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Abstract—In this paper, a study of the bidirectional efficiency
of linear and nonlinear physical systems is performed. The
methodology to compute the bidirectional efficiency map of
the system is described, highlighting which is the power flow
orientation giving the maximum system efficiency. The designer
can therefore easily evaluate whether a physical system, such
as for instance an electric machine, is more suitable for being
used in forward motor mode rather than in reverse generator
mode or viceversa. Three different types of physical systems are
modeled and simulated in Matlab/Simulink, and the different
characteristics they exhibit in terms of efficiency are highlighted.

Finally, the properties that the efficiency maps exhibit if
the linear system is affected by symmetric or nonsymmetric
nonlinearities are studied and commented in detail.

I. INTRODUCTION

The problem of addressing the physical systems efficiency
evaluation is of primary importance in all industrial application
segments, including smart-grid applications, automotive and
agricultural industries and all companies making mechatronic
systems. For all these industries, the common trend is to move
towards the energy efficiency optimization, in order to gain
benefits both in terms of improvement of the environmental
sustainability and in terms of economic return.

The problem of systems efficiency evaluation is considered
in [1]. In this case, the author provides a metric allowing to
perform the evaluation of the energy system efficiency. In [2],
the authors propose an energy efficiency evaluation system,
while in [3] two types of electric machines are considered in
order to make a comparison between the efficiency maps.

The problem of the power flow-based efficiency evalua-
tion of physical systems based on the systems model has
been addressed by the authors in [4]. The work presented
in this paper represents an extent of the power flow-based
efficiency evaluation from the unidirectional case in [4] to
the bidirectional case, allowing to characterize the physical
systems in all the possible operating modes. The analysis that
is presented starts from the modeling of the physical elements
whose efficiency is to be evaluated, which is performed by
using the Power-Oriented Graphs (POG) modeling technique,
see [5].

The potentialities of the study proposed in this paper are
several. The designer can use this analysis to compute the
bidirectional efficiency maps of the system both on the plane
of the input power variables and on the plane of the output
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power variables, so as to identify the power flow orientation
maximizing the area of the high-efficiency operating regions
and to understand whether the system is more suitable for
being used in forward power flow or in reverse power flow
mode. Additionally, the condition upon the system parameters
ensuring that the peak efficiency is the same with both
orientations of the power flow is derived, and the different
characteristics of the efficiency map in presence of symmetric
and nonsymmetric nonlinearities are studied.

Three actual physical systems are considered as cases study:
a DC electric motor, a mechanical gear transmission and
an electric circuit. The bidirectional efficiency analysis is
applied to these considered physical systems and the different
characteristics that they exhibit in terms of efficiency are
analyzed and commented in detail with the support of some
simulation results.

This paper is organized as follows: Sec. II provides the
definition of unidirectional efficiency of a linear system and
shows some features that such efficiency exhibits on the plane
of the output power variables (Sec. II-A) and on the plane
of the input power variables (Sec. II-B). Sec. III provides
the extension of the efficiency definition to the bidirectional
power-flow case, both on the planes of the input and output
power variables, by also extending the analysis to the case of
nonlinear systems (Sec. III-A). In Sec. IV, some simulation
results applied to the three considered actual cases study are
shown, and the different characteristics they exhibit in terms
of efficiency are highlighted and commented in detail. Finally,
Sec. V reports the conclusions of the work presented in this

paper.

II. EFFICIENCY OF LINEAR SYSTEMS

Let us consider a linear dissipative system H(s) character-
ized by two power sections, see Fig. 1, and let (y;,u;) and
(yo2,u2) denote the power variables characterizing the input
and output power sections, respectively. Fig. 1 puts in evidence
the chosen positive directions for the powers P, = ujy; and
P, = uqys: Pj is positive if it is entering the system, whereas
P, is positive if it is exiting the system. Let Lx = Ax + Bu
and y = Cx 4 Du be the state space model of system
H(s). The input output matrix H(s) can be expressed as
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Fig. 1. A linear system H(s) characterized by two power sections.

follows: H(s) = C(Ls — A)' + D. The steady-state matrix
H, = H(s)|,_, can be denoted as follows, see [4]-(2):

% a b Uy
Y2 C U9
N—_——— ‘;I,_/W_/
Y 0 u

The steady-state parameters of the system b and ¢ can also be
replaced by parameters f and g as:

-t - [)-lg) e

By using (2), the strictly dissipative condition for the linear
system H(s) introduced in [4] can also be expressed as:

bh— 2
a>0, d>0, ad>%:f2 3)
that is —vad < f < Vad or, equivalently, —1 < f/vad < 1.

Definition. In steady-state condition, the ‘“unidirectional

power flow efficiency” E(t) of a linear system having the

structure shown in Fig. 1 is defined as follows, see [4]:
Py(t) ua(t)y2(t)

PNUZUAwm@)if(H>®AU%>m “

0 otherwise

E(t)=

The unidirectional efficiency of a linear system can be shown
and analyzed both on the output plane (y2, u2) and on the input
plane (y1,u;): these two cases will be analyzed separately.

A. Efficiency of linear systems on the output plane (ys,us)

An example of the efficiency map E(t) = E(ya,usz) on the
plane of the output variables (y2, us) for a linear system H(s)
characterized by the following parameters:

=02, b=0.6, c=0.8, d=0.1, Ps =100W (5)

is shown in Fig. 2. The green area in Fig. 2 describes the set
of points where the positive powers P; > 0 and P» > 0 flow
from Section 1 to Section 2, thus the unidirectional efficiency
E(t) is positive and less than 1: 0 < E(¢) < 1. The red area
in Fig. 2 describes the set of points where the negative powers
P, <0 and P, < 0 flow from Section 2 to Section 1, thus
the unidirectional efficiency E/(t) is greater than 1: E(t) > 1.
The magenta area in Fig. 2 describes the set of points where
power P; > 0 is positive, power P> < 0 is negative and the
unidirectional efficiency E(t) is negative: E(t) < 0. These

Efficiency map E(y2,us2) on the output plane

X

Variable us

Variable y-

Fig. 2. Efficiency map E(y2,u2) shown on the output plane (y2, u2).

operating regions will be accounted for by the bidirectional
efficiency, whose definition will be provided in Sec. III.

In [4] it has been shown that the efficiency E(t) of a linear
system H(s) is constant along straight lines of slope ~y exiting
from the origin of the output plane (y2, us), see [4]-(9):

Uz =Y Y2, v € [0, +oc]. (6)

and that the efficiency F(-y) on the output plane (y2, us) can
also be expressed as follows:

2y B 2y
(dy+1)[(ad+be)y+a] a+By+672
where 8 =2ad+ cband 6 = d(ad+ cb), see [4]-(12). One
can easily prove that if system H(s) is strictly dissipative,

the two solutions 7y, » of the denominator a + 3+ + 6% of
function E(vy) in (7) are real and negative:

E(v) = )

- a B 1 - 1 g
Vlii(ad+cb)7id(l+§2—f2)’ 2=y ®)
where
f= / fel-1,1], g J ge[—00,+00]. (9)

\/ad, g:\/ad7

The global behavior of efficiency E(vy) in (7) as a function of
parameter y is shown in Fig. 3. One can easily show that the
maximum value E* = E(y*) = E*(f,g) of function E(v)
when y=~* given in [4]-(13), can also be written as follows:

B c(vad + be — Vad) _ (g—f)?
b(Vad+be+Vad)  (\1+g2—F2+1)2

where f and g are defined in (9) and ~* is:

. a _ 1 1
T T\ d@dreb) d\ 1+ 22— 2 (b

Moreover, one can easily prove that the minimum E* =
E(—~*) = E*(f,g) of function E(v) when v = —~* is:

B c(vad + be + Vad) B f

(10)

G-1)°
C b(Vad+be—Vad)  (V1+g2—f2—1)2

The global behavior of the maximum efficiency E*(f,g) in
(10) when g € [-4, 4] and f € [-1, 1] is shown in Fig. 4.

12)
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Fig. 4. Global behavior of the maximum efficiency E*( f,3) when g €
[—4, 4] and f € [-1, 1].

B. Efficiency of linear systems on the input plane (y1,u1)

An example of the efficiency map E(t) = E(y1,u;1) on the
input plane (y1, u;) for the parameters given in (5) is shown
in Fig. 5. The colored areas in Fig. 5 have the same meaning
as the colored areas described for Fig. 2: green if 0 < F < 1,

Efficiency map E(yi1,u1) on the input plane

Variable u;

-15 -10 5

Variable y;

Fig. 5. Efficiency map F(y1,u1) shown on the input plane (y1, u1).

Fig. 6. Efficiency E(«) as a function of parameter c.

red if £ > 1 and magenta if £ < 0.

In [4] it has been shown that, on the input plane (y,uq),
the efficiency E(t) of a linear system H(s) is constant along
straight lines of slope « exiting from the origin, see [4]-(14):

U = ayi, a € [0, +o0]. (13)
and that the efficiency E(«) on the input plane (y1, u1) can

also be written as follows:

Ela) = (1-aa)((ad+be)a—d] —d+Ba-na’

b2 b2
where § = 2ad + ¢b and n = a(ad + be), see [4]-(17).
Moreover, the two solutions «; and a of the numerator —d +
Ba—na? of function E(«a) in (14) are real and positive:

d 1

T adteh) T Talt g )

(14)

Qg = (15)

where f and g are defined in (9). The global behavior of
efficiency E(«) in (14) as a function of parameter « is shown
in Fig. 6. The maximum value E* = E(a*) = E*(f,g) of
function F(«) when a=a*, see Fig. 6, is equal to the value
E* given in (10). The minimum value E* = E(—a*) =
E*(f,g) of function E(a) when o= —a*, see Fig. 6, is equal
to the value E* given in (12). The slope a*, see [4]-(15), can
be expressed as follows:

d 1 1
ey ——— = 16
“ aadsbe) a\axp—op 19
The slopes a and ~ are related as follows, see [4]-(19):
dvy+1 ac — 1
= = . 17
“ (ad+be)y+a’ K d—alad+bc) a7

From (17) it follows that:

v€[0,00] ¢ a€far, az], a€l00,0] <> yE[y2,11]. (18)
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Bidirectional efficiency map Ej(y2, uz) on the output plane

Variable u9

5 10 15

0
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Fig. 7. Bidirectional efficiency map Ej, shown on the output plane (y2, u2).

III. BIDIRECTIONAL EFFICIENCY OF LINEAR SYSTEMS

Let us consider again the linear dissipative system H(s)
shown in Fig. 1. From (7), (14) and (18), and from Fig. 3
and Fig. 6, it follows that the unidirectional efficiency FE(t)
defined in (4) satisfies the following implications:

0<E(t)<l e Py(t)>0< ~€[0, +o0] = Pi(t)>0
E(t)>1 & P(t)<0 & a€[—oc0, 0] = Pa(t)<0

{76(—00’ 72) U (71, 0) = P»(t) <0
Et)<0 &
a€ (0, a1)|J(ae, +o0) = Pi(t) >0

19)

Property 1: If system H(s) is dissipative, then in (19) the
case (Pa(t) > 0) A(P1(t) < 0) can never happen.
Proof. In fact from (19), if P»(t) > 0 and Pi(t) < O,
two positive power flows oriented towards the external of
the system would be present, which is not possible since the
system H(s) is supposed to be dissipative. Indeed, this case
does not appear in (19). O

From the previous considerations, the definition of unidi-
rectional efficiency E(t) can be extended as follows.
Definition. The “bidirectional power flow efficiency” Ey(t) of
the linear system H(s) shown in Fig. 1 is defined as follows:

By(t) = % it (Po(t) < ) A(PL() <0)  (20)
0 otherwise

where E(t) is the unidirectional efficiency defined in (4).

The two bidirectional efficiency maps Fj(y2, uz) on the
output plane (ys, uz) and Ep(y1, u1) on the input plane
(y1, u1), obtained using the parameters given in (5), are shown
in Fig. 7 and Fig. 8, respectively. These two efficiency maps
have been plotted only for us > 0 and for u; > 0 respectively
because, as regards linear systems, it can be proved that the
bidirectional efficiency maps are symmetric with respect to the
origin. The global behavior of the bidirectional efficiencies
Ey() and Ep(«) as a function of parameters v and « are
shown in Fig. 9 and in Fig. 10, respectively. The parameters
Y1, Y2, V¥, a1, ag and o present in Fig. 7, Fig. 8, Fig. 9

Bidirectional efficiency map FE4(y1, u1) on the input plane

>

Pmaz a

Variable u;

o M & o ®

V2 —* M ¥* v

Fig. 9. Bidirectional efficiency Ej(7) as a function of parameter .

and Fig. 10 have been defined in (8), (11), (15) and (16),
respectively. The maximum value E* present in Fig. 9 and
Fig. 10 is defined as follows: E* = 1/E*. One can easily
show that E* is the maximum forward efficiency that can be
obtained from the system when the power flows from section
1 to section 2, see Fig. 1, while E* is the maximum reverse
efficiency that can be obtained from the system when the power
flows from section 2 to section 1.

Property 2: For the linear dissipative system H(s), the
maximum forward and reverse efficiencies E* and E* are
equal iff the condition |b| = |¢| is satisfied.

Proof. Imposing E* = E* = 1/E* and using (10) and (12),
one obtains the constraint b2 = ¢2, from which [b| = |c[. O
The global behavior of the bidirectional efficiency Fy(7y) as a
function of parameter v when a = 1, d = 0.02 and |b| = |¢| =
0.2485 is reported in Fig. 11. When |b| = |c|, the maximum
efficiency E* = E* = E*(q) can be expressed as follows:

VITa+1 | E(q) if ~1<q<0
—a f o Oé‘* o «

Fig. 10. Bidirectional efficiency Fj () as a function of parameter .
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Fig. 11. Bidirectional efficiency Ej () when |b| = |c].
Maximum efficiency E*(q)
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Fig. 12. Maximum efficiency E*(q) as a functions of parameter q.

where E7 (q) refers to b = ¢, E* (q) refers to b= —c:

. Vi+g—1 . Vvi+tg—1
E+(q) = ’ E—(Q) = - )
VItg+1 VIitg+1
and parameter ¢ is defined as follows:
be -
g=—=g"-f (22)
ad

The global behavior of function E*(q) when ¢ € [—1, +o0]
is shown in Fig. 12. One can easily prove that function E*(q)
in (21) can be inverted as follows:

E*+1\?

q(E") = ) (23)
ﬂ 1 for 1<ag<0
1+ E =1=

From (21) and (23) it follows that: E*(q) > 0.8 if ¢ > 81.6,
E*(q) > 0.85 if ¢ > 152, E*(¢) > 0.9 if ¢ > 361.6 and
E*(q) > 0.95 if ¢ > 1522.

A. Bidirectional efficiency of nonlinear systems

Let us consider the block scheme shown in Fig. 13 describ-
ing a linear system H(s) with additional nonlinear friction
terms. In order to be dissipative, the nonlinear functions
i1 = fi(y1) and @e = fo(y2) are supposed to be defined
only in the I and III quadrants of the input and output planes,
see Fig. 14. The definition of unidirectional efficiency E(t) for
the nonlinear system shown Fig. 13 on the output and input
planes can be given as follows, see [4]-Sec. III:

P,
> 12

-

(51 ; -
| ~ Y
| rul ()

fo yz) i

|
|
| ]
| fa ~
| A U2
| |
Y1 v < — U
T U9

Fig. 13. Linear system H(s) with additional nonlinear friction terms.

U1 U2

f(y) f(y2)

Y1 Y2

Fig. 14. Nonlinear functions %1 = f1(y1) and 42 = fa(y2).

1) Unidirectional efficiency F(y2, u2) on the output plane:

U2 Y2 U2 Y2
E(y27u2): 2 _ Y

= 24
wiyr (U + fi(y)) (24)

where
_ d
Uy | c
|:y1 :| - [ ad+be
2) Unidirectional efficiency E(y1,u1) on the input plane:

(a2 — f2(y2)) yo
Uiy

Y2

ale al-

1[@], g =ua+ fo(y2). (25)

u
Bl =222

(26)

where

i a1
[;ﬂ B [adljbbf _bc;] [Zi] v m=ui=fi(y). 27

The bidirectional efficiency Ej(y2,us) on the output plane
and the bidirectional efficiency F4(y1,u1) on the input plane
can be directly obtained from (20) by using (24) and (26),
respectively.

Property 3: Let us consider a nonlinear system having the
structure described in Fig. 13 and Fig. 14. If both nonlinear
functions f>(y2) and fi(y;) are symmetric with respect to the
origin, then both bidirectional efficiency maps Ej(y2, us) and
Ep(y1, u1) of the considered system are symmetric with re-
spect to the origin of the output and input planes, respectively.

Proof. Using (24) and (25), one can easily verify that
E(—y2, —u2) = E(ys, uz). Similarly, from (26) and (27),
one can easily prove that E(—y;, —uy) = E(y1, u1). O

Numerical example: considering the nonlinear system of
Fig. 13, composed by a linear function H(s) with the param-
eters given in (5) and the following two symmetric nonlinear
functions f1(y1) and f2(y2), see Fig. 15:

fi(y1) = 0.6sgn(y1) + 0.02y1 |y1]

28
faly2) = 0.95gn(y2) + 0.03 gl 28)

549



Uy

~ —
2 )
= &
Il Il

5 0 g

fi(y1)

Function f1(y1) Function f>(y2)

g = fo(y2)

Fig. 15. Symmetric nonlinear functions @1 = f1(y1) and @2 = f2(y2).

one obtains the symmetric bidirectional efficiency map
Ey(y2, usz) on the output plane shown in Fig. 16. Additionally,
one can easily show that the bidirectional efficiency map
Ey(y1, u1) on the input plane is symmetric with respect to the
origin as well. If the symmetric nonlinear functions (28) are

Bidirectional efficiency map Ep(y2, us

) on the output plane

Variable us

-15 -10 -5 5 10 15

0
Variable yo

Fig. 16. Bidirectional efficiency map Ej(y2, u2) on the output plane in
presence of the two symmetric nonlinear functions f1(y1) and f2(y2).

substituted by the following nonsymmetric nonlinear functions
fi1(y1) and fo(ys2), see Fig. (17):

log(y1 +1) if 4120
Jilyr) = 2 .
—0.038 y1 if y1 <0 29
exp(y2/100) — 1 if y2 >0
fa(y2) = .
—-0.5 |y2| if yo <0

one obtains the nonsymmetric bidirectional efficiency map
Ey(y2, uz) on the output plane shown in Fig. 18.

The definition of bidirectional efficiency given in (20) can
also be extended, in a similar way, to the full nonlinear

Function f1(y1) Function f5(y2)

Fig. 17. Nonsymmetric nonlinear functions @1 = f1(y1) and 42 = f2(y2).

Bidirectional efficiency map Ej(y2, ug) on the output plane

Variable ug

-15 -10 -5

0
Variable yo

Fig. 18. Bidirectional efficiency map Ej(y2, uz) on the output plane in
presence of the two nonsymmetric nonlinear functions f1(y1) and f2(y2).

systems x = f(x,u) defined in [4]-Fig. 8 and [4]-Sec. IILB.
In this case, the bidirectional efficiency maps are usually
nonsymmetric.

IV. BIDIRECTIONAL EFFICIENCY: SIMULATION RESULTS

A. Efficiency of a DC electric motor.

Let us consider the following state space model Lx = Ax+
Bu of a DC electric motor, see [4]-Fig. (9):

with C = I, and D = 0. The corresponding steady-state
matrix Hy, see (1), is characterized by the parameters:

B K R
@ = — e — R —
RB+ K?’ RB+ K? ’ RB+ K?
The DC motor satisfies the condition |b| = |c|, see Prop. 2,

and therefore its maximum efficiency E* = E* = E*(q) is
expressed by (21) when ¢ > 0 (since b and ¢ have the same
sign). The maximum efficiency of the DC motor remains the
same both when it works forward as a motor and when it
works reverse as a generator. In this case, the parameter ¢ and
the slope v* have the following form:

K? K2
= — *:B 1 .
1=g5 " v VT ®E

The maximum efficiency of a DC motor increases if parameter
K increases or if parameters R and B decrease. Additionally,
for constant ¢, the optimal slope v* is proportional to co-
efficient B: the DC motor is more suitable for working in
the high torque-low speed region if B is large, and in the
low torque-high speed region if B is small. The bidirectional
efficiency map of a DC motor on the output plane (w, 7), when
R=1[9Q], B=9.510"3[Nm/(rad/s)] and K = 2[Nm/A],
is shown in Fig. 19.

B. Efficiency of a mechanical gear transmission.

Let us consider the mechanical gear transmission shown in
Fig. 20. The corresponding state space equations are given
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Bidirectional efficiency map Ej(w, 7) on the output plane

40

Variable T

oF == —
-100 -80 -60 -40 -20 0 20 40 60 80 100
Variable w

Fig. 19. Bidirectional efficiency map FEj(w, 7) of the DC motor on the
output plane.

w2l7‘ 2

Fig. 20. Mechanical gear transmission.

in [4]-(23). In this case, the steady-state matrix Hy has the
following form, see [4]-(24):

—T
bitbar? || @ b
—_7“2 o c—d

1
b1 +bar2
) l
b1 +bar2

R
] where r=—. (30)
T R2
b1 +bar2

The gear transmission satisfies the condition |b| = |¢| and its
maximum efficiency E* = E* = E*(q) is expressed by (21)
when —1 < ¢ < 0 (since b and ¢ have opposite sign). Its
maximum efficiency E* remains the same when it works in
the forward and in the reverse direction. For this system, the
parameter g and the slope y* have the following values:

_be N a

=1, ==

1=%a~ d(ad+cb)

From (21), it follows that the maximum efficiency of the sys-
tem is £*(q) = 1, when ¢ = —1. The bidirectional efficiency
map of the gear transmission system on the output plane
(w2, T2), when r = 0.36, by = 23.4 - 1073 [Nm/(rad/s)]
and by = 43 - 1073 [Nm/(rad/s)], is shown in Fig. 21.

C. Asymmetric efficiency of a static electric system.

Very often, physical systems satisfy the condition |b] = ||,
meaning that their maximum forward and reverse efficiencies
are the same. A physical system that does not satisfy the
condition |b| = |¢| is, for example, the electric system shown
in Fig. 22, where the physical element within the dotted line is
a gyrator characterized by the following equations: I, = K V)
and I, = K V5. This system is described by the following

Bidirectional efficiency map Ej(w2, 72) on the output plane

Variable 7o

Variable wo

Fig. 21. Bidirectional efficiency map FEj (w2, T2) of the gear transmission
system on the output plane.

Wo 8 g O

Fig. 22. Static electric system.

state space equations:

hn r E-g][w a b

- 1 1 “le—d|"
Y2 K+§ R (5] 2
Yy Hy u Hy

where y1 = Iy, yo = Iz, uy = Vi and uys = Vs, The
bidirectional efficiency map Fy(l2, Vo) of the considered
electric system, obtained when R = 4 and K = 2, is shown in
Fig. 23. The global behavior of the corresponding bidirectional
efficiency Fj() as a function of parameter ~ is shown in
Fig. 24. For this system, the maximum forward efficiency £*,
the maximum reverse efficiency Ex=1 /E* and the slope v*,

Bidirectional efficiency map Ej (I3, V2) on the output plane

Variable V5

0
Variable I,

Fig. 23. Bidirectional efficiency map Ej(I2, V2) of the considered static
electric system on the output plane.

551



02F

Fig. 24. Bidirectional efficiency Ej(7) of the considered electric system.

see (10), (12) and (11) respectively, have the following values:

(K4 1
E*=1 E*= —2"— =10.605 = _—_ =0.5.
b (FVJ’»%)Z ) ’y F:’

In this case, the maximum forward efficiency E* is equal to
one, because for this system the relation a d = (b—c)? /4 holds,
meaning that the system is not strictly dissipative, see (3).

V. CONCLUSIONS

In this paper, a study of the bidirectional efficiency of linear
and nonlinear physical systems has been done. This study
shows how the bidirectional efficiency maps of the considered
system can be computed both on the plane of the input and
of the output power variables, thus characterizing the system
performance in all the operating conditions. The analysis also
highlights the relation among the system parameters ensuring
the same peak efficiency for the considered system both in
forward and in reverse mode and how the efficiency map
changes when the system is affected by symmetric or non-
symmetric nonlinearities. The results presented in this paper
are then applied to some physical systems of interest in order
to perform the computation of their bidirectional efficiency
maps, showing the effectiveness of the presented analysis in
several industrial applications.
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