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Abstract

An algorithmfor makingconsisten2-D to 3-D geomet-
ric inferencein polyhedal world usingoneperspectivdine
drawingis described Hypothesesre madeon theinternal
anglesof visible faces. Thenormalsto thefaceplanesare
thendetermined.Valid normalslead to the reconstruction
of the 3-D polyhedal world up to a scalefactor Theper-
formanceof the algorithm is verified by using covariance
matrix propagation. The experimentalresultsshowsatis-
factoryperformance

The genearl propagation formulae for the covariance
matrix of bothinputand outputvariablesare alsoderived.

1. Introduction

Givenonly one2-D perspectie projectionline draving
of a3-D polyhedralorld andthe cameracalibration,with-
out ary other hints exceptthat the facesof polyhedraare
planar whatcanbeinferredaboutthe polyhedralworld, in
termsof the geometricpropertiesof the polyhedra? How
accuratas theinference?Thesearetwo aspect®f a classi-
cal computervision problem.Thegoalis to find a possible
explanationof thepolyhedralworld whichwould be consis-
tentwith theobsened2-D image.

Liebowitz etal [3] andShumetal [4] proposednethods
to solve the single view computervision problem. Both
authorstook advantageof geometricregularity in the real
world, suchasparallelismandorthogonality

In our approachthe polyhedracanhave generakhapes,

notlimited to thosewith parallelismor orthogonality
Hypothesesare madeon the internal anglesof visible

faces.The normalsto the faceplanesarethendetermined.

Valid normalsleadto the reconstructiorof the 3-D polyhe-
dralworld upto ascalefactor

Thevalidity of the hypothesess testedusingthe covari-
ancematrix associatedvith the solution,which is derived
analytically startingfrom the covariancematrix of the ob-
sened quantitiesandis propagatedhrougheachinference
step. The performancevalidationis importantespecially
whennon-deterministi@lgorithmsareinvolvedbecaus¢he
behaior of suchalgorithmscanbeat mostprobabilistically
predictedput notlogically.

2. Propagation of Covariance Matrix of Both
Input and Output Variables

¥, g € R*™*" denoteghe covariancematrix of X and

Y g € R™X™ for 6. The covariancepropagatesrom

YA ¢ 10X, 5. Haralick[1] summarizedhemethodologyof

covariancepropagatiorfrom obseneddatavectorX € R®

to inferredunobsered parametewector@ € R™,
However, thereare situationswherewe might be inter-

estedin the covariancematrix Xg ¢ € R{ntm)x(ntm)

which givesthe covariancebetween® and X aswell as
Y g andX, ¢. Onesuchsituationhappensvheninfer-
enceis notbeingmadein thefirst stepbut the middle steps
and X is an inferred guantity from previous stepsrather
thanadirectly obsenedquantity @ is furtherinferredfrom
X. Sincethey areall inferred quantities,it is likely that
the covariancebetween® and X would be of interest. In
the following sectionswe will derive the closed-formfor-
mulato calculatethe covariancematrix X5 g. The same
assumptionasin [1] haveto be madesothatthefirst order
approximatioris goodenough.

2.1. Explicit Function 6 = F(X) IsKnown

Giventheexplicit function® = F(X) : R* —» R™, O is
calculatedby evaluatingF(X), which is a vectorfunction



in general. Taking the first order Taylor seriesexpansion,
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we getAO =~ %%LAX. Sothe covariancematrix can

befoundas
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whereG = %%l. Theupperleft sub-matrixis ¥ , 5

2.2. Unconstrained Optimization with Objective
Function F(X, )

F(X,6) : (R, ,B™) = RF U {0} is a nonngative
scalarfunction of X and®. 6 is the e optimal solutionto
the minimizationproblem: min F(X G)) From[1], we
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It follows by definitionthatX \ g A ¢ is
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whereH = % andM = g—% Theupperleft sub-matrixis
R
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2.3. Constrained Optimization with Objective
Function F(X,®) and constraintss(6)

F(X,0) : (R",R™) — R* U {0} is a nonngative
scalarfunction of X and®. s(8) = 0 represents setof
equauonsconstrammg@). Theseconstraintscanbe equal-
ities or inequalities.@ is the optimal solutionto the mini-
mizationproblemmin F(X, ). From[1], we know
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whereg = 2£ 59
tor.
Transformingeq 3 to
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we obtainthe covariancematrix (C is symmetric)
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3. Geometric Inference and Covariance Prop-
agation in the Polyhedral World

Givenone2-D perspectivdine-drawingof a polyhedal
world, infer the 3-D positionsandorientationsof ead poly-
hedion whoseperspectiveprojection can resultin a per
spectiveprojectedline-drawing statisticallyconsistentvith
theobserved-D perspectivdine-drawing

Validate the inferenceprocedue by comparingthe co-
variancematrix derivedanalyticallyandthe oneestimated
experimentally

We avoid makinghypotheseselatedto geometricprop-
ertieschangeover spacesuchas: the 3-D positionof a ver
tex. We make hypothesesaboutintrinsic propertiesof a
polyhedron,suchas: the length of one edge of eadh poly-
hedion,and/ortheanglebetweertwo edges,sincethesege-
ometricpropertiesusuallydo not changeover space.

A strong property of polyhedronis that it has planar
faceswhichis a constraintin the problem.We startthein-
ferenceprocedurawith hypothesesf anglesandthelength
of oneedgeof eachpolyhedron.We repeathe hypothesiz-
ing procedurauntil consistenyg is attained.

Polyhedrahaving from someview the sametopologybut
incongruentgeometricstructuremight producethe same
perspectie images,even if we cannotcome up with the
“correct” valuesof the unknavns, we might arrive at a so-
lution which produceghe sameperspectie image. Thisis
perfectly good up to the consisteng requirementsincea
single 2-D perspectie imageis not enoughto make 3-D
inferencein general.

3.1. The Inference and Covariance Propagation
Procedure

We starttheinferenceprocedurevith anumberof visible
faces,edgesand verticesin the given perspectie image.
Theseentitieshave beenlabeledandgrouped.

We usethe following notationto represenfaces,edges
and vertices: visible facesII; with normal g passing3-
D point Wy, k = 1,..., K; visible edges L; with direc-
tion cosinevectorbd;, two terminalpointsP;; andP;,; and
the obsenationplanenormalii; , i = 1,...,V; visible ver-
tices P, with perspectie projectionP; = (ug,vg, £)T,

1,..,Q.

To simplify the notation,we use:

P=(Pf, POl b=(, b))
P= (ﬁ?a 7pK) w: (W : W%)T
Q:( P 7nV)T uv = (ulavla "7UQ7UQ)T

So, the start covariance matrix of the obsened quanti-
tiesis Xuv andthe one after propagationby inferenceis
Ezihigiﬂ'



Step 1. Calculating the normal to the observation plane

Goal: Thenormalfi; to the obsenationplaneof eachedge
L;.

Observations:The 2-D perspeciie imageP}; P}, of each
3-DedgeP;; Py,i=1,...,V.

Inference:f; = %, i=1,.,V
CovariancePropagation: In this step,we have explicit for-
mulafor n, soby Eq 1 we know

> ~ GlTEgGl GlTEa
n,uv EQGl EH
where
T
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Step 2. From coplanar edges with known in-between
angleson afaceto infer the normal to the face

Supposehereare N coplanaredgesLy, Ls, ..., Ly, with
unknawn directioncosineb; , bs, ..., by onthefacell, with
unknowvn normalg;, ata positionunknown.

Goal: Findthenormalgy, tofacell,, k =1,..., K.
Inferred Quantities from Previous Steps: iy, fia, ...
with covariancematrix Xz, ... 75
Assumptions:HypothesizedM;, cosinesof the anglesbe-
tweenMy (M < N) pairsof the N coplanarlines. We
write theseassumptionsis

1] = [By - Bal, - -

Theangleconsineshataremostlik ely to beobsenedin the
realworld shouldbe hypothesized4]. Inference:For the:-

7nN|

thline L;, weknow: b; L ; andb; L . Sob; = ”Z’ig’“”
Hencefori=1,..., My,
> 2 i X Pr Tit1 X Py
[vil = |bi - b1 = | : - (5)

|7 X Drll |71 x Dl

To solve for g, we needin generaltwo more equations,
sincewe alreadyhave a constraint|p%|| = 1. Whenthere
aremorethantwo equationsi.e., M > 2, theequationsan
be solvedby constraineaptimization.Let

f(ﬁla ﬁi-i—l 75]4:7 71)
(7 X Pr) - (i1 X D))
= ¢ —(yill@ x BellllFira x Brl))*, % #0
(7 X D) - (Rig1 X Pr), =0
and the constrainedoptimization can be formulatedas a
non-lineareastsquaregproblem:

min F(fiy, ...
17 [|=1

Zf nlanl+17pk77l)

Mkapk
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Theabove problemcanbesolvednumerically

We male I randomguessesor theinitial valueof each
Pr, andsave thefirst J (J < I) mostoptimal solutionsfor
laterusein hypothesigest.l andJ aredeterminedy train-
ing experiments.

After the numericaloptimization,we checkthe consis-
teng of thedirectioncosinesf edgesvhichcanbederived
from differentpaths.We selectthe bestcombinationof the
solutionsof the normalswhich makesthe directioncosines
of edgesnostconsistentTheconsisteng is checledby the
summatiorof thesquare®f differenceof directioncosines
of edgesvhich canbecalculatedy two differentfacesthat
is, to find the bestcombinationof g%, from the optimaland
sub-optimakolutionswhich minimizes
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wherep;; andp;e arethe normalsto the two visible faces
whichintersectatedgelL;.

Covariance  Propagation: YA, A ~
C~'Dx,DTC~!, where
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Step 3. From an edge on a face with known normal to
infer the direction cosine of the edge

Goal: 5}, i=1,..V
Inferred Quantitiesfrom PreviousSteps:px, k£ = 1, ..., K,
whereK is thenumberof visible facessi;, i = 1,...V

Inference:b; = ”g’jig’;” (i=1)

Step 4. From the length of an edge and its direction co-
sineto infer its 3-D position

Goal: Theterminalpointsof theedge P, Pjs.



ObservationsP};, = (uj1,v51, )", Pl = (uj2,vje, )7
Inferred Quantitiesfrom PreviousSteps:B}, j=1
AssumptionsThe lengthd of the j-th edgeL; of a poly-
hedron. Thevalueof d doesnot affect the otherinference
resultsup to thescale.

Inference:See[2] p63for details.

Step 5. From a known edge on a face to infer the 3-D
position of the face

Goal: A point W, ontheface.

Inferred Quantitiesfrom PreviousSteps:The k-th facenor-
malp. Theterminalpointsof anedgeP;, P;s.
Inference:Wy, = (P;1 + P;2)/2, thegeometriamid-point
betweenP;; andPj,, givesthe bestsolutionin the least
squaresense.

Step 6. From a known face to infer the 3-D positions of
edges on thisface

Goal: Theterminalpointsof thei-th edgeL;, P;; andP;,

ObservationsP}; andP},

Inferred Quantitiesfrom PreviousSteps:pr, and W, of the

faceonwhichtheedgeis located.

Inference: P;; andP;, satisfy (P — W;)”5; = 0 andby

perspeciie projectionP;; = n1 P} andPy = 0P,

Solving theseequationswe obtainP;; = %P;ﬁl and
T o

Py = g% Ph.

After the edgeis known, go backto Step5 to infer the
positionof the otherfaceof theedge.Step5 andstep6 form
arecursve call loop. The recurrencekeepsgoing until all
theedgesandfacesof eachpolyhedronareresoled.

4. Experiment Results

We built a polyhedralworld composedf a cuboidand
a pyramid. Gaussiamoiseis appliedto generatenoisy ob-
senation. The noiseis notrequiredto be Gaussiaraslong
asit haszeromeanandfinite variance.In Fig 1 shavn, we
printed out the perspectie projectionof the inferred 3-D
world with noisestandardieviation at0.005 and0.1.

All the non-deterministicbehaior introducedby the
algorithm comesfrom Step 2 — the numerical optimiza-
tion whoseresult dependson initial guess. Hence, we
concentrateour efforts on finding the covariance ma-
trix aboutp by Step 1 and 2. (The covariancesof
other geometric properties inferred from Step 3 to 6
are omitted since thesestepsare deterministic.) Corre-
spondingentriesin the analyticalderived covariancema-
trix and the experiment-estimate@ne for p shav sim-
ilar valuesand also form similar value patterns. (See
http://isl.eewashington.edu/ "msofgpvariance pdf)
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Figure 1. Perspective Projection of Inferred
3 — D Polyhedral World

5. Conclusions

We gave a generalapproacho makinggeometricinfer-
encefrom 2-Dto 3-Din apolyhedralworld. We verifiedour
implementatiorby comparingheestimatedovariancema-
trix andthe analyticallycomputedtovariancematrix. They
shaved consistentcharacteristicsvhenthe noiseis small,
additive andfinite in variance.

The procedureoutlinedin this paperprovidesa way to
begin for the covariancematricesof the obsened 2-D per
spectve projectionpointsand propagatehesecovariances
to correspondin@-D polyhedralvertices.Theinferred3-D
positionsarenotthosethathave the smallestcovariance.In
anothempaperwe will discusshis moredifficult problem.

For non-deterministialgorithms,e.g. someoptimiza-
tion problemswhosesolutiondepend®n the choiceof the
initial value thelogical proof of correctnessf aprogramis
impossible.Off-line Monte Carlotestinghasbeenthe only
way to testthe correctnes®f the program. However, the
on-line hypothesigestingusingcovariancematrix provides
anothemway to safeyuardthe solution.
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