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Abstract— Hidden state estimation in linear systems is a pop-

ular and broad research topic which became a mainstream re- o7 = Fun 1T 4)
, 8 k klk—1Tk—1
search area after Rudolf Kalman’s seminal paper. The Kalman
Filter (KF) gives the optimal solution to the estimation problem The valuety, = argming, J(xy) will be the best estimate.

in a setting where all the processes are Gaussian random |n this paper the system parameters will be assumed fixed
processes. However because of the sub-optimal behavior 6fet ¢, gimplicity however all the formulation can be extended

KF in non-Gaussian settings, there is a need for a new filter tht i . . = hi f
can extract higher order information from the signals. In this easlly to time-varying case. For this purpose from now on

paper we propose using an information theoretic cost functn F' = Fyr—1 and H = H; will be used for system and
utilizing the similarity measure Correntropy as a performance measurement matrices respectively.

index. We present the superior performance of the new filter The formulation of KF can be derived by analytically
on both synthetic data and on adaptive background estimatio solving (5)
problem and discuss future research directions. ’
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I. INTRODUCTION AND BACKGROUND 3 =
T

Hidden state estimation in linear systems is a popular and . _ _ _
broad research topic which became a mainstream researc#€yond the formulation that is achieved through this
area after Rudolf Kalman's seminal paper [1]. It is wellSimple optimization process, there is an important message
known that the KF is the optimal solution for hidden stat&mbedded in this cost function. It states that the main goal
estimation when the system is driven by Gaussian process@k, the estimation process is to reduce the effect of the
The elegance of the approach lies in having an analyticjvo sources of uncertainties in the dynamical system._The
solution to the state estimation and therefore having tHYStem noise (uncertainty),; and the measurement noise
optimal estimation at every iteration. (uncertainty)v,.. Basically the filter tries to account for these

The problem setup is as follows. The system equation ghcertainties and as it propagates the covariance mattieof
error through iterations, it only makes use of the secondrord

®)

given as: . -udr = k ’
information in the measurements. Therefore it is optimal in
Tk = Fyjp 1251 + w1 (1) the case of Gaussian uncertainties, however it is sub-aptim
o when the gaussianity condition is loosened.
and the measurement equation is: However it is reasonable to say that there would be many
applications of the filter where the gaussianity condition
Yk = Hyxr + vk (2)  would not hold and we would be left with the sub-optimal

wherew; and v, are independent, zero mean, Gaussiagelution the filter produces. Th_erefore _there is_ a ne_ed for
noise processes with covariance matri€gsand Ry, respec- & method that V\(ogld use the _mformatlon available in thg
tively. higher-order statistics of the signals. One such measure is

It is very important to understand the fundamental ide&©rrentropy [3]. _
behind the formulation of Kalman FiltéKF). Among many ~_ Consider two scalar random variablésY" € 3. Cross-
ways that Kalman Filter formulation can be derived sucforrentropy [3] is a generalized similarity measure betwee
as using orthogonality principle or the innovations apphpa WO arbitrary scalar random variables X and Y defined by:
there is a derivation that can be achieved by the optimizatio

of the cost function given in (3) [2]. v(X,Y) = Exvy[k(X,Y)]
= //m(x,y)pxy(m,y)dxdy (6)

1 o where x(-,-) is any continuous positive definite kernel.
+5(zk — )" My (2 — xy) (3) In our formulation the Gaussian kernél,(-,-) will be

2
. . . _ employed. Therefore (6) becomes:
where M, is the covariance matrix ofzy, — z, ) and:

1
J = 5(% — Hyae) Ry, (yr — Hiwr)
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whereo is the kernel size or bandwidth. As we have only

limited amount of data and the joint PDF is unknown, we 01 - 1 (lyi — Ha|)(yi — Ha:)TH
use the sample estimator instead of the expectation operato Ox; o2
0Jy -1
UUN X Y ZG (8) a—l‘t = L—O_QGU(Hl'Z Fx;_ 1”)( — Fo,;_ 1)
One nice property of correntropy is that it is positive and Il. RESULTS

bounded and with Gaussian kernel it reaches its maximumThe filter is tested on artificial data first. To create the data
if and only if X = Y. Another important property is that we have used a two dimensional rotation matrix, the system
for Gaussian kernel, correntropy is a weighted sum of allas no inputs and is driven by a Gaussian mixture noise.
the even moments of the random variable- X'. The proof The mixture consists of two Gaussian distributions centtere

follows from the Taylor series expansion of the Gaussiagt 0 and 2 with variances 0.1 respectively. The observed

function in (7): signal is the sum of the hidden states. We see the superior
performance of the Correntropy filter in Fig. 1. Also one can
1 & (-1 ) observe the erropdf's of both correntropy filter and KF in
0o (X,Y) = Ner > o PUX = Y)™](9)  Fig. 2. The new filter places the error distributions at 0 vahic
T n=0 ' is very desirable. It also results in smaller error variance

It is seen in (9) that correntropy is the sum of all everrompared to KF. In the measurement estimation the new
moments when the Gaussian kernel is used. The kernel sfiter fails to place the error distribution around 0 however
appears as a parameter weighting the second-order mom#& mean is close to 0 and the variance is of the same order
and higher order moments. With very large (compared as KF. However it should be noted that as we assume the
to the dynamic range of the data) this measure approachiesasurements are available to us, we actually care about the

correlation. state estimation.
Having the property of correntropy being the weighted
sum of all even order moments of the random variable, State 2 Estimation
might be useful to employ it in our cost function. Therefore 3of” ‘ ‘ ‘ ‘ — orignal ||

ot

the cost function to be optimized in the Correntropy Filte 20l coAerl
is: ol \,w
Je

1
= o(llye — Haxl)) + zo(llor — Fze—af]) - (20)
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The reason behind using the Euclidean norm is to enak ._
the usage of the definition of Correntropy (6) on a multiple-
state multiple-output system. We choose N=1 to use t
instantaneous gradient, which makes the formula equal to:

Fig. 1. The figure shows the state estimation of both filterd tue true
tes.

A practical use of this filter might be beneficial in the
1 . i . o .
Jo = Go(llys — Hal]) + ~Go (|2 — Fria|) (12) folloyvmg scenario. Itis w_eII known that in yldeo surveitiee
applications it is very important to estimate background
To make the derivation easily followed we are going tnd separate foreground objects from the background. This

split our cost into two parts where: will give possibility to detect sudden changes in the scene,
or would enable the machine to track the moving ob-
J1 = Go(||lyi — Hz;l|) jects/subjects. However most of the time this is achieved

through human supervision, and a human operator finds a

1 moment on the video track with smallest possible number

Jy = ZGU(Hxi + Fa;1]]) of foreground objects and assigns it as background. This
however is open to errors and will suffer from the changes

oJ 0J, 0Js that can occur through natural causes such as illumination

oxr; Ox; = Ox changes and seasonal changes. Therefore it is desirable
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Fig. 3. The figure shows the current frame on top left, extciéoreground

Fig. 2. The figure shows the error distributions of the ediions. on top right, and the extracted background on bottom righis Ts the
10th frame in the video sequence. Notice that the filter yatnieg the
background.

to have an adaptive background estimation. Usage of th~
Kalman Filter without a regularizer is problematic in this
setting because of the well known properties of the MSI
cost. KF would try to adapt more with respect to the
sudden changes in the pixel values. On the other hal
Correntropy cost function will tend to neglect the outliers
and therefore neglecting the sudden changes in the pb
values. To implement the idea the following setup is usel
We assume there is a filter for each pixel of the vide:
sequence. The three hidden states are the RGB values
the pixels of background. We have an identity matrix fol
both F and H. Having an identity matrix for the systerr
matrix means we are not expecting the states to change wh
makes sense as we are trying to find the background. /
we have the measurement as the pixel values of the curre
frame the states directly relate to the measurements. We
assume the noise term in the state equation refers to tfig. 4. The figure shows the current frame on top left, extébreground
moving foreground ojects and e nase n the measuremdi 2, 1o i e g ot
equation refers to the noise introduced by the sensors, Sugh that is leaving the parking lot from the background.

as salt and pepper noise. We initialize the background as

the first frame available to us and then let the filter work

with each incoming frame unsupervised..As., a result the filteérxacﬂy the current frame of the video stream. The KE can
manages to extract the background, eliminate the salt agfly detect the edges as they consist the sudden changes in
pepper noise and adapt to the changes in the backgroupd hixe| values. When the salt and pepper noise added to the
scene; such as removing a vehicle that left the parking I9fgeo stream, KF manages to reduce the effect of the noise
from the background or phasing a newly parked vehicle fromg; fajis to eliminate it completely. This is because of the
foreground to background. over-reaction of mean-squared cost function to the ostlier
Figures 3,4 and 5 demonstrate the success of the proposgdthis case foreground objects and salt and pepper noise).
method. Please notice that the filter gradually learns titéest The results are shown in figures 6 and 7.
background and therefore eliminates the salt and pepperthe next example shows a football game and is more
noise as well as the moving foreground objects. It alsghallenging as there are many moving objects at the same
manages to include new objects to the background afghe. No measurement noise is added this time. Again the
exclude the ones that left. This is obtained through thgitialization is done by setting the first frame as the diti
measurement error in the cost function and the adaptatigackground. It takes about 8 seconds for the filter to gather
is done very quickly. the background information and exclude the players from the
When the Kalman filter is applied on the same problem thiérst scene. From that point on when the players are moving
outcome is as expected. The estimated background is almt®e filter removes them from the background, however as the




Fig. 5. The figure shows the current frame on top left, ex¢é@dédreground Fig. 7. The figure shows the current frame on top left, exé@dédbreground
on top right, and the extracted background on bottom riglis Ts the on top right, and the extracted background on bottom righis s the
2808th frame in the video sequence. Notice that the filtep@dato the 1303rd frame in the video sequence. Notice that the Kalmger fieduces
new scene with new parked car and completely discarded tyelbirider.  the effect of the noise but fails to extract the background.

Fig. 6. The figure shows the current frame on top left, ex¢é@ddoreground
on top right, and the extracted background on bottom riglnis Ts the
1303rd frame in the video sequence. Notice that the Kalméer fidils to
extract the background as expected.

Fig. 8. The figure shows the current frame on top left, extciéoreground
on top right, and the extracted background on bottom righis Ts the
50th frame in the video sequence. Notice that the filter yatnieg the
background and there are artifacts left from the initiahfea

game stops and the players rest they start to appear faintly i

the background which demonstrates the adaptive force of the ) i

method. Also if we pay attention to the difference of currentlP With an analytical solution. Therefore the convergerice o
frame and background this faint reappearance does not efff2€ filter is very fast. _ _

the quality and it would be very easy to track the players, It is obvious that the filter has very nice properties when

Results are shown in figures 8,9 and 10. the environment has Gaussian uncertainties; but what about
real life scenarios? It is astonishing that KF still perferm
I1l. CONCLUSION AND DISCUSSIONS considerably well in non-Gaussian scenarios. However this

In this report we presented the performance of the new iperformance might not be considered enough and opens up
formation theoretic filterCorrentropy Filter, for hidden state the need for a new filter that uses higher order statistics Th
estimation in linear systems with non-Gaussian uncergaint is the reason we adapted the cost function to use the infor-
We motivated the new filter by the cost function of the wellimation theoretic measut@orrentropy. When the properties
known Kalman Filter. As it is well-known the KF uses theof correntropy are analyzed, it is seen that correntropy is
second order statistics of the observed signals and threrefindeed a weighted sum of all even moments of its argument.
provides the optimal solution when the uncertainties in th&his right away gave us a hint that this filter would be
system are Gaussian. On the other hand this assumption arséful in non-zero mean and non-Gaussian environments;
second order cost function gives the possibility of comingvhich proved true. Even though we gained the power of the



Fig. 9. The figure shows the current frame on top left, extéihéoreground
on top right, and the extracted background on bottom riglnis Ts the
1283rd frame in the video sequence. Notice that the filteroatrperfectly
separated the foreground.

Fig. 10. The figure shows the current frame on top left, exchéoreground
on top right, and the extracted background on bottom riglnis Ts the
2363rd frame in the video sequence. Notice that as the gawpeest for a
throw the player start to appear faintly in the backgrounensc

update rule. This would eliminate the step size parameter as
well as speeding up the convergence.

This paper should be considered as the presentation of a
tool that can be applied to a broad range of problems. One
such application is presented on the adaptive background
problem. We show that the immunity of the Correntropy
measure to outliers gives us the ability of extracting the
background from a video sequence and adaptively change it
with respect to the changes in the environment. It also copes
with salt and pepper noise which is clearly not Gaussian.
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information hidden in the higher order statistics, we |det t
analytical solution which is an important feature of the KF
and its variants. As the correntropy measure is a weighted
sum of even moments, there might be a possibility to create
an RLS type of algorithm to speed up the convergence.
The new filter has the free parameter called the kernel
bandwidth, that controls the behavior of the filter. It is
observed that the C-filter is behaving very similarly to the
KF when it uses very large kernel bandwidth. When the
kernel size is close to the dynamic range of the inputs, i use
higher order statistics and outperforms KF in non-Gaussian
environments. For adaptive background problem we used a
kernel bandwidth of 1.5 as the RGB values are between 0 and
1. The other free parameter is the step size and authors are
currently working on the possibilty of finding a fixed point



