otherapplica-
tions relatedto shapematchingandtracking,naviga-
tion, shapeabstractionandanimationcontrol[3].

The word skeletonis usuallyunderstoodin 2D to
meanthe medial axis of a given shape. The medial
surfaceof a 3D object is definedsimilarly to its 2D
counterpart:it is thesetof thecentersof all inscribed
spheresof maximal radius. The computationof the
medialsurfacefor arbitraryobjectsis acomplex prob-
lem.Sofar, it hasonlybeenefficientlysolvedfor poly-
hedra[7]. Nevertheless,goodapproximationscanbe
obtainedby usingtheso-calledsemicontinuousmeth-
ods. They proceedby distributing a setof pointsover
thefacesof theobjectfor whichwe want its skeleton.
Then, the Delaunaytriangulationis appliedto these
pointsto obtaina setof tetrahedrawhosecentersare
usedto approximatethemedialsurface[6].

Whenworking in a discretespace,spheresareal-
waysapproximationsof their continuouscounterparts
andtheconceptof skeletonshouldberedefined.Then,
3D discreteskeletonsareapproximationsof this me-
dial surface. In any case,thecommonrequiredprop-

ertiesfor any of theseapproximationsare:

1. Reconstructability. A skeletonmustcontainsufficient
informationwhichcanbeusedto reconstructtheorig-
inal shape.

2. Rotation-invariance. Due to robustnessreasons,a
skeletonfor agivenvolumemustbeindependentfrom
its orientation.

3. Connectedness.A skeletonmustbe homotopicto the
shapeit correspondsto. In otherwords, it mustpre-
serve 26-neighborconnectednessfor the foreground
and6-neighborconnectednessfor thebackground.

4. Thinness.A 3D objectis thin if it canbedescribedasa
setof possiblyintersectingpatchesof discretesurfaces.

Unfortunately, in the discretespacetheserequire-
mentsbecomemutuallyincompatible[2], and,hence,
practical skeletonization methods are invariably a
compromisebetweenthem.

Although other alternatives are possible[8], two
main methodsto obtain skeletonsin discretespaces
have beenproposed:thinning methodsand methods
basedondistancetransforms.

Thinning methodspeeloff the boundaryof a vol-
ume. They produceskeletonsby iteratively deleting
voxels from theboundaryof theobject. Thedeletion
of a voxel canbein a sequentialalgorithmor parallel
one. Eachiterationof sequentialalgorithmsconsists,
in general,of threesteps:(1) identify all bordervox-
els,andlabel themwith the iterationnumber;(2) in-
spectall voxelslabeledwith thecurrentiterationnum-
ber, andmarkthosethatcannotberemovedin orderto
preserve the shapeof the original object(connected-
ness);and(3) remove all unmarkedbordervoxels. It
is obviousthat theobtainedskeletonusingsequential
versionsof this algorithmdependspartly on theorder
the voxels areprocessed.Up to our knowledge,the
latestalgorithmfor thinningvolumesappearedin [5].

The methodsbasedon distancetransformsfirst
convert the volume, which consistsof object (fore-
ground)andnon-object(background)voxels, into an
objectwhereevery objectvoxel hasthe valuecorre-
spondingto theminimumdistanceto thebackground.
Differenttypesof metricsfor discreteobjectsareused,
aiming to approximatethe euclideandistanceso that
rotation-invarianceis attainedto someextend. Then,
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Figure 1. Defined directions.

the ridges of the inducedscalarfield constitutethe
skeleton. In general,thesealgorithmsare not itera-
tivesothattheskeletonis producedin a fixednumber
of passesthroughthe object. Up to our knowledge,
the most recentskeletonizationalgorithmbasedon a
distancetransformappearedin [4].

The algorithmwe proposehereis an extensionof
theonepresentedin [2]. It canbeclassifiedasa thin-
ningalgorithm.Theapproachadoptedsatisfiesthere-
quirementsgivenabove in the following orderof pri-
ority: connectedness,thinnessandreconstructability.
The preservation of the connectivity is the essential
conditionfor theskeletonin orderto extracttheshape
of theoriginal object. Then,shapescanbenearlyre-
constructedwith anerror, in our case,boundedto one
voxel.

Theproposedprocedurecanbeoutlinedasfollows.
Thosevoxelswhosedeletionby a directionalerosion
mightdestroy theconnectednessareretainedandclas-
sifiedasgaps,thentheregion is erodedandthecorre-
spondingresidualscomputed.Gapsandresidualsare
retainedin thevolume,andthisprocessis repeatedun-
til noprogressis made.

As explainedabove,theobtainedskeletonis anap-
proximationto the medial surface. In our case,the
skeleton is the locus of maximal cubes. The algo-
rithm is sequentialso that the result dependspartly
on theorderin which thedirectionalerosionsareper-
formed. It is first developedfor spatialenumeration
(voxel-based)representationsandthengeneralizedto
spatially encodedsquemesand arbitrary representa-
tions, provided they allow booleananddisplacement
operationsto beperformedefficiently.

Thispaperis structuredasfollows. In ordertomake
it asself-containedaspossible,the requiredmorpho-
logical operationsare reviewed in Section2. Next,
theconceptsof residualsandgapsassociatedwith di-
rectionalerosionsareintroduced.Thesearetwo key
pointsfor our skeletonizationalgorithm,which is pre-
sentedin Section3. It is also shown how a simple
spatialencodingtechniquespeedsup theperformance
of thealgorithm.We concludein Section4.

2. Background

Let ��� be the discretespace.Let ������� a 3D
volume.Let 	��
��
����� denotethebackgroundof � .
The connectivity usedherein is (26,6)-connectivity,
which means26-connectivity for the volume and

6-connectivity for the background. Each of the 26
neighborsof a voxel in thevolumedefinesa direction
whichwill benumberedasshown in figure1.

Theerosionof � usingthestructuringelement�
is definedas ������
������ �������! "�$#%�&���(' ,
andits dilation usingthesamestructuringelementas��)*�+
,���-� �.
0/1#��2 3/4�5�1 6�(�7�!' , and its
openingas �98��7
7:3:;�<�=�?>@)A�B>DC

Theresidual, �FEG� , is thesetmadeof thosepoints
in � which do not belong to its openingusing the
structuringelement� , thatis, �HEG�%
I�F�J:K�98��B> .

If �!L denotesthe translationof � in thedirection
associatedwith ���M� , thenit canbeshown that

N*OMPRQTS
UWV2X
N?Y UDZ

In otherwords,erosioncanbeaccomplishedby taking
the intersectionof all the translatesof � , wherethe
shifts in the translatesarethe negatedmembersof �
seenasvectors.

An especiallyinterestingcasefor � is thatin which� consistsof two voxels, where one is the origin.
Then,theerosionof � using � canbecomputedsim-
ply by �<�=�7
[�<\]�$^_L` andits openingbyNbacP[Q[deN*fgN Y U"hji deN*fkN Y UlhmU Z
Since :;�!no�=�?pq>_�=�grk
.�!no�.:;�?ps)=�grt>D then,if�7
.�!nu)=�?p�)IC`CcC2)=�?v_ oneconcludesthatN�O1P[Q[d Z6Z6Z6w deN�O1Pkx h O1PGyDz{O Z6Z6Z O1P
| h Z
Thus,if astructuringelementcanbebrokendownto a
chainof dilationsof smallersubstructuringelements,
thedesiredoperationmaybeperformedasasequence
of suboperations.

As a first approximation,a skeletoncanbedefined
asthesetof all theresidualsof thesuccessiveerosions
of � , usingthefollowing simplealgorithm:

algorithm T1;
input: } ;
output: ~ ;~G�[� ;
while }[�� �� �R}M�k� ;~
�I~��
��}s�`� �?� �@� ;}�� � ;
endwhile;
end.

Now, let usassumethatB is acentered3x3x3cubic
structuringelementwhich canbebrokendown into a
chainof 6 dilationsof two-voxelelementsin thedirec-
tions0, 2, 4, 6, 8, and10. Then,theabove algorithm
canberewrittenasfollows:

algorithm T2;
input: } ;
output: ~ ;~G�[� ;
while }[�� �� �R}M�u}��_��}�����}�����}��_��}�����}��;� ;~
�I~��
��}s�`� � � � � � � � � � � � � � � � � � � �;� �K� ;}�� � ;
endwhile;
end,
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Themainadvantageof this algorithmover thepre-
vious oneis that it only involvesdirectionalerosions
anddilationsalongthecoordinateaxes.Althoughthe
skeletonthusobtainedallowsusto entirelyreconstruct
theinitial setby simply dilating eachvoxel according
to its distanceto theboundaryof theobject,it is nei-
ther thin nor connectivity preserving.Thefirst draw-
backcanbeeasilyovercameasfollows:

algorithm T3;
input: } ;
output: ~ ;~��[� ;� �I� ;
while }[�� �

/* directionalerosionalongy+ */� �[}M��} � ;� � � ����}s��� � � � �"�K� ;}F� � ;
/* repeatfor directionsz+, x+, y-, z-, andx- */
.
.
.~��R~�� � ;

endwhile;
end.

Now, sinceresidualsare independentlythin (they
areobtainedfrom singledirectionalerosions),theob-
tainedskeletonis thin. As a counterpart,theoriginal
shapecanonly be nearlyreconstructedbut, as it has
alreadybeenpointedout,thinnessandreconstructabil-
ity are mutually incompatiblegoals. Then, shapes
canbenearlyreconstructedwith anerror, in our case,
boundedto onevoxel.

In order to overcomethe remainingdrawback –
connectivity– we first introducethe conceptof direc-
tional gaps.Thosevoxels requiredto ensureconnec-
tivity in thefinal skeletonandnot includedin theme-
dial surfacecomputedby algorithmT3, will bepartof
a setof disjoint regions that we call gaps. Contrary
to what onemight expect,whenconsideringonly di-
rectionalerosions,gapscanbe easilycomputed.For
example,the directionalgapof a binary region X in
direction0 (thecoordinateaxis � in thepositivedirec-
tion) canbeobtainedby computing:N!f$�NG��f d¡deN£¢Df¤�N£¥ h¡i deN?¦"f$�N¨§ h¡i deN¨§m��f$�Ng¦;¥ h¡i deN£§¡§Df¤�Ng¦©¢ h¡i
deN£§"¦Jf.�Ng¦;ª hti deN£§m«�f.�N?¦©¬ hqi deN?¦©§jf.�N?¦;� hqi deN£­jf.�N£® h¡h Z
Gapsalongthe othercoordinateaxes,either in pos-

itive or negative directions,can analogouslybe ob-
tained. The above expressionis obtainedasa gener-
alizationof thetwo-dimensionalcase.It is worth not-
ing that theconceptof gaps,first introducedin [2], is
closelyrelatedto the setof ¯ templatesrecentlypre-
sentedin [5].

3. The thinning algorithm

The motivation behind our thinning algorithm is
seenas follows. First thosevoxels whosedeletion
by a directionalerosionmight destroy theconnected-
nessare retainedandclassifiedas gaps,then the re-
gionis effectively erodedandthecorrespondingresid-
ual computed.Gapsandresidualsareremovedfrom

the object in order to concentratethe thinning effort
on thethick region. Iterationscontinueuntil anobject
becomesempty. The following algorithmin pseudo-
codeimplementsthisprocedure.

(a) (b) (c)

Figure 2. Result of the application of T3
(b), and T4 (c) on the object in (a)

Theresultalwaysdependson thestartingdirection
but, in any case,theerrorof thereconstructionprocess
is boundedto onevoxel.

algorithm T4
input: X;
output: S; /* skeletonof } */~G�[� ;° �[� ;
do

/* erosionalongy+ */± �[� ; /* incrementof skeleton*/² �[}M��³}��_�]´3µ¶}�·��F³}��l¸��bµ©}��j��³}��l¸���¹W¹W¹cµ¶}�º��F³}��6¸D» ;
/* gap*/� �[}1��}�� ; /* erodedimage*/¼ �[}��j� � � � �"� ; /* residual*/± � ± � ¼ � ² ;}�� � � ± ;
/*repeatfor directionsz+, x+, y-, z-, andx- */
.
.
.}��[}1�?³° ;~
�R~s� ° ;° � ± �B³° ;

until ( } �-� � );
end.

Figure2 showsanobjectandtheobtainedskeletons
usingalgorithmsT3 andT4. The thinning actionof
T3 is greedy: clear topologicalchangesoccur. The
introductionof gapsby T4 fixestheproblem.

Theabovealgorithmshave beenimplementedin C
onaSunUltra2-2200workstation.It hasbeenrecently
criticized that in many paperson skeletonizationof
volumeobjectsthe only given examplesaretiny test
images,which makes it difficult to understandwhat
would be the resultsfor reasonablesizedreal images
[1]. In ourcase,T4 hasbeentestedon3-D imagesob-
tainedby aTAC device. Figure3 showstheresultsfor
ahumanvertebraandapartialskull. Thevertebracon-
tains22,263voxels,its skeletonis computedin 2.644
secondsandcontains5,606voxels.Theskull contains
20,001voxels,it is computedin 3.095secondsandhas
8,165voxels.Theskeletonof theskull is computedin
six iterations.TableI shows theevolution of thepro-
cessingtime for eachiteration. Note the exponential
reductionin thetimerequiredfor eachiterationthanks
to theadoptedincrementalstrategy.
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Figure 3. Skeletons (lower row) obtained
using the proposed algorithm on real
data (upper row).

Table I Table II
Iter. CPUtime

1 1874
2 954
3 180
4 63
5 22
6 2

Total 3095

Iter. CPUtime CPUtime
(encoded) (unencoded)

1 30 134
2 24 84
3 14 35
4 2 5

Total 70 258

A relevantfeatureof algorithmT4 is that,contrary
to [5], it can be applied to other object representa-
tions different from explicit spatialenumeration. In
particular, we have appliedit to volumesrepresented
by binarysubdivision trees.Figure4 shows two such
encodedobjectsandthe obtainedskeletons.In order
to show the effect of this codificationin the process-
ing time, TableII comparesits evolution for the sec-
ond encodedvolume againstits unencodedcounter-
part.While theencodedobjectcontains435boxes,the
unencodedversionhas3.920voxels. Thus,thebene-
fits of avoiding to work at voxel level areclearbothin
memoryrequirementsandcomputationaltime.

4. Conclusions

In thispaperwehavepresentedanalgorithmbased
on concisebooleanexpressionsable to computethe
skeleton of 3-D objects in different representation
schemes.In particular, it hasbeenshown how theef-
ficiency of thealgorithmcanbegreatlyimprovedand
its memoryrequirementsdramaticallyreducedwhen
dealing with objectsrepresentedwith binary subdi-
vision trees. The enormousalgorithmic difficulties
causedwhenworking at voxel level dueto the iden-
tification of all removablevoxelsusinglarge look-up

Figure 4. Skeletons (lower row) obtained
using the proposed algorithm on en-
coded synthetic volumes (upper row).

tables–asstandandthinningalgorithmsusualydo– is
thusavoided.
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