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Abstract— Nowadays, Interior Permanent Magnet 
Synchronous Machines (IPMSM) are widely adopted in various 
sectors such as automotive, railway or public transportation (e-
buses, trams, etc.). Among the benefits that these machines 
present, they offer a number of design degrees of freedom. 
Furthermore, they can operate over a wide speed range, with a 
good flux weakening capability. One of the main challenges is to 
define a complete geometrical parametrization, in order to 
identify an optimal structure that satisfies the design 
requirements. In this paper, a detailed analysis of the rotor 
structure is carried out looking at understanding the effects of 
the geometrical parameters on key performance indexes (e.g. 
flux density harmonic content, torque capability, torque ripple, 
etc.). Based on the preliminary analysis, an optimization 
procedure is implemented for the design of a Nabla-shaped 
rotor to satisfy the electromechanical performance of a case 
study traction motor. The results are showing how an optimal 
machine can be designed with a reduced amount of permanent 
magnet, by optimizing the rotor structure. 

Keywords—Interior Permanent Magnet Synchronous 
Machine, Nabla-shaped, Rotor Optimization, Airgap Flux 
Density, Harmonic Analysis.   

I. E-MOBILITY: WHERE ARE WE? 
In Europe, around 25% of the total CO2 emissions is 

caused by transport sector, which is the most polluting sector, 
after the energy industries field (c.a. 26%). In particular, the 
road transportation is responsible for about 72% of 
Greenhouse Gas (GHG) emissions, followed by civil aviation 
(14%) and navigation (13%) [1]. 

As evidenced by the European Environment Agency 
(EEA) in a study presented on 2017, almost all car makers 
have met the CO2 emission targets for that year (130 g 
CO2/km) [2], nonetheless this is still far from the 2021 
emissions target (95 g CO2/km) set by the European 
Commission. 

Taking into account these values, and with the aim of 
improving the technology in this sector, it is of paramount 
importance to invest in the research and optimization of the 
technologies: electric vehicles (EVs), hybrid or plug-in hybrid 
electric vehicles (HEVs, PHEVs) are just some of the 
available alternatives to conventional internal combustion 
engine vehicles (ICEs). Only by adopting “cleaner” hybrid 
and electric vehicles such as battery powered electric buses, 

trolley buses and trams can lead to a significant reduction in 
GHG emissions. 

Each transport sector needs specific characteristic. 
Automotive companies always look for a faster and cheaper 
manufacturing processes (high volume low value production). 
Public transport sector (buses, trams, metros, etc.) targets a 
very long-life expectancy and a fault-tolerant architecture, 
with minimum maintenance [3]. Aviation industry, being a 
safety critical application, requires high reliability, and very 
high power and energy density, thus reduced weight (high 
value low volume manufacturing) [4]. In Fig. 1, a radar graph 
clearly shows the different importance of the aforementioned 
performance indexes, for different transportation sector. 

 In terms of electrical machines and drives, different 
solutions have been proposed in the past decades for the 
transport sector. Nowadays the family of synchronous 
machines is the most promising, with plenty of different 
topologies and technical arrangements that can provide better 
performances in terms of efficiency and power density, 
compared to the asynchronous machines [5]. Permanent 
magnets (PMs) made by rare earth materials (e.g. 
Neodymium, Samarium, etc.) can be inserted in the rotor of 
these machines in order to enhance torque/power production.  

In this case, the different PMs arrangements can be mainly 
divided in three subfamilies: Surface Permanent Magnet 

(SPM), Interior Permanent Magnet (IPM) and Permanent 

 
Figure 1: Radar graph showing the importance of each characteristic 

for the 4 types of transport cited 



Magnet assisted Synchronous Reluctance (PMaSynRel) 
machines.  

The main difference between IPM and PMaSynRel is 
given by the ratio of the reluctance torque, over the PM torque 
component: PMaSynRel machines present a higher PM torque 
component, compared to an IPM solution.  

The torque equation in case of three-phase reluctance 
machines is given in (1), where p represents the number of 
pole pairs, 𝜆𝜆𝑝𝑝𝑝𝑝 indicates the PM flux, Ld and Lq are the direct 
and quadrature inductances, respectively; and id, iq are the 
direct and quadrature currents flowing in the stator windings. 

𝑇𝑇𝑒𝑒𝑒𝑒 =
3
2
𝑝𝑝 �𝑖𝑖𝑞𝑞𝜆𝜆𝑝𝑝𝑝𝑝 + 𝑖𝑖𝑞𝑞𝑖𝑖𝑑𝑑�𝐿𝐿𝑑𝑑 − 𝐿𝐿𝑞𝑞�� (1)  

 
In (1), the main electromagnetic variables are the direct and 

quadrature axis inductances. In a reluctance motor within a d-
q – reference frame, the d – axis is the path of least reluctance 
and the q – axis is the path of greater reluctance; reflecting 
into unequal inductances, dependent on the rotor position. 
Hence, when Ld ≠ Lq

 an “alignment” torque, alternatively 
known as the reluctance torque, is present. 

IPM machines in particular, present a wide range of 
different arrangements, not only in terms of PM placement 
position, but also for the shape of the flux barriers [6]. During 
last years, more exotic arrangements both for PMs and barriers 
have been proposed such as flared-shape arrangement for 
magnets presented in [7] or a w-shaped magnet position in [8].  

There are examples of asymmetric rotor designs, proposed 
to reduce vibrations [9] or asymmetric assisted barriers 
displacement adopted to improve torque characteristics trying 
to obtain the maximum value for both PM and reluctance 
torque components at the same current phase angle [10]. 
Another field that has been investigated is the flexible 
orientation that can be adopted using new sintered PMs in 
order to reduce the irreversible demagnetization risk [11].  

This work is focused on one particular rotor arrangement, 
the so-called ∇ (Nabla)-shaped geometry that has been already 
presented together with other similar multi-layered 
arrangements in [12-13], where a fair analysis of mechanical 
and electromagnetic performances have been proposed. 

After having selected the desired rotor geometry, an 
optimisation needs to be performed in order to tailor the rotor 

design to the specific requirements [14]: in [15] an optimal 
design for a ∇-shaped rotor geometry has been presented, 
explaining also the optimisation methodology that has been 
used. Another interesting study that covers not only 
optimisation strategy for V-shaped geometry, but presents 
also a sensitivity analysis consideration for this particular case 
can be found in [16]. Finally, the correlation between the 
driving range for a given EV driven by a V-shaped IPM 
machine and some machine geometrical parameters is 
presented in [17]. 

II. ∇-SHAPED GEOMETRY SENSITIVITY ANALYSIS 

A. Geometry parametrization 
∇-shaped IPMSM are the subject of this work. In order to 

explore the pros and cons of the permanent magnet 
distribution in the rotor structure, a parametrization with a 
specific range of variables has been defined, using per unit 
values (pu) where applicable. This method allows a faster 
sensitivity analysis, simply changing a set of parameters to 
modify the complete geometry. Some safety factors have been 
inserted in the script, to ensure that minimal distances are 
respected, especially in critical points such as bridges and ribs, 
required to guarantee mechanical robustness of the rotating 
parts. The main parametrization factors can be found in Fig. 
2: αm1 pu and αm2 pu indicate the displacement angles (expressed 
in per unit) of the first and second barriers, respectively, in 
relation to the available space expressed in degrees. wm2 pu 
instead, indicates the width of the PMs included in the second 
level barriers in per unit values, in relation to the total 
available space in the barriers. In conclusion, hb1 pu and hb2 pu, 
are two distances, as defined in Fig. 2. Some of the 
geometrical and manufacturing specifications are reported in 
Table I.  

Table I: Machine Specifications 
E-machine geometrical specifications 
Iron Material M400 
PMs material NdFeB 

Shaft diameter 90 mm 
Rotor outer diameter 248 mm 
Stator inner diameter 250 mm 
Stator outer diameter 365 mm 

Stack length 190 mm 
Air gap 1 mm 

Slots 48 
Pole pairs 4 

Tooth width 10.2 mm 
Slot height 38.1 mm 

Slot opening width 3 mm 
 

The outer volume as well as all the stator sizes of the 
machine have been fixed in order to satisfy requirements for a 
certain application (light railway), and has been kept constant 
through all the proposed geometries. The only part that has 
been modified then, is the rotor geometry and the PMs 
volume.  

B. Sensitivity Analysis on Initial Case Study Geometries 
To start the analysis, some random geometries have been 

selected (T1, T2, T3); these have been reported in Fig. 3. 

 
Figure 2: ∇-shaped IPMSM sketch, with parameters 

 



The analysis of these three initial designs has been divided 
in two different steps: the first one is the study of the air gap 
flux density in no load condition and the second one is the 
study of the behaviour of the three topologies in terms of 
power capabilities in a certain speed range. 

The results in terms of no-load air gap flux density 
waveform have been reported in Fig. 4; the harmonic content 
reported in Fig. 5, has been evaluated using a Fourier Fast 
Transform (FFT) method, that allows to better compare the 
results.  

As it can be seen from Fig. 4, there are some big differences 
in terms of waveform shape for the three different topologies. 
Starting from T3, it presents a no-load air gap flux density 
average value (Bavg) equal to 0.45 T that is the lowest value 
among the three geometries here studied, and a THD value 
equal to 43%. T2 is somewhere in between T3 and T1, with a 
Bavg value equal to 0.57 T and a THD value equal to 31.95%. 
T1 then, presents a Bavg value equal to 0.79 T and a THD value 
of 39.6%. The difference in terms of shape of the waveform 
strictly depends from the rotor PM and barriers arrangement: 
T2 presents a peak between 15° and 30° that is caused by the 
bigger size and the position closer to the air gap of the first 
barrier, in respect to the T3 design that presents a flatter 
waveform. T1 presents even a slightly more extended peak 
region (14°-31°) with a higher value for the plateau region 
given by the bigger PM amount present in the second level 
barriers, compared to T2. Finally, all three designs present 6 
drops, due to the stator slot openings effect (6 slots per pole). 

The harmonics content behaviour is not linear passing 
from T3 to T1, and in particular some harmonics such as the 
11th or the 23rd present a different proportion between the three 
designs. In addition, the 3rd harmonic content for T2 (blue) is 
completely absent unlike T1 and T3. This is highlighted also 
from the THD value that spans from 31.95% (T2) to 43% (T3), 
passing by 39.6% (T1). 

The last step of the study of T1, T2 and T3 consists in 
analysing power capabilities for each design and compare the 
results in terms of flux components. The electrical constraints 
that have been selected in order to complete the three design-
characterization are reported in Table II. The speed range that 
is required is quite wide, taking into account that the base 

speed is set to 3000 rpm and the max operating speed is three 
times this value. 

Table II: electrical specifications 

E-machine electrical specifications 

Max Phase current 535 Apk 

Nominal Phase current 356 Apk 

DC link Voltage 650 Vdc 

Base speed 3000 rpm 

Max speed 9000 rpm 

Max torque 1090 Nm 

Nominal power 180 kW 

The final conclusion for this preliminary sensitivity 
analysis is that the no-load air gap flux density waveforms 
present a behaviour that reflects what it was expected from the 
rotor geometry modification; the harmonics content instead, 
does not present a straightforward correlation between rotor 
design and flux density harmonics results. 

C. Power Capability 
As it has been discussed in [18-20] the flux weakening 

capability is defined as the ratio of maximum speed to the 
base-speed, under voltage and current limitations. Usually 
traction machines are required to operate at wide operating 
speed range [21]. 

In [18] the flux-weakening capability of PM machines has 
been studied; It was shown that the maximum flux weakening 
capability can be achieved if the machine is designed to have 
a per unit q-axis inductance and pm-flux as:  

𝐿𝐿𝑞𝑞𝑖𝑖𝑞𝑞
𝜓𝜓𝑝𝑝𝑝𝑝

≥ 1 (2)  

 
Figure 3: sketch of the three initial rotor geometries 

 

 

 
Figure 4: no-load air gap flux density waveforms for the three initial 

topologies 

 
Figure 5: FFT analysis of the no-load air gap flux density for the three 

initial topologies 

 



Where 𝐿𝐿𝑞𝑞 is the q-axis inductance, 𝑖𝑖𝑞𝑞  is the q-axis current 
and 𝜓𝜓𝑝𝑝𝑝𝑝  is the stator flux linkage related to the PMs. The 
higher the ratio (2), the wider the speed range that can be 
achieved.   

The SPM machines are usually not good candidates in 
order to achieve this requirement, as the inductance in q-axis 
is usually low. Hence the IPM machines are more suitable for 
such applications that require a wide speed range. However, if 
the designed machine’s cooling capability allow higher 
current ratings, the requirement of a high value for the ratio 
expressed in (2) can be achieved even for SPM topology as 
demonstrated in [22]. 

The following example demonstrates the power capability 
of the 3 topologies that are shown in Figure 3. All three 
machines have been fed based on the requirements shown in 
Table III. Figure 6 presents the power capability curves on the 
left-hand side and flux linkages on the right-hand side for all 
three options. 

As it can be observed, all three machines are capable to 
operate at the maximum speed at constant power. However, 
all machines achieve this condition at different operating 
currents. As shown on Figure 6 b) for T1 the requirement (2) 
is satisfied at the highest current value (I=535 A). Hence, the 
constant power region is achieved at this condition as it can be 
seen in Figure 6 a). Whereas, T2 and T3, that are shown 
respectively in Figure 6 c) and e), are capable to operate with 
constant power at lower currents. T2 is reaching the voltage 
limit at I=535 A and T3 is reaching the voltage limit at I=356 
A. After this study, a further set of simulations have been 
completed, in order to collect some more information 
regarding the machines: in this case a slot current density of 
7 A/mm2 has been set. 

In Table III PMs weight, ripple, average torque value and 
ratio between average torque and PMs weight have been 
reported for each topology: since the machines that have been 
analyzed so far don’t present any kind of optimization but are 
simply random generated, the torque ripple values are way 
too high for every possible application. 

At first sight, higher is PMs weight (column 2), higher is 
the achievable torque value (column 3), but it’s interesting to 
notice that the ratio between the average torque value and the 
PMs weight (column 5) is not linearly proportional: T2, that 
presents an average torque value lower than T1, presents 

+21% in terms of PMs specific torque value (from 166 to 200 
Nm/kg).  

Table III, results for T1, T2 and T3  

Name 
PMs 

weight 
[Kg] 

T avg 
[Nm] 

Ripple 
[%] 

PM Spec. 
Torque 

[Nm/kg] 

T1 7.74 1281 34.61 166 

T2 5.29 1059 50.24 200 

T3 4.03 798 25.50 198 

 

These preliminary results clearly demonstrate that there is 
room for improvement in order to achieve better results in 
terms of torque ripple value and average torque value. For 
this reason, an optimization has been set. 

III. OPTIMISATION 
Considering the findings presented in the previous 

section, it is worth to explore further the capability of this 
type of motor. For this purpose, a Multi Objective Genetic 
Algorithm (MOGA-II) has been linked with an automatic 
drawing and solving procedure implemented via Matlab and 
the finite element software FEMM 4.2. The optimization 
software used is ModeFrontier, which is a flexible tool that 
integrates several genetic algorithms and can simply connect 
different software packages [23]. The target of this work is to 
optimize the ∇-shaped rotor geometry with the input variables 
summarized in Table IV. The FE-based design optimization 
workflow is shown in Fig. 7. The initial Design of 
Experiments (DOE) table used to start the search has been 
defined by a Sobol sequence.  

The number of individuals for each generation has been 
set to 100 and a maximum of 60 generations has been 
considered leading to a total of 6000 functional evaluations. 
The stator geometry has been fixed to the values reported in 
Table I, and the focus is given to the optimization of the rotor 
only. The input variables considered for the optimization of 
the rotor structure are reported in Table IV.  

The objectives were to maximize average torque value 
and to minimize the overall losses and the torque oscillations. 
In addition, considering the previous analysis on the no-load 
air gap flux density harmonic component, also a number of 
harmonics (h=1st-29th) has been monitored and saved for each 

 
Figure 6: Power capability evaluation of T1, T2 and T3 

 
Figure 7: Optimization process workflow 



solution. The optimization results are summarized in Figs. 8 
and 9. 

Table IV, Input variables and range 

Parameter 
Boundaries 

Lower Upper 

h b1 pu 0 0.5 

h b2 pu 0.01 0.5 

αm1 pu 0.2 1.0 

αm2 pu 0.1 0.95 

wm2 pu 0.5 1.0 
 

In Fig. 8 the solutions have been reported indicating in X-
axis the average torque value and in Y-axis the 1st harmonic 
component; colour scale and circle diameters indicates the 3rd 
and 5th harmonics, respectively. Looking at the designs that 
fulfil the torque requirement stated in Table II (Tavg= 1090 
Nm), is interesting to see how a completely different 
harmonics distribution can lead to the same value in terms of 
available torque. 

The machine targets in terms of available torque and 
torque ripple have been set respectively to 1090 Nm as 
already reported, and a range between 10% and 15% for 
torque ripple, with a slot current density equal to 7 A/ mm2. 
In Fig. 9, the red square indicates the designs that fulfil the 
above-cited requirements out of all the solutions found 
through the optimization procedure. 

From the highlighted solutions, three machines (M1-M3) 
have been selected, to compare these with the first three 
geometries (T1-T3); the first analysis that has been 
completed, gives some insights in terms of PMs weight and 
torque ripple, as it has been already done for T1, T2 and T3 
in Table III. Results can be found in Table IV. 

The ripple fulfils the requirement in all 3 machines and 
the torque value is almost identical. The biggest difference 
can be noticed in the PM weight and consequently in the PM 
specific torque value: comparing M1 with M2, the difference 
in terms of average torque is less than 0.5%, but in M2 the 
PM weight is reduced by 11% in respect to M1. This leads to 
a cheaper machine, with almost the same rated torque. 

Finally, the power capability of M1, M2 and M3 has been 
investigated using the same operating conditions reported in 
Table II. All three machines can reach the required values in 

terms of power and torque. In Fig. 10 are reported the power 
vs speed curves for the rated phase current (356 A), and is 
interesting to notice that the M2 machine has an higher power 
value at max speed (145.5 kW) compared to M3 (126.8 kW) 
that corresponds to an increase in terms of power of c.a. 13%, 
even if the amount of PMs is lower in M2 than in M3 of c.a. 
7%. 

The curve that is shown in Fig. 10 represents the entire 
power capability of the three machines, only for rated phase 
current value: in this specific application, the required power 
value at base speed (3000 rpm) is equal to 180 kW, that can 
be provided by all the presented geometries. The simulations 
for the other two conditions presented for T1, T2 and T3 (178 
A and 535 A) have been omitted because of their behavior 
that is very similar to the waveforms already presented in 
Fig.6. 

Table V, results for optimized designs (M1-M3) 

Name 
PMs 

weight 
[kg] 

T avg 
[Nm] 

Ripple 
[%] 

PM Spec. 
Torque 

[Nm/kg] 

M1 7.25 1099 12.61 152 

M2 6.45 1094 13.19 170 

M3 6.90 1096 13.12 159 

 

 
Figure 8: Optimisation results chart, showing average torque vs 1st 

(Y-axis), 3rd (colour scale) and 5th (circle diameter) harmonics 

 
Figure 10: Power capability evaluation of M1, M2 and M3 

 
Figure 9: Optimisation results chart, showing average torque vs torque 

ripple (Y-axis) and Fe + Cu losses (colour scale) 



IV. CONCLUSIONS 
The aim of this work is to analyse a ∇-shaped IPMSM 

based on a complete parametrization that has been here 
presented. Based on a preliminary sensitivity analysis, three 
initial topologies (T1, T2, T3) have been studied in detail 
looking at their no-load air gap flux density waveforms and 
harmonics content, comparing also their THD values. After 
this first step, a specific application has been targeted, with 
certain requirements in terms of external geometrical 
dimensions of the machine (the same stator has been used for 
all the studied geometries), electrical constraints (phase 
current) and mechanical output (power and torque values, base 
and max speed, etc.)  

Finally, their power capabilities for the specific 
application have been presented, clearly demonstrating that 
the higher is the ratio expressed in (2), the wider is the speed 
range that the machine can achieve.   

A complete optimisation using a combination of FE-based 
simulations, Matlab scripting and an optimisation tool 
(ModeFrontier) has been done for a specific operating point, 
using as main objective functions the average torque 
maximisation, while reducing losses and torque ripple. From 
Fig. 8 is vivid that the same average torque value can be 
achieved with a number of different harmonics distribution: 
this can be helpful in specific conditions in which a specific 
harmonics distribution is required. 

From the optimisation results obtained, three geometries 
have been selected (M1, M2, M3) to further analyse their 
behaviour in terms of power capabilities over the whole speed 
range. Taking into account what has been expressed in Fig.1 
for the public transport sector, the best solution is M2 since 
this one presents the lowest PMs weight value. The weight 
itself is not the main concern, but the cost is strictly related to 
the PMs weight, and for this reason the above-mentioned 
solution can be considered the most cost-effective. In 
conclusion, for this kind of motors with a non-conventional 
rotor shape, an optimisation procedure is always 
recommended, in order to achieve satisfying results. 
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