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Abstract—This paper deals with the design of a static output
feedback (SOF) H., controller for a polynomial Takagi-Sugeno
(T-S) system in the continuous-time setting. The sought SOF
controller must guarantee asymptotic stability and an H., per-
formance level of the closed-loop system. Sufficient conditions for
the existence of such SOF controller are derived, in the form of
sum-of-squares (SOS) by dint of a polynomial Lyapunov function
(PLF). These conditions do not include neither an iterative
algorithm nor an equality constraint which leads to a more
tractable solution. The proposed gain is obtained by means of
less conservative conditions than existing ones. This is illustrated
through some numerical examples which demonstrate, at the
same time, the applicability of the suggested design approach.

Index Terms—Polynomial Takagi-Sugeno (T-S) systems, Static
Output Feedback (SOF), H.., controllers, Sum-Of-Squares (SOS)

I. INTRODUCTION

Takagi-Sugeno (T-S) fuzzy models [1] are used for model-
ing systems with nonlinearities since they have the capability
to encapsulate their dynamics by a set of linear models
interpolated by some membership functions. Various strategies
for T=S fuzzy systems control design have been explored in the
literature in both continuous and discrete-time settings [2]-[5].

On another note, the static output feedback (SOF) control
strategy for T-S fuzzy systems is still a challenging issue in
control theory due to its practical simplicity when compared
to dynamic output feedback control [6]-[13]. Particularly,
a numerical procedure based on an equality constraint was
established in [6]. Recently, in [11], sufficient conditions for
the existence of a SOF controller have been obtained using the
concept of the decay rate in the quadratic Lyapunov function.

Alternatively, polynomial systems can be used to deal with a
wider class of non-linear systems. In addition, methods based
on the sum-of-squares (SOS) make it possible to investigate
the stability of polynomial systems for a larger range of
problems than LMI-based approaches [14]-[16]. Based on
the polynomial fuzzy model, the stability analysis of the
polynomial system is invetigated through a polynomial Lya-
punov method. Moreover, including an equality constraint,
the problem of SOF controllers was solved by means of
some bilinear matrix inequalities (BMIs) [13]. An iterative
approach based on SOS decomposition was introduced in

Mohamed Yagoubi, Member, IEEE
IMT Atlantique, LS2N (UMR 6004)
Nantes, France.
mohamed.yagoubi @imt-atlantique.fr

Control Design For
A Novel SOS Approach

El Houssaine Tissir
LESSI, Department of Physics
Faculty of Sciences Dhar El Mehraz
University Sidi Mohamed Ben Abdellah
B.P. 1796, Fes-Atlas, Morocco
elhoussaine.tissir@usmba.ac.ma

[17], [18] to solve H., SOF controller design problem for
polynomial systems. Unfortunately, the conservativeness of the
underlying conditions increases with regards to the complexity
of the nonlinear system considered. The main objective of
the current paper is to re-investigate the SOF control design
for polynomial T-S fuzzy systems without constraints on the
system state-space matrices which results in reducing the
conservatism of some existing results.

Hence, the present paper proposes new sufficient conditions
for the SOF H, control design of continuous-time polynomial
systems. These conditions ensure that the Lo gain from the
disturbance input to the controlled output is less than a
prescribed value. The major benefit of the proposed method
is that it avoids the optimization under BMI constraints while
minimizing the conservatism of existing methods.

The remainder of this paper is organized as follows: Section
IT presents a system description and some preliminaries. The
main results are presented in the Section III, whereas the
Section IV provides some examples to show the validity and
benefits of the suggested methods. The conclusion takes place
in Section V.

II. PROBLEM STATEMENT

We consider the continuous polynomial T-S fuzzy mode
which is described by the following fuzzy model

Plant Rule i: IF o1 (t) is p;1 AND ... AND o04(t) is s
THEN

@(t) = Ai(z(t)Z(x(t)) + Bui(z(t))w(t) + Bai(2(t))u(t)
z(t) = Cri(z())Z(x(t)) + Duii(2(t))w(t)
+ Dugi(x(t))u(t)

y(t) = Coi(x(t))2(x(t)) + Do ((t))w(?) 0
where o(t) = [o1(t) 02(t)...05(t)] are known premise
variables, p;; (¢ = 1,2,..,7r; j = 1,2,...,s) are fuzzy

sets, r is the number of If-Then rules, A ( ( ), Bii(z(t)),
Bai(z(t)), Cri(z(t)), Di(z(t)), Dm( (), Cai(x(t)) and
Do1i(x(t)) are polynomial matrices in x(¢) with appropriate
dimensions. z(t) € R™= is the state vector; y(t) € R™v denotes
the measurement output, u(t) € R™ is the control input,



z(t) € R™ is the controlled output, w(t) € R™ denotes

the disturbance, that belongs to £5[0, ).
The defuzzification process of model (1) can be represented
as

t) = Zm(a(t))[Az(x(t))f“( (1)) + Bui(2(t))w(t)
+Bzi( ())u(t)]

Zm

JrDlzz'( (t))u(t)]

NIC1i(x(2))Z(2(t)) + Dini(@(t))w(t)

Zm N[C2i(@())@(z(t)) + Dari(x(t))w(t)]
2
where
o = @) T (o
)= S ey ) Ef”’( )

wij(oj(t)) denotes the grade of membership of o;(t) in s
and w; (o (t)) represents the weight of the ' rule.
It is clear that fuzzy weighting functions 7;(o(¢)) satisfy

;m(ff(t)) =1 3

0<m(o(t) <1
According to the concept of parallel distributed compensa-
tion (PDC) [15], the polynomial SOF controller is described
as follows:

Controller Rule 7 :
;s THEN

IF 0y (t) is j1i1 AND ... AND o,(t) is

u(t) = Fi(z(t))y(t) )
with ¢ = 1,2,...r, and F;(x(t)) is the polynomial matrices
of appropriate dimensions to be determined. The overall
controller can be represented by

= L@

Y S By )i

=1 j=1
+ Doy ((t))w(t)]
Combining (5) and (2), the closed-loop system is given by

ZZZwm i (@(8))E (1))

=1 j=1[=1
T Bl

ZZmem (2 () E(x(t))

i=1 j=1[=1
+ Dyju((t))w(t))]

z(t))y(t)

where

ni=ni(0 (), n;=mn;(0(t)), m=mlo(t)).

and
Ajji(a(t)) = Ai(x(t)) + Bai(z(t)) Fj (2(t)) Ca (2())
Biji(x(t)) = Bui(x(t)) + Bai(2(t)) Fj(2(t)) Doy (x(t))
Ciji(x(t)) = Cri(z(t)) + Dizi(2(t)) Fj(x(t))Ca(2(t))
Diji(x(t)) = Dui(2(t)) + Digi(x(t)) Fj(x(t)) Doy (x(t))

The objective of SOF H, polynomial control is then to find
polynomial gains F;(z(t)) ¢ = 1,...,r such that the system
(6) is asymptotically stable, and the output z(¢) satisfies the
following condition (under zero initial conditions):

/ T (t)dt < A2 / T T (Dbt @
0 0

Remark 1: In [15], [16], the stabilization conditions were
investigated by the SOS approach, for the polynomial T-S
fuzzy system. These results have focused on state feedback
control problems. Whereas, in this paper, we consider the SOF
H . controller case.

The following lemmas will be used in the sequel.

Lemma 1: [19] For matrices T, A, L, and = with appropriate

dimensions and a scalar 3, the inequality

T+="AT +AZ <0 )
is fulfilled if the following condition holds:

T °
BAT + L= —BL — BL"

with e abbreviates the off-diagonal block of the symmetric
matrix represented block-wise.

Proposition 1: [20] Let g(z) be a polynomial in x € R"
of degree 2d. Let W (z) be a column vector whose entries
are all monomials in x with degree no greater than d. Then,
g(x) is said to be SOS if and only if there exists a positive
semi-definite matrix ¢ such that

g(x) = W(z)" QW (x) 9)

Definition 1: [21] A multivariate polynomial g(x), for x €
RY is a SOS if there exist polynomials g;(z), i = 1,...,n

such that N
z) =Y g} (x)
i=1

This implies g(z) > 0 for any x € R™.

Remark 2: In [17] and [18], iterative approaches based on
SOS decomposition have been presented to determine the SOF
controller. Authors in [22] consider only the stability of the
autonomous polynomial systems by SOS approach. In [22],
the SOS method is used to design the SOF controller for
polynomial systems. The stabilization of polynomial systems
based on SOS is investigated in [15], [16]. We emphasize in
the current paper, that none of the above references have dealt
with, the H., norm performance.

<0

(10)



III. MAIN RESULT

In this section, the objective is to design a SOF H.
controller, that stabilizes the polynomial T-S fuzzy system (6).
To simplify the notations, function arguments may be omitted
when their meaning is straightforward. Hence, in the sequel x
is used instead of x(t) and Z(z) instead of Z(x(t)). In addition,
A¥(zx) indicates the k** row of A;, K = {ki, ka,..., km}
indicates the row indices of B;(z) whose corresponding row
is zero, and & = (X, , Thys -y Tk, )-

Theorem 1: Let 5, A > 0 be some given scalars. System
(6) is asymptotically stable with H, performance 7, if there
exist symmetric polynomial matrices P(%), and polynomial
matrices N;(z), G(z) and L(x), such that (11)-(14) hold
where €;(x), €;;(z), and €;;;(x), are non-negative polynomials
such that ;(z) > 0, for  # 0, g;5(z) > 0, g;5(x) > 0, for
all x,¢,7,0=1,2,...,r

v (P(&) —e1(z)T)v, is SOS (11)

] (¢>m( )+5i(x)I)v2 is SOS8  i=1,2,...,r (12)
—vy (fi)m(f) + ¢iji(x) + @jii(x) + € (x)I)vg is SOS
I<i#j<r
(13)

—vf <¢ijz($) + dij(x) + dju () + djii(x) + duij(x)

+¢lji(x) +€Z‘jl(l‘)I>U2 is SOS 1< %j 7& [ <r

(14)

where
| Yy e
¢ijl(x) - [ Fijj'l R :|

Wi . o
Yiji=| Yoriji —7*1
Y3141

5)

Yaoiju I —G(x)— G (x)
Uiy = Al (2)T7 (2) P(&) + P(2)T () Ay (x)

+ Z 9 P(&) Al (2)%(x) + T(2) By ()

Nj(z)Ca ()

+ Cqy() N () B; (x) T (x)
Youije = Bi;(2)T" () P(2) + Dy (x) N} (2) By (2)T" ()
TSlijl = G(m)Ch(x) + )\Dlgi(l‘)Nj(aj)Cgl(af)

T32ijl = G(x)Dlh(x) —+ )\Dlgi(l')Nj(CE)DQu(iE)

Liji=[ Tiji Tioji Tizi |

Ti1ije = B(Bay(x)T" () P(2) — LT (2) By, (x)T" (x))
Njj(x)Ca ()
Tigj0 = Nj(2) Davi()
I3 = 5(Dﬂz($)GT(m) - )\LT(x)Dﬂi(x))
R=—pBL(x) - BL" (x)

Proof 1: Since the conditions in (12)-(14) hold, we can write

I
> niuila +Z Z e
=1

i=1 j=1,1#j
r—1 T

r—2
+3 03> mnm(dig(x)
i=1 j=i+
+¢

+ d’zyz( ) + (bjii(l‘))

+ duj(x) + dja(w)+
li=j+1
(bjli(x) lij (CU) + (25132(1‘))
- Z menzaﬁm(x) <0
i=1j=11=1

which is satisfied if
Piji(w) = {
Lemma 1 along with

P(#)T(x)Bai(z) — T'(x)Bai(z)L(x)
Ai(z) = 0
G(2)D12i(x) — AD12i(x)L(z)
Zji(x) = L7 (@) [ Nj(@)Cu(x)  Nj(z)Dau(x)
induce that the inequality (16) leads to

gOijl(CC) = Tijl + Ai(l‘)Ejl(l‘) + Efl(l’)A,LT(CE) <0

The latter inequality (17) can be rewritten as:

Tijl [ ]

Iy R } <0 (16)

0]
(17)

P114j1 . o
piji() = Tiji+ | Touip 0 e | <0 (18)
Y1 Yz O
where

¢>11m = [P(2)T(2)Bai(x) — T(x) Bai(a) L(2)] L™ ()
Nj(a)Coy (@) + Coy () N} () L~ () [ B; () T ()
t) — LT () By ()T ()]
Yo1450 = Dy (@) Njf () L~ (2)[B3; ()T () P(2)
— LT (2) By (2)T" ()]
Y155 = [G(2) D12i(x) — AD12i(2) L(2)]
L™Y(x)N; ( )Car()
T32ij1 = [G(2) D12i(x) — AD12i(z) L(2)]
L™ (@) N;(2) Dani(x)
Using the change of variable Fj(z) = L™}
substituting (15) into (18) we obtain:

¢112]l L [
piji(x) = | Blj(@)T" (x)P(2) ! e | <0
G(z)Ciji(x) G(z)Diji(x) ¢33
(19)
where

Pr1iji = Am( )TT( )P(A) + P(2)T(z) Aiji(x)

keK

¢33 =1—G(z) — G(x)"



Since —(V — Q)Q'}(V — Q)T < 0, @ > 0 implies
that —VQ~ VT < -V — VT + @, multiplying (19) by
diag{I,I,G=*(x)} on the left and its transpose on the right
leads to

_ P11 hd i
@iji(z) = Bgl(xZTT(x)P(i) j'yQI . <0
Ciji(z) Diji(x) —I
(20)

We introduce the polynomial Lyapunov function, as in [15],
represented by

V(z) =i"(2)P(2)i(x) (21)
Taking the time derivative of V' (x) yields
Via) = 7@ P@i() + 3" @P@i@)

Computing P(ic) as in [16], and using (6), we obtain,

V(@) + 27 (2)2(2) = 70" (2)w(@) = (T (M (2)¢(t) (23)

where
_ | =@ _ P114j .
0= 50 ] m@=| s iee ]
=T ) !
[ e e
(24)

Since (20) holds, by schur complement we obtain that M (z) <
0 which implies that,
V(z) + 27 (x)2(z) — v2wT (2)w(z) < 0 (25)

Integrating both sides of the inequality (23) from 0 to oo
yields

V(a(00)) = V(x(0))+

/OOC(ZT(t)z(t) — YW (Hw(t))dt <0

Thus, the zero initial condition leads to

/ Tt < 2 / W () dt

This ends the proof.

IV. COMPUTER SIMULATIONS

Example 1: This example presents the design of a SOF
H, controller for a system borrowed from [23]. This example
was solved using the homogeneous polynomial matrices of
arbitrary and independent degrees.

TABLE I
VALUES OF v FOR EXAMPLE (1)

Methods ¥
[24] g=1 3.67
[24] g=2 1.01
[23] CI-T2 g=1 0.89
[23] CI-T2 g=2 0.87
[23] CI-T2 g=6 0.77
[23] C1-T2 g=10 | 0.71
Theorem 1, 2d=0 1.59
Theorem 1, 2d=2 0.70

Consider the two-rules T-S fuzzy system of the form (2),
with the same data as in [23]:

-5 —4 -2 —4 0
A1=[1 2],A2=[ 0 2]73212[10},

0 0
3222[3], By = [ _0'25}7 Bis = B,

2 -10 -3 20 3
en=|7 V] en=| 3 %) om=] 2]

-1 —-0.5 0.35
D122:|:0.5:|7 D111:|: 0.5 :|7D112:|: 0.5 :|7

021 = [ 1 0 ] ) C22 = 0217 D211 - O]., D212 = D211

The fuzzy membership functions considered are

m(o(t)) = (1+ sin(z1(t)))/2

n2(a(t)) =1 —m(o(t))
Based on the SOS conditions in Theorem 1, we obtain an
H, attenuation level of 7, = 1.59 for (2d = 0) with the
following gains F; = 0.5873, Fy = —0.8347. For (2d = 2),
we obtain Yi, = 0.70 and Fy = —0.1271321 (t)% +5.7446 x
10742 ()2, Fy = 0.1831921(¢)? + 9.9959 x 10~ 4z (t)2.

Table I lists the values of ~,,;,, obtained from [23], [24] and
Theorem 1 in this paper for different degrees. It can be easily
seen that the results obtained with Theorem 1 with (2d = 2)
outperform those based on C1-T2 in [23] with (g =1, g = 2,
g = 6, g = 10). It can also be seen that increasing the degree
of the polynomial Lyapunov function from 2d = 0 to 2d = 2
reduces significantly the norm bound +,,;, and hence improves
the obtained performances.

In comparison with the results in [23], Theorem 1 advan-
tages are twofold: the SOF H, controller is obtained without
any iterative procedure. It achieves better results (with (2d=2),
v = 0.7 is obtained), while the approach proposed in [23]
achieves a norm bound of v = 0.71 for a degree g > 10.
Simulation results are presented in Fig. 1. The state trajec-
tories x1(¢) and x2(t) are obtained for the initial condition
2(0) = [1 1.4)7 and w(t) = 0. It can be seen in Fig. 1 that
when no disturbance affects the system (i.e., w(t) = 0) the
closed-loop is asymptotically stable.

Example 2: Let us consider a nonlinear mass-spring-damper
mechanical system borrowed for instance from [9] with the
following dynamic equation

Mi(t) + c12(t) + cox(t) = (1 + c32®())u(t) +w(t) (26)



:
- — —2d=0

0.5H — 2d=2 |4
S o h
x /
\
-0.5F <
-1 .
0 1 2 3 4 5
- — —2d=0
—2d=21]]
=
-1 .
0 1 2 3 4 5

Time (sec)

Fig. 1. Evolution of the closed-loop states in Example (1)

where M, wu(t) and w(t) are the mass, the force, and the
disturbance respectively. The parameters of the mechanical
system are set to M =1, ¢ = 1, cg = 1.155, ¢g = 0.13.
Following the lines in [9], the states chosen are the velocity
and the position that is x1(¢) = &(¢) and x2(t) = z(t). We
define also z(t) and y(t) as follows

2$2(t)
0= 5 | o
_ | w@® ] _ a1 (1)
ylt) = [ y(t) } = [ 221 (1) + (1) } '
If z1(¢) € [-1.5 1.5], then the nonlinear mass-spring-damper

(26) can be described by the following T-S model

Zm 5171
Zm z1)(
2771 251

() {Aiz(t) + Briw(t) + Baju(t)}

){Crix(t) + Diiw(t) + Digju(t)}

({C2ix(t) + Darw(t)}

0 2 0
C11—C12{0 0},D121D122{2}7
10 0
021022[2 1},D111D112D211D212[0]
where the membership functions are
3 (t)
m(za(t)) = 6on0 @) =1-m(()

The obtained H,, norm bounds and the associated SOF
gains are summarized in Table II. The H,, norm bound

TABLE II
VALUES OF THE NORM BOUND «y AND THE OBTAINED GAINS F; FOR
EXAMPLE 2,

Methods v F;

=[0.093 —0.095]

F» =[0.2309 — 0.2479]
Iy =[-0.07515 — 0.01693]

Fy = [—-0.06447 — 0.01077]

Theorem 1in [9]

Theorem 1 2.0838

obtained with the proposed approach is smaller than the one
obtained with the LMI based conditions in [9]. It can also
be noted that a simpler controller of degree 2d = 0 can be
used for practical implementation without a significant loss of
performance.

Figures 2 and 3 show the evolutions of the state response
and the control input of the closed-loop system respectively,
from an initial condition z(0) = [-1 — 1.4]7 and w(t) =0
when the gains obtained by means of the proposed result are
s)z(s)ds

used. The plot of the ratio p(t) = ff’OwT(ﬁ is shown
in Fig. 4, from the initial condition z(0) = [0;0]7 when
2 0<t<1
w(t) = .
(2sin(2nt))/t t>1

It is clear that this attenuation estimation is smaller than
the guaranteed value of v,,;,, = 2.0838. In summary from the
results in Figs. 2-4, it is possible to conclude that the closed-
loop system is asymptotically stable and provides the required
level of disturbance attenuation. This shows that the proposed
method is effective to real control problems.

Time (sec)

Fig. 2. Evolution of the closed loop states for Example (2)

V. CONCLUSION

This paper has presented a static output feedback controller
that achieves asymptotic stability and optimizes the £o— gain
for a class of polynomial T-S systems. Using polynomial
Lyapunov functions, the SOF H, controller is constructed by
means of some less conservative conditions than existing ones.
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Fig. 3. Evolution of the control inputs for Example (2)

081 1

061 1

0.4r 1

021 1

Time (sec)

fUt 2T (s)z(s)ds

Fig. 4. The ratio p(t) = T o

for Example (2)

It must be emphasized that these conditions include neither
equality constraints nor iterative algorithms which leads to a
tractable solution. Some numerical examples have been given
to demonstrate the advantages and the applicability of the
proposed approach.
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