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Abstract

Somehinningalgorithmsfor 3D objects,or gener
alizationsof existingonesfor 2D, havebeenproposed
in recentyeais. Theonegivenherein is surprisingly
simpleand very fast compaed to mostof them,and
still it hastheoeticallyfavorable properties.Actually,
it providesa connectedsurfaceskeletonthat allows
shapego bereconstructedvith boundederror. In ad-
dition, it is alsovery attractive becausat allows dis-
crete skeletonsto be obtaineddirectly from volumes
in manyrepresentationsvithoutcorvertingthemto a
voxel-basedepresentation.

Our algorithmis a generlization of the one pre-
sentedin [2] for 2D objects. It is basedon the ap-
plication of directionalerosions while retainingthose
voxelsthatintroducedisconnections.

1. Introduction

Three-dimensionatkeletonsare a promisingtool
for anincreasingiumberof applicationsn biomedical
imagery[4, 8], andin generalto mary otherapplica-
tionsrelatedto shapematchingandtracking, naviga-
tion, shapeabstractiorandanimationcontrol[3].

The word slkeletonis usuallyunderstoodn 2D to
meanthe medial axis of a given shape. The medial
surfaceof a 3D objectis definedsimilarly to its 2D
counterpartit is the setof the centersof all inscribed
spheresf maximal radius. The computationof the
medialsurfacefor arbitraryobjectsis a complex prob-
lem. Sofar, it hasonly beerefficiently solvedfor poly-
hedra[7]. Neverthelessgoodapproximationsanbe
obtainedby usingthe so-calledsemicontinuouseth-
ods They proceedoy distributing a setof pointsover
thefacesof the objectfor which we wantits skeleton.
Then, the Delaunaytriangulationis appliedto these
pointsto obtaina setof tetrahedravhosecentersare
usedto approximatehe medialsurface[6].

Whenworking in a discretespace spheresare al-
waysapproximation®f their continuouscounterparts
andtheconcepbf skeletonshouldberedefinedThen,
3D discreteskeletonsare approximationf this me-
dial surface. In ary casethe commonrequiredprop-

ertiesfor any of theseapproximationare:

1. ReconstructabilityA skeletonmustcontainsuficient
informationwhich canbe usedto reconstructheorig-
inal shape.

2. Rotation-itvariance. Due to robustnessreasons,a
skeletonfor a givenvolumemustbeindependenfrom
its orientation.

3. ConnectednessA skeletonmustbe homotopicto the
shapeit corresponds$o. In otherwords,it mustpre-
sene 26-neighborconnectednestor the foreground
and6-neighborconnectednedsr the background.

4. ThinnessA 3D objectisthinif it canbedescribedisa
setof possiblyintersectingpatche®f discretesurfaces.

Unfortunately in the discretespacetheserequire-
mentsbecomemutuallyincompatible[2], and,hence,
practical skeletonization methods are invariably a
compromisebetweerthem.

Although other alternatves are possible[8], two
main methodsto obtain skeletonsin discretespaces
have beenproposed:thinning methodsand methods
basedn distanceransforms.

Thinning methodspeel off the boundaryof a vol-
ume. They produceskeletonsby iteratively deleting
voxelsfrom the boundaryof the object. The deletion
of avoxel canbein a sequentiablgorithmor parallel
one. Eachiterationof sequentiablgorithmsconsists,
in general of threesteps:(1) identify all bordervox-
els, andlabel themwith the iterationnumber;(2) in-
spectall voxelslabeledwith the currentiterationnum-
ber, andmarkthosethatcannotberemaovedin orderto
presere the shapeof the original object(connected-
ness);and(3) remove all unmarledbordervoxels. It
is obviousthatthe obtainedskeletonusingsequential
versionsof this algorithmdependgartly on the order
the voxels are processed.Up to our knowledge, the
latestalgorithmfor thinningvolumesappearedh [5].

The methodsbasedon distancetransformsfirst
corvert the volume, which consistsof object (fore-
ground)and non-object(background)oxels, into an
objectwhereevery objectvoxel hasthe value corre-
spondingo the minimumdistanceto the background.
Differenttypesof metricsfor discreteobjectsareused,
aiming to approximatethe euclideandistanceso that
rotation-irvarianceis attainedto someextend. Then,



Figure 1. Defined directions.

the ridges of the inducedscalarfield constitutethe
skeleton. In general,thesealgorithmsare not itera-
tive sothatthe skeletonis producedn afixednumber
of passeghroughthe object. Up to our knowledge,
the mostrecentskeletonizationalgorithmbasedon a
distancdransformappearedh [4].

The algorithmwe proposehereis an extensionof
theonepresentedn [2]. It canbe classifiedasa thin-
ning algorithm. Theapproactadoptedsatisfieghere-
quirementgiven above in the following orderof pri-
ority: connectednesshinnessandreconstructability
The preseration of the connectvity is the essential
conditionfor the skeletonin orderto extractthe shape
of the original object. Then,shapesanbe nearlyre-
constructedvith anerror, in our case boundedo one
voxel.

Theproposedrocedureanbeoutlinedasfollows.
Thosevoxels whosedeletionby a directionalerosion
mightdestry theconnectedneswreretainedandclas-
sifiedasgaps thentheregionis erodedandthe corre-
spondingresidualscomputed.Gapsandresidualsare
retainedn thevolume,andthis processs repeatedin-
til no progresss made.

As explainedabore, the obtainedskeletonis anap-
proximationto the medial surface. In our case,the
skeletonis the locus of maximal cubes. The algo-
rithm is sequentialso that the result dependspartly
ontheorderin which the directionalerosionsareper
formed. It is first developedfor spatialenumeration
(voxel-basedYepresentationandthengeneralizedo
spatially encodedsquemesand arbitrary representa-
tions, provided they allow booleanand displacement
operationgo be performedefficiently.

Thispaperis structuredasfollows. In orderto make
it asself-containedhspossible the requiredmorpho-
logical operationsare reviewed in Section2. Next,
the conceptof residualsandgapsassociatedvith di-
rectionalerosionsare introduced. Thesearetwo key
pointsfor our skeletonizatioralgorithm,which s pre-
sentedin Section3. It is alsoshovn how a simple
spatialencodingechniquespeedsip theperformance
of thealgorithm.We concludein Sectior4.

2. Background

Let Z3 bethe discretespace.Let X c Z% a3D
volume.Let X = Z3\ X denotethebackgrounaf X.
The connectity usedhereinis (26,6)-connectiity,
which means 26-connectiity for the volume and

6-connectiity for the background. Each of the 26
neighborsof avoxel in the volumedefinesa direction
whichwill benumberedasshovnin figure 1.

The erosionof X usingthe structuringelementB
is definedas X © B = {y|Vb € B,y +b € X},
andits dilation usingthe samestructuringelementas
XoB={yy==z+bz € X,b € B}, andits
openingasXoB = ((X © B) @ B).

Theresidual X L B, is thesetmadeof thosepoints
in X which do not belongto its openingusing the
structuringelementB, thatis, X 1L B = X \(XoB).

If X; denoteghe translationof X in the direction
associateavith b € B, thenit canbe shovn that

XeB= ﬂ X_p.
beB

In otherwords,erosioncanbeaccomplishetby taking
the intersectionof all the translateof X, wherethe
shiftsin the translatesarethe negatedmembersof B
seerasvectors.

An especiallyinterestingcasefor B is thatin which
B consistsof two voxels, where one is the origin.
Then,theerosionof X usingB canbecomputedsim-
ply by X 6 B = X n X_;, andits openingby

XoB = (X ﬂX_b) (@] (X nX_b)b.

Since(B1 © B2) © B3 = B1 6 (B2 ® B3), then,if
B=Bl® B2®...® Bk,oneconcludeghat

XoB=(..[(X6oBl)oB2o...0Bk).

Thus,if astructuringelementanbebrokendownto a
chainof dilationsof smallersubstructuringelements,
thedesiredoperatiormaybe performedasa sequence
of suboperations.

As afirst approximationa skeletoncanbe defined
asthesetof all theresidualof thesuccessie erosions
of X, usingthefollowing simplealgorithm:

algorithm T1;

input: X;

output: S;

S « 0;

while X # 0
E+ X6 B,
S+ SU(X\(E @ B);
X «+ E;

endwhile;

end.

Now, letusassumehatB is acenteredBx3x3cubic
structuringelementwhich canbe brokendown into a
chainof 6 dilationsof two-voxel elementsn thedirec-
tionsO, 2, 4, 6, 8, and10. Then,the above algorithm
canberewritten asfollows:

algorithm T2;

input: X;

output: S;

S« 0;

while X # 0
FE+—~XNXoNXanNXsnNXeNXgN Xi0;
S(—SU(X\(EUE4UE2UEsUEoUEeUEu)));
X «— E;

endwhile;

end,



The mainadwantageof this algorithmover the pre-
vious oneis thatit only involvesdirectionalerosions
anddilationsalongthe coordinateaxes. Althoughthe
skeletonthusobtainedallows usto entirelyreconstruct
theinitial setby simply dilating eachvoxel according
to its distanceto the boundaryof the object, it is nei-
therthin nor connecwity preserving.The first draw-
backcanbe easilyovercameasfollows:
algorithm T3;
input: X;
output: S;

S + 0;
A+ 0
while X # 0

/* directionalerosionalongy+ */

E + X N Xop;

A+ AU (X\(E U E4));

X «+ E;
/* repeafor directionsz+, x+, y-, z-, andx- */

S — S+ A;
endwhileg;
end.

Now, sinceresidualsare independentlythin (they
areobtainedfrom singledirectionalerosions)the ob-
tainedskeletonis thin. As a counterpartthe original
shapecan only be nearlyreconstructedbut, asit has
alreadybeenpointedout, thinnessandreconstructabil-
ity are mutually incompatiblegoals. Then, shapes
canbe nearlyreconstructedavith anerror, in our case,
boundedo onevoxel.

In orderto overcomethe remainingdravback —
connecwity— we first introducethe conceptof direc-
tional gaps. Thosevoxels requiredto ensureconnec-
tivity in thefinal skeletonandnotincludedin the me-
dial surfacecomputedy algorithmT3, will be partof
a setof disjoint regionsthat we call gaps Contrary
to what one might expect,when consideringonly di-
rectionalerosions gapscanbe easilycomputed. For
example,the directionalgap of a binary region X in
directionO (the coordinateaxisy in the positive direc-
tion) canbeobtainedby computing:

XﬂXoﬂ((X7ﬁX6)U(X1ﬁX2)U(X200X16)U(X220X17)U

(X21 n X14) U (X23 0X15) @] (Xlz ﬂXlo) U (Xg n Xs))

Gapsalongthe othercoordinateaxes, eitherin pos-
itive or negative directions, can analogouslybe ob-
tained. The above expressionis obtainedasa gener
alizationof thetwo-dimensionatase.lIt is worth not-
ing thatthe conceptof gaps first introducedin [2], is
closelyrelatedto the setof 3 templategecentlypre-
sentedn [5].

3. Thethinning algorithm

The motivation behind our thinning algorithmis
seenas follows. First those voxels whosedeletion
by a directionalerosionmight destrg the connected-
nessare retainedand classifiedas gaps,thenthe re-
gionis effectively erodedandthe correspondingesid-
ual computed.Gapsandresidualsareremoved from

the objectin orderto concentratehe thinning effort

onthethick region. Iterationscontinueuntil anobject
becomeempty The following algorithmin pseudo-
codeimplementghis procedure.

(b)

Figure 2. Result of the application of T3
(b), and T4 (c) on the object in (a)

Theresultalwaysdepend®n the startingdirection
but, in ary casetheerrorof thereconstructioprocess
is boundedo onevoxel.

algorithm T4
input: X;
output: S;/* skeletonof X*/
S« 0;
L + 0;
do
[* erosionalongy+ */
I « 0; /I* incremenbf skeleton*/
G(—Xﬁ)_((]m |:(X7ﬂ)26) U (le)_(g) U... (Xgn)?g)];
I* gap*/
E + X N Xp; I* erodedmage*/
R + X\ (E U Ey); I* residuat/
I+~ IURUG,
X+~ EUI,
[*repeatfor directionsz+, x+, y-, z-, andx- */

X+ XnNnL;

S+ SUL;

L+ INnL;
until (X == 0);
end.

Figure2 shavsanobjectandtheobtainedskeletons
using algorithmsT3 and T4. The thinning action of
T3 is greedy: cleartopologicalchangesoccur The
introductionof gapsby T4 fixesthe problem.

Theabove algorithmshave beenimplementedn C
onaSunUltra2-2200workstation.It hasbeenrecently
criticized that in mary paperson skeletonizationof
volume objectsthe only given examplesaretiny test
images,which makesit difficult to understandvhat
would be the resultsfor reasonablsizedrealimages
[1]. In our case,T4 hasbeentestedon 3-D imagesob-
tainedby a TAC device. Figure3 showvstheresultsfor
ahumanvertebraanda partialskull. Thevertebracon-
tains22,263voxels, its skeletonis computedn 2.644
secondsindcontainss,606voxels. The skull contains
20,001voxels,it is computedn 3.095secondsindhas
8,165voxels. The skeletonof the skull is computedn
six iterations. Tablel shows the evolution of the pro-
cessingtime for eachiteration. Note the exponential
reductionin thetimerequiredfor eachiterationthanks
to theadoptedncrementaktrateyy.



SIS A
AL
eI
R
TR
5
TR
£5s

Figure 3. Skeletons (lower row) obtained
using the proposed algorithm on real
data (upper row).

Tablel Tablell
Iter. | CPUtime CPUtime
1 1874 (encoded) | (unencoded)
2 954 1 30 134
3 180
4 63 2 24 84
3 14 35
5 22
6 5 4 2 5
Total 3095 Total 70 258

A relevantfeatureof algorithmT4 is that,contrary
to [5], it can be appliedto other object representa-
tions differentfrom explicit spatialenumeration.In
particular we have appliedit to volumesrepresented
by binary subdvision trees.Figure4 showvs two such
encodedbjectsandthe obtainedskeletons. In order
to shaw the effect of this codificationin the process-
ing time, Tablell comparests evolution for the sec-
ond encodedvolume againstits unencodedcounter
part. While theencodedbjectcontainsA35boxes,the
unencodedrersionhas3.920voxels. Thus,the bene-
fits of avoidingto work atvoxel level areclearbothin
memoryrequirementeindcomputationatime.

4. Conclusions

In this paperwe have presente@nalgorithmbased
on concisebooleanexpressionsable to computethe
skeleton of 3-D objectsin different representation
schemesin particular it hasbeenshavn how the ef-
ficiengy of thealgorithmcanbe greatlyimprovedand
its memoryrequirementsiramaticallyreducedwhen
dealing with objectsrepresentedvith binary subdi-
vision trees. The enormousalgorithmic difficulties
causedvhenworking at voxel level dueto the iden-
tification of all removablevoxelsusinglarge look-up

Figure 4. Skeletons (lower row) obtained
using the proposed algorithm on en-
coded synthetic volumes (upper row).

tables—asstandandhinningalgorithmsusualydo—is
thusavoided.
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