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Abstract—Inverter-based resources (IBRs) are gradually 
replacing conventional fossil energy in modern power systems, 
which could make the systems susceptible as a result of insufficient 
inertia, especially when moving towards a 100% inverter-based 
power grid. Grid-following (GFL) control is a common grid-
interactive inverter control algorithm, while grid-forming (GFM) 
control as an emerging inverter control function has drawn 
increasing awareness nowadays. Further, the corresponding 
stability issues along with a comparative study on low-inertia 
power systems should still be investigated. This paper focuses on 
small-signal stability and conducts a comprehensive analysis of 
GFM and GFL controls, with emphasis on the interactions 
between synchronous generators (SGs) and IBRs. The detailed 
modelings of GFM and GFL inverters as well as SGs are 
established. The coupling mechanism of IBRs and SGs is then 
conducted through participation factor analysis. Finally, the 
impacts of critical parameters on system stability are identified. 
The theoretical analyses are validated through time-domain 
simulations in MATLAB/Simulink.  

Keywords—grid-following, grid-forming, modal analysis, 
participation factor, small-signal stability, synchronous generator 

I. INTRODUCTION 
The increasing penetration of renewable energy resources 

poses significant challenges in modern power systems in terms 
of dynamic modeling and control, active stabilization, and 
others [1]. With the integration of inverter-based resources 
(IBRs), such as solar and wind generation units and battery 
energy storage systems, conventional synchronous generators 
(SGs) are being gradually replaced, and the power grid is 
moving toward a low-inertia system. Comprehensive and 
accurate modeling of the low-inertia power system is urgently 
needed to provide potential solutions to the emerging problems. 

Small-signal stability analysis for SGs is well established; 
however, the stator and network dynamics are usually neglected 
in conventional power system stability analysis [2]. With the 
increasing integration of IBRs, there is tremendous interest in 
100% IBR penetration [3]-[5]. In particular, it was revealed in 
[3] that for power-electronics-dominated power systems, 
stability issues can result from the coupling of multi-timescale 
control loops, and the interactions of multiple inverters and other 
power devices; however, this analysis was limited to 100% 
inverter-based microgrids, and the scalability should be further 
verified. The impact of the dynamic behavior of photovoltaic 
(PV) power generation systems on the short-term transmission 
system voltage stability was analyzed in [4], whereas the results 
were derived based on the simplified and stiff grids. An 
approach to analyze the impact of increased penetration of 
doubly-fed induction generator wind turbines on the transient 
and small-signal stability of a large power system was developed 
in [5]; however, the inner control loops of the inverter-interfaced 

wind turbines are neglected, and some critical oscillation modes 
could be missing. 

The existing grid-interactive inverters are generally operated 
in grid-following (GFL) control mode [6]. The output power is 
regulated by measuring the grid voltage phase angle through 
dedicated phase-lock loops (PLLs). Although frequency-watt 
control could be developed for GFL inverters to support fast grid 
frequency regulation [7], it cannot actively establish grid 
frequency when transitioning to islanded operation. In contrast, 
grid-forming (GFM) inverters can actively establish frequency 
and voltage at the local inverter level, which makes them widely 
used in microgrids and external large-scale distribution and even 
transmission systems [8]. The comparative study between GFM 
and GFL inverter can be found in [9], but the inverter and SG 
models are reduced-order models. Further, the interactions 
between inverters and conventional SGs should be explored. 

This paper investigates the coupling mechanism between 
inverters (with either GFL or GFM control) and SGs through 
modal analysis. The GFM and GFL inverters share some 
common oscillation modes while also featuring unique modes 
due to the interactions among different control loops. Further, 
this paper discusses and verifies the relationship between IBR 
penetration level and small-signal stability constraints. 

The remainder of this paper is structured as follows. Section 
II presents the detailed dynamic modeling of SGs and GFL as 
well as GFM inverters to derive a holistic model of the entire 
system. Subsequently, Section III conducts a comparative study 
among various inverter control diagrams with modal analysis 
and participation factor analysis. Section IV analyzes and 
validates the impacts of key parameters (e.g., the length of the 
transmission line and penetration level, etc.) on system small-
signal stability through time-domain tests. Section V draws the 
conclusions and discusses future work. 
II. SMALL-SIGNAL MODELING OF LOW-INERTIA POWER GRIDS 

WITH SYNCHRONOUS GENERATORS AND INVERTERS 
Without loss of generality and to highlight the impacts on the 

system stability of IBRs, Fig. 1 shows a simplified two-terminal 
system architecture. In particular, all the SGs are aggregated into 
a single SG and all IBRs are aggregated into one inverter. 
Meanwhile, one remote load center connected at Bus #2 and two 
local loads connected at Bus #1 and Bus #3 are also considered. 
The location of the load center can be adjusted with varying 
lengths of the SG-side transmission line and the inverter-side 
transmission line. 
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Fig. 1. One-line system diagram with aggregated SG and IBR. 
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A. Modeling the Synchronous Generator 
A traditional salient-pole type SG is considered for this study 

with its governor, turbine, and exciter, as shown in Fig 2. The 
dynamics of the stator, exciter, and q-axis damping circuit are 
considered and the models of the exciter and turbine are 
simplified to first-order models. Note that all the quantities are 
converted to the per-unit system based on the reciprocal per-unit 
system presented in [2]. 
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Fig. 2. Block diagram of SG. 

With the voltage relationship and flux linkage relationship in 
[2], the small-signal representations of ψd, ψq, ψfd, ψkq are given: 

d d d db q

q q q qb d
b

fd fd fd fd

kq kq kq kq

Δ Δ Δ Δ
Δ Δ Δ Δ

Δ
Δ Δ Δ Δ0
Δ Δ Δ Δ0

ψ i ψ vω ψ
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ψ i ψ v
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       −  
        − −        = − − + +        
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, 
d d

q q1

fd fd

kq kq

Δ Δ
Δ Δ

Δ Δ
Δ Δ

i ψ
i ψ

i ψ
i ψ

−

   −
   
−   =   
   
      

L (1) 

where ψd, ψq, ψfd, ψkq, vd, vq, vfd, vkq id, iq, ifd, ikq are the flux 
linkage, voltage and current of a typical SG, respectively; R, W, 
L are the resistance, rotor speed, and inductance matrices, 
respectively, as derived in [2]; and ωb is the base value of the 
system frequency. Becasues of space constrains, R, W, and L 
are not detailed here. 

The swing equations that describe the mechanical dynamics 
of the SG are as follows: 

b com b b com( ) Δ Δ Δδ ω ω ω δ ω ω ω ω= − → = −              (2) 

m e
m e

Δ Δ Δ2 ( 1) Δ
2 2 2

D ω T THω D ω T T ω
H H H

+ − = − → = − + −       (3) 

where D is the damping coefficient; H is the inertia constant; Tm 
is the mechanical torque; Te is the electrical torque; and δ is the 
phase angle of the SG with respect to the common reference 
frame with the angular frequency, ωcom. 

The first-order model is used to represent the turbine. For the 
governor, an intermediate variable, εv, is used to model the 
proportional-integral (PI) governor. Hence, it yields: 

( )v n g g v g g1 Δ Δ Δε P P ω R ε P ω R = − − − → = − −          (4) 

ig pg
v pg v v pg G ig v

g

( ) Δ Δ Δ Δ
k k

p k ε p k P ω k ε
s R

= + → = − − +     (5) 

t m t
m v m v

t t t

ΔΔ Δ
1

K T KT p T p
sT T T

= → = − +
+

                 (6) 

where Rg is the droop coefficient; Pg is the output active power 
of SG; Pn is the setpoint; Tt is the turbine time constant; Kg is the 
turbine first-order model gain; and pv is the valve position. 

The exciter is also represented by a first-order model. Hence, 
*f f

fd g g fd fd g
f f f

1( ) Δ Δ Δ
1

K Kv v v v v v
sT T T

= − → = − −
+

        (7) 

where Tf is the exciter time constant; Kg is the exciter first-order 
model gain; and vg is the SG output voltage. 

The output current and the voltage of the SG should be 
converted into the common D-Q frame to integrate it with the 

networks that are implemented in the common frame; thus, the 
following transformation should be conducted: 

DQ dqi i= T , 1
dq DQv v−= T                            (8) 

where 
cos sin
sin cos

δ δ
δ δ

− 
=  
 

T ; δ is the phase angle difference. 

By linearizing these equations, the small-signal 
representations are obtained as: 

dD
DQ C

qQ

ii
ii

δ
∆∆   

∆ = = + ∆   ∆∆   
I T T                    (9) 

d D1 1
dq V

q Q

v v
v v

δ− −∆ ∆   
∆ = = + ∆   ∆ ∆  

V T T                   (10) 

where
d q

C
d q

sin cos
cos sin

I I
I I

δ δ
δ δ

− − 
=  − 

T , 
D Q1

V
D Q

sin cos
cos sin

V V
V V

δ δ
δ δ

− − + 
=  − − 

T . 

Thus, the complete model of the SG is derived: 
Gen Gen Gen Gen bDQ Genω comω∆ = ∆ + ∆ + ∆X A X B V B          (11) 

gDQ Gen Gen∆ = ∆I C X , Genω Genω∆ = ∆C X                 (12) 
where XGen = [ω, δGen, ψd, ψq, ψfd, ψkq, εv, Tm, vfd ]T, VgDQ = [vD, 
vQ], IgDQ = [iD, iQ], L1 is the first two rows of matrix L, AGen = 
Ag + BgT-1 

v [0, 1, 01×7], BGenω = [0, -ωb, 01×7]T, BGen = BgT-1, CGen 
= -TL1[04×2, I4×4, 04×3]+Tc[0, 1, 01×7], CGenω = [0, 01×8], 
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B . 

B. Modeling the Grid-Following Inverter 
For GFL inverters, a multi-loop diagram, including the outer 

power loop control and the inner current loop control, is 
developed, as shown in Fig. 3 [1]. 
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Fig. 3. Block diagram of GFL inverter controls. 

Note that the active power, Po, and reactive power, Qo, in 
Fig. 3 are derived from the instantaneous values p and q using 
the low-pass filters (LPFs) with the cutoff frequency ωc. 

c
o od od oq oq

c

( )ωP v i v i
s ω

= +
+

, c
o od oq oq od

c

( )ωQ v i v i
s ω

= −
+

        (13) 

where vodq and iodq are inverter output voltages and currents, 
respectively. 
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A phase angle difference δInv is defined to represent the 
phase difference between the reference frame of the inverter and 
the common frame D-Q. Thus, 

Inv b Inv com Inv b Inv b com( )dt Δ Δ Δδ ω ω ω δ ω ω ω ω= − → = −∫         (14) 
For GFL inverters, the angular frequency and phase angle 

are determined by the external grids and they can be obtained 
through PLL, as shown in Fig. 3. By introducing an intermediate 
variable, εL, it is obtained: 

L oq L oq0v vε ε= − → ∆ = ∆                            (15) 

Inv pL oq iL L n Inv pL oq iL L( 0)k v k k v kω ε ω ω ε= − + + → ∆ = ∆ + ∆   (16) 
Hence, the corresponding small-signal representations of εL, 

δInv, Po, Qo, and ωInv are summarized as: 
P P P P FIL Pω comΔ Δω= + +X A X B X B                 (17) 

Inv Pω P Pω FILΔω = +C X D X                         (18) 
where XP = [εL, δInv, Po, Qo]T, XFIL = [iid, iiq, vod, voq, iod, ioq,]T. 
For brevity, the detailed matrices (e.g., Ap, Bp) are not detailed 
here. 

For the power control loop, the intermediate variables φd and 
φq are used to model the PI controllers: 

*
d o oφ P P= − , *

q o oφ Q Q= −                         (19) 
* *
id pp o o ip d iq pq o o iq q( ) ,  ( )i k P P k i k Q Q kϕ ϕ∗ ∗= − + = − +       (20) 

Note that when the frequency and voltage droop control are 
used to support GFL control, the references of the active and 
reactive power can be generated as follows: 

( )*
o n Inv n pP P ω ω m= − − , ( )*

o n oInv n qQ Q V V n= − −        (21) 
where Pn, Qn are the set points; mp, np are the droop coefficients. 

When voltage magnitude is oriented to the d-axis, it yields: 
od oInvv V=                                     (22) 

Thus, the corresponding small-signal representation of the 
outer power loop is derived as: 

φ 2 2 φ S1 P S2 FIL Sω InvΔ 0 Δ Δ Δ Δω×= + + +X X B X B X B       (23) 

S φ S1 P S2 FIL Sω Inv
*
idqΔ Δ Δ Δ Δω= + + +DX X D X DI C       (24) 

where Xφ= [φd, φq]T, *
idqI  = [ *

idi , *
iqi ]T. 

If the active and reactive power references are constant, Bs2 
= 02×6, Bsω = 02×1, Ds2 = 02×6, Dsω = 02×1. 

For the current control loop, the intermediate variables τd and 
τq are used to model the PI controllers. Further, the capacitor-
current-feedback-based active damping is used to address the 
resonance issue introduced by the LCL filter [10]. Thus, 

*
dq idq idqτ i i= −                                      (25) 

*
idq d pc idq idq ic dq v idq odq( )[ ( ) ( )]v G s k i i k k i iτ∗= − + − −          (26) 

where kv is the capacitor-current-feedback gain. Note that a zero-
order holding delay is used to represent the pulse width 
modulator in (27), which is approximated as follows: 

s1.5 t
d LPF

s t

1( ) ( )
1 1.5

T sG s e G s
T s s

ω
ω

−= ≈ = =
+ +

              (27) 

where Ts is the sampling time, ωt is the equivalent cut-off 
frequency, which equals 1/(1.5Ts). Thus, the small-signal 
model for the inner current loop together with the pulse width 
modulator is derived: 

τ 2 2 τ C1 idq C2 FILΔ Δ Δ Δ∗
×= + +X 0 X B Ι B X               (28) 

idq T idq T1 fdq T2 T3 FILτ
∗ ∗ ∗∆ = ∆ + ∆ + + ∆V A V B I B X B X        (29) 

where Xτ= [τd, τq]T, *
idqV  = [ *

idv , *
idv ]T. 

The filter is modeled as follows by assuming that the inverter 
generates the required voltage (vi = *

iv ): 

( )i idq b idq odq i idq Inv i iqdL i v v R i L iω ω= − − ±              (30) 

( )f odq b idq odq Inv f oqdC v i i C vω ω= − ±                 (31) 

( )c odq b odq cdq c odq Inv c oqdL i v v R i L iω ω= − − ±             (32) 
The small-signal representation is shown: 

FIL FIL FIL FIL1 idq FIL2 cdq FILω InvΔω= + + +X A X B V B V B      (33) 
Thus, the complete small-signal model of the grid-following 

inverter can be expressed as: 
Inv Inv Inv Inv cDQ Invω comω∆ = ∆ + ∆ + ∆X A X B V B          (34) 

oDQ Inv Inv∆ = ∆I C X                           (35) 
where XInv = [XP, Xφ, Xτ, Vi, XFIL]T, VcDQ = [vcD, vcQ], IoDQ = [ioD, 
ioQ],  

P 4 2 4 2 4 2 P

S1 Sω Pω 2 2 2 2 2 2 S2 Sω Pω

Inv C1 S1 Sω Pω C1 S 2 2 2 2 C2 C1 S2 Sω Pω
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0 0 0
0 0 0
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−
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= + + +
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+ +
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A B D D C B C B B D D D
B D D C B C B A B B D D D

B T B C B A B D




 
 
 
 
 



 

BInv = [04×2, 02×2, 02×2, 02×2, BInvT-1]T, BInvω = [BPω, 02×1, 02×1, 02×1, 
06×1]T, CInv = [TC[0, 1, 0, 0], 02×2, 02×2, 02×2, 02×2, 02×2, T].  
C. Modeling the Grid-Forming Inverter 

Similar to GFL inverter, a multi-loop diagram—including 
the droop control, the outer voltage loop, and the inner current 
loop—is developed for the GFM inverter, as shown in Fig. 4 [1]. 
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Fig. 4. Block diagram of GFM inverter controls. 

For the GFM inverter, when the voltage magnitude is 
oriented to the d-axis, it yields: 

p o n p oInv n Inv( )m P P m Pω ω ω= − − → ∆ = − ∆                (36) 

od n q o n oq od q o oq( ),   0 ,   0v V n Q Q v v n Q v∗ ∗ ∗ ∗= − − = → ∆ = − ∆ ∆ = (37) 
Thus, the corresponding small-signal representations of δInv, 

Po, Qo are summarized as: 
' ' ' ' '
P P P P FIL Pω comΔ Δω= + +X A X B X B                   (38) 

' '
odq P P
∗∆ = ∆V C X , '

Inv Pω PΔ Δω = C X                    (39) 
where X’ 

P = [δInv, Po, Qo]T, V* 
odq = [v* 

od, v* 
oq]T. 

For the voltage control loop, the intermediate variables φd 
and φq are used to model the PI controllers in the d- and q-axis: 

d od odv vϕ ∗= − , q oq oqv vϕ ∗= −                        (40) 

id pv od od iv d( )i k v v k ϕ∗ ∗= − + , iq pv oq oq iv q( )i k v v k ϕ∗ ∗= − +        (41) 
Thus, the small-signal representation of the voltage loop is: 

φ 2 2 φ V1 odq V2 FIL0 ∗
×∆ = ∆ + ∆ + ∆X X B V B X            (42) 
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idq V1 φ V1 odq V2 FIL
∗ ∗∆ = ∆ + ∆ + ∆Ι C X D V D X           (43) 

For the other parts, the small-signal modeling of the GFM 
inverter is the same as that of the GFL, except that the active 
damping loop is disabled by seting kv = 0; hence, they are 
neglected for simplification. 

Finally, the complete small-signal model of the GFM 
inverter can be expressed as: 

Inv Inv Inv Inv cDQ Invω comω∆ = ∆ + ∆ + ∆X A X B V B         (44) 

oDQ Inv Inv∆ = ∆I C X                         (45) 
where XInv = [X’ 

P, Xφ, Xτ, Vi, XFIL]T,  
' '
P 3 2 3 2 3 2 P

'
V1 P 2 2 2 2 2 2 V2

'
Inv C1 V1 P C1 V 2 2 2 2 C2 C1 V2

'
T1 V1 P T1 V T2 T T3 T1 V2

1
FIL2 V FILω Pω 6 2 6 2 FIL1 FIL

0 0 0
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0 0
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× × ×

× ×

−
× ×

 
 
 
 = +
 

+ 
 + 

A B
B C B

A B D C B C B B D
B D C B C B A B B D

B T B C B A

 

BInv = [03×2, 02×2, 02×2, 02×2, BInvT-1]T, BInvω = [B’ 
Pω, 02×1, 02×1, 02×1, 

06×1]T, CInv = [TC[1, 0, 0], 02×2, 02×2, 02×2, 02×2, 02×2, T].  
D. Modeling the Network and Loads 

The network interconnects the IBR and SG, as well as the 
loads. The constant RL impedances are used to model the 
networks and the load center, and the constant impedance loads 
are used for local loads on the SG and inverter sides. Thus: 

( )t1 t1DQ b gDQ L2DQ t1 t1DQ com t1 t1QDL i v v R i L iω ω= − − ±           (46) 

( )t2 t2DQ b cDQ L2DQ t2 t2DQ com t2 t2QDL i v v R i L iω ω= − − ±           (47) 

( )L2 L2DQ b L2DQ L2 L2DQ com L2 L2QDL i v R i L iω ω= − ±              (48) 
where vL2DQ are the bus voltages of the load center. 

The small-signal model is thereby summarized as: 
NetDQ Net NetDQ Net bDQ Netω comω∆ = ∆ + ∆ + ∆I A I B V B           (49) 

LoadDQ Load LoadDQ Load bDQ Loadω comω∆ = ∆ + ∆ + ∆I A I B V B        (50) 
where INetDQ = [it1D, it1Q, it2D, it2Q]T, ILoadDQ = [iL2D, iL2Q]T, VbDQ = 
[vgD, vgQ, vL2D, vL2Q, vcD, vcQ]T. 
E. Complete System Model 

To derive the complete system model, a large virtual 
resistance, RN, is involved to represent the resistance between 
the load center and the ground [11]; therefore: 

gDQ L1 gDQ t1DQ( ) v R i i∆ = ∆ − ∆                      (51) 

L2DQ N L2DQ t1DQ t2DQ( ) v R i i i∆ = ∆ − ∆ − ∆                (52) 

cDQ L3 oDQ t2DQ( ) v R i i∆ = ∆ − ∆                        (53) 
Hence, the small-signal representation is derived as: 

bDQ inv oDQ Net NetDQ Load LoadDQ∆ = ∆ + ∆ + ∆V M I M I M I      (54) 
Therefore, by combing the modeling of the SG, IBR, loads, 

and networks, the entire system model is derived as: 
sys sys sys=X A X                                    (55) 

where Xsys  = [ΔXGen, ΔXInv, ΔXLoad, ΔXNet], and 
Gen Gen Gen Gen Gen Net

Inv Inv Inv Inv Inv Load Inv Net
sys

Load Inv Inv Load Load Load Load Net

Net Gen Gen Net Inv Inv Net Load Net Net Net

0 0
0
0

 +
 

+ =  +
 

+  

Α B M C B M
Α B M C B M B M

A
B M C Α B M B M

B M C B M C B M Α B M

 

Further, the small-signal modeling analysis is based on the 
given operating points, which are obtained through power flow 
calculation. Note that the revised power flow calculation in [12] 
is used because GFM inverters are included. 

III. MODAL ANALYSIS OF GRID-FOLLOWING AND GRID-
FORMING INVERTERS 

The eigenvalues of the entire system can be obtained by 
using (55). For a quantitative study, the IBR penetration level is 
defined as the ratio of the active power provided by IBRs and 
the total load active power at the rated condition: 

oInv

nLoad

100%P
P

η = ×                            (56) 

The participation factors are used to identify the impacts of 
state variables on the corresponding eigenvalues [2]. A 
comparative study is conducted to investigate the impacts of 
different kinds of inverter control algorithms (i.e., GFL without 
droop, GFL with droop, and GFM control) on power system 
small-signal stability. For the modal analysis in this section, the 
IBR penetration levels in these three cases are set to be identical 
at 75%. The SG-side and IBR-side transmission line lengths are 
set at 50 km and 1 km, respectively. The voltage level of the 
transmission line is chosen as 230 kV. 

TABLE I. CRITICAL OSCILLATORY MODES OF GFL INVERTER (WITHOUT 
DROOP) AND SG 

Eigenvalues Real Imag. Freq. Damping Ratio Type 
1, 2 (Mode 1) -106.83 496.49 79.02 0.21 Coupling 
3, 4 (Mode 2) -132.60 146.63 23.34 0.67 Inverter local 
5, 6 (Mode 3) -15.39 128.09 20.39 0.12 Weak coupling 
7, 8 (Mode 4) -2.00 23.07 3.67 0.09 SG local 

9, 10 (Mode 5) -0.69 1.57 0.25 0.40 SG local 

TABLE II. CRITICAL OSCILLATORY MODES OF GFL INVERTER (WITH DROOP) 
AND SG 

Eigenvalues Real Imag. Freq. Damping Ratio Type 
1, 2 (Mode 1) -108.81 493.26 78.50 0.22 Coupling 
3, 4 (Mode 2) -126.99 143.80 22.89 0.66 Inverter local 
5, 6 (Mode 3) -41.59 115.82 18.43 0.34 Weak coupling 
7, 8 (Mode 4) -2.14 22.91 3.65 0.09 SG local 

9, 10 (Mode 5) -0.58 1.75 0.28 0.32 Weak coupling 

TABLE III. CRITICAL OSCILLATORY MODES OF GFM INVERTER AND SG 
Eigenvalues Real Imag. Freq. Damping Ratio Type 

1, 2 (Mode 1) -125.70 442.05 70.35 0.27 Coupling 
3, 4 (Mode 3) -35.86 74.47 11.85 0.43 Inverter local 
5, 6 (Mode 4) -1.27 23.00 3.66 0.05 SG local 
7, 8 (Mode 5) -0.52 1.05 0.16 0.45 Weak coupling 

9, 10 (Mode 6) -1.63 5.87 0.93 0.27 Coupling 
For the comparative analysis, only oscillatory modes with 

small real part or low damping ratio are chosen. Based on the 
results shown in Table I – Table III and Fig. 5 – Fig. 7, it is found 
that the responses of Mode 1, Mode 3, and Mode 4 of the 
selected three types of control algorithms are similar. Mode 1 is 
mainly impacted by the flux linkage of the SG, IBR side current, 
and network currents, and thus it is identified as the coupling 
mode. Mode 3 is mainly affected by the IBR inner current loop 
for all three types of IBR controls, whereas this mode is weakly 
affected by the flux linkage of the SG for the GFL inverter, and 
thus it is identified as the weak coupling mode. Mode 4 is mainly 
influenced by the flux linkage and voltage of the exciter, and 
thus it is identified as the local SG mode. Additionally, because 
of the implementation of the PLL in the GFL inverters, there is 
one mode (i.e., Mode 2) that exist only in GFL inverters. Further, 
the coupling of the SG and IBR can be founded in Mode 5 for 
both the control algorithm GFL with droop and GFM. It is 
observed that the outer voltage loop of the GFM inverter is 
weakly coupled with the governor and turbine of the SG whereas 
the outer power loop of the GFL inverter with droop is weakly 
coupled with the SG governor and turbine. Finally, it is found 
that there is another unique coupling mode (i.e., Mode 6) in the 
GFM inverters; this is mainly impacted by the SG output 
frequency and the IBR output phase angle.
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Fig. 5. Participation factor analysis for GFL inverter without droop. (a) Mode 1. (b) Mode 2. (c) Mode 3. (d) Mode 4. (e) Mode 5. 
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Fig. 6. Participation factor analysis for GFL inverter with droop. (a) Mode 1. (b) Mode 2. (c) Mode 3. (d) Mode 4. (e) Mode 5. 

0 5 10 15 20 25
0

0.1

0.2

0.3

0.4

0 5 10 15 20 25
0

0.1

0.2

0.3

0.4

0.5

0.6

 

     

1--Δω
2--Δψd

14--Δτd15--Δτq16--Δvid
17--Δviq4--Δψfd

3--Δψq

5--Δψk 18--Δiid

SG
Inverter

Load
Network

 
Fig. 7. Participation factor analysis for GFM inverter. (a) Mode 1. (b) Mode 3. (c) Mode 4. (d) Mode 5. (e) Mode 6. 

IV. SENSITIVITY ANALYSIS AND CASE STUDIES 
This section investigates the impact of the length of the 

transmission line, the IBR penetration level, and other key 
control parameters on  small-signal stability are investigated for 
GFL inverter without droop and GFM inverter, the GFL inverter 
with droop are similar to that of the GFL inverter without droop; 
hence it will be not included in this section for brevity. 
A. Impact of Length of the Transmission Line 

The length of the SG side transmission line was varied from 
100 km to 400 km. As shown in Fig. 8, a shorter transmission 
line can support a higher penetration level of the inverter in terms 
of small-signal stability for both GFL and GFM inverters. 
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Fig. 8. Impact of the length of the transmission line on the penetration level of 
the (a) GFL inverter and (b) GFM inverter. 

TABLE IV. SCR AT LOAD BUS WITH VARYING LENGTH OF SG SIDE 
TRANSMISSION LINE 

Line Length (km) SCR 
100 2.19 
200 1.44 
300 1.07 
400 0.85 

Further, it is observed that there is an upper boundary in the 
penetration level of the GFL inverter, whereas there is a gap and 
a low boundary on the penetration level of the GFM inverter, 
both under long transmission lines, indicating how IBRs affect 
small-signal stability under different control algorithms. It is 
also shown that it could be easier to achieve 100% penetration 
level with small-signal stability guarantees for the GFM inverter, 
though there could be additional operating constraints for 
relatively low penetration levels.  

Note that a short-circuit ratio (SCR) can be used to assess the 
strength or voltage stiffness of a particular point of 

interconnection. A low SCR indicates a low grid strength 
condition [13]. The SCRs for varying transmission line lengths 
are provided in Table IV. 

From Table IV and Fig. 8, it is shown that a stronger point 
can support a higher IBR penetration level in terms of small-
signal stability for both GFL and GFM inverters. A low SCR 
could require additional design considerations. 
B. Impact of Penetration Level 

Eigenvalue analysis for identifying the impacts of IBR 
penetration level on small-signal stability is conducted for both 
GFL (without droop) and GFM inverters under the SCR of 0.85, 
as shown in Fig. 9 and Fig. 10. Note that the increase in IBR 
penetration level usually accompanies the displacement of the 
SG, and thus the system inertia decreases accordingly; thus, the 
inertia constant is set to be proportional to the SG output active 
power: 

oGen 0H P H=                                         (57) 
The IBR penetration level was varied from 0.05 to 0.95. 

Results show that Mode 3 oscillation has the dominant impacts 
on small-signal stability for GFL inverters when the penetration 
level changes, whereas Mode 6 has the dominant impact on 
small-signal stability for GFM inverters. 

Time-domain EMT tests around the stability boundary were 
also provided to verify the this analysis, as shown in Fig. 11 and 
Fig. 12. To test the small-signal stability, a 5% drop in the load 
was applied at t = 5 s for all stable cases. Results show that the 
time-domain tests are consistent with the theoretical analysis. 
C. Impact of Control Parameters 

Fig. 13 shows the damping ratios of Mode 3 for GFL 
inverters and Mode 6 for GFM inverters with varying control 
parameters, where less-than-zero damping ratio indicates an 
unstable system. By tuning the integral gain kic of the GFL 
inverter current loop from 50 to 30, the less-than-zero damping 
ratio can be gradually shifted to a positive value, which means 
that the system can support a higher penetration level of IBRs 
with small-signal stability guarantees. Further, the 100% 
penetration level of the GFM inverter can be achieved by tuning 
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the integral gain kiv of the inverter voltage loop from 2.0 to 0.5 
and the gaps that exist in Fig. 8 (b) can be thereby eliminated.  
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Fig. 9. (a) Eigenvalues trajectories for different penetration levels of GFL 
inverters without droop. (b) Zoom-in results. 
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Fig. 10. (A) Eigenvalues trajectories for different penetration levels of GFM 
inverters. (b) Zoom-in results. 
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Fig. 11. Time-domain tests of GFL inverters. (a) Point A1 (b) Point B1 
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Fig. 12. Time-domain tests of GFM inverters. (a) Point A2 (b) Point B2 (c) Point 
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Fig. 13. Damping ratio with varying control parameters of (a) GFL inverters and 
(b) GFM inverters. 

V. CONCLUSION 
This paper conducted small-signal stability analysis of a 

simplified power grid with GFL and GFM IBRs and SGs. The 
investigation reveals the different coupling mechanisms 
between IBRs and SGs on small-signal stability under GFM and 
GFL control scenarios. The paper also evaluated the impact of 
key parameters on system stability, including the length of the 
transmission line, the IBR penetration level, and critical control 
parameters, among others. It is shown that by tuning these 
parameters, the IBR penetration level can be significantly 
increased. Further, the paper develops a generic and expandable 
model of the power network with both IBRs and SGs. Further 
study will focus on transient stability analysis to achieve a 

holistic understanding of low-inertia power grids with 100% 
IBR penetration level with both small- and large-signal stability 
analysis. 
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