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The method of constructing models of peer to peer protocols
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The models of peer to peer protocols are presented with the help of one-step processes. On the
basis of this presentation and the method of randomization of one-step processes described method
for constructing models of peer to peer protocols. As specific implementations of proposed method
the models of FastTrack and Bittorrent protocols are studied.
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I. INTRODUCTION

While constructing stochastic mathematical model
there is a certain problem how to introduce the stochastic
term which deals not with external impact on the system,
but has a direct relationship with the system’s structure.
In to order to construct a required mathematical model
we will consider the processes occurring in the system as
one-step Markov processes.

This approach allows to obtain stochastic differential
equations with compatible stochastic and deterministic
parts, since they are derived from the same equation.
The stochastic differential equations theory allows quali-
tatively to analyse the solutions of these equations The
Runge-Kutta methods are used to obtain the solutions
of stochastic differential equations and for illustration of
presented results.

In previous studies, the authors developed a method
of construction of mathematical model based on one-step
stochastic processes, which describe a wide class of phe-
nomena |6, [11]. This method presented good results for
population dynamic models |7, |9, [10]. This method is
also applicable to some technical problems such as p2p-
networks simulation, in particular to the FastTrack and
BitTorrent [5].
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The paper proposes to use one-step stochastic pro-
cesses method in order to construct FastTrack and Bit-
Torrent protocol models and to study stochastic influence
on the deterministic model.

II. NOTATIONS AND CONVENTIONS

1. In this paper the notation of abstract indices is
used |2]. Under the given notation, the tensor is
denoted by an index (eg, z*), and the tensor’s com-
ponents are denoted by an underlined index (eg,

at).

2. Latin indices of the middle of the alphabet (eg, i, 7,
k) denote system space vectors. Latin indices from
the beginning of the alphabet (eg, a) are related to
the space of Wiener’s process. Latin indices from
the end of the alphabet (eg, p, ¢) are the indices
of the Runge-Kutta methods. Greek indices (eg,
«) denote a quantity of different interactions in the
kinetic equations.

3. A dot over the symbol (eg, &) denotes time differ-
entiation.

4. A comma in the index denotes the partial derivative
with respect to corresponding coordinate.

III. ONE-STEP PROCESSES MODELING

Under the one-step process we understand the continu-
ous time Markov processes with integer state space. The
transition matrix which allows only transitions between
neighboring states. Also, these processes are known as
birth-and-death processes.

The state of the system is described by a state vector
x* € R™, where n — system dimension.
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The idea of the method is as follows. For the stud-
ied system the interaction scheme as a symbolic record
of all possible interactions between system elements is
introduced. The scheme shows the number and type of
elements in certain interaction and the result of the in-
teraction. For this purpose the system state operators
are used. The operator n}* € L%y X L5, X L sets
the state of the system before the interaction, and the
operator mj—o‘ € 15, x ZYy x Zj — sets the state after
the interaction. It is also assumed that in the system s
kinds of different interactions may occur, where s € Z .
As a result of the interaction , the system switches into
the 2t — 2 + r;ng or ' — z' — r;ga:j states, where
r;:a = mz»o‘ — n;"‘

Let’s introduce transition probabilities from state xt
into xi—i—r;g:tj states (the :Ei—r;ng state). The transition
probabilities of are assumed to be proportional to the
number of possible interactions between elements.

Based on the interaction schemas and transition prob-
abilities, we create the master equation, decompose it
into a series, leaving only the terms up to the second
derivative. The resulting equation is the Fokker—Planck
equation, which looks like:

_E =—9; [A p] + =0;0; [B ]p] , (1)
where

Al = Al(zh ) = 1o {Si - s;} ;
3 3 T (2)
BY .= B (2" t) = riopie [s;t - s;} .

Here p := p(a,t) is a random variable x* density func-
tion, A* — a drift vector, B¥ — a diffusion vector.

As it is evident from (), the Fokker—Planck equation
coeflicients can be obtained immediately from interaction
scheme and transition probabilities, i.e., for practical cal-
culations the master equation is not in need.

To get the more convenient form of the model the cor-
responding Langevin’s equation is given:

dz' = a'dt + b’ dW*, (3)

where a' := a’(z*,t), bl := bl (2", 1), ' € R?, W € R™
— m-~dimensional Wiener’s process. It is implemented as
dW = ev/dt, where ¢ ~ N(0,1) — normal distribution
with mean equal to0 and variance equal to 1.

The relationship between the equations () and (3] is
expressed by the following:
Al =a’, BY =i b,

Thus, for our system description the stochastic differ-
ential equation may be derived to from the general con-
siderations. This equation consists of two parts, one of
which describes a deterministic behaviour of the system,
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—
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Figure 1. Method’s diagram

and other the stochastic one. Furthermore, both sides of
the equations are consistent, since they are derived from
the same equation (Figure [I).

IV. FAST TRACK PROTOCOL

Fast Track Protocol is the p2p network protocol for
Internet file sharing. The file can be downloaded only
from peers which possess the whole file. FastTrack was
originally implemented in the KaZaA software. It has a
decentralized topology that makes it very reliable. All
FastTrack users are divided into two classes: supernodes
and ordinary nodes. The supernodes allocation is one
of the functions of FT protocol. Supernodes are those
with fast network connection, high-bandwidth and possi-
bility of a fast data processing. The users themselves do
not know that their computer has been designated as a
supernode.

To upload a file, a node sends a request to the su-
pernode, which, in its turn, communicates with the other
nodes, etc. So, the request extends to a certain level pro-
tocol network which is called a lifetime request. After as
the desired file is found, it is directly sent to the node
bypassing the supernode from the node possessing the
necessary file [1, [4].

A. FastTrack modeling

Assume that the file consists of one part Thus, dur-
ing one interaction, the node desiring to download it can
download the entire file at once. When the download is
completed, the node becomes supernode.

Let N denote the new node, L — supernode and 8 —
interaction coefficient. The new nodes appear with the
intensity of A, and the supernodes leave the system with
the intensity of u. Then the scheme of interaction and



vector r are:

02 N, il = (1,0)
N+LZor, ¢i2=(-11)
Lo, 3 = (0, -1).

The first line in the diagram describes the a new client
appearance in the system. The second line reflects the
interaction of a new client and a seed. After this interac-
tion a new seed appears. And the third line indicates the
departure of the seed from the system. Let us introduce
the transition probabilities:

sT(n,0) =\
sy (n,l) = Bnl
sy (n,l) = pul.

It is possible now to write out the Fokker-Planck equa-
tion for our model:

WD) oA, (. 1)) + £0:0,(BY (. Dp(n. 1),

where the drift vector and diffusion matrix are follows:

Al = Al t) = r'@sT(n, 1),

Bt := BY(zk t) = rigrigs;r(n, ),a=1,2,3.

At last we get:

1 1 0 A — Bnl
A= (o) 2+ () omie (5) = (0 )

B— ((1)) (1,0)A + (_11) (—1,1)8nl + <_01> (0, —1)pul =

(A4 pBnl —PBnl
—\ —=pnl Bnl+ ul

The stochastic differential equation in its Langevin’s
form can be derived by using an appropriate formula.

B. Deterministic behavior

Since the drifts vector A completely describes the deter-
ministic behavior of the system, it is possible to derive an
ordinary differential equations system, which describes
the population dynamics of new clients and seeds.

d—n:)\—ﬁnl

dt
dl (4)

1. Steady-states

Let us find steady-states of the system (4) from the
following system of equations:

A—=p0Bnl=0
Bnl —ul =0

The system (@) has the only one steady state:

To linearize the system (@), let n =n +§, 1 = [+ 1In,
where 7 and [ are coordinates of stability points, £ and
7 are small parameters

s _ -

E = —pnn — pI§
dni B _

P = pnn+ Bl — un

In the neighborhood of the equilibrium point, the lin-
earized system is presented as following::

d_ B

pri —/“775
dn  BA
i

1%

Now we may find the eigenvalues of the characteristic
equation:

A
SQ—I—ﬁ—s—i—ﬁ)\:O.
1

The roots of this characteristic equation:
A AN
s )
I

Thus, depending on the choice of parameters, the criti-
cal point has different types. In the case when S\ < 4p2,
the critical point represents a stable focus, while in the
reverse case — a steady node. In both the cases, the sin-
gular point is a stable one because the real part of the
roots of the equation is negative. Thus, depending on the
choice of coefficient, the change of values of the variables
can occur in one of two trajectories.

In the case when the critical point represents a fo-
cus, the damped oscillations of the nodes and supernodes
quantity occur And if the critical point is node, there
are no oscillations in the trajectories [3l Phase portraits
of the system for each of the two cases are plotted, re-
spectively, in Figs. [ and
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Figure 2. The time dependence of the nodes and seeds quan-
tity in the Fast Track network for the deterministic case
B < 4pu®.
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Figure 3. The time dependence of the nodes and seeds quan-
tity in Fast Track network for the deterministic case S\ > 4.

2. Numerical simulation of the stochastic model

To illustrate the obtained results the numerical mod-
elling of stochastic differential equation in the Langevin’s
form was performed. The extension of Runge-Kutta
methods for stochastic differential equations was ap-
plied [B, ], and a Fortran program for this extension was
written. The results are presented on Figures [[ and [l

Figures [ and [ clearly indicate that small stochastic
terms do not substantially affect the behaviour of the sys-
tem in the stationary point neighbourhood. The stochas-
tic term influence exists only on the early evolution of
the system. After a relatively short period of time, the
system enters the steady-state regime and differs little
from the deterministic case.

Conclusions
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Figure 4. Phase portraits of a deterministic Fast Track sys-
tem with various deviations (Ax,Ay) from stationary point
if B\ < 4u’.
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Figure 5. Phase portraits of a deterministic Fast Track sys-
tem with various deviations (Az,Ay) from stationary point
if BA > 4u’.

The obtained results indicate that the stochastic in-
troduction in the steady-state regime has little effect on
the behaviour of the system. So, the deterministic model
provides the appropriate results.

Furthermore, the proposed method allows to extend
the framework of the tools used for the analysis, so
is becomes possible to use ordinary stochastic differen-
tial equation (Langevin) and partial differential equa-
tion (Fokker-Planck) simultaneously. Furthermore, as
the above example indicates, in some cases a determinis-
tic approach defined by the diffusion matrix is sufficient.
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Figure 6. The time dependence of new nodes and seeds quan-
tity in the FastTrack network for the stochastic case.
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Figure 7. Phase trajectories of the stochastic FastTrack model
with various deviations (Az,Ay) from the stationary point
B> 4pu?.
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Figure 8. Phase trajectories of the stochastic FastTrack model
with various deviations (Az,Ay) from the stationary point
B > 4u®.

V. BITTORRENT PROTOCOL

BitTorrent is the p2p-network protocol for file shar-
ing over the Internet. Files are transferred by chunks.
Each torrent-client simultaneously downloads the needed
chunks from one node and uploads available chunks to
another node. It makes the BitTorrent protocol more
flexible then the FastTrack one.

A. Modeling

First, we consider a simplified model of a closed sys-
tem, where the numbers of leechers and seeders are con-
stant. Furthermore, we assume that the file consists of
one chunk. Thus, the leecher downloads the file during
only one time step and then becomes a seeder.

Let N denote a new leecher, C' —seeder, and 8 — in-
teraction coefficient. Then the interaction scheme will
be:

N+c oo 2= (-1,1).

The scheme reflects that after the leecher interac-
tion with the seeder, the leecher disappears and another
seeder appears.

Next, let n be the number of new nodes, and ¢ — the
number of seeders in the system.

The transition probabilities:

sT(n,c) = pBnc.

The Fokker—Planck’s equation for this model:
Ip(n, c)
ot
where the drift vector and the diffusion matrix are pre-

sented as following:

= 0;(A%(n, c)p(n,c)) + %aiaj (BY (n, c)p(n, c)),

Ai(n, c) = rigs;r (n,l),

B(n,c) = r'%r'est(n,1).
Thus, we obtain:
(-1 _(—pnl
A= (V)= (31
(-1 _( Bnc —pnc
B = ( 1 ) (—-1,1)Bnc = (—ﬁnc Bne ) )
The stochastic differential equation in the Langevin’s

form can be obtained with the help of the appropriate
formula.

It is also possible to write out differential equations



which describe the deterministic behaviour of the system:

d

d_:: = —fnc
d

d—j = fnc

Next, we consider the open system in which new clients
appear with the intensity A, and seeders leave it with the
intensity p. Now, the scheme of interaction has the form
of:

02 Nt = (1,0),
N+C Loy =(-1,1),
C 50,8 =(0,-1).

The first line in the scheme describes the appearance of
the new peer in the system, the second line describes the
interactions between the new peer and the seeder, after
which a new seeder appears. And the third line meaning
is that the seeder leaves the system.

Let n denote the number of new clients and ¢ — the
number of seeders in the system.

This system is equivalent to the Fast Track model up
to notation.

Now consider a system in which downloaded files con-
sist of m chunks. The system consists of:

e Peers (N) are the clients without any chunk of the
file.

e Leechers (L) are the clients who have already down-
loaded a number of chunks of the file and can share
them with new peers or other leechers.

e Seeders (C) are the clients who have the whole file
and they only can share the file.

In addition, n is the number of new peers, and ¢ —
number of seeders in the system, [; — number of leechers
with exactly i chunks of the file, where i = i,n — 1. Also,
let L; be the number of leechers with any chunk of the
file of interest for leecher L; and the I; is their amount.

For this scheme it is possible to write out the following
types of relations:

0N,
N+o S +c,
N+L; 2510, + L,
Li+Li 25Lisq + L,
Li+C 5L, +C,
L1+ Lin—1 =%C + Lp_1,
L1+ C 52C,
c 50.

On every interaction step one chunk of file is trans-
ferred from one peer to another. The first relation de-
scribes the appearance of a new peer in a system with
the intensity A.

The second and third relations describe the interaction
of a new peer with a seeder or a leecher with the inter-
action coefficients 8 and Bi, (i = 4,m — 1). As the result
of interaction, the peer transforms into a leecher from
the L class. The fourth and fifth relations describe the
leecher L; interaction with the seeder and other leechers
with the coeflicients d; and 7; (i = i,m — 2). As the re-
sult of this interaction, the leecher gets one chunk of a
file and becomes the L;;1-class leacher. The sixth and
seventh relations describe the transformation of leecher
into seeders with the coefficients 7,,—1 and v (the leecher
downloads the last file chunk). The last relation describes
the seeder departure from the system with the intensity

1.
The vectors ' = (n, 1y, 1, ..
probabilities s7:

lm—1,¢) and transition

rt =(1,0,0,...,0),

st=06lilii=1,m—1

s;; =ylic,i=1,m—2
b _

S = Vm—llm—llm—la

+ _
Sy = Wlm—lca

sy = pc.

For this model, which is similar to the previous one,
we can write out the Fokker-Planck’s equation. But for
deterministic behaviour description, it’s enough to write
out the matrix A.

A= Bne— ST Binl;
fnc +,Zl-111 inl; — 611l — nlic
0 lily + mlic — balaly — Yalac

5m72lm72l_m72 + 'Ym72lm72c -

- 5m71_lmfll_m71 - 'mellmflc
5mfllmfllmfl + '-mellmflc — pc

As a result, we obtain a system of differential equa-
tions describing the dynamics of new peers, leechers and
seeders:



m—1
dn
T A — fBne — ; Binl;,
dl m—1 B
d_tl = fBnc + Zl Binl; — 01l1ly — nlic,
dl _ _
d_t2 =011l + Ylic— Oalaly — Yalac,
dlm—l 7
= 5m— Im—2lm— m—2lm—2C —
a 2lm—2 2_+ Ym—2lm—2C
- 5mfllmfllm71 - '-mellmflcy
0 it + il
dt — Um—1tm—-1tm—1 Ym—1tm—1C HC.

Let’s suppose that 6 = 61 = d2 = ... = d,,_1 = const,
then let’s sum the equations in our system from the sec-
ond one to the m+1-th. If we denote leechers and seeders
asl =10, +1ls+ ..+ l;_1+ c the system of the equations
may be simplified as follows:

dn
s =A—pn(l+c),

d(l+c¢)

e Bn(l + c¢) — pe.

VI. CONCLUSION

1. In this paper the method of stochastic models con-
struction by use of one-step stochastic processes is
described. The proposed method provides an uni-
versal algorithm of deriving stochastic differential
equations for such systems. It’s also shown that
there are two way of stochastic system’s descrip-
tion: with the help of partial differential equation
(Fokker-Plank) and ordinary differential equations
(Langevin).

2. In order to study influence of the stochastic term

of an equation the Fast Track and Bittorrent pro-
tocol models were discussed. The results of this
study indicate, that near the stationary points the
stochastic influence is minimal, and that’s because
the deterministic model gives very good results. In
addition, as it was shown by the above example,
in some cases, in order to examine the system it
is enough to study its deterministic approximation,
which is described by the drift matrix.
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[IupuHroBBIE IPOTOKOJIBI IIPEICTABIEHBI KaK OHOIIArOBBIE Iporecchl. Ha ocHoBe 3toro mpej-
CTaBJIEHUST U METOJA CTOXACTU3AIMHU OJIHOIIATOBBIX IIPOIECCOB OMUCHIBAETCS METOIUKA MMOCTPOCHUS
MoJ1eJIeil IMPUHIOBBIX IIPOTOKOJIOB. B KadecTBe KOHKPETHBIX PEAIU3alUil IIPUBOSITCS MOJIEIN IIPO-
TokoJioB Fasttrack m 6azosoro Bittorrent-momo6uoro nmporokosa.

Keywords: croxacrudeckue nuddepeHIpaabable yPABHEHNST; OCHOBHOE KMHETUYIECKOE YPABHEHIST, YypaBHEHUE

Doxkkepa-Ilnanka; FastTrack; BitTorrent

I. BBEJAEHUE

IIpu croxacTmsanum MaTeMaTUIECKAX MOJIE/Iel BO3HU-
KaeT 1pobJieMa, KaK BBECTH CTOXaCTHYECKUN UJIeH, KOTO-
PbIil HHTEPIIPETUPYETCA He KaK BHEIIHee CJIy4dailHoe BO3-
JeficTBUE Ha CUCTEMY, a UMeeT HEIIOCPE/ICTBEHHYIO CBA3b
C ee CTPYKTYPoil. [l moIydeHns CTOXaCTUIECKUX MOJIe-
Jiell mpejjiaraeTcs pacCMaTPUBaTh IIPOIECCHl, IPOUCXOI -
mye B CUCTEMe, KaK OJIHOIIArOBble MapKOBCKHE IIPOIIEC-
col. Takoi 0/1X0/T TO3BOJISIET MOIYIATH CTOXACTHIECKIE
nuddepeHnaIbHble yPABHEHUS C COTVIACOBAHHBIMU CTO-
XaCTUYECKON M JEeTePMUHUCTUYECKON YaCTAMHU, TaK KaK
OHU BBIBOJIATCS U3 OJHO U TOTO Ke ypaBHenus. [IpuBiede-
HU€ TEOPUU CTOXACTUIECKUX Tu(DEpPeHITNATbHBIX YPaB-
HEeHUII IT03BOJIAeT IIPOBECTU Ka4eCTBEeHHBIN U YMCJICHHbBII
aHaJIN3 II0BEJICHUA PEIIeHUil YpaBHEHUN JJjId II0JIy4eH-
HOH cTOXacTU4IecKoi Mojenu. Jis mmocTpanu pe3yiib-
TATOB TIPEJJIAraeTCs WCIOJB30BATL YHCIeHHbIe Pynre—
KyTThl pa3sHbIX MOPSAIKOB IOCTPOEHUS PEIIeHH CTOXa-
cTuvIecKux muddepeHnuaibHbIX YpaBHeHHT.

B mpeppiaymnmmx paborax aBTOpPOB pa3pabOTaH MeTO
IIOCTPOEHUSI OJHOIIATOBBIX CTOXaCTUYECKUX MOJleJieil, Ko-
TOPBIA II03BOJIAET MOJEJIUPOBATH IIUPOKUI KJjacC sdBJie-
muit [1, 2]. JJaHHBIH METO TOKA3aJ XOPOIINE PE3YIbTATHI
I nomyJganuonnoit gunamuku [3-5] . Ero Takwxke mox-
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HO IPUMEHUTHh K TEXHUIECKUM 3a/1a9aM TAKUM KaK peer-
to-peer ceTu, B 9aCTHOCTH K MOJIEJIUPOBAHUIO TPOTOKOJIA,
FastTrack u BitTorrent |G].

B pabore mpesjiaraercst mpuMeHeHWE JTAHHOIO METO-
Ja Ui TIOCTpoeHus Mojeseil mpoTokosos FastTrack u
BitTorrent u usyyenue BiusHUA BBE/IEHNUsS CTOXACTUKU B
JeTEPMUHUCTUYECKYIO MOJIEIIb.

II. OBO3HAYEHUS{A 1 COIVIAIITEHN A

1. B pabore ucmnob3yercss HOTAIUsT aOCTPAKTHBIX UH-
JekcoB |7]. B maHHON HOTAIIMM TEH30D KaK IEI0CT-
HbIl 0OBEKT 0603HAYAETCSI IPOCTO MHIEKCOM (Ha-
npuMep, r!), KOMIOHEHTbI 0603HAYAIOTCS TTOTIEPK-
HYTBIM HHJICKCOM (HAIpUMep, o).

2. ByneMm mpuiep:KUBaTHCA CJIEIYIONINX COTJIAITICHUA.
Jlarunckue uHmekcsl U3 cepenunsbl andasura (i, j,
k) 6yayT OTHOCHTBCSI K TIPOCTPAHCTBY BEKTOPOB CO-
CTOSTHMIT cUCTeMbl. JlaTWHCKWE WHIEKCHI U3 Hada-
aa andasura (a) GyJayT OTHOCHTBCSI K MIPOCTPaH-
CTBY BUHEPOBCKOIrO IIporiecca. JIaTHHCKIe UHIEKCHI
u3 kouna ajdasura (p, ¢) OGYLYyT OTHOCUTHCH K UH-
aekcaM Metona Pymnre-KyrTol. ['peveckne mmiek-
col (@) BymyT 3a7aBaTh KOJMYECTBO PA3HBIX B3aU-
MOJEHCTBUN B KUHETUYECKUX YPABHEHUAX.

3. Toukoit Ha cuMBOJIOM 0b03HAMAETCS U depeHITn-
pOBaHUE M0 BPEMEHHN.

4. BansaToil B uHjeKce 0603HAYAETCS YAaCTHAS [IPOM3-
BOJIHAS TI0 COOTBETCTBYIOIIEH KOODMHATE.

IIT. MOAEJIMPOBAHWUWE OJHOIIIATOBBIX
ITPOIIECCOB

ITox oHOMIIATOBBIME ITPOTIECCAME MBI OyIeM OHUMATh
MapKOBCKHEe IIPOIIECChl ¢ HEeIPEePBIBHBIM BpeMeHeM, IIpU-
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HUMAIOIIUe 3HAYeHUs B O0JIACTHU IIEJIBIX YHCEJI, MaTPUIA
mepexoa KOTOPBIX JIOIMYCKAET TOJBKO ITEPEXOIbI MEXKLY
COCEIHUMU yJacTKaMu. Tak>Ke 9TU MPOIECChl M3BECTHBI
110/ HA3BAHUSAMU IIPOIIECCOB POXKIEHUTHOEH.

CocrostHre cHUCTEMBI OYIEM OINUCHIBATH BEKTOPOM CO-
crogaug ' € R™, Tie n — pasMepHOCTh CHCTEME

Unea merona cocrout B caemyormeM. [liag umccaemy-
€MO#l CHCTEMBI, COCTOSTHHE KOTOPOW OyIeM OIMCHIBATH
BEKTOpPOM coctosnusa x' € R™, e n — pa3sMepHOCTb
CHCTeMBI, MOYXKHO 3allUCaTh CxeMy B3amMmoneiicTBus. T.e.
CHMBOJIMYECKYIO 3aIUCh BCEX BO3MOXKHBIX B3aMMO/IEI-
CTBUIl MEXKJy 3JeMEHTAMH CHUCTEMBI, KOTODAasi IMOKa3bI-
BaeT CKOJBKO U KAaKUX 3JIEMEHTOB BO B3aUMOJeHCTBUE
KaKOI'0 THUIIA BCTYIAIOT U YTO IOJIYYMJIOCH B PE3yJIbTa-
Te. JlJist 9TOTO UCHOJIB3YIOTCH OIEPATOPHI COCTOSTHUS CH-
crembr. Omeparop néa € LYy x L%, X Zj 3amaér co-
CTOSIHHE CHCTEMBI JI0 B3aMMO/IEHCTBHS, OLIEPATOD mé-o‘ €
L5 X L% X Z§ — mocne. Taxxke cauTaercs, 4ro0 B CH-
CcTeMe MOXKET MPOUCXOJIUTh S BUIOB PA3JUIHBIX B3AUMO-
neiictBuit, e s € Z4. VI B pe3yiprare B3anMoeiCcTBUA

. . ia
cHCTeMa IIePEXOJUT B COCTOsiHMe &' — &' + r;~x) muim

. . i . . .
z' — o' — 7l rae ri® = mi® —ni* —oneparop usme-
HEHUS COCTOSIHUS CUCTEMBI.

Jlajee mpesjiaraercs 3alUCaTh BEPOSITHOCTU IIEPEXO-

. . 1 ;
JOB U3 cocTosHus ' B cocrosiHue x' + 1,2’ (B cocro-

anme ' — r;-ng ), KOTODBIE IIPEJIIOJIArAI0TCS [IPOIIOPIH-
OHAJIbHBIMU YHCJIy BO3MOXKHBIX B3aUMOJECHCTBUIT MEXK Ty
3JIEMEHTaMU.

Ha ocuoBanum cxem B3auMOIEHICTBUS U BEPOSITHOCTE!
[I€PEX0/I0B MBI CTPOMM OCHOBHOE KHMHETHUYECKOe ypaBHe-
HHE, PACKJIaIbIBA€M €TI0 B DI, OCTABJISS TOJIBKO YJI€HBI
JI0 BTOPOI TIPOM3BOIHON BKIIIOUNTEIHHO. [loTyauBiieecs
ypasuenune oyner ypasaHenueM Doxkepa—llmamka, KoTO-
poe OyIeT UMeTh BUI:

dp i 1 y
57 = ~0i [A'P] +50:0; [BYp], (1)

e

[e3 [0}

A= Ai(zF ) = pie [si - Sj , 2)

BY .= B (2" t) = riopie {sg - s;] .

Bnech p := p(x?,t) U UMeeT CMBIC] IJIOTHOCTH PacIpe-
IeneHns ciydaitHoll Beamamubl ¢, A — BexTop cmoca,
B% — exrop muddysun.

Kak Bumso wuz (@), xosdduimentsl ypasHeHus
Qokkepa-Ilnanka MOXKHO MOJYUATH CPa3y IOCTE 3allH-
CH CXEMBbl B3aUMOJICHCTBUS U BEPOATHOCTEN I1epexo/ia, TO
€CTh B IPAKTUIECKUX PACIETAX 3aIMCHIBATH OCHOBHOE KU~
HETUYIECKOE YPABHEHUE HET HEOOXOIUMOCTH.

st rosty denust 6oJiee TPUBBITHOTO BYJIA MOJIEIIU 3aI1U-
CBIBAEM COOTBETCTBYIOIIEE eMy ypaBHeHue JlaHKeBeHa:

dz® = a'dt + b’ dW*, (3)

[ Cxema B3auMoZeincTBus ] s i
j

OnepaTtop cocToaHUA Onepatop n3meHeHua
cnctembl m' u n’ | coctoaHua cuctemsl ;%

Y
) L7 ]
BeposaTHocTv nepexoga s, 1 s, \\]

sh=k,
[ OCHOBHOE KMHETHUYECKOE YpaBHEeHue ] H

[ PasnoeHune Kpamepca-Mowana ]

YpasHeHWe PoKKkepa-MnaHKa

CroxacTuueckoe anddepeHumansHoe
YpaBHeHuWe B bopme ypaBHeHUA JlaHKeBeHa

Puc. 1. Cxema merona

rae a = a'(z¥ 1), bl = b’ (¥ t), ' € R® — BexTop
cocrosuud cucreMbl, W* € R™ — m-MepHBIil BUHEPOB-
ckuit mporiecc. BunepoBckuit mporecc peaim3yercss Kak
dW = ev/dt, tne € ~ N(0,1) — HOpMaJIbHOE pacipeiesie-
Hue co cpeauuM 0 u gucrepcueitr 1. JIaruHCKUME UHIIEK-
caMU U3 CepeJInHbl adaBuTa 0003HATAIOTCS BEJTHINHDI,
OTHOCSIIIAECS] K BEKTOPAM COCTOSIHUIN (Pa3MEPHOCTD IIPO-
CTPAHCTBA M), & JATUHCKUMU UHJEKCAMU U3 HAYAJIA aJl-
daBuTa 0603HATAIOTCS BEJIMINHBI, OTHOCATIIUECS K BEKTO-
Py BUHEPOBCKOTO Iporiecca (pasMepHOCTb MIPOCTPAHCTBA
m < n).

ITpu srom cBsa3b mex iy ypasaenusyu (1) u [B) soipa-
JKAETCs CJIELYONMUMA COOTHOIEHUSIMU:

Al =d, BY =i b,

Takum 06pa3oM /I ONMUCAHUST CUCTEMBI U3 OOIIMX CO-
0oOparkeHnii MOXKHO MOJIYIUTHh CTOXacTHIecKoe maudde-
pEHIMAILHOE yPaBHEHHE. DTO YypPaBHEHHE COCTOUT U3
JBYX YacTeil, OJINH U3 KOTOPBIX OIHCHIBAET JIETEPMUHU-
CTHYECKOEe IIOBEJIEHNE CHCTEMbBI, a JIPYroil CTOXacTUde-
ckoe. Kpome toro, obe 4acTu ypaBHEHUsI SBJISIIOTCS CO-
[JIACOBAHHBIMY, T. K. HOJIyIEHBI U3 OIHOIO U TOTO Ke
ypasHenus (cxema Ha puc. [II).

IV. ITPOTOKOJI FAST TRACK

Fast Track — ommopanrosbiii (P2P) ceresoii uporo-
KOJI JI7IsI KOOTIEpaTUBHOTO obMeHa daitiamu uepe3 Murep-
HeT. 3aKavuKa, JAHHBIX OCYIIECTBIISAETCS TOJIBKO U3 UCTOY-
HUKOB, cojepxkamux mnoJabie daitner. FastTrack mepso-
HAYAJBHO ObLT peanu3oBan B mporpammve KaZaA. Cerb,
ocHoBaHHAs Ha pabore mpokosa FastTrack, mmeer ne-
[EHTPAJIN30BAHHYIO TOIOJIOIUIO, UTO JejaeT ee paboTy
OYeHb HaJEXKHOM. B cern mosib3oBaTesn pas3ieseHbl Ha
JIBa KJjlacca: CylepysJsbl U IPOCThIe y3jbl (supernodes u
ordinary nodes). Beiesnenue cynepysioB siBisiercst of-
HOI 3 DYHKINH TPOTOKOJIA U HA ITY POJIb BEIOMPAIOTCS
V3JbI ¢ OBICTPBIM MOJKJIIOYEHUEM K CETH, BBICOKOU IIPO-
IIyCKHOI CIIOCOOHOCTBIO ¥ BO3MOYKHOCTBIO OBICTPOIL 0Opa-
60TKHU JAHHBIX. [Ipu 9TOM BJIAIEIBIIEI KOMIILIOTEPOB HE



3HAIOT, YTO UX KOMIIBIOTED ObLI HA3HAYEH B Ka4eCTBE Cy-
nepya3Ja.

st Toro, 9To0bI 3arpy3uTh (bail, y3es mochLiaeT 3a-
[IPOC CYIEPY3JLy, KOTOPBIL B CBOIO OYepe/ih B3aMMO/IEI-
CTBYeT C JPYTUMH y3JaMU U T.J. Takum 00pa3soM 3a1mpoc
PACIIPOCTPAHSIETCS JI0 OIPEJIEJIEHHOTO TPOTOKOJIOM yPOB-
HSI CETH WM HA3BIBAETCsl BpeMeHeM >ku3HH 3ampoca (Time
to live). Iocse Toro, kak Hykublil daiin Oyuer HaiijeH,
OH TIEPeaeTCsl HEIMOCPEJICTBEHHO Y3JIy, €r0 3aIpOCUBIIE-

My, OT y3J1a, KOTOPBIH uMeer 10T daiil, MuHys cyuepy-
zex |8, 9].

A. MogesmpoBauue

CrestaeM 1peIosiozKenue, 9To aiiji COCTOUT U3 OJHOM
qacTu. Takum 00pa30M 3a OJINH IIar B3auMOJIEHCTBUS HO-
BOTO y3J1a, KEeJIAIONEro CKadaTh Gailyi, u y3jia, pasiaro-
mero Gaii, HOBBI y3€eJI CKaunBaeT Bech (ailyi u CTaHo-
BUTCS PA3JIAIONIAM Y3JIOM.

IIycts N — 3T0 obo3HatveHne HOBOTO y3ja, L — 3TO
pasmatomuii y3ei, a f — Ko3dduineHT B3auMoIeiCTBUSI.
HoBeie y3761 MOTYT IPUXOIUTH B CHCTEMY C WHTEHCHB-
HOCTBIO A, & pa3Jaloliue y3Jbl yXOIUTh U3 Hee C MHTEH-
CHUBHOCTBIO 4. Torjma cxema B3aMMOJIEHCTBUS U BEKTOD I
Oy/eT UMEeTh BU/I:

02 N, il = (1,0)
N+LZor, ¢i?2=(-11)
Lo, 3 = (0, -1).

IIepBas cTpoka B cxeMe ONHCHIBAET MOSIBJICHIE HOBOT'O
KJINEHTa B cucTeMe. Bropas cTpoKa OTpaKaeT B3auMO-
JeficTBUEe HOBOT'O KJIMEHTa U CUJA, B Pe3yJbTaTe KOTOPO-
IO MOSIBJIAETCS HOBBIH CHJl. A TPEThs — 3TO YXOJI CUJIA U3
CHCTEMBI. 3aluIlieM BepOSTHOCTHU [IEPEXOIOB:

s (n,1) =\
s3 (n,1) = pnl
sy (n, 1) =pl

Hamee moxmo 3anucarh ypapHenue Pokkepa-Iliamka
IJ14 JJAHHOW MOJIeJIu:

1) — ou( A, Dl ) + 39605 (BY m, Dpln ),

IJIe BEKTOP CHOCOB M MATpHIla IUMPY3UH UMEIOT CJETY-
IOIUIT BAJT;

Al = Al(2F ) = ri2sT(n,1),
B':= BY(zk t) = rigrigs;r(n, ),a=1,2,3.

Takum ob6pazom moJrydaem:

- (o (o (- (20
B- ((1)) (1,0)A + (‘11) (—1,1)8nl + (_01) (0, — 1)l =

(A + Bl —pnl
T\ =pnl Bnl+pul)
Croxactudeckoe mauddepeHnuaabHOe ypaBHEHUE B

dopme JlaHKeBeHA MOXKHO HOJIYIUTH BOCIIOJIb30BABIIUCH
COOTBETCTBYIONIEH (DOPMYIION.

B. derepMuHHCTUYECKOE MOBedEHUE

Tak kak BEKTOp CHOCOB A TOJHOCTBIO OMUCHLIBAET
JIETEPMUHUCTHIECKOE TIOBEJIEHNE CHUCTEMBI MOYKHO I10-
JIyIATh CHCTEMY OOBIKHOBEHHBIX IuddepeHnmaabHbIX

ypélJBHeHI/IfI7 OIMNCBHIBAIOIMUX JTUHAMUKY YHUCJICHHOCTU HO-
BbIX KJIMEHTOB M CUJIOB:

UL
dl (
& Bnl—ul
7 pnl — p

1. Cmayuonaprwie cocmoanus

Haiiném cranmonapusie cocrosiaust cucreMsl (), koTo-
pble SIBJISIIOTCSI PEIIeHneM CHCTeMbl Y PABHEHHIA:

A—=pBnl=0
Bnl—ul =0

Cucrema () umeer 0IHOCTAIMIOHAPHOE COCTOSIHHUE:

wn=(32)

2. Hccaedosarue auHeGPU308aHHOT YCMOUHUBOCTU
3. Study of linearized stability

Jluneapusyem cucremy ). Ilycrs n = n+§, 1 = I+1n,
e 7 u | — KOOpJAuHATHI TOUKU paBHOBeCHUs, & & U 1) —
MAaJIble BO3MYIICHHUSI:

e _
o = B - it
@ = Bnn+ BIE — un

dt



JleTepMHHHPOBaHHas MOAENb Fasttrack (rpadHKH pelieHHi)

Paspaiomue yans
BHOBb MONKIIOYHBLIHEC

Yrcro yanos
ES

IS

N

t— Bpemst

Puc. 2. 3aBucumocTs Umnciaa HOBBIX W Pa3JAIONINX Y3JIOB OT
Bpemenu B cetu Fast Track /uist jeTrepMuHACTHYECKOTO CITy dast
npu S < 4p°.

SamnumieM JIMHEAPU30BAHHYIO CHCTEMY B OKPECTHOCTH
TOYKHA PAaBHOBECHUA:

d& BA
at = —/“775
dn  BA

dt

Haiiném cobcTBeHHDBIE 3HAYEHUS XaPAKTEPUCTUIECKOTO
YPaBHEHHsI, KOTOPOEe UMeeT BUJI:

A
s2+ﬁ—s+6)\20.
1

Jajee 3anmireM KOPHH 3TOIO XapaKTEPUCTUIECKOIO
YDABHEHUS:

Takum 0Opa3oM, B 3aBUCUMOCTHU OT BBIOOpA mapamMeT-
pOB ocobast TOUYKA MOXKET UMETh Pa3HBIN xapakTep. Tak
npu S\ < 4u? ocobas TOUKA ABAAETCH YCTONIHBLIM PO-
KycoM, a Tpu OOpaTHOM COOTHOIIEHUH — YCTONIMBBII
y3eq. B oboux ciaydasx ocobasi TOUKA SBJISAETCS YCTOMN-
YUBOH, TaK KaK JefcTBUTeJbHAas JacTh KOPHEH ypaBHe-
HUsI OTpUIIATEbHAsT. TakKuM 00pa30M, B 3aBUCUMOCTH OT
BBIOOpA 3HAYMEHUH KOI(DDUITHEHTOB, M3MEHEHHUsT TTepeMeH-
HBIX CUCTEMBI MOXKET IIPOUCXOIUTH 110 OJIHOM U3 IBYX Tpa-
exkropuit. Eciau ocobast Touka siBisieTcs (HOKyCOM, TO B
CHCTEMeE TIPOUCXOAT 3aTyXAIue KOJIeOaH!sT TUCIIEHHO-
creil HOBBIX U pa3jaromux y3ioB[2l A B y3i0BoM ciryuae
puOJIMKEeHNEe YUCIEHHOCTEH K CTAI[MOHAPHBIM 3HAYEHU-
AIM IIPOUCXOIUT B GeckosebaTebHoM pexknMe 3l Pazosbie
IOPTPETHI CUCTEMBI JJIst KAXKJIOTO U3 JIBYX CJIyIaeB U300-
PaxKeHbl, COOTBETCTBEHHO, Ha rpadukax [ n

JleTepMHHHPOBaHHas MOAENb Fasttrack (rpadMKu pelieHmi)

Paspaiomue yans
BHOBb MONKIIOYHBLIHECK

Yrcro yanos

t— Bpemst

Puc. 3. 3aBucumocTs 9mnciaa HOBBIX W PA3MAONIAX Y3JIOB OT
Bpemenu B cetu Fast Track /uist jeTrepMuHACTHYECKOTO CITy dast
npu SA > 4p°.

| asone noprper Aetepumposaoi Moncin FastTrack s p ii o Totex
T T T T T

y(t) — umcI0 HOBBIX y3/I0B

IS
T

2(t) — 4MCII0 pa3IAloKX Y3II0B

Puc. 4. @azoBble OPTPETHI JIETEPMUHUCTUIECKON CUCTEMBI
Fast Track ¢ pasauanbivu orkionenusmu (Az, Ay) or cranu-
oHAPHOI TouKH mpu S\ < 4p?.

4. Hucaennoe modeauposanue cmoxracmuieckots mooeau,

st MJUTIOCTpAli  TIOJIYy 9€HHBIX PEe3YJIbTaTOB OBLIO
[IPOBEJIEHO YHUCJIEHHOE MOJIEJINPOBAHUE CTOXACTUIECKO-
ro auddepeHuaIbHOr0 ypasHeHus B dopme Jlanxkese-
wva. [l guciaeHHOro pelreHusi cToxXacTudeckux audde-
PEHINABHBIX YPABHEHUN WCIIOIB30BAH METOJI, 3aKJIIO-
qafonuiicss B pacrnpocrpaneHuun meTonoB Pynre-KyTTor
Ha, CJyYail CTOXaCTUIeCKuX TudOepeHnnaibHbIX YpaBHe-
HUIT ,], peanmu3oBaHubIi Ha sa3bike Qoprpan. Pesymnb-
TaThl YUCJCHHOTO MOJEINPOBAHUS IIPUBEJICHBI HA, Tpadu-
kax [ u

Ha pucynkax [[lu B marnaano Buano, aro BBEIenue Ma-
JIBIX CTOXACTUIECKUX IIEHOB CYIIECTBEHHO HE BJIUSET Ha
TOBe/IeHNe CUCTEeMbI B OJIM3U y3JI0BOH TOYKHU TPU OOJIb-



 asonise noptpeTH AeTEpNHpORNON NorEH FastTrack s p ii ot Totex

/,

20 .

/

y(t) — unCII0 HOBBIX y3/I0B

6 8 10 12
2(t) — 4MCI0 pa3HAoINX Y3T0B

=
s

Puc. 5. dPazoBbie mOpTpETH AETEPMUHUCTUIECKON CHCTEMBI
Fast Track ¢ pasauunbivu orkionenusmu (Az, Ay) or cranu-
OHAPHOI TOuKH mpu S\ > 4p2.

IIOM 4HcJie pa3fammux y3J0B. 1lociencrsus BBeeHuS
CTOXaCTUKHU OILyIIAIOTCs JIUIIL B HadaJe dBOJIOIUUA CH-
crembr. [lo mporecTBun cpaBHUTEIBHO HEOOJIBIIIOTO OT-
pe3Ka BpeMEHH CUCTeMa BXOIUT B CTAIMOHAPHBII PEXKUM
U MaJIo OTJIMYaeTcsd OT JIeTePMUHUPOBAHHOTO CJIydasd.

5. Bwieodwt

[TosryyeHHbIe pe3ysIbTATHI MOKA3BIBAIOT, YTO BBEIECHUE
CTOXaCTUKU B CTAI[MOHAPHOM peXXuMe cJjiabo BJIUSET Ha
[IOBEJIEHUE CHUCTEMBI, MO9TOMY IIPU €€ M3yYeHUU MOXK-
HO PaCcCMaTpPUBATH JETEPMUHUCTUIECKYIO MOJeab. Kpo-
M€ TOrO, MPEJIOKEHHBI MEeTOJ TO3BOJIIeT PACIIUPUTH
anmapar HHCTPYMEHTOB, UCIIOJIb3YEMBbIX JIJIsT AHAJIN3a MO-
JIeJI, TaK KaK OJHOBPEMEHHO IIPU IPUMEHEHUN JAHHOTO
[10/IX0/1a, JIJIsI OMUCAHUST CUCTEMbI MOYKHO MOJIY YU Th OOBIK-
HOBEHHOE CToXacTudeckoe andepeHnuaabHoe ypaBHe-
HUE U ypABHEHUE B YACTHBIX TPOU3BOIHLIX B (hOpME ypaB-
nennst @okkepa-Ilranka. Kpome Toro, kak mokazaJ pac-
CMOTPEHHBI IPUMED B HEKOTOPBIX CJIydasX JJIsi U3yde-
HUsI CUCTEMBI MOXKHO PaCCMaTpPUBATDL €€ JEeTEePMUHUCTHU-
qecKoe IPHUOJIIKEHIE, KOTOPOE OIPEIE/ISeTC s MATPHUIIeH
CHOCOB.

V. IIPOTOKOJI BITTORRENT

BitTorrent — nupunrossiii (P2P) cereBoit mporokos
JJIsE KoomepaTuBHOTO oOMeHa daittamu depe3 VHTEpHET.
Qaitbl 1epealoTcs JaCTIMU, KaXKJIbIH torrent-KJjanenT,
nostydast (CKaduBasi) 9TH YACTH, B TOXKE BPEMs OTIAET
(3akauuBaer) X APYTUM KJIMEHTAM, YTO CHUKAET HAIDY3-
Ky M 3aBUCAMOCTH OT KarKJOIO KJIMEHTA-UCTOYHUKA U
obecrieynBaeT U30BITOYHOCTD JAHHBIX.

Croxactudeckast Momens Fasttrack (peresus)
45 ,

T
Pasparomue y3isl
BHOBB NTOAKITIOUUBIIHECS E

4 ,
AN [HAATN S |

7 [ S

2.5

Yucno y3nos

N e

0 5 10 15 20 25

t — Bpemsa

Puc. 6. 3aBucumocTs 9mncIa HOBBIX W PA3JAONIAX Y3JIOB OT
Bpemenu B ceru FastTrack mjsa croxacTudeckoro ciydas.

y(t) — umc0 HOBBIX y3II0B

2(t) — 4MCII0 pa3IAIoKX Y3II0B

Puc. 7. ®a30Bble mOpTPETHI CTOXACTHYIECKON cuctembl Fast
Track ¢ pasnmuaabivm orkiaoreausmu (Ax, Ay) oT crarmmonap-
Hoit Toukn mpu S\ > 4u?.

20884 NOpTPETH CTOXaCTeCKOR Moenw FasiTrack An pasnutblx OTKTOHESHW OF Touex
T T T T T

y(t) — YM1CNO HOBbIX Y3rI0B

4 6 8 10 12
z(t) — 4ncno pasgarLmx yanos

o
ok

Puc. 8. ®azoBbie mopTpernl croxacTmueckoit cucrtembl Fast
Track ¢ paznuaubivu oTkiIoHeHuAME (Ax, Ay) OT cTaruoHap-
HOM ToukH; mpu S > 4.



A. MogesmpoBauue

CuavaJia pacCCMOTPHUM YIIPOIEHHY IO MOJIEJIb 3aKPBITOM
CHUCTEMBI, T.e. TaKylo, B KOTOPOH He MPUXOMIT HOBBIE
KJUEHTBI ¥ He yXOIsaT padfatomiue. Kpome Toro, cuena-
eM TIPeIooKeHne, 9To (Mailjl COCTOUT U3 OHON JaCTH.
Takum obpa3om 3a OAWH IMAT B3aUMOJEHCTBUS HOBOTO
KJMeHTa (JImuepa), XKeJIAIIEero ckadarh Gails, u KiIueH-
Ta, pazgaomniero Gaiti (cuua), HOBbIHA KJIUEHT CKAYUBAET
BeCh (hailyl ¥ CTAHOBUTBHCSI CHUJIOM.

ITyctb N — 310 0603HAYEHNE HOBOTO KJMeHTa (Jimde-
pa), — 310 pasnaomuii kiuent (cun), a S — koadhunu-
eHT B3ammojelicTBus. Torja cxemMa B3auMOEHCTBUSA Oy-
JIeT UMeTb BU/I:

N+c oo, = (-1,1).

Cxema oTpaxKaer, 4To MOC/e B3auMOIEHCTBUS IuIepa
n ChJia, B CUCTeME IIPOoIlaJacT JIMYEP U ITOABJIACTCA elie
OIUH CH]L.

Jlajiee, mycTh M — 3TO YUCIEHHOCTH HOBBIX KJIUEHTOB,
a C — KOJIMYeCTBO CHUJ0B B CHUCTEME.

BanuiemM BepOsiTHOCTH TEPEXOJI0B:

sT(n,c) = pne.

Hamee moxkuO 3anucarh ypaBuenne Pokkepa—lliamka
JIJIsI TaHHOI MOJIesIn:

dp(n, c)
ot

IJIe BEKTOP CHOCOB U MAaTpuiia Auddy3un UMEIOT CJeTy-
IOIUIT BUAJI;

= 0i(A'(n, c)p(n,c)) + %&(%—(Bij (n, c)p(n,c)),

Al(n,c) = r'2st(n,1),

Bi(n,c) = r'2r'est(n,l).

Taxum 0O6pa3oM TOJTyIaeM:

A= (1) o= ()

—11 (—1,1)Bnc = _Bgsc —Biréc

Croxactudeckoe mauddepeHnuaabHOe ypaBHEHUE B
dopwme JlamkeBeHa MOXKHO MOJYIUTH BOCIOIH30BABIIICH
COOTBETCTBYIONIEH (DOPMYIIONL.

Taxke MOYXKHO 3amucaThb cucremy auddepeHnraaIbHbBIX
yPaBHEHUI, OMUCHIBAIOILYIO JIETEPMUHUCTUIECKOE IMOBE-
JIEHUE CUCTEMBbI:

B =

d

T = ~Pne
d

& = e

Jlajiee pacCMOTPHUM OTKDPBITYIO CHCTEMY, B KOTOPOil HO-

Bble KJIUEHTHI MOTYT HOPUXOJUTH B CUCTEMY C MHTEHCUB-
HOCTBIO \, & CHJIBl YXOIUTb U3 HEe ¢ MHTEHCUBHOCTDBIO [i.
Cxema B3aMMOJEHCTBASA NMEET BUJI:

02 Nl = (1,0),
N+C Loy =(-1,1),
C 078 =(0,-1).

IIepBast cTpoKa B cXeMe OMMUCHIBAET MOSIBJICHIE HOBOI'O
KJINEHTa, B CHCTEMe, BTOpasi CTPOKa — B3aWMOJeicTBIe
HOBOT'O KJIMEHTA U CUJA, B PE3YJIBTATE KOTOPOI'O MTOSIBJIsI-
€TCs HOBBIH cHJl. A TPEThsl — 3TO yXOJI CUJA U3 CUCTEMBI.

Hajee, mycTb . — 3TO YUCJIEHHOCTb HOBBIX KJIMEHTOB,
a ¢ — KOJIMYIECTBO CHUJIOB B CHCTEME.

OTa cucTeMa ¢ TOYHOCTHIO 10 0003HATEHHUIT COBIIAIAET
¢ monesibio Fasttrack.

Tenepsb paccMOTpUM CHCTEMY, B KOTOPOIl IIepe1aroTcst
daitnl, cocTosiiiue u3 m dacreit. B cucreme nmpucyTcTBy-
0T CJEeAYIOINe YIACTHUKI:

e Hosbie kimentsl (N) — 9TO KJIMEHTBI, Y KOTOPBIX
HeT HU OJHOH dacTu daitia.

e JIuveps! (L) — 3T0 KIIMEHTBI, KOTOPbIE y¥Ke CKada-
JIM KaKOe-TO KOJIMIecTBO dacTeil daiiia u MOryT ux
pa3aBaTbh HOBBIM KJIMEHTaM WA APYTUM JITIePaM.

e Cuzpt (C) — 9T0 KJIMEHTBI, Y KOTOPBIX €CTh BECh
daiiy1, T.e. OHA TOJIBKO PA3IAOT.

Kpome TOro m — 3TO YMCIEHHOCTH HOBBIX KJIMEHTOB,
a ¢ — KOJIMIECTBO CHUJOB B CHUCTEME, [; — KOJIMIECTBO
JITYEPOB, V KOTOPBIX €CTh POBHO ¢ vacTel aitna, rae
i=1,n — 1. Takxe mycts L; — 3TO JM4Uepbl , Y KOTOPBIX
ecTh Kakue-ud0 dactu aiiina maTEepecyoomue jgudepa L,
I COOTBETCTBEHHO [;i X KOJIMYECTBO.

JJist TaHHOM CHCTEMBI B CX€Me B3aUMOIEHCTBUs OYyIyT
UMeTh MECTO CJIeIYIONINe TUIBI COOTHOIIEHMH:

0N,
N+c i yo,
N+L; 2or 1L,
Li+Li 25Liy + L,
Li+C 5L+ C,
L1+ L1 —=5C + L1,
L1+ C 52C,
c 0.

Ol 1ar B3anMoeiCTBIS — TO Tepejada OHON Ja-
ctu daiiia oT OgHOTO KineHTa Japyromy. IlepBoe cooTHO-
IIIeHre OIMCHIBAET MOSIBJIEHNE HOBOT'O KJIMEHTa B CHCTE-
M€ ¢ UHTEHCUBHOCTHIO A. BTopoe u Tperbe cooTHOIEHMsT
OTMCHIBAIOT B3aMMOJEHCTBHE HOBOIO KJIMEHTA C CHUIOM
i smaepom ¢ kosdbdunuenravu S u SB;, (i = i,m — 1),



B pe3yJbTaTe KOTOPOI'O HOBBIN KJINEHT CTAHOBUTBHCS JIU-
qepoM u3 Kitacca L . HeTBepToe M msATOE COOTHOIIEHUS
— 3TO B3amMojeicTBue jgudepa L; ¢ CHIOM WA APYTAM
mraepoM ¢ Koabdunuentamu §; u y; (i = i, m — 2), 4ro
MIPUBOIUT K TOJIYIEHUIO JIMIEPOM OJIHOI JacTu daityia u
epexony ero B kjacc L, 1. Illecroe u ceapMoe onuchIBa-
€T TPOIIECC MePexXoia Judepa B KJIACC CHJIOB ¢ Kodddu-
UEHTAMHA Ypp—1 U 7Y, T.€. JUYEP CKAUUBAET IIOCJIETHIOI0
qacTh daitn. [locaeamnee cooTHOIIEHE — 9TO YXOJI CUIA
73 CUCTEMBI C MHT€HCUBHOCTD [i.

Bamumem Bekropwl ' = (n,l1,l2, ..., l;n—1,¢) u Bepo-

ATHOCTHU IIepexXo1a S;r :

r = (1,0,0,...,0),

r? =7} =(-1,1,0,...,0),i =4, m — 1
4 =00 =(0,..,—1,1,..,0),i =i,m — 2
8 =r7=(0,0,...,—1,1),
r® =(0,0,...,—1).

+ _
57 =,
+ _
55 = Pnc,
SE’; = ﬂlnlza

sh=6ldi=tm—1

sd = ylici=19,m—2

58_ - 'mellmfll_mflv
s;r = Ylp-16,

+_
Sg = jc.

st mamHO#t MOJIeN, AHAJIOTUYHO MTPEIbIIYIIeH, MOXK-
Ho 3amucarh ypapuenne Pokkepa-Ilianka. Ho Ttak xak
JTeTEPMUHUCTUYIECKOE TTOBEIEHNE TTOJTHOCTHIO ONMUCHIBAET-
¢ MaTpulei A, 3amuIiieM TOJILKO ee.

Takum o6pa3zom moJrydaem:

Bne +Z;1711 Binl; — 5171111 —mlic
01lily + yilic = balaly — yolac

5m72lm72l_m72 + 'Ym72lm72c -

- 5m71_lmfll_m71 - 'mellmflc
5mfllmfllmfl + 'mellmflc — pc

Kak ciresictBue MO2KHO MOy 9uTh cucteMy auddepeH-
[MAJbHBIX YPABHEHUI ONMUCHIBAIONINX JIUHAMUKY IUCJICH-
HOCTH HOBBIX KJIHEHTOB, JIMYE€POB U CHJIOB :

m—1
dn
- A — fBne — ; Binl,
dl m—1 B
d_tl = fBnc + Zl Binl; — 01l1ly — nlic,
dl _ _
d_t2 =011l + Ylic— Oalaly — Yalac,
dlm—l 7
;= 5m— Im—2lm— m—2lm—2C —
a 2lm—2 2_+ Ym—2lm—2C
- 5mfllmfllm71 - 'mellmflcy
0 b tlmt + il
dt — Um—1m—-1tm—1 Ym—1tm—1C HC.

CrenaeM npennojoxkenue, 9ro 6 = 01 = 0 = ... =
Om—1 = const. CJI0KHUM B CHCTEME YPABHEHUSI CO BTOPOTO
1o m+1 u ipu 0603HAYEHNHT BCEX JIMIEPOB U CUJOB Uepe3
l=1l1+Il+...4+1_1+c HOIyIUM YIPOIIEHHYIO CUCTEMY
CJIEJIYIONIEro BUA:

dn

E :)\—B’I’L(l—f—c),
d(l+c)
g = pn(l+¢) — pe.

VI. 3AKJIFOUYEHUE

1. B pabore ommcan MeTO/[| IIOJy4Y€HUSI CTOXACTUYE-
CKUX MOJIeJIel JIJIsT CHCTEM, KOTOPhIE BO3MOXKHO OTIH-
ChIBATH OJIHOIIArOBBIMU Ipolieccamu. lIpesoxken-
HBI METOJI TO3BOJISIET IOJIyYUTh YHUBEPCAJIbHBIE
MIPaBWJIA 3aIMUCU CTOXACTUIECKUX M depeHnaib-
HBIX YPaBHEHU JJII CUCTEM, IIPOIIECCHI B KOTOPBIX
[IpPeJICTAaBUMBI KaK OJTHOIIAIOBBIE IIPOIECCHI. A Tak-
2K€ PACIIUPHUTDH AIapaT WHCTPYMEHTOB, UCIIOJIb3Y-
€MBbIX JIJIsT AaHAJIN3a MOJIEJIN, TAK KAK OJTHOBPEMEHHO
IIPU [IPUMEHEHUHN JIAHHOTO IIOJXOMA JJIsl OIACAHUS
CHUCTEMBI MOXKHO IIOJIyYUTHb OOBIKHOBEHHOE CTOXa-
crudeckoe auddepeHnuaabHoe ypaBHEHUE U yPaB-
HEHUE B YACTHBIX ITPOU3BOJHBIX B (pOpME ypaBHE-
nust Pokkepa—Ilianka.

2. IsyueHno BiMsHUSI BBEJEHUs] CTOXAaCTUKU B JIETEP-
MUHHACTHYECKHE MOJENH, Ha IPUMepPe MOJEIN IPOo-
tokosia FastTrack m Bittorrent. Ilosydennnie pe-
3yJIbTAThl IIOKA3bIBAIOT, UTO BBEJIEHHE CTOXACTHKU
B CTAIlIOHADHOM DEXKHMe CJIA0O BJIMSIET HA IIOBE-
JIEHHE CHCTEMBbI, II09TOMY IPH €€ MN3YUEeHUH MOXK-
HO pacCMaTpUBATh JETEPMUHUCTHYIECKYIO MOIEIb.
Kpowme Toro, kak 1okasaJs pacCMOTDPEHHBIN IIPIMED
B HEKOTOPBIX CJIydasiX JJIsl U3y YeHUs] CUCTEMBI MOK-
HO DPaccMaTpuBaTh €€ JeTEePMHHUCTUYECKOE IIPU-
OJIMKeHne, KOTOPOE OIIPEJIeISeTCsI MATPHIIEH CHO-
COB.
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