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Abstract—To develop accurate diagnostic techniques, this
study examines gear dynamic responses based on a model
including the frictional effect of tooth mesh process. An 8-
DOF (degree-of-freedom) model is developed to include the
effect of not only gear dynamics but also supporting
bearings, a driving motor and a loading system. Moreover,
it takes into account the nonlinearity of both the time
varying stiffness and the time-varying forces due to the
friction effect. The latter causes additional vibration
responses in the direction of the off-line-of-action (OLOA).
To show the quantitative effect of the friction, vibration
responses are simulated under different friction coefficients.
It shows that an increase in friction coefficient value causes
a nearly linear increase in the vibration features. However,
features from torsional responses and the principal
responses in the line-of-action (LOA) show less changes in
the vibration level, whereas the most significant increasing
is in the OLOA direction. In addition, the second and third
harmonics of the meshing frequency are more influenced
than the first harmonic component for all motions. These
vibration responses are more sensitive for indicating
lubrication changes and enhancing conventional diagnostic
features.

Keywords-diagnosis; sliding velocity; friction coefficient;
vibration response; simulation;

. INTRODUCTION

In order to achieve accurate diagnostics, a significant
number of studies have been carried out on the modelling
and simulation of gear dynamics. They have resulted in a
wide variety of dynamic models available to predict the
response of gear vibration in order to improve the current
techniques of diagnosis and monitoring [1]. Simulation
can be very valuable for gaining a better understanding of
complex interaction between transmission components in
a dynamic environment and hence improving machine
diagnostics and prognostics. It helps to develop effective
signal processing methods for characterizing complicated
weak fault signatures contaminated by different noises
[2]. Therefore, different dynamic models for various
gearbox systems were presented in [3-8]. In which both
torsional and translational vibration responses of gears
were studied as a tool for aiding gearbox diagnostic
inferences. Moreover, vibration relating to gear spalling
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or tooth breakage [5, 9-11], tooth crack [12-15], tooth
surface pitting and wear [16-19] have been used to study
these faults in terms of gear fault monitoring and
diagnostics. In general, these models included both
translation and rotational motions to show the fault
effects on the dynamic characteristics. However, most of
presented models ignored the friction effect or did not
consider the friction between gear tooth contacts
effectively, which may give less accuracy of diagnostic
results.

In the meantime, sliding friction between the tooth
surfaces has been reported to be one of the main sources
of power loss in geared transmissions as well as an
effective source of undesired vibration and noise [20-22].
A six-degree-of-freedom dynamic model of a spur gear
pair influenced by friction was proposed in [23, 24],
which was used to examine gear design modifications on
the gear dynamic responses. Cheng-zhong et al [25] and
Howard et al [26] detailed gear dynamic model to study
the friction effect on some vibration characteristics of the
gears, but they did not signify the friction effects
precisely.

This study develops a comprehensive model coupling
with  tooth friction and necessary transmission
components. Then a series of simulation studies are
carried out to investigate the characteristics of vibration
features when a gearbox is influenced by different
frictional cases. In particular, the mesh components will
be examined in order to define effective and accurate
vibration features for monitoring tooth surface defects
and lubrication conditions.

Il. MESHING MODEL

A. Gear Tooth Meshing Process

The relative contact motions between two compressed
elastic bodies (gear teeth) are the origin of internal
excitations of vibration in gearing. They result in
contacting forces that act on both bodies with the same
intensity but in opposite directions. Especially, these
forces cause impacts at transitions of gear tooth meshing
events within a mesh cycle. As shown in Fig. 1, the
transition can be determined from the un-deformed gear



pair geometry. The line AB represents the line of action
(LOA) between the tangential points to the base circle of
the gears. There are four regions along AB due to the
change of tooth pairs in contact. The actual zone of the
line of action (LOA = CF) is represented as the line
between the intersection of the addendum circle of pinion
and gear with the line AB (points C and F). D and E are
two points on the line AB such that CE=DF=p,,, where py
is the base pitch of the gear tooth curve. Sections DP and
PE are the single-tooth contact regions while sections CD
and EF are the double-tooth contact regions. The main
geometric relations of these regions used in this model
are given by:

AB:(rbp+rbg)tana:(rp+rg)sinoc (1)

LOA=CF =g =1 +rg =15, =(r, +1, Jsina (2)
AC =(r, +1))sino—Jr2 -2 3)
AF = Jr2 -2 (4)
FB=(r, +r )sina—r2 —r2 ©)

B 2n oo 2n Tog

CE=DF=p, = 6
P Z 2 (6)
2n
F)angle = Z_l (7)
CF
Eratio = (8)
Py
v, =tan” [£] ©
rbp
| AF
\Vep =tan ' [_J - Urlsp (10)
rbp

where o is the pressure angle and the ratio of the length
of contact path to the base pitch is recognized as the
contact ratio &, Of a gear pair. The start angle of mesh

cycle is named by v, while the end angle of LOA is
v, as illustrated in Fig. 1. In addition, the time-varying
moment arms py, (t) and pq (t) for the i™ meshing pair can
be found by:

pp(t):AC+mod(rbp<op, pb) a1

P, (t)=FB+mod (o, p,) 12)
where the function mod(x, y) = x — y-floor(x/y) is the
modulus function, if y#0, o, and ©, are the nominal
speeds in (rad/s), and AC and FB are the geometric length

constants. The sliding friction forces on each contact pair
are denoting by Fpl, Fgl, FpO and FgO respectively.

These forces affect gear rotations by frictional torques
about the gear centres and excite the off-line-of-action
gear translations significantly as it will be explained later

in form of F; (t).
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Figure 1 Meshing process of spur gear pairs

B. Varying Meshing Stiffness

The major variations in gear stiffness are caused by
changes in meshing pair number. Spur gears have single-
tooth and double tooth meshing appearing alternately
during the process of mesh [27]. For normal spur gears
with a contact ratio of more than one, the meshing pair
numbers usually in the range between 1.0 and 2.0 [25,
28]. In existing literature, the tooth meshing stiffness is
simplified as a rectangular wave [29] based on the equal
load sharing formulation, which proposed by Vaishya and
Singh in [22, 30, 31]. The existing model considered the
sudden changing in the meshing stiffness value by a
periodic square wave function at every stage. It makes the
single-tooth meshing and the double tooth meshing
appears alternately and changes suddenly during the mesh
transitions. Figure 2(a) explains the various positions of
gear tooth meshing events for identical spur gears within
a pinion pitch duration angle Pange as in (7). The dynamic
model considers the pair of spur gears as two rigid disks
coupled along the line of action through a time varying
mesh stiffness k(t) and damping c(t) [28]. The mesh
contact cycle starts from the angle v at point C,

denoting as the starting point of contact, where the
addendum circle diameter of the gear intersects the active
line of action (LOA). The mesh period of double pair
tooth contact (Mgyouie) begins when pairl contact at point
C whereas pair 0 is already in contact at point E, which is
denoting as the ending point of single tooth contact. As
the gears rotate, within the angle v , the points of

contact move along the line of action CF. When the pair 1
reaches the point D (the starting point of single tooth



contact), pair 0 disengages at point F (the finishing point
of the mesh cycle) and leaves only the pair 1 in the single
contact zone (Msingie). In addition, while pair 1 reaches to
point E, the next tooth pair engages at point C which
starts another mesh cycle. Finally, when pair 1 rotates to
point F, one meshing cycle is completed. Therefore, the
meshing process leads to mesh stiffness that varying with
time as illustrated in Fig. 2(b).
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Figure 2 Mesh stiffness regions of meshing gear pair in one period

C. Varying Friction Effects between Tooth Surfaces

Friction forces and the nonlinearity excitation
between tooth contact surfaces are the main sources of
vibration [23]. Due to the velocity reversion at pitch
point, friction can be associated with a large oscillatory
component due to high forces in the sliding direction. The
sliding velocity for each tooth pair in contact can be
derived from meshing kinematics and oscillating
torsional motion of the gear and pinion. This dependency
upon the implicit non-linearity of vibrating velocity in the
gear dynamic system [22]. The normal contact force and
the friction force between pair of gears is calculated by
Howard et al. [32], which is modelled as the combination
of linear elastic and damping forces as shown in Fig. 3(a),

Ni =C (t)(rplél - rglez - ypl + ygl)+ Kmi (t)(rplel - rglez
_ypl + ygl) (13)

where i=0, 1 denoting meshing tooth pair. The surface
friction generated between the meshing tooth surfaces
are:

Fi (t) =uN; (14)

The dynamic friction formulation is modelled as a time-
varying parameter; see Fig. 3(b). The friction coefficient
(1) formula of tooth surface is stated as constant;
however it changes its sign with the direction of relative
sliding velocity, i.e.

. V>0
.

15
-1, , V,<0 (15)

where, V; refers to the sliding velocity at the contact point
of interest. The sliding velocity is considered as the
difference between surface velocities at each contact
point. For i" gear pair, its sliding velocity is:

Vs =Ppi (t)(’)p ~Pgi (t)(’)g (16)

For individual gear and pinion, p (t) and w are the radius
of curvature of the corresponding contact point and the
angular velocity of precise gear respectively. Hence, the
friction moment of the pinion and gear is produced by the

tooth friction forces F;; (t) and friction arms p; (t):

Tip (1) =pyi Fii (1)
Trg (1) =pg Fri (1)
The direction of friction torque is dependent on the

instantaneous sliding velocity and the contact point
location as illustrated in Fig. 3(c).
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Figure 3 Variation of normal contact forces, friction forces and
frictional torque with the pitch period

D. Friction Coefficient

Many parameters affect friction coefficient u, because
of the complex lubricating problem in gearing. Different
empirical formulae were proposed to estimate the friction
coefficient [33]. However, these empirical formulae for
Lo, Valid within certain ranges of key system parameters.
They are not general and often represent certain
lubricants, operating temperatures, speed and load ranges,
and surface roughness conditions of roller specimens that
might differ from those of the actual gear pair of interest
[33]. In general, the theoretical friction coefficient is
derived from elasto-hydrodynamic lubrication and
tribology theory, however several experimental works
show that, a constant friction coefficient is acceptable for
dynamic analysis as indicated in [34-36]. Benedict and
Kelley’s empirical equation shows that, the coefficient of
friction varies between 0.03 to 0.1 [37], furthermore the
value of 0.1 or even values as high as 0.2 are commonly
used in several gear dynamic models as explained in [36].
To get meaningful values of u,, the variation from 0.0 to
0.2 have been used in this study to simulate the Coulomb



friction effect. The friction coefficient function is
determined by the direction of the sliding velocity as
represented in (15). The variation in sliding velocity (16)
can be shown in Fig. 4(a), which gives a variant square
wave shape during the mesh period. For example, a
constant friction coefficient (1,=0.02) is represented in
Fig. 4(b). It can be seen that, a significant changes in p,
give an effective simulation to the friction coefficient
during the meshing process.
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Figure 4 Sliding velocity and friction coefficient function of pair0 and
pairl during the mesh period

1. DYNAMIC MODEL AND SOLUTION
METHOD

A. Gear Dynamic Model

To investigate friction influences, the model
considered in this research is based on the one developed
and subsequently modified by Kahraman [23] and Singh
[24]. However, to represent gear transmission more
accurately, the model also takes into account effects of
speed-torque characteristics of motor driving systems. As
shown in Fig. 5, the model is an 8-degree-of-freedom
nonlinear model. The pinion and gear, denoted with
subscripts 1 and 2 respectively have translational motions
and rotational motions. As shown by the geometric
specification in Table 1, the gear system is a speed
increaser which is the same configuration as wind turbine
applications. The pinion and gear are coupled by a spring
having time varying mesh stiffness Kn(t) and a varying
mesh damping C,(t). The model includes four inertias,
namely load, motor, pinion and gear. The torsional
compliances of shafts and the transverse compliances of
bearings combined with those of shafts are included in
the model. The resilient elements of supports are
described by stiffness and damping coefficients K,q, Kyo,
Cqand C,, for the pinion and gear respectively in the
OLOA direction, besides K1, Ky, Cy; and Cy, in the
LOA direction. The shafts between the input motor,
output loading motor and the gears are represented by
torsional stiffness and torsional damping components k;,
ky, €1 and c,. Moreover, the model takes into account the
influence of torque T,, and T as the driving torque and
load torque respectively. The transverse vibrations of the
gears are considered along LOA and off-line of action
(OLOA).

The equation of motions are arranged into the state
space formulation base on vibration analysis and then
with MATLAB operation supported by ODE solver. The
governing equations of motion for the model depicted in

Fig. 5 are written based on the following key
assumptions:

e Pinion and gear are modelled as rigid disks;

e Applying input torque and applied load to the system;

¢ Shaft mass and inertia are lumped at the gears;

e Coulomb friction is assumed with a constant

coefficient of friction p,;

e Manufacturing and assembly errors are ignored;

e Static transmission error effects are neglected;

¢ Backlash is not considered in this model.

e  Table 1 Geometric property of the meshing gears

Geometric Properties Pinion Gear
Number of teeth Zp=58 29=47
Pitch radius (mm) r,=40.08 r;=32.48
Mass (kg) m,=0.86 mg=0.68
Rotation speed (rpm) 1485 1832.6
Pressure angle (°) $=20
Module (mm) m=1.38
Addendum (mm) a=1.4
Contact ratio €, 0 =1.7822
Motor torque (Nm) M,=36
Applied torgue (Nm) T, =29.2
O (1)

(OLOA)

eont (t)

Figure 5 Schematic diagram of gear dynamic model with friction

According to the Newtonian law the equations of the
motion are for the motor rotor, pinion rotation, gear
rotation, Y-direction of pinion and gear translations, X
direction of pinion and gear translations and load rotor
respectively:



Iméin+cl(éin_él)+kl(ein_el):M (18)

1,8, —¢, (6, —6,) =k, (6, —0,)+1,C,r(r,0, — 1,0, + Y,
_yg)+ erm (rpel _rgez Y~ yg)+ Ff12pp (t) =0 (19
1,0,+c, (éz —éom)+k1(92 — 04y )= 1,C (10, =10, + Y,
_yg)_ Iy Kn (rpel - r962 Yo Y, )_ Fflng (t) =0 (20)

ILeout - C2 (92 - éout ) - kl (92 - eout ) = _TL (21)

m,y,+C, (rpé1 -r,0,+Y,-Y, )+ K, (r,0,—1,6,+y,
_yg)+cby1Yp + Kbylyp =0 (22)

m, ¥, —C, (rpé1 —r,0,+Y, -, )— K, (r,0,—r,6,+y,

—Y,)+Cp, Y, + Ky Y, =0 (23)
m,X, + Cbxlxp + Kbxlxp -F,=0 (24)
My Xy +Cpp Xy + Kyo Xy +Frpp =0 (25)
M, =M, +10(o, -0,) (26)

Equation (26) is used to adjust the motor input torque to
maintain its speed as constant as possible. Especially,
additional static torque is needed in order to balance the
torque due to friction effects. This toque adaptation is to
simulate the speed-torque characteristics for a common
induction motor used widely. So that, a slight changes in
the motor parameters will be predicted as it will explain

later.
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Figure 6 Simulation procedure used in this study

B. Soultion Procedure

A numerical simulation study was performed to
obtain the solution of the nonlinear equations. However,
to ensure the correctness of parameters used and model
structures, linear solutions was obtained when an average
meshing stiffness value is used in the model without
fiction influences, which allows the adjustment of the

model parameters so that major resonances agree with
real system as close as possible. Subsequently, the non-
linear effects of varying friction and mesh stiffness have
been applied to the model and numerical integration
method is used to solve the model. The difference of the
gear vibration responses are examined between different
friction coefficient values. More details of the simulation
procedure used in this study are summarized in a
flowchart shown in Fig. 6.

IV. MODAL CALIBRATION

A. Liner Solution

A simplified linear version of this model is developed
by using the average mesh stiffness value in (19)-(23). It
allows modal parameters including resonance frequencies
and damping ratios to be found conveniently using the
standard eigen method. By considering linear factors of

the system, the vibration differential equation is
expressed as:
[MI{g}+[CHa}+[K]{a} = f (1) @7
\Vi=[Al{a} (28)

where, [M] is mass matrix, [C] is damping matrix, [K] is
stiffness matrix and q is vibration response vector
consisting of displacements and velocity of the system.
Using standard method for linear system analysis, the
frequency response can be obtained conveniently under
different parameters settings. Figure 7 shows the system
responses with refined parameters. It can be seen that the
1% mode is at 128Hz which is 4 times away from the shaft
frequency at about 25Hz. The third and fourth modes are
close to the 2" harmonic of
2xf =2xf,Z=2x14355Hz .

Velocity Responses to Meshing Excitation

. No 1, 0.0Hz “Fj'li“‘;;
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"""" Load

Velocity Response
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Frequency(Hz)

Figure 7 Frequency responses of gear system excited with impulsive
inputs at the pinion and gear

To maintain the solution stability in the case of
solving the nonlinear equations, these modes are applied
with high damping ratios so that the frequency responses
around these frequency ranges are relatively flat. Also
note that there is no response in X-directions as there is
no friction effect included in the linear mode. Moreover



the frequency responses are similar to that of
measurements from the gearbox installed in the lab. It
shows that the key parameters such as tooth stiffness
values and damping ratios are used appropriately and
numerical solutions can be proceeded to obtain the
nonlinear responses.

B. Nonlinear Solution

The time domain behavior of the nonlinear system is
obtained by integrating the set of governing differential
equations numerically using an odel5s Runge-Kutta
algorithm with a fixed time step size. This is suitable for
solving differential algebraic stiff problems with high
fluctuations and large noises in the solution. An
appropriate set of initial conditions was applied to
integrate the problem. The operating conditions of the
system observed convergent responses corresponding to
constant speed of interest. Figure 8 presents acceleration
responses in the time domain and frequency domain for a
case with friction included. In the time domain, all the
responses including pinion and gears in rotations (6, ,

0,), translations in the LOA (y,, Yg) and OLOA (Xp, Xg)

directions exhibit periodic profiles following stiffness
changes, which is confirmed in the frequency domain in
which the spectral peaks are observed at the gear mesh
frequency f, = f Z=14355Hz and its higher order

harmonics. This spectral pattern is of typical for gear
vibrations. However, because of the effect of resonances,
the amplitudes at the higher order harmonics are higher
than the fundamental one. For the same reasons, the
rotational response of the pinion is higher than that of the
gear, which is also seen in the frequency response
characteristics.
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Figure 8 Vibration responses in the time domain and frequency domain

V. SIMULATION RESULTS AND DISSCUSSION

A. Speed and Transmission Power

Having confirmed that the general solution of the
system is close to reality, simulation studies were
performed under a successive increment of friction
coefficients p, from 0 and 0.2 which is the range
explored in previous studies. The operating conditions

were kept exactly the same for different values of
coefficients. The load torque is T, =29.2Nm, which

corresponds an input torque 36 Nm at the speed of 1485
rpm.
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Figure 9 Effect of friction on motor operating parameters

Figure 9 shows the change of operating parameters
with friction coefficient. It can be seen that there is a
slight drop in the speed but a significant increase in the
input torque. It means that with more friction effect, more
input power is required to maintain the speed as close as
to the setting point. However, because of the torque
adaptation of (26) used, the speed has such a slight drop.
Moreover, it is observed that there is a nearly linear
increase in the motor power and the maximum change is
2.18%. It shows that it is clear that power measurement
can be used for indicating lubrication degradation. These
changes in operating conditions show that the model
prediction is consistent with real operations and hence the
vibration responses can be examined realistically.

B. Vibration Responses

Commonly, accelerations are measured for
monitoring machine vibration characteristics. So the
numerical solutions are converted into accelerations by
differentiating the wvelocity responses. In addition to
calculating the root mean squared (RMS) values for
examining changes in overall vibration levels, spectral
amplitudes at meshing frequencies are also extracted
from the spectra of the acceleration responses in order to
obtain a quantities assessment of frictional effect on
default diagnostic features. As shown in Fig 10, RMS
values for nearly all vibration signals show a monotonous
increase, which is consistent with that of previous studies
for noise reduction. However, because of the effect of
nonlinearity, the response of the gear rotation exhibit
quadratic nonlinear increase. In general, the vibration
response increases with friction. Therefore, higher
vibration level may indicate that the lubrication condition
is poorer.
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Figure 10 RMS of acceleration signals in rotation and translation
transverse for pinion and gear

C. Vibration at Meshing Frequency

For more detailed and accurate friction diagnosis, the
change of spectral amplitudes is usually indicating the
gearbox conditions. Figure 11 presents the first three
harmonic components of rotational responses for the
meshing frequency. It can be seen that they behave
diversely. The first and the third harmonics on the pinion
show a nearly linear increase trend with friction, which
can be based on the friction effect indicator. However,
due to the nonlinear responses, the three components of
the gear show inverse change and may not be so direct to
be taken as good indicator for frictional influences.
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Figure 11 Rotation responses at mesh frequency with friction

In the same way the the nonlinear response also cause
the second and the third harmonic components of the
translational responses in Y-direction to decrease with
increasing in friction, as showing in Fig. 12. However,

the first harmonic increases with the friction coefficient
and hence can be based on to indicate the change of
friction due to lubricant degradation.
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Figure 12 Spectral peaks of translation responses in Y-direction (LOA)
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Figure 13 Spectral peaks of translation responses in X-direction
(OLOA)

For the translation responses in X-direction, all harmonic
components exhibit good increase trend that is
proportional to the friction coefficient. Therefore, any of
them can be used for lubrication condition monitoring.
Moreover, the amplitude of increase is more significant,
compared with the changes in the Y-direction. Therefore,
the combination of the responses in two directions could
result in an overall increase trend, which represents the
real measurement values perceived by a sensor on the
housing of a gearbox. Figure 14 is the combined

responses obtained by a,, =./a;+aZ provided that the

frequency response of housing is in linear range. As
shown in the figure, the entire three component exhibit as



a monotonous increase with friction and it can be
effective indictors for the friction. Moreover, as the
change is tiny for the small friction coefficients, it means
that vibration responses measured on the housing are
relatively stable for good lubrication conditions. In other
words, diagnostic features for other fault such as tooth
breakages are also stable for obtaining a reliable severity
diagnostic result. In the meanwhile, the diagnostic
features will be further enlarged by poor lubrications,
which is helpful to detect incipient tooth problems.
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In addition, the combined responses also show that
the difference of the responses between the pinion and
gear is very close, which means that the measurement at a
position near either to the pinion or the gear will produces
the same results for monitoring.

CONCLUSION

The dynamic model coupling with tooth friction
produces consistent vibration responses to the change in
friction due to lubrication degradation. It shows that there
is an increase up to 2.18% in power consumption due to
friction coefficient changes. However, the maximum
increase of vibration responses of spectral peaks can be
more than 100%. These show that it is much significant
to use vibration responses to monitor the change in
friction behavior. In the meantime, the power
consumption may need a more accurate measurement
system to resolve the small changes.

Both rotational responses and translational responses
of vibration can be good indicators for lubrication
conditions but the translational one is more sensitive even
though the rotational responses are generally more
nonlinear.
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