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Abstract

In this paper we presenta genealization of geometric
mometrs in scale-spacederivedfromthe geneal heatdif-
fusionequdion, with a particular interestfor the min/max
flow. Asan apgication of thosetheoticd develgpments,
two multiscalemomentsare usedto enharte the classi-
cal Euclideanregistration process. They are compuited
froma multiscalerepresentatia which preservesheglobd
shape oftheobjectsclearly outpeformingtheclassicalEu-
clideanmomenthasedobjectregistration.

1 Intr oduction

Duringthelastdeca@, multiscaleémageanalysishasbe-
comean important researctdomainin the imageprocess-
ing comnunity. Reasongo this successnay be identified
asfollows: first of all, multiscaleimageanalysis is basi-
cally a naturalvisual process;secondlyin the real world,
aphysicalobsevationalwaysdep@&dsonthescaleof mea-
suremat; finally, time-scaleanalysisanddifferentialgeom-
etry provide formal tools for studyingmultiscalerepesen-
tations.

Themostimportart appr@achesn multiscaleimageanaly-
sisareperfamedby time-scald4] andscale-spacanalyses
[2]. In our pape, we usethe scale-spacanalysisto obtain
a multiscalerepiesentatiorandtwo multiscaledescriptos
(centroid and principal axes) of an object. We will show
thatthey significantlyimprovetheEuclideanmonent-based
registrationprocess.

The outline of this paperis asfollows. First, in Section2,
we will definegeanetricmomerns in scale-spacesduced
by the heatdiffusion equdion. In section3, we will de-
rivetwo multiscaledescriptas (centrad andprincipd axes)
from a multiscalerepresetation of an objectgiven by the
min/maxflow [3] andfinally we will compae multiscale
andEuclidearregistratian.
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2 GeometricMomentsin the Scale-S@ce
2.1 Linear Scale-Spaeand Linear Heat Flow

The linear scale-spacef a scalarvaluedimage,repre-
sentedby a function I € LY(RY) (N is the spatial di-
mensionof the image) is a represetation at a continuum
of scales,embedling the original image I into a family
L:RY X [0in,00u] — R of gradwally smootker versiors
andwhich satisfiescertainrequirenents(semi-goup prop-
erty, linearity, translation rotation and scaleinvaiiances)
[8]. lijima [9] provedthatthe only solution L to thesecon-
straintsis the corvolution of image! by a Gaussiarkernel:

L(.,0) = G(,0)*I, (1)
L(,oim) = I (2)

In this definition of linear scale-space,G(X,0) =

_IR(2/202 . . . .
% is the rotation symmetricalGaussiarkerné of
standardieviation o calledscale It is well-known thatthe
linear scale-spacé producedby a Gaussiarsmootling is
also obtaired as the solution of a PDE called linear heat

flow:

&L(,1) = AL(,b), 3)
L(,tin) = 1, (4)

wheret;, is the innertime by analoy with o, theinner
scale.Variablest ando arerelatedby ¢t = o2/2, therefoe
(3) canalsobe expressedasfollows:

0,L(.,0) = oAL(.,0). (5)

In fact, this equatim is the natural lineardiffusion process
of thelinearscale-spacdndeed the metricof this spacds
deterninedby thearclength[1]:

2
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d82 _ CR do ’ (6)
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wheredX = (dz, dy) forimagel € L'(R?)

As a result, the differential forms of varialles
{&ihicicnyr = (z,y,0) are {di/ohicicnii =
(dz/o,dy/o,do /o). And the total derivative of f canbe
written with respecto thesedifferertial forms:

ax
¥ = (LN + (00N )
1) (21

Hencethe gradieth compamentsof f in this spacearecV f
for spatialvariabesandod,, f for thescalevariable.

Then the linear diffusion processcanbe obtainedby pro-
dudng an equationwherethe left-hard sideis an applica-
tion of the scaleoperato (2') over f and the right-hand
sideis two appicationsof the gradent opeator (1') (cor
respmdingto the LaplaceBeltramiopeator)over f:

00, f oV (aVf), (8)
so 0,f = oAf. 9)

If f = L, wefind equation(5).
2.2 Scale-Spaesand Diffusion Proceses

In Section2.1, we saw thatthe metricof thelinearscale-
space,detemined by the arc lengh form, has supplied
the naturaldiffusion equatim in this space.This ideacan
be genealized. Given that the metric on scale-spaces
known, all diffusion equatioms in thesescale-spacesanbe
deternined. The geneal form of a metricon a scale-space
is given by the geneal arclengthform [1]:

2
ds -
o2 22’

(10)
wherec denotesthe condwctancefunction (or diffusivity)
and p the densityfundion. The namesare obvious when
corsideringequation (12). Notethat(c,p) canbefunctiors
of spacescaleorimagedata.

Thedifferential formsof (z,y, o) are(dz/c, dy/c,do / pc),
sothetotal derivative of afunction f canbe expressedy

d-X> do
df = (cVf)— + (pcds f)—. (11)
c pc

Conseqantly, in scale-spacéc,p), the spatialopegator is

¢V andthescaleoperdor pcd,. Thus,the naturaldiffusion

eqguation obtainedby the sameproessof linear heatflow
(8)is:

1

O-f = ;V(ch). (12)

It is thegeneramodelof heatdiffusionequationin physics.

In a nutshell,the choiceof couple(e,p) is fundamentalbe-

causescale-spacgeonetry and the diffusion equatio in

thisspacedepeid onit. Notethatagiven scale-spaceorre-
spond to only oneheatdiffusionequation(12) (upto con-

stants)andviceversa Well-knowvn exampesarethelinear
diffusion equatia with (¢, p) = (1, 1) in Euclideanspace.
Then from (¢, p) = (o0,1), we dedice the linear heatflow

in linearscale-spaceurthernore, (¢, p) = (e~IV/I*/¥ 1)

gives thenorlinearanisotrojic diffusionequatior6].

2.3 GeometricMomentsin Scale-Spaes

If adiffusionequationdetermiredby (c,p)) is apgied to

animage,it createsa multiscalerepresetation of this im-
age. Thisrepresentatiortanbe usedfor mary applicatiors
like denoisingedgeentancemet) regionenhaigementgtc
(seechapter4 [7]). Multiscale repesentation®f images
canthenbe exploited by computing geometic momers in
scale-spaces.
By analogywith Euclideangeometic moments,we define
the (n,, ny, n,)-th geonetric momen of objectx(z,y, o)
belorgingto scale-spacé:,p) aboutthepoirt (', y', o) by
theequatio

GMY o on, (z',y',0") =
/ X(@,9,0)(@ — &)™ (y — ') (0/0" )" dVss, (13)
SS

wheredVsgs representsthe infinitesimal volume of scale-
space(c,p). Generaldifferential forms for image I €
LY(R?) are (dz/c,dy/c,do/pc) , therefoe dVss =
dzdydo [ pc®.

3 Application: Multiscale Moments

The purposeof this applicdion is to obtain multiscale
momaents of an objed (centoid andprincipal axes). These
momaents enharce the Euclideanregistration processbe-
tweentwo objectswhichlook globally similar but have dif-
ferert local structures.

3.1 Linear Scale-Spaceand Euclidean Geometric
Heat Flow

Let us consideran object© € L!(R?) andits bourd-
ary Co(s) : [0,Lc,] — R? of lengthLc,,. The lin-
earscale-spacef O or the euclideangeonetric heatflow
0:Cop = /J)/ of the boundaryC » provide two multiscale
representations.

In the caseof thelinearscale-spacdt canbe easilyshovn

thatcentroidandprincipal axesof the multiscalerepresen-
tation of object© have the samecompmentsin x- andy-

directins asthe Euclideancentrad and principal axes of

0.

Moreover, althowgh thesetwo represetationscan smooth



small-scalestructurs, they shouldbe avoidedbecaus¢hey

losethe global shapeof objects. A solutionto this draw-

backis given by the min/maxflow whosemain adwartage
is to gradwally smoothsmall-scalestructueswhile preserv-
ing the global shape.In Fig.1, we canseethatevenif the
Euclideangeonetric heatflow smodhedsmallstructurs, it

alsolosttheglobalshapeof theobjectwherea themin/max
flow preseredit.

3.2 The Min/Max Flow

Let us considera paranetrized closed plarar curve
Co(s) : [0,Lc,] — R? of length L, representig the
bowndaryof object©® € L'(R?). If the min/maxflow is
appied on this boundry, the boundary evolves accordng
to thefollowing PDE:

0,C = Fmin/maz-x)/.a (14)
Ct=0) = C,. (15)

whereFyin /maqz 1S the speediunction (seebelow) andK)f
is thenormal to thebourdary,
The evolution of this curve canbe deternined by level-set
methal [5] wherethe curve C is embedéd asa constan
level-setof a higherdimensimal function¢ : R? x R, —
R.
Thespeedunction of themin/maxflow [3] is definedby:
. _ ) min(s,0) if AveRj{“ <0

Fonin/maz { max(k,0) if Avez%{“z; >0, (16)
wherek rouchly representghewidth of structuresemaoved
by the min/max flow, « is the Euclideancurvature and
Aveg(jf‘y) is theaverage of ¢ over adisk of radiusk.
Main properties of this flow are as follows [3]. First
the min/max flow smodhessmall-scalestructuesinto the
boundarywhile presering the larger global properties of
theshapeThen,theflow stopsoncethesesmall-scalestruc-
turesof width £ aresmoothednto the mainstructue.

3.3 Multiscale Centroid and Principal Axes

3.31 Centroid and Principal Axesin the Spaceof the
Min/Max Flow

The multiple representatiorof the boundary of objectO is
given by family of curves C(t) representedby the constah
level-set{¢(x,y,t) = cst}.
We definethe centroid Cr € Frin/maz (Spaceof the
min/max flow) of the object©® by usingthe multiple rep-
resentatia of its boundary

_)
C—> — f{¢(t):cst} €F dvfmin/mm
f =

) a7
f{¢(t)=cst} dV]:min/ma,z

(@) (b) ©

Figure 1. Figure(a)is anobjed with four defama-
tions. Figure (b) is object(a) underEuclideangeo-
metric heatflow atT < oo. Figure(c)is object(a)
undermin/maxflow atT = oc.

_>
where{r = (z,y,t/tin) anddVz, .. ...
ementay volume of thespaceF ,in/max-
We alsodefinetheprincipal axes PD x of themultiple rep-
resentatiorof theboundaryof objed O by theeigemwectos
of theinertiamatrix I z:

Iww I:cy th
Ir= L, I, Iy , (18)

L, Ly Iy

representsheel-

wherel;, ¢, representsa centralmomen given by the for-
mula

f{d)(t):cst} (§1 o 0-7'—51)(§2 o C}-EQ) demin/mam

; (19)
f{‘i’(t):cst} dvfmi’n/mam
_ | operato- if &,& =xory,
where o= { operato/ if &, & =t. (20)

To computethis formula, infinitesimalvolumedVg, ., .
mustbe deternined. Thatis, we have to find the fundion
gr(z,y,t) for all pointsof the spaceof min/maxflow such
that

% = gr(z,y,t)dzdydt. (21)

in/maz

Thefunction g+ correspondto thesquaraoa of thedeter
minart of the metricof themin/maxflow space.

3.32 Computation of the Spaceof the Min/Max Flow

In practice,the min/max flow is compaed by two flow
equatiams:

adiffusionequatio o = K|Ve|, (22)
astationnay flow equatim  9:¢ = 0. (23)



The first equdion is a diffusionequationin a scale-space

given by couple

c=0/|Vé(z,y,0)
{ p=1/Vé(z,y,0). 24)

We obtain(c, p) by identifingequation(22) with a geneal
heatdiffusionequation(12).

Theefore, for points()?,t) € Fmin/mae Satisfyingequa-
tion (22), we have

_ IVoap,0)lt

9r(z,y,0) = = (25)

The secondequation(23) is a classicalstationnay flow

eqguation. By oppositionto a diffusion equatia (which ex-

istsin only onespace)a stationnaryflow equationexistsin

evely space.Conseqently, to keepa scale-ivariantspace
andto be consistenwith other poirts (X, ¢) of (22), we
take the spaceof thefirst equatiom (22) for points satisfying
eqguation (23). Sothevaluesof g » for thesepoints is also
given by (25).

Finally, if ¢ is chooserratherthano accoding to relation
t = Ao?, X € R andif weset)/2 = ¢2, theinfinitesimal
volumeis

_ [Vé(z,y,0)*

Wz, (t]t.)?

dxdydt. (26)

in/maz

3.4 Results

In applicatio to multiscalemoments,we verify thatthey
improve the classicalEuclidean monent-basedegistration
in different situationswith syntheticimages. We realizea
momnent-basedegistrationbetweentwo objectswhenwe
surimmsetheir centrads andwe align their principal axes.
In thefirst situation,we considerthe two following objects
to register: thefirst oneis a body with armsup (solid line
Fig.2) andthe secongthe samebody but with armsdown
(datted line Fig.2) which move the centrad in the vettical
direction comparedwith thefirst body We cancompae the
Euclideanandmultiscaleregistratiorsin Fig.2. We seethat
thecentrad of bothobjectsarecloserto eachotherin space
Fmin/maz (Fig.2(D) thanin Euclidearspace(Fig.2@)).

In the secondsituation,we also corsidertwo objects: the
first oneis yet the body with armsup andthe secondthe
samebodywith onearmup andonearmdown (dattedline

Fig.3) which rotate principal axes comparedwith the first

body. If we cormparethe Euclidearandmultiscaleregistra-
tionsin Fig.3,we seethatthe principal axesof bothobjects
arecloserto eachotherin spaceF i, /mqz (Fig.30)) than
in Euclidea spacgFig.3@)).

Finally, we can say that the multiscale monent-based
registrationprovidesan enhacedalignmentprocess,com-
paral with the euclidean registration, becauset improves
thematchirg betweersimilar partsof two objects.

@ (b)

Figure 2. Euclidean(a) andmultiscale(b) momert-
basedegistratiors

@ (b)

Figure 3. Euclidean(a) andmultiscale(b) momert-
basedegistratiors
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