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Abstract

An algorithmfor makingconsistent2-D to 3-D geomet-
ric inferencein polyhedral world usingoneperspectiveline
drawingis described.Hypothesesare madeon theinternal
anglesof visible faces.Thenormalsto thefaceplanesare
thendetermined.Valid normalslead to the reconstruction
of the 3-D polyhedral world up to a scalefactor. Theper-
formanceof the algorithm is verifiedby usingcovariance
matrix propagation. Theexperimentalresultsshowsatis-
factoryperformance.

The general propagation formulae for the covariance
matrixof bothinputandoutputvariablesare alsoderived.

1. Introduction

Givenonly one2-D perspective projectionline drawing
of a3-D polyhedralworld andthecameracalibration,with-
out any otherhints except that the facesof polyhedraare
planar, whatcanbe inferredaboutthepolyhedralworld, in
termsof the geometricpropertiesof the polyhedra?How
accurateis theinference?Thesearetwo aspectsof aclassi-
cal computervision problem.Thegoal is to find a possible
explanationof thepolyhedralworld whichwouldbeconsis-
tentwith theobserved2-D image.

Liebowitz etal [3] andShumetal [4] proposedmethods
to solve the single view computervision problem. Both
authorstook advantageof geometricregularity in the real
world, suchasparallelismandorthogonality.

In our approach,thepolyhedracanhave generalshapes,
not limited to thosewith parallelismor orthogonality.

Hypothesesare madeon the internal anglesof visible
faces.Thenormalsto thefaceplanesarethendetermined.
Valid normalsleadto thereconstructionof the3-D polyhe-
dralworld up to a scalefactor.

Thevalidity of thehypothesesis testedusingthecovari-
ancematrix associatedwith the solution,which is derived
analyticallystartingfrom the covariancematrix of the ob-
servedquantitiesandis propagatedthrougheachinference
step. The performancevalidation is importantespecially
whennon-deterministicalgorithmsareinvolvedbecausethe
behavior of suchalgorithmscanbeatmostprobabilistically
predicted,but not logically.

2. Propagation of Covariance Matrix of Both
Input and Output Variables������	��

��� � denotesthe covariancematrix of �� and������ ��

��� � for �� . The covariancepropagatesfrom������ to

������ . Haralick[1] summarizedthemethodologyof

covariancepropagationfrom observeddatavector �� ��

�
to inferredunobservedparametervector �� ��

� .

However, therearesituationswherewe might be inter-
estedin the covariancematrix

� ��
� ����	
�� � ����� ��� � � �!� ,
which gives the covariancebetween �� and �� as well as� ���� and

� ���� . One suchsituationhappenswhen infer-
enceis not beingmadein thefirst stepbut themiddlesteps
and �� is an inferred quantity from previous stepsrather
thanadirectlyobservedquantity. �� is furtherinferredfrom�� . Sincethey are all inferred quantities,it is likely that
the covariancebetween �� and �� would be of interest. In
the following sections,we will derive theclosed-formfor-
mula to calculatethe covariancematrix

�"���� �� . The same
assumptionsasin [1] have to bemadesothatthefirst order
approximationis goodenough.

2.1. Explicit Function ��$#&%(' ��*)
Is Known

Giventheexplicit function ��$#&%(' ��*)!+ 

��,-

� , �� is
calculatedby evaluating

%(' ��*)
, which is a vectorfunction



in general. Taking the first orderTaylor seriesexpansion,

we get .0/13254 6�7 89!: ;4 89<.3/= . So the covariancematrix can
befoundas>�? 8@�A ? 89 2CB"D�E >�? 89 DFDGE >�? 89>�? 89 D >�? 89IH (1)

whereD3J 4 6�7 89�:4 89 . Theupper-left sub-matrixis
>�? 8@ .

2.2. Unconstrained Optimization with Objective
Function K�L�/=�M /1ONK�L /=�M /1ON&P L Q
R M Q
S NUT Q
VXW&Y Z [ is a nonnegative

scalarfunction of /= and /1 . /1 is the optimal solution to
the minimizationproblem: \"] ^8@�_ `�a K"L�/=UM /1ON . From[1], we

know .0/1$2$b$c
d 8ed 8@!f�g�h d 8e ;d 89U.	/= , where /i J d j 7 89 A 8@ :d 8@ .

It followsby definitionthat
>�? 8@�A ? 89 isB�k g�h l E >�? 89 l k g�h b k g�h l E >�? 89b >�? 89 l k g�h >�? 89mH (2)

wherek	J d 8ed 8@ and l J d 8ed 89 . Theupper-left sub-matrixis>�? 8@ .

2.3. Constrained Optimization with Objective
Function K�L�/=�M /1ON and constraints n L /1(NK�L /=�M /1ON&P L Q
R M Q
S NUT Q
VXW&Y Z [ is a nonnegative

scalarfunction of /= and /1 . n L /1(N J Z representsa setof
equationsconstraining /1 . Theseconstraintscanbe equal-
ities or inequalities. /1 is the optimal solutionto themini-
mizationproblem\�] ^o 7 8@ : K�L /=�M /1(N . From[1], weknowp d 8ed 8@ d od 8@d o ;d 8@rqts B .0/1.&/u H 2 p b d 8e ;d 89q s . /= (3)

where /i J d j 7 89 A 8@ :d 8@ and /u is theLagrangianmultiplier vec-
tor.

TransformingEq3 tovwx d 8ed 8@ d od 8@yqd o ;d 8@zqCqq{q}| ~ �� vx . /1. /u. /= ~� 2 vx b d 8e ;d 89q | ~� . /=
andletting� J vwx d 8ed 8@ d od 8@yqd o ;d 8@ qCqq{q}| ~ �� M�� J vx bGd 8e ;d 89q | ~�
weobtainthecovariancematrix (

�
is symmetric)>�? 8@�A ? 8� A ? 89 2 � g�h ��>�? 89 � E � g�h (4)

3. Geometric Inference and Covariance Prop-
agation in the Polyhedral World

Givenone2-D perspectiveline-drawingof a polyhedral
world, infer the3-D positionsandorientationsof eachpoly-
hedron whoseperspectiveprojection can result in a per-
spectiveprojectedline-drawingstatisticallyconsistentwith
theobserved2-D perspectiveline-drawing.

Validate the inferenceprocedure by comparingthe co-
variancematrix derivedanalyticallyandtheoneestimated
experimentally.

We avoid makinghypothesesrelatedto geometricprop-
ertieschangeoverspacesuchas: the3-D positionof a ver-
tex. We make hypothesesabout intrinsic propertiesof a
polyhedron,suchas: the lengthof oneedge of each poly-
hedron,and/ortheanglebetweentwoedges,sincethesege-
ometricpropertiesusuallydonot changeoverspace.

A strong property of polyhedronis that it has planar
faces,which is a constraintin theproblem.We startthein-
ferenceprocedurewith hypothesesof anglesandthelength
of oneedgeof eachpolyhedron.We repeatthehypothesiz-
ing procedureuntil consistency is attained.

Polyhedrahaving from someview thesametopologybut
incongruentgeometricstructuremight producethe same
perspective images,even if we cannotcomeup with the
“correct” valuesof theunknowns,we might arrive at a so-
lution which producesthesameperspective image.This is
perfectlygoodup to the consistency requirement,sincea
single 2-D perspective imageis not enoughto make 3-D
inferencein general.

3.1. The Inference and Covariance Propagation
Procedure

Westarttheinferenceprocedurewith anumberof visible
faces,edgesand verticesin the given perspective image.
Theseentitieshavebeenlabeledandgrouped.

We usethe following notationto representfaces,edges
and vertices: visible faces �O� with normal /� � passing3-
D point ��� , � J�� M � � � M � ; visible edges ��� with direc-
tion cosinevector /� � , two terminalpoints �(� h and ��� � and
theobservationplanenormal /� � , � J�� M � � � M � ; visiblever-
tices �(� with perspective projection ���� J L � � M � � M � N E ,� JX� M � � � M � .

To simplify thenotation,we use:� J L � E h M � � � M � E� N E � J L /� E h M � � � M /� E ¡ N E¢ J L /� E h M � � ��M /� E£ N E � J L � Eh M � � � M � E£ N E¤ J L /� E h M � � ��M /� E ¡ N E¦¥ § J L � h M � h M � � � M � � M � � N E
So, the start covariancematrix of the observed quanti-
ties is

>�¨ ©
and the one after propagationby inferenceis>�ª A « A ¬ A ­ .



Step 1. Calculating the normal to the observation plane

Goal: Thenormal ®¯�° to theobservationplaneof eachedge± ° .
Observations:The 2-D perspective image ²�³° ´ ²�³° µ of each
3-D edge² ° ´ ² ° µ , ¶�·X¸ ¹ º º º ¹ » .
Inference: ®¯�° ·½¼�¾¿ À Á ¼
¾¿ ÂÃ ¼ ¾¿ À Á ¼ ¾¿ Â Ã ¹
¶�·X¸ ¹ º º ¹ »
CovariancePropagation: In this step,we haveexplicit for-
mulafor Ä , soby Eq1 we knowÅ�Æ Ç È É Ê-Ë"ÌGÍ´ Å�È É Ì ´ Ì�Í´ Å�È ÉÅ�È É Ì ´ Å�È É Î
whereÌ ´ ·�Ï Ë Ð ¼�¾À À Á ¼
¾À ÂÃ ¼ ¾À À Á ¼ ¾À Â Ã Ñ Í ¹ Ò Ò Ò ¹ Ð ¼
¾Ó À Á ¼�¾Ó ÂÃ ¼ ¾Ó À Á ¼ ¾Ó Â Ã Ñ Í Î ÍÏ Ô Õ
Step 2. From coplanar edges with known in-between
angles on a face to infer the normal to the face

Supposethereare Ö coplanaredges
± ´ ¹ ± µ ¹ º º º ¹ ±�× , with

unknown directioncosine®Ø ´ ¹ ®Ø µ ¹ º º º ¹ ®Ø × on thefaceÙOÚ with
unknown normal ®Û Ú ata positionunknown.
Goal: Find thenormal ®Û Ú to faceÙOÚ , Ü"·X¸ ¹ º º º ¹ Ý .
Inferred Quantities from Previous Steps: ®¯
´ ¹ ®¯�µ ¹ º º º ¹ ®¯ × ,
with covariancematrix

Å(Þß À Ç à à à Ç Þß á .
Assumptions:Hypothesizedâ�Ú cosinesof the anglesbe-
tween âUÚGã â�ÚUä3Ö�å pairsof the Ö coplanarlines. We
write theseassumptionsasæ ç ´ æ · æ ®Ø ´ Ò ®Ø µ æ ¹ Ò Ò Ò�¹ æ ç è(é ê ´ æ · æ ®Ø èOé ê ´ Ò ®Ø è(é æ ¹ æ ç èOé�æ · æ ®Ø è(é Ò ®Ø ´ æ
Theangleconsinesthataremostlikely to beobservedin the
realworld shouldbehypothesized[4]. Inference:For the ¶ -
th line

± ° , weknow: ®Ø °�ë ®¯�° and ®Ø °�ë ®Û Ú . So ®Ø ° · Þß ¿ Á Þì éÃ Þß ¿ Á Þì é Ã .
Hence,for ¶�·X¸ ¹ º º º ¹ â�Ú ,æ ç ° æ · æ ®Ø ° Ò ®Ø ° í�´ æ ·ïîîîî ®¯�°
ð ®Û Úñ ®¯�°�ð ®Û Ú ñ Ò ®¯�° í�´Oð ®Û Úñ ®¯�° í
´!ð ®Û Ú ñ îîîî (5)

To solve for ®Û Ú , we needin generaltwo more equations,
sincewe alreadyhave a constraint

ñ ®Û Ú ñ ·3¸ . Whenthere
aremorethantwo equations,i.e., âóò&ô , theequationscan
besolvedby constrainedoptimization.Letõ ã ®¯�° ¹ ®¯�° í
´ ¹ ®Û Ú ¹ ç ° å·�ö÷ øúù ã ®¯�°
ð ®Û Ú å�Ò ã ®¯�° í�´(ð ®Û Ú å û µü ã ç ° ñ ®¯�°�ð ®Û Ú ñ ñ ®¯�° í�´Oð ®Û Ú ñ å µ ¹ ç °�ý·0þã ®¯�°
ð ®Û Ú å
Ò ã ®¯�° í
´Oð ®Û Ú å ¹ ç ° ·0þ
and the constrainedoptimization can be formulatedas a
non-linearleastsquaresproblem:ÿ�� �Ã Þì é Ã � ´ � ã ®¯
´ ¹ º º º ¹ ®¯ è(é ¹ ®Û Ú å�· ÿ�� �Ã Þì é Ã � ´ èOé� ° � ´ õ µ ã ®¯�° ¹ ®¯�° í�´ ¹ ®Û Ú ¹ ç ° å

Theaboveproblemcanbesolvednumerically.
We make � randomguessesfor the initial valueof each®Û Ú andsave thefirst �Uã �&ä	� å mostoptimalsolutionsfor

laterusein hypothesistest. � and � aredeterminedby train-
ing experiments.

After the numericaloptimization,we checkthe consis-
tency of thedirectioncosinesof edgeswhichcanbederived
from differentpaths.We selectthebestcombinationof the
solutionsof thenormalswhich makesthedirectioncosines
of edgesmostconsistent.Theconsistency is checkedby the
summationof thesquaresof differenceof directioncosines
of edgeswhichcanbecalculatedby two differentfaces,that
is, to find thebestcombinationof ®Û Ú , from theoptimaland
sub-optimalsolutionswhich minimizes
 ·��� ° � ´ ÿ�� ��
 ñ ®Ø ° ´ ü ®Ø ° µ ñ µ ¹ ñ ®Ø ° ´�� ®Ø ° µ ñ µ �·��� ° � ´ ÿ�� �������� ®¯�°
ð ®Û�° ´ñ ®¯�°�ð ®Û�° ´ ñ ü ®¯�°
ð ®Û�° µñ ®¯�°�ð ®Û�° µ ñ ���� µ ¹���� ®¯�°
ð ®Û�° ´ñ ®¯�°
ð ®Û�° ´ ñ � ®¯�°
ð ®Û�° µñ ®¯�°
ð ®Û�° µ ñ ���� µ �
where ®Û�° ´ and ®Û�° µ arethe normalsto the two visible faces
which intersectatedge

± ° .
Covariance Propagation:

Å�� � � À Ç à à à Ç � ��� Æ Ê� ê ´ � Å�Æ � Í � ê ´ , where

� ·����� Ð�� Þ � � Ñ�! " Á ! " Ð � Þ#� � Ñ�! " Á "%$ ! " Á ! �Ð � Þ#� � Ñ Í" Á ! "&$ " Á " $ " Á ! �$ ! � Á ! " $ ! � Á "(' ! � Á ! �
) **+

� · ��� ü � Þ ,� Æ - ��. - Ó$ " Á ! �' ! � Á ! �
) *+®/ · Ï10 "Ú � ´ � ã ®¯ Ú ´ ¹ º º º ¹ ®¯ Ú è é ¹ ®Û Ú åÏ 2 ¹®3 ·54 ñ ®Û ´ ñ µ ü ¸ ¹ Ò Ò Ò ¹ ñ ®Û ""ñ µ ü ¸ 6 Í

Step 3. From an edge on a face with known normal to
infer the direction cosine of the edge

Goal: ®Ø ° ¹
¶�·X¸ ¹ º º º »
InferredQuantitiesfromPreviousSteps: ®Û Ú ¹�Ü�·ú¸ ¹ º º º ¹ Ý ,
whereÝ is thenumberof visible faces. ®¯�° ¹
¶�·X¸ ¹ º º º »
Inference: ®Ø ° · Þß ¿ Á Þì éÃ Þß ¿ Á Þì é Ã ã ¶�·X¸ å
Step 4. From the length of an edge and its direction co-
sine to infer its 3-D position

Goal: Theterminalpointsof theedge,²87 ´ ¹ ²87 µ .



Observations:91:; <>=	? @ ; < A B ; < A C�D E�A 9�:; F>=	? @ ; F A B ; F A C�D E
InferredQuantitiesfromPreviousSteps:GH ; AJI =	K .
Assumptions:The length L of the I -th edge M ; of a poly-
hedron.Thevalueof L doesnot affect the otherinference
resultsup to thescale.
Inference:See[2] p63for details.

Step 5. From a known edge on a face to infer the 3-D
position of the face

Goal: A point NPO on theface.
InferredQuantitiesfromPreviousSteps:The Q -th facenor-
mal GR O . Theterminalpointsof anedge9 ; < A 9 ; F .
Inference:NPO =S? 9 ; <�T 9 ; F D U V , thegeometricmid-point
between9 ; < and 9 ; F , givesthe bestsolution in the least
squaresense.

Step 6. From a known face to infer the 3-D positions of
edges on this face

Goal: Theterminalpointsof the W -th edgeMYX , 91X < and 98X F
Observations:91:X < and 9�:X F
InferredQuantitiesfromPreviousSteps: GR O and NZO of the
faceon which theedgeis located.
Inference: 98X < and 98X F satisfy ? 9	[\NZO D E GR O =	] andby
perspective projection 91X < =Z^ X < 9�:X < and 91X F =P^ X F 91:X F .
Solving theseequations,we obtain 91X < =`_\ab�cd begf ah i cd b 9�:X < and91X F =j_ ab�cd bekf ah l cd b 91:X F .

After the edgeis known, go backto Step5 to infer the
positionof theotherfaceof theedge.Step5 andstep6 form
a recursive call loop. The recurrencekeepsgoing until all
theedgesandfacesof eachpolyhedronareresolved.

4. Experiment Results

We built a polyhedralworld composedof a cuboidand
a pyramid. Gaussiannoiseis appliedto generatenoisyob-
servation. Thenoiseis not requiredto beGaussianaslong
asit haszeromeanandfinite variance.In Fig 1 shown, we
printed out the perspective projectionof the inferred 3-D
world with noisestandarddeviationat ] m ] ] n and ] m K .

All the non-deterministicbehavior introducedby the
algorithm comesfrom Step 2 – the numericaloptimiza-
tion whose result dependson initial guess. Hence, we
concentrateour efforts on finding the covariance ma-
trix about o by Step 1 and 2. (The covariancesof
other geometric properties inferred from Step 3 to 6
are omitted since thesestepsare deterministic.) Corre-
spondingentriesin the analyticalderived covariancema-
trix and the experiment-estimatedone for o show sim-
ilar values and also form similar value patterns. (See
http://isl.ee.washington.edu/˜msong/covariance.pdf)
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Figure 1. Perspective Projection of Inferredp [\q Polyhedral World

5. Conclusions

We gave a generalapproachto makinggeometricinfer-
encefrom 2-D to 3-D in apolyhedralworld. Weverifiedour
implementationby comparingtheestimatedcovariancema-
trix andtheanalyticallycomputedcovariancematrix. They
showed consistentcharacteristicswhenthe noiseis small,
additiveandfinite in variance.

The procedureoutlinedin this paperprovidesa way to
begin for thecovariancematricesof theobserved2-D per-
spective projectionpointsandpropagatethesecovariances
to corresponding3-D polyhedralvertices.Theinferred3-D
positionsarenot thosethathavethesmallestcovariance.In
anotherpaper, we will discussthis moredifficult problem.

For non-deterministicalgorithms,e.g. someoptimiza-
tion problemswhosesolutiondependson thechoiceof the
initial value,thelogicalproofof correctnessof aprogramis
impossible.Off-line MonteCarlotestinghasbeentheonly
way to test the correctnessof the program. However, the
on-linehypothesistestingusingcovariancematrixprovides
anotherway to safeguardthesolution.
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