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Stochastic Robustness Interval for Motion Planning with Signal
Temporal Logic

Roland B. Ilyes, Qi Heng Ho, and Morteza Lahijanian

Abstract— In this work, we present a novel robustness mea-
sure for continuous-time stochastic trajectories with respect
to Signal Temporal Logic (STL) specifications. We show the
soundness of the measure and develop a monitor for reasoning
about partial trajectories. Using this monitor, we introduce
an STL sampling-based motion planning algorithm for robots
under uncertainty. Given a minimum robustness requirement,
this algorithm finds satisfying motion plans; alternatively, the
algorithm also optimizes for the measure. We prove proba-
bilistic completeness and asymptotic optimality of the motion
planner with respect to the measure, and demonstrate the
effectiveness of our approach on several case studies.

I. INTRODUCTION

In recent years, Temporal Logics (TLs) [1] have been
increasingly employed to formalize complex robotic tasks.
These logics allow precise description of properties over
time by combining Boolean logic with temporal operators.
A popular choice is Linear TL [2], where time is treated
as linear and discrete. However, robotic systems operate in
continuous time, and their tasks often include properties
in dense time. Signal TL (STL) [3] is a variant of TL
that provides the means for expressing such tasks with
evaluations over continuous signals (trajectories). For motion
planning, however, STL introduces both computational and
algorithmic challenges precisely due to the same reason
that makes it powerful, i.e., reasoning in continuous time.
This challenge is exacerbated in real-world robotics, where
uncertainty cannot be avoided. Hence, motion planners must
reason about the robustness of plans by accounting for
uncertainty. This requires a proper notion of a robustness
measure. STL does in fact admit such a measure but only
for deterministic trajectories [4]. No such a measure is known
for stochastic systems. This paper takes on this challenge and
aims to develop a stochastic robustness measure for STL
with the purpose of using it for efficient motion planning
with robustness guarantees.

Consider the following mission for the robot in Fig.llf Go
to the charger in the next 10 minutes. But, if you traverse a
puddle of water, stay away from the charger until you dry
off on the carpet within 3 minutes. Such a specification is
easily captured in STL (3 in (4)). Two sample trajectories
of an uncertain robot are shown in Fig. Il where the ellipses
represent the 90% confidence contours around the nominal
trajectories. Here, both trajectories appear to satisfy the
temporal aspects of the specification. However, their spatial
robustness is different with regards to their uncertainty. Note
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Fig. 1: Two trajectories for ¢3 in (I4). Trajectory 1 has a
StoRM of 0.96 and Trajectory 2 has a StoRM of 0.71.

that, even though the nominal component of Trajectory 2
gets to the charger without passing through the water puddle,
its uncertainty ellipses overlap with the puddle and walls,
making it less robust than Trajectory 1 with respect to the
task. A capable motion planner must be able to reason
about the robustness of these trajectories with respect to both
temporal and spatial aspects of the STL task algorithmically.

Much of the literature for control synthesis for STL speci-
fications has been focused on deterministic systems. Success
has been found using optimization-based techniques [S]-
[8], control barrier function approaches [9], and sampling-
based methods [10], [11]. The sampling-based approaches
are particularly suitable for robotics applications given their
efficiency and scalability. None of those methods, however,
account for stochasticity in the robot’s dynamics.

Reasoning about systems under uncertainty with
continuous-time TL specifications is a rapidly developing
topic. Recent works [12]-[17] introduce new TL as
extensions to STL that incorporate uncertainty in the logic
itself. Nevertheless, they do not define a robustness measure
for STL. Other works [13], [18] use STL and reason
about the distribution of the STL robustness measure over
the realizations of stochastic trajectories. This measure,
however, is defined with respect to deterministic trajectories
and ignores the knowledge of the system’s uncertainty.

In this work, we develop a novel measure of the robustness
of continuous-time stochastic trajectories with respect to
STL specifications. We refer to it simply as the Stochastic
Robustness Measure (StoRM). StoRM allows us to quantify
how well a stochastic trajectory satisfies a specification. The
measure is based on the recursive evaluation of the Stochastic
Robustness Interval (StoRI) according to the semantics of
STL over continuous stochastic trajectories and the proba-
bility measure. We also propose a technique to compute the
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StoRI of partial trajectories, which allows us to reason about
(monitor) the satisfaction robustness of the STL properties
on an evolving stochastic trajectory. Next, we present a
sampling-based algorithm that produces motion plans that
can (i) satisfy a user-defined bound on StoRM, or (ii)
asympotically optimize for StoRM. We prove the theoretical
properties of the algorithm under StoRM constraints, and
demonstrate the effectiveness of our measure and planner on
a variety of STL formulas in several case studies.

In summary, the contributions of this work are four-fold:
(i) a novel measure (StoRM) to quantify the robustness of
stochastic trajectories against STL specifications, (ii) a new
monitor to compute the robustness of partial trajectories, (iii)
a probabilistically-complete planning algorithm that satisfies
STL specifications with StoRM constraints for systems under
uncertainty and asymptotically optimizes for StoRM, and (iv)
a series of case studies and benchmarks that reveal properties
of StoRM and performance of the planner.

II. SYSTEM SETUP

Consider a robotic system whose dynamics are described
by a linear stochastic differential equation (SDE):

dx(t) = (Az(t) + Bu(t))dt + Gdw(t), )

where z € X C R" is the state, u € U C R™ is the control
input, w(-) is an r-dimensional Wiener process (Brownian
motion) with diffusion matrix @ € R"*" representing noise,
AeR"™"™ BeR"™™, and G € R"*". The initial state of
the robot is x(0) = z¢. The solution to the SDE in (D) is a
continuous-time Gaussian process [19], i.e.,

z(t) ~ by = N(2(t), P(t)),

where b;, called the belief of x(t), is a normal distribution
with mean #(t) € X and covariance P(t) € R"*". The
evolution of b; is governed by:

Z(t) = Az(t) + Bu(t), 2)
P(t) = AP(t) + P(H) AT + GQG™ 3)

with initial conditions Z(0) = z¢ and P(0) = 0. Note that
if, instead of a deterministic initial state, the robot has initial
uncertainty described by a Gaussian distribution, only the
initial conditions #(0) and P(0) change.

Let T' € R>( be a time duration. Then, given a controller
u: [0,T] = U, a belief (stochastic) trajectory b over time
window [0, T'] for the robotic system (1) can be computed
(predicted) using and (3). An execution of this controller
on the robotic system, called a realization or sample of b,
is a state trajectory x over time duration [0, 7).

We are interested in properties of System with respect
to a set of linear predicates defined in state space X. Let
H = {h1, ha,...,h;} be a given set of functions where h; :
R™ — R is a linear function for every 1 < < [. Then, the
set of predicates M = {1, ..., p; } is defined on H such that
Vi € {1,...,1}, the Boolean values of p; : X — {T, L} is
determined by the sign of function h; as:

i) = {T if hi(z) >0

L if hy(x) <O. @

To express desired properties of the robot with respect
to the set of predicates M, we use signal temporal logic
(STL) [3]. STL is a logic that allows specification of real-
time temporal properties, and is therefore well-suited for
continuous-time systems such as the one in ().

Definition 1 (STL Syntax). The STL Syntax is recursively
defined by:

¢:=Tlpl=ploN|oUIP
where w € M, and I = (a,b) is a time interval with
e {1y € {1} ab € Rysgand a < b < o
Notations T, —, and N are the Boolean “true,” “negation,”
and “conjunction,” respectively, and U denotes the temporal
“until” operator.

The temporal operator eventually (¢) is defined as ¢r¢ =
TUj¢ and the operator globally is defined as ;¢ = ~O—¢.

Definition 2 (STL Semantics). The semantics of STL is
defined over a state trajectory realization x at time t as:

xt)ET —= T
e p — h(x(t) = 0
) ':_‘¢ <:>(Xat)b&¢

)

)

)|:¢1A¢2 <:>(th)|:¢1/\(>(71€)):¢2

) E Oilhapyde <= 3t € (t+a,t+b)s.t. (x,t') = ¢2
AVE" e [t t], (x,t") = ¢

where |= denotes satisfaction. A state trajectory X satisfies
an STL formula ¢ if (x,0) = ¢.

In addition to the Boolean semantics, STL admits guan-
titative semantics [1]. This is traditionally defined as a ro-
bustness metric [4] based on Euclidian distance. This metric
is well-defined for deterministic systems. For a stochastic
process such as System (I), however, evaluation of the
satisfaction of a belief trajectory is not straightforward.

In this work, we aim to develop an appropriate measure
of robustness to evaluate the satisfaction of STL formulas
by a belief trajectory. Specifically, we are interested in
using this measure for robust motion planning for System
(. Therefore, the robustness measure must be appropriate
for planning, namely sampling-based motion planning algo-
rithms. This entails that the measure must be able to provide
useful information for complete as well as partial trajectories.
In the next section, we introduce such a measure. Then,
we present a motion planning algorithm that asymptotically
optimizes for this measure.

ITI. STOCHASTIC ROBUSTNESS MEASURE

A popular method of measuring robustness of belief tra-
jectories in motion planning is based on the notion of chance
constraints [20]-[22]. Chance constraints require that the
probability of constraint violation (e.g., avoiding obstacles)
not exceed some prescribed value. Motion planners typically
enforce this chance constraint at each time step.

Such an approach is difficult to extend to STL formulas.
This is primarily due to temporal operators and their time



intervals, e.g., the probability of violating {;¢ only needs to
be below a prescribed value at one time step in I, but it is not
clear at which time step to enforce this. Some approaches
find success by generating constraints over time windows,
and allocating risk of violating the constraints among time
steps [12], [13]. However, those methods are limited to
reasoning about discrete-time trajectories. This is in conflict
with the fundamental idea of STL, which is expressing
properties over real-valued continuous-time intervals.

Furthermore, those approaches only provide a qualita-
tive (boolean) judgement of a trajectory’s satisfaction with
respect to a chance constraint. In contrast, we seek to
define a measure that provides a quantitative judgement of
a trajectory’s satisfaction. This is analogous to robustness
for deterministic STL that provides a quantitative measure
beyond the qualitative Boolean semantics. Such a measure
can then be extended to reason about partial trajectories, and
hence, is advantageous for iterative methods for planning
such as sampling-based algorithms. To illustrate what such
a measure might convey, consider the following example.

Example 1. Consider the formulas ¢y = O;p and ¢o =
Qrp. In the case of the [ operator, which states that a prop-
erty must hold for all time ¢ € I, a quantitative measure of ro-
bustness could be characterized by the point with the lowest
probability of satisfying u in I, i.e., minge; P(h(x(t)) > 0),
where h is the linear function that p is defined on. If
the probability of violation at that point is below a certain
threshold, then it is also below that threshold at every other
point. Similarly, for the ¢ operator, which states that a
property must hold for a time point ¢ € I, we could
look at the point with the highest probability of satisfying
M, i€, maxie(qpy P(R(x(t)) > 0). If the probability of
violation at that point is above a certain threshold, then
formula ¢ is satisfied. A quantitative measure of stochastic
robustness must incorporate this conflicting treatment of
temporal operators.

This intuition guides the development of the Stochastic
Robustness Interval (StoRI) as defined below.

Definition 3 (Stochastic Robustness Interval). The Stochastic
Robustness Interval (StoRI) of a belief trajectory b over
time window [0, T with respect to an STL formula ¢ is a

functional f($,b):

f(¢,0) = [f*(¢,b), (¢, b)]
such that 0 < f4(¢,b) < fT(¢,b) < 1. For at € [0,T),
let b? be the time-shifted suffix of trajectory b such that for
all t' € [0,T — t], b'(t') = b(t + t'). Then, lower bound
f4(¢,b) and upper bound f'(¢,b) are recursively defined
by:

b) + f*(¢2,b) — 1,0},
b), f1(¢2.b)},

FH(@1 A ¢2,b) = max { f*(¢1,

f1(é1 A g2, b) = min { fT(¢1,

fH 01Uy 2, b) =
max {max{fl ¢2,b

te(a,b)

N (01U py¢2,b) =
max {min{fT(ngg,

te(a,b)

! vy _
)+ min fH(61,b) = 1,04},

bt)v t’Iél[iOI,lt] fT((blv bt,) } } :

We define the Stochastic Robustness Measure (StoRM) to
be the lower bound of StoRI.

Definition 4 (Stochastic Robustness Measure). The Stochas-
tic Robustness Measure (StoRM) of a belief trajectory b with
respect to STL formula ¢ is the lower bound of the StoRlI,

ie, f*(¢,b).

The StoRI is an interval that aims to quantify how robustly
a belief trajectory b satisfies an STL formula ¢. The StoRM
of a belief trajectory is the lower bound of its StoRI. A
trajectory always satisfies a Boolean T, so the StoRI for ¢ =
T is [1,1] for every trajectory. If ¢ = p is a linear predicate,
both bounds of the StoRI are the probability that the state
at time zero x(0) satisfies the linear predicate. Works [20]
[23] outline an efficient way to calculate this probability for
Gaussian distributions. However, we stress that the StoRI is
defined for general belief distributions, and also applies to
non-Gaussian beliefs.

The StoRI of the negation of a formula —¢ derives from
the Unit Measure Axiom of Probability [24]. Note that the
lower bound of the StoRI of —¢ depends on the upper bound
of the StoRI of ¢, and vice-versa.

The StoRI for a conjunction of two formulas ¢ A ¢ is
inspired by the lower and upper bounds on the probability
of a conjunction of two events. These are the Boole-Fréchet
inequalities for logical conjunction [25], which make no as-
sumptions on the independence on the events, and hence are
general. Note that the measure seeks to quantify both upper
and lower bounds because the upper bound is conservative
when the specification seeks to enforce ‘avoidance’ of the
conjunction, but the lower bound is conservative when it
seeks to enforce the ‘occupancy’ of the conjunction.

The StoRI of ¢1U, 1) ¢2 is less straightforward. Intu-
itively, it aims to report the StoRM at the time ¢ € (a,b)
that best balances the point-wise probabilities that ¢; hold
for all ¢’ € [0,¢] and the probability that ¢ hold at ¢.

Note that by following Definition 3] the obtained StoRI
for eventually and globally are:

F(Otanyd:b) = [ max_f*(¢,b

te(a,b)

)
", tg}%)f (¢, bt)} S

(@ 6,b) = [ min_ fH(6,b),

te(a,b)

. 1 t
Min, fH(¢,b )} (6)

These intervals are fully inline with the intuition of the
measure as discussed in Example



Y=o, f=10,1 ‘ t=6,f=[0.558,0913  '°
t=4,f=1[0,0.913
1 1

0 05 1 15 2 25 3 35 4 0 05 1 15
X

f,:2.f": [0,1]

t=4,f=10,0.847]

15

t=2f=10,1]
t=4,f=1[0,0]

25 3 35 4 0 05 1 15 2 25 3 35 4
X

t=6,f = [0.35,0.847] t=6,f=1[0,0]

1

Fig. 2: Sample trajectories that have a StoRI of (left-to-right) [0.72,0.91], [0.52,0.847], [0, 0] with respect to ¢; in (@)

Example 2. Consider the environment in Fig.[2land formula
pr=-(x>1Ay>2N2<2)Ur(x >3Ay>2). (7)

Fig. 2| shows three belief trajectories, where the ellipses
represent the 90% confidence bounds of their uncertainty.
The first two trajectories (left and middle) have the same
expectation but are subject to different amounts of process
noise. When evaluating against ¢, with time interval [ =
[0,6], we see both bounds of the StoRI decrease from
[0.72,0.91] for the first trajectory (left) to [0.52,0.85] for
the the second trajectory that has more uncertainty (middle).
This trajectory is less likely to clear the obstacle, and also
less likely to arrive in the goal region. The third plot (right)
shows the first trajectory but evaluated against ¢; with
smaller interval I = [0, 4]. The robot does not arrive to goal
until after 5 seconds. Hence, the robot fails to satisfy the
specification and its StoRI is [0, 0].

An important property of the StoRI is that a trajectory
which has a StoRM of 1 satisfies STL formula ¢ with
probability 1, as stated in the following theorem, which
illustrates soundness of StoRM.

Theorem 1. Given belief trajectory b and STL formula ¢, if
the Stochastic Robustness Measure f+(¢,b) = 1, then every
realization x of b satisfies the specification, i.e., X |E ¢,
except realizations on the set of measure zero.

Proof. Consider any realization x of b. If f+(¢,b) = 1 =
(x,0) | ¢ and fT(¢,b) = 0 = (x,0) £ ¢, the
StoRI follows STL semantics as defined in Definition 2]
which defines the satisfaction of a deterministic trajectory
(realizations). This can be shown recursively as follows.

For boolean T, the StoRI of b trivially follows STL
semantics:

fHTb)=1= x0ET

For predicate y, the StoRI of b follows STL semantics:

fl(uab)=1<:>P( (2(0)) = 0) =1
h(x(0)) = 0
( x,0) = p

For boolean negation —¢, the StoRI for b follows STL

semantics:
fH(=¢,b) =1 = 1- f1(¢,b) =
— f1(¢,b) =0
= (x,0) £ ¢
= (x,0) F ¢,
For boolean conjunction ¢; A ¢2, the StoRI follows STL
semantics:
o1 Ada,b) =1 = fT(¢1 A ¢o,b) =1
< min{f*(¢1,b), f*(¢2,b)} =1
> fH(p1,b) = 1A fHgo,b) =1
= (x,0) = ¢1 A (%,0) = é2
= (x,0) = (¢1 A ¢2),
and finally, for temporal Until ¢;Uj¢9, the StoRI for b
reduces to STL semantics:
fH(1Urd2,b) =1 = f1(¢1Us¢2,b) = 1
= max { min{ fT(¢2, b?),
T _
/uin, f (¢1,b" )}} =1
= Jt € [s.t. mln{fT gbz,bt)

min f7(¢1,b")} =

t'€[0,t]
<« Jdte Is.t.(fT(¢2,bt) =1
110 =1)
= Jt € I s.t.(x,t) = ¢
AV € [0,4]fT(¢1,b") =1
= Jt € I s.t.(x,t) = ¢
AV € 10,t(x,t") = ¢
= (x,0) |= (01U1¢2)
Therefore, a belief trajectory b having a StoRM of 1 with re-
spect to STL formula ¢ implies that every non-zero measure
realization x of b satisfies the STL specification. O
A. StoRI Monitor

StoRI is defined for a given belief trajectory. It does not
account for what could happen if we extend the trajectory.
However, in some cases (such as planning), we are interested
in extending trajectories to achieve a higher StoRM. Hence,



we need a monitor for StoRI, which assumes the given
trajectory is to be extended. The monitor must account for
all the possible suffixes of the trajectory and how they might
change the StoRM. In this section, we present a monitor for
the StoRI with respect to a partial belief trajectory, that acts
to bound the achievable StoRI of any extensions of it.

Definition 5 (StoRI Monitor). The Stochastic Robustness
Interval (StoRI) Monitor of a partial belief trajectory by
over time window [0,t] with respect to an STL formula ¢
is a functional f(¢,by):

fl((bv bt) = [fli(gba bt)a fT(QZS, bt)]

such that 0 < f¢(¢, b:) < fT((b, b:) <1, where

f(Tvbt) = f(—l—a bt)

F(p,by) = f(p,by)

FH=0,b0) = 1= f1(¢,by),

F1(=¢,by) = 1= fH(¢,by),

FH(p1 A do, by t) = maX{Ju(éf’l,bt) + fH(¢2.by) — 1,0},
(

F1(é1 A g2, by, t) = min { fT(é1,by), fT(¢2.by)},

zl ) 01Uy d2.be) ift>a
FH 01U pyd2,bt) = {0 otherwise,
fT((blU(a,b)(anbt) =

T (1U a0 02, br) ift>b

0 : 0 '\
max (/" (61U0 02 bi). min. (01, b))} it € [0.0)
1 otherwise.

The differences between the StoRI and StoRI Monitor
arise in the temporal operators. These operators seek to
bound possible future robustness, and also quantify the
robustness of the behavior already seen. This is apparent in
the StoRI Monitor with respect to the ¢ and [J operators:

F(Oapy 0, br) ift>b
FOay @ be) = [tg% fHob), 1] ifa<t<b
[0,1] ift<a
J(O(apy 9, bt) ift>b
f i T t :
f(Oapy @, be) = [0, in f (sb,bt)} ifa<t<b
[07 1] ift<a

The case when a < ¢t < b is of particular interest. In
the case of the [J operator, the StoRI is upper bounded by
the best point in the partial trajectory, but is lower bounded
by zero to account for possible future violation. In the case
of the ¢ operator, the StoRI is lower bounded by the best
point in the partial trajectory, but is upper bounded by one
to account for possible future “perfect” satisfaction.

The following theorem proves the correctness of StoRI
Monitor by showing that it always subsumes StoRI.

Lemma 1. Let b be a belief trajectory over time window
[0,T] and by be a prefix of b where t € [0,T]. Then, given

STL formula ¢, the upper bound of the StoRI Monitor for by
is monotonically decreasing with respect to t.

Proof. The proof is provided in the Appendix. o

Lemma 2. Let b be a belief trajectory over time window
[0,T] and by be a prefix of b where t € [0,T]. Then, given
STL formula ¢, the lower bound of the StoRI Monitor for by
is monotonically increasing with respect to t.

Proof. Without loss of generality, consider ¢ = ¢1U[q,p%2.
From Definition 3] the lower bound of the monitor of ¢ is:

FH(1Uq ) $2,b1) =

= fHUiapyd2,by)

- “(¢2,B)) + min f+(61,b}) = 1,0} |
max, { max {£+(é2,b}) + i fH(¢1.bf) = 1,0},

for t > a, which monotonically increases with respect to t.

For t # a, the monitor takes on a value of 0. Because O is

the lowest value the StoRI Monitor can take, it will never

decrease with respect to t. Therefore, the lower bound of the

monitor monotonically increases with respect to t. o

Lemma 3. Let b be a belief trajectory over time window
[0,T]. Then, given STL formula ¢, the StoRI Monitor of b
subsumes the StoRI of b.

Proof. We show that for any belief trajectory b, the value
of the StoRI Monitor’s upper bound is greater than or equal
to the value of the StoRI’s upper bound, i.e.,

fT((blU(a,b)‘vab) =
= max {1 (61U ¢2.b), min, 761, b%) |

> [1(¢1U a4y $2,b) for t >0
and f1(¢1Uqpy¢2,b) = 1
> [N (¢1Uq,py 62, b) for t # 0,

and the value of the StoRI Monitor’s lower bound is less
than or equal to the value of the StoRI’s lower bound, i.e.,

FH(1Uapyd2.b) = fH(¢1U a1y 2, b) for when t > a
FHUA1Uapyd2,b) =0 < fH(¢1U g pyd2,b) for when t ¥ a
Therefore, StoRI Monitor of b subsumes StoRI of b. O

Theorem 2. Let b be a belief trajectory over time window
[0,T] and by be a prefix of b where t € [0,T]. Then, given
STL formula ¢, the StoRI Monitor for by subsumes the StoRI
of b forall t € [0,T), i.e., ¥t € [0,T], f(¢,b) C f(¢, by).

Proof. From Lemma 3] when ¢t = T, the StoRI Monitor
of b; subsumes StoRI of b. From Lemmas [I] and 2| for
every t < T, the StoRI Monitor of b; subsumes the StoRI
Monitor of br. Then it follows that the the StoRI monitor
of b; subsumes the StoRI of b for all ¢t < T O

Example 3. Recall the STL formula in Example [2] and
sample trajectories in Fig. The StoRI Monitor of the
trajectories at different points in their evolution are shown in
the plots in Fig. 2| Note that they subsume the StoRI of the
final trajectory and the interval gets smaller with time.



IV. MOTION PLANNING ALGORITHM

This section presents two sampling-based motion planners
that utilize StoRI and the StoRI Monitor. The first planner
finds solutions that satisfy a given StoRM constraint, and the
second finds solutions that directly optimize for the StoRM.

A. StoRI-A

A kinodynamic sampling-based tree planner .4 grows a
motion tree in the state space X according to the robot
dynamics through sampling and extension procedures. We
generalize planner A to StoRI-A (Alg. [I) to generate plans
for System (I) that are guaranteed to satisfy a given lower
bound £ € [0, 1] on StoRM with respect to STL formula ¢.

Algorithm 1: StoRI-A (X, U, ¢, &0, N, k)
1 Py + 0>,

2V« {(io,Po)},E < @;

3G+ {V,E};

4 for N iterations do

5 jranda tranda jneara Pnear — Sample(X7 V, T),
6 jnewa Pnew <_ EXtend(jneara Pnear7 U);

7 | if f1(¢, (20, Po)...(Znews Prew)) > K then

8 V%VU{(inewaPnew)} N

9 E+EU {[(i'nearapnear)a (jnewapnew)]};
10 if f+(, (20, Po).-(Znew, Prew)) > + then
11 | return (&g, Po)...(Znew, Prew):

12 return ()

The algorithm first initializes the tree G with the belief
of z(0). Each node in this tree is a tuple (Z, P) of the
mean and covariance of the distribution that describes the
state. At every iteration, the algorithm samples a random
state Z,qnq and time t,.q,q and computes the nearest exist-
ing node (Znear, Prear)- trand i sampled from the time-
horizon of the STL formula as defined in [26], and the
nearest node is selected using a distance metric that accounts
for both state distance ||&rqnd — Znear|| and time distance
|trand — tnear|- Second, a random control input v € U and
time duration ¢ is sampled and propagate the system from
(Znear, Pnear) to generate a new belief node (Zyew, Prew)-
Third, the StoRI Monitor of the partial belief trajectory
b: = (&0, FPo)(&1,P1)  (Znew, Prew) is computed for
the formula ¢. If the StoRI Monitor has an upper bound
fT((b, b;) < k, b; has already violated the STL Specifi-
cation and the new node is discarded. Otherwise, we add
(i'newa Pnew) and the edge ((r%neara Pnear)a (jnewa Pnew))
to G. Finally, b, is a solution if the StoRM f¥(¢,b;) > k.
This process repeats until a solution is found or for a
maximum of NV iterations.

Theorem 3 (Probabilistic Completeness). Planner StoRI-
A in Alg. Il is probabilistically complete if the underlying
planner A is probabilistically complete.

Proof. StoRI-A mimics the behavior of planner A, only
modifying its validity check. From Theorem [2[ this modi-
fication only rejects nodes that are guaranteed to violate the

STL Specification ¢. Therefore, if a solution exists, StoRI-.A4
will find it with probability 1 as N — oo. O

B. Asymptotically Optimal StoRI-A (AO-StoRI-A)

Since the StoRM allows us to compute a quantitative
value of robustness, we can also optimize for the StoRM
of a belief trajectory in a sampling-based motion planner.
This is enabled through the AO-4 meta-algorithm in [27],
by repeatedly calling StoRI- A with increasing x bounds by
setting ~ as the StoRM of the previous solution at each
iteration.

Algorithm 2: AO-StoRI-A (X, U, ¢, %o, N))

1 k< 0;

2 while N # 0 do

3 b,n <StoRI-A (X, U, ¢, &g, N, K));

s | me fHo,b);

5 N+ N —n;

6 return b if solution found, No Solution otherwise

V. EVALUATIONS

We evaluate efficacy and efficiency of the proposed mea-
sure and planners subject to a variety of STL specifications.
The algorithms are implemented with A = RRT [28], i.e.,
StoRI-RRT. All algorithms are implemented in the Open
Motion Planning Library (OMPL) [29], and computations
were performed on 3.9 GHz CPU and 64 GB of RAM. The
implementation is readily available on GitHub [30].

We considered a noisy second-order unicycle system
whose stochastic dynamics are given by: dz = v cos(6)dt +
dw, dy = wvsin(0)dt + dw, df = wu,dt + dw, dv =
ugdt+dw where u, and u,, are the acceleration and steering
angle inputs. We linearized the dynamics according to the
feedback linearization in [31]. We evaluate the StoRM and
StoRI Monitor using sequences of points sampled from the
continuous trajectory with d¢t = 0.15 seconds, and propagate
dynamics and uncertainty according to the process in [32].
The beliefs at the sampled times are described by:

Epy1 = A&y + Bluy, (8)
Py = APAT +Q )
where
1 015 0 0 ]
, 101 0 0
=1 0 1 015 (10)
0o 0 0 1 |
[0.01125 0
, | 015 0
B = 0 0.01125 an
0 0.15 |
0 1 1 1
, 6 1 10 1 1
Q=1"x1, | 1 1 (12)
1 1 1 10



Our sample procedure uses the distance metric ||&qnd —
i'near” +0.25 x |t7‘and - tnear|~

We considered environments in Figs. 2] Bal and [l respec-
tively with STL formulae 7 in (@),

2 = =0U|g,100A N =OU|g, 10 B,
O=x>15AN2<35ANy>—-05Ay<0.5,
A=z>2Nzx<3Ay>1,
B=x>2Nx<3ANy< -1,

13)

¢3 = (Puddle — —ChargeU| 3 Carpet)Ujo,10)Charge, (14)
Puddle=y <25Ax>2Az <3,
Charge =y > 2 Az >4,

Carpet=y < 1Az >4.

Here, @2 requires avoiding (black) region O until both
regions A and B are visited within 10 minutes in Fig.3a ¢
requires the robot to go to the charger within 10 minutes and
also that, if it visits the puddle, it must avoid the charger until
it visits the carpet within 3 minutes of visiting the puddle in
Fig. [1l For all formulas, we also require the robot to remain
in the workspace for the duration of the mission.

A. Case Study 1 - Computation Time vs StoRI Threshold

This case study seeks to analyze the relationship between
computation time and the StoRM constraint «. Specifically,
we study how StoRI-RRT performs for formula (5, in the
environment in Fig. Bal We ran 100 trials, with a maximum
computation time of 300 seconds for each trial. Table
reports the computation time and success rate for different
values. We see that computation time increases and success
rate decreases as the « threshold increases. This is due to the
increased difficulty of satisfying the robustness constraint.

TABLE I: Benchmarking Results for Case Study 1

)
®

o
[N

Stochstic Robustness Measure
o o
= >
.

|
15 =l s +

o

—Trajectory 1
Trajectory 2
2
[} 05 1 15

20 40 60 80 100 120 140 160 180
Computation Time (s)

(a) ¢2 Trajectories (b) Case Study 3 Benchmark

Fig. 3: Experiment Results. (a) shows two trajectories where
FH(p2,b1) 0.98, f+(p2,bz) = 0.67, and (b) shows
benchmarking results for Case Study 3.

TABLE II: Benchmarking Results for Case Study 2, x = 0.9.

Formula | Computation Time (s) | Success Rate
©1 1.98 £ 2.56 100%
©2 85.95 + 82.56 90%
©3 44.55 £+ 53.89 99%

StoRM Threshold x | Computation Time (s) | Success Rate
0.50 60.10 £ 64.87 97%
0.70 71.37 + 67.48 97%
0.90 83.30 £ 69.35 90%
0.95 92.48 + 81.56 86%

Fig.[Ba shows two sample trajectories for this specification,
where the ellipses represent the 90% confidence bounds of
their uncertainty. Trajectory 1 uses x = 0.9 and goes through
the wider opening on the left. In contrast, Trajectory 2 uses
£ = 0.5 and finds less robust paths that go through the
narrow opening on the right.

B. Case Study 2 - Computation Time for Different Formulas

This case study compares computation time for different
STL formulas. Table [l shows the average computation time
of StoRI-RRT for the three formulas and environments over
100 trials with a maximum timeout of 300s. We used StoRM
bound £ = 0.9. We see that, even with a tight StoRM
threshold «, the algorithm finds solutions with a good success
rate and computation time. This shows that the algorithm is
generally applicable to all STL formulas.

C. Case Study 3 - Asymptotic Optimality

In this case study, we analyze the relationship between
given computation time and the StoRM of the resulting
trajectory. Here, we study how AO-StoRI-RRT performs
when planning for formula 3, in the environment in Fig.
Fig.[3bl presents the results of 100 trials. It clearly shows that
the solutions asymptotically approach an optimal StoRM.
Fig. [l gives two sample trajectories with different StoRMs.
Trajectory 2 is found earlier in the optimization, and makes
it through the gap. When the planner further optimizes for
the StoRM, however, it favors trajectories like Trajectory 1,
that enter the puddle and dry off before going to the carpet.

D. Case Study 4 - Simulated Performance

This case study seeks to analyze how the StoRM relates to
the statistical satisfaction rate (SSR) defined as %
We do this by simulating the robot’s motion plans from
StoRI-RRT. Table compares the StoRI of the belief
trajectories against the SSR of the simulated realizations.
Each motion plan is simulated 1000 times. We use the Breach
Toolbox [26] to evaluate the realizations’ satisfaction. These
results show correlation between the StoRM and probability
of satisfaction.

TABLE III: Comparison of StoRI against SSR

Formula | f¥(¢,b) (StoRM) | fT(4,b) | Satisfaction Rate
o1 0.563 0.563 0367
p1 0.755 0.781 0.767
©1 0.986 0.986 0.985
©2 0.572 0.589 0.582
©2 0.873 0.998 0.754
2 0.912 0.913 0.889
©3 0.625 0.677 0.669
©3 0.876 0.878 0.872
©3 0.989 0.994 0.985

VI. CONCLUSION AND FUTURE WORK

This paper proposes a measure, StoRM, for quantifying
the robustness of stochastic systems’ trajectories with re-



spect to STL specifications. We develop a monitor for this
measure that reasons about partial trajectories, and use it in
a sampling-based motion planner. We show desirable prop-
erties of this measure, that the algorithm is probabilistically
complete, and that the algorithm asymptotically optimizes for
the StoRM. Emprical evaluation demonstrates the measure
and algorithm’s effectiveness and utility. For future work,
we plan to investigate guiding the growth of the motion tree
and incorporating measurement uncertainty in the planner.
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APPENDIX

Proof of Lemmalll The proof is as follows: Consider the
value of the StoRI Monitor upper bound of two prefixes by,
and by,, where ¢t > t;. By definition [Bl the value of the
upper bound of the StoRI Monitor is one of 4 terms. We
show that, for each case, the value of the upper bound of
the StoRI Monitor of by, is always less than or equal to
the value of the upper bound of the StoRI Monitor of by, .
It follows then, that the upper bound of the StoRI Monitor
monotonically decreases with respect to .

Without loss of generality, consider ¢ = ¢1Uq 3¢2. From
Definition [ the upper bound of the monitor of by, with
respect to ¢ when ¢ € [0,b) is:

FH (61U 62,br,) =
= max { £1(01 Vo162 bu). min £7(61.B1,)}

_max{g% {min {7 (92, },), min_ (61, f,) }}

n%gzlf (¢1,b
= max{ max {min{fT(d)g,b’; ), mm M (¢1,b }}
te(a,t1) ! €[o,t]

min f (¢1=b§1)}

€[0,t1]

We now examine the case where the second term is greater
than the first, the case where the first term is greater than
the second, the case where there is not yet any information
relevant to this formula, and the case where the time interval
is closed (t1 > b).

Case 1: We first examine the case where the second term
is greater, i.e.,

(B 700l 2 gy, {min (£7(62,00)
t/rél[lont ! (¢17b§;)}}
= f1($1Ua.py$2,byy) = min fwl,b;) (15)

t'€[0,t1
The upper bound of the monitor of by, with respect to ¥ is:
fT((blU(a,b)(an by,) =
= max{ II(laX> {mln{f (¢2,b1,), mln f (qﬁl,biz)}}
t{a,ta

N
min f (¢17bt2)}
(16)

We now examine how both of these terms relate to equation
Case 1.1: We first look at how the first term in equation[T6]

relates to the bound in This term can be split as follows:

{mm{fT ¢27b§2) mln fT(d)l’ tZ)}}

max
te(a,ta)

_max{t&1§§>{min{f7(¢2,bi2) mlont]f (¢1,by )}}7

max
te(t,ta)

= maX{Sl, SQ}

Recall, by our assumptions for case 1, term Sy is less than
or equal to the value in equation ie.,

Sy < min f1(¢1,b!
1< min f (¢1,by,)

{mln{f (¢2,b},), mln f (¢1=b§2)}}}

a7

The term Sy is upper bounded by:

te%i)t{z) { min {f (92, %), mm f (91, biz)}}}
. N ¢
= terg?if(z) { i {1’ t/rél[lor,lt] o, bt2)}}}

min f7(¢1, b

= Inax {
t€<t1 t2> [0 t]

<, min ]fT(fbubil)

)}

min f7(¢1, b))
t'e [ ) 1]

From equations [T7] and [I8] we conclude that:
{min {7 (82, b1,), min (01,5} |

< bt
min f (1.1},
19)
Case 1.2: We now look at how the second term in equation

relates to the bound in This term can be split as
follows:

Imn fT((bl,biQ)

€[0,t2]

_mm{ min fT(¢1,b 2) min f(¢1,b§2)}

€[0,t1] t'€t1,t2]

= S < (18)

max
t€(a,ta)

And this value is always less than the bound in equation
ie.,

t,g%ér;]f (61, tz)S g[lln f (le,bg) (20)

Equations[19] and 20l show that, for case 1, the StoRI Monitor
of by, with respect to 1 is less than or equal to the StoRI
Monitor of by, :

fT(¢1U(a,b>¢2;bt2) < fT((blU(a,b)QbQ;btl), case 1

Case 2: We next examine the case where the first term of
the StoRI Monitor of b, with respect to v is greater, i.e.,
max

te<at1){mm{f ¢2’b§1) tmln fT(¢1’b§1)}}
> min fT(qSl,b‘tfl)

t'€[0,t1]

= 1 (¢1Upyd2,bt,) =
max {min{fT((bg,bil) min fT(gbl,bil)}} (22)

te{ats) €[0,1]

2y




We now examine how this value relates to both terms in
the upper bound of the monitor of b, with respect to
(equation [T6).

Case 2.1: We first look at how the first term in equation
relates to the bound in This term is again split into
S1 and S,. For case 2, we see that S; is the same value as
equation

max Lmin {77(62,b4,), min. (91, b(,)} }

(23)
Futhermore, equation still holds. We know by our as-
sumptions for case 2 that this value is less than or equal to
the value in equation ie.,

Sy =

S2< min 1(¢1,b)
< max

jmax {min {1 (02.bf,). min f1(61.b1,)}}

:>S'2§ten<1§icl>{m1n{f (g2, tl) Imn fT(¢1,b§1)}}
(24)

From equations 23] and R4l we conclude that:
A min {792, b1,), min, (01,5} |
{{min {17( <z>2,b§2) juin, (o0 bE)}H | @3)

max
te(a,ta)

< max
te(a,t)

Case 2.2: We now look at how the second term in equation
relates to the bound in equation Equation still

holds. Furthermore, We know by our assumptions that this
value is less than or equal to the value in equation 2] i.e.,

mln fr (¢1,b§2)§ min f (¢17b§2) (26)

€10, 2] €[0,t1]
Sté?ii){mm{f (o2, t2) rmn fT((bl,bfeQ)}} 27

Equations 23] and 27] show that, for case 2, the StoRI Monitor
of by, is less than or equal to the StoRI Monitor of by, :

N (&1U 92, bt) < 11U 04y b2, by, ), case 2| (28)

Case 3: The third case is when ¢ < 0. This could happen
when the U; operator is nested within another temporal
operator, resulting in the time-shifted trajectory having a
negative time. It means that there are no points in the
trajectory relevant to the operator yet. Definition [3] defines
the upper bound as 1 for this case. The Monitor itself is
defined as having an upper bound less than or equal to 1;
the value of the monitor cannot increase past 1. Therefore,
for case 3, the StoRI Monitor of by, is less than or equal to
the StoRI Monitor of by, :

TN (&1U 92, ) < 1 (61U 04y b2, by, ), case 3| (29)

Case 4: The fourth case is when ¢; > b. Beyond this point,
the StoRI Monitor will not change, and has converged to the

value of the StoRI:

U1 Uy d2,b1) = f1(61U a0y 02, br,)
= max {mln{fT (bg,bil) mln fT(¢1,b§1)}}

te(a,b)

Because ty > t1, the time ¢t € (a,b) that maximizes the
value above will be the same value for both trajectories:

FH(@1U )02, b1,) = fT(61U(a ) 62, br, ), case 4
By @I, @8), (29), and @Q), the StoRI Monitor of by,

is always less than or equal to the StoRI Monitor of by,.
Therefore, the upper bound of the monitor monotonically
decreases with respect to t. O

(30)
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