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Abstract—Regression-based tasks have been the forerunner
regarding the application of machine learning tools in the context
of data mining. Problems related to price and stock prediction,
selling estimation, and weather forecasting are commonly used
as benchmarking for the comparison of regression techniques,
just to name a few. Neural Networks, Decision Trees and Support
Vector Machines are the most widely used approaches concerning
regression-oriented applications, since they can generalize well in
a number of different applications. In this work, we propose an
efficient and effective regression technique based on the Finite
Element Method (FEM) theory, hereinafter called Finite Element
Machine for Regression (FEMaR). The proposed approach has
only one parameter and it has a quadratic complexity for both
training and classification phases when we use basis functions
that obey some properties, as well as we show the proposed
approach can obtain very competitive results when compared
against some state-of-the-art regression techniques.

I. INTRODUCTION

Machine learning techniques have been actively pursued in

the last decades, since there is a growing number of appli-

cations that require some sort of intelligent-based decision-

making mechanism. Recently, deep learning-oriented works

have pushed machine learning to the cutting-edge research

related to unsupervised learning features from large datasets.

For some applications, deeply learnable features work much

better than handcrafted ones, but at the price of needing a

considerable amount of data for learning purposes, otherwise

the model can get overfitted.

Similarly to pattern classification, regression techniques

aim at learning a function that can predict outputs given

some input data, being the output not a single label, but

any real-valued outcome instead. Problems related to weather

forecasting, selling price and stock prediction are the most

related ones when one talks about regression applications. As

such, the reader can refer to a number of techniques to handle

such problem, such as Neural Networks [1], Support Vector

Regression (SVR) [2], Gaussian Processes [3], and Bayesian

regression [4], just to name a few.

Although we can refer to a number of regression techniques

in the literature, there is still room for improvements. Support

Vector Regression, for instance, might be one of the most

effective ones, but at the price of a high computational load

to find out suitable parameters related to the kernel mapping

process. On the other hand, Decision Trees are usually quite

fast, but they may not generalize well for some complex

problems. Such side effects, among others, have motivated us

to think about alternatives and new solutions for regression-

like problems.

Moving from machine learning to numerical analysis, one

of the most widely used approaches for finding approximate

solutions to boundary-value problems in partial differential

equations is the Finite Element Method (FEM) [5], [6].

Roughly speaking, FEM divides the original problem into

smaller pieces called finite elements, and the simple equations

that describe each element are assembled in a complex one

that should describe the whole problem. Therefore, given a

set of points, FEM can interpolate them using basis functions

in order to build a manifold that contains all these points.

In this paper, we borrow some ideas related to FEM to

propose FEMaR - Finite Element Machine for Regression,

a new framework for the design of pattern classifiers based

on finite element analysis. Depending on the basis function

used, FEMaR can be parameterless. It also features a quadratic

complexity for both training and classification phases, which

turns out to be its main advantage when dealing with mas-

sive amount of data. In short, FEMaR learns a probabilistic

manifold built over the training samples, which are the center

of a finite element basis. Therefore, the problem of learning

a manifold using one finite element basis is broken into a

surface composed of several bases, centered at each training

sample. In this paper, we show that FEMaR can obtain very

competitive results when compared against some state-of-the-

art regression techniques.

The remainder of this paper is organized as follows. Sec-

tions II and III introduce the theoretical background related

to FEM and FEMaR, respectively. Section IV presents the

methodology and experiments used to evaluate FEMa in the

context of regression problems, and Section V states conclu-

sions and future works.

II. FINITE ELEMENT METHOD

In this section, we present the main concepts related to

the Finite Element Method. Broadly speaking, FEM aims at

approximating functions given a set of sampled points by

means of basis functions. In a first step, the basis functions

are used to interpolate the manifold based on the sampled
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points (domain) and their respective responses to that functions

(image). Further, the approximation step aims at interpolating

new points to the learned manifold.

A. Function Approximation

Let D and V be an infinite and a non-trivial set, respectively,

and F : D → V be a function that contains an infinite

number of mappings. Therefore, F can not be represented as

a generic element in computers, and thus one needs to replace

F by an approximation function F̃ in some finite subspace.

Additionally, the quality of the approximation function F̃ can

be measured by the norm ‖F̃ − F‖, where ‖ · ‖ can be any

norm defined on some finite space. Also, that norm is often

called approximation error.

1) Approximation Basis: A basis φ of the space V is an

array φ = [φ1, φ2, . . . , φn] of functions whose elements are

linearly independent. Also, every element v ∈ V can be

obtained by a linear combination of those functions as follows:

v =

n∑

i=1

aiφi, (1)

where a = [a1, a2, . . . , an] such that ai ∈ �. Notice the

approximation function F̃ can be represented in computers

by the real coefficients a when φ is a basis of some finite

space.

2) Interpolation: One basic application of approximation

spaces is the interpolation of discrete data. In this con-

text, given a set of points X = {x1, x2, . . . , xn} such that

X ⊂ D, and their respective set of associated values Y =
{y1, y2, . . . , yn}, such that Y ⊂ V , the goal is to find an

approximation function F̃ that interpolates the pairs (xi, yi)
such that:

F̃ (xi) = yi, ∀i ∈ {1, 2, . . . , n}. (2)

In order to describe F̃ by the basis φ one needs to find the

coefficients a such that:

F̃ (xi) =

n∑

j=1

ajφj(xi) = yi, ∀i ∈ {1, 2, . . . , n}. (3)

The above equation means each element yi ∈ Y is generated

from the linear combination between all basis functions and

their respective coefficients.

The above formulation is equivalent to solve the following

linear system in the matrix notation:

Za = y, (4)

where y = [y1, y2, . . . , yn]T , and Z is an n × n matrix that

stores the influence of each basis element φi concerning the

point xj , as follows:

Zij = φi(xj). (5)

3) Interpolating Bases: A basis φ is an interpolating basis

regarding the points in X iff:

φi(xj) =

{
1 if i = j
0 otherwise.

(6)

For such a basis, Z stands for the identity matrix, which means

ai = yi, ∀i ∈ {1, 2, . . . , n}.
However, one can face bases that are not interpolating

natively. In this case, given a non-interpolating basis, we can

obtain a new interpolating one φ̂ where each element φ̂i is a

linear combination of the elements φi, as follows:

φ̂i(x) =

n∑

j=0

Z−1

ij φj(x), (7)

where Z−1 is the inverse of matrix Z.

B. Partition of Unity Basis

A basis φ is a partition of unity iff:

φi(x) ≥ 0, ∀i and ∀x ∈ D, (8)

and

n∑

i=1

φi(x) = 1, ∀x ∈ D. (9)

Such basis has smoothing properties, as follows:

al ≥

n∑

i=1

aiφi(x) ≥ ah, (10)

where al and ah stand for the minimum and maximum

coefficients of a. The smoothness in interpolation-driven com-

putations is often desired to avoid discontinuities.

Given a basis φ that satisfies Equation 8 only, we can easily

define a new basis φ̃ in order to satisfy Equation 9 either.

Such new basis can be obtained by means of the following

normalization step:

φ̃i(x) =
φi(x)∑n

j=1
φj(x)

. (11)

C. Finite Element Basis

Let S(φ(x)) be the support of a given basis φ(x), which

represents the set of points x ∈ D such that φ(x) 	= 0. A

finite element basis φ for an approximation space requires

S(φ(x)) be small and compact enough. The meaning of

“small” depends on the context, but usually means the value

(e.g. length, area, and volume) of S(φ(x)) is about 1/n of the

measurements of D.

The union of all supports of basis φ should cover the entire

domain D of the points where the function F (function to

be approximated) is nonzero. The use of such bases of finite

elements to the approximation of functions concerns the so-

called Finite Element Method.

In this work, we use a special class of finite element bases,

which are defined by points (meshless) [7], [8]. In such basis,

each finite element φi has a central point xi located at the

center of S(φ(xi)). In other words, we are just centering the
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basis at the point xi. Next, we present the basis used in this

work, which is quite popular in the context FEM.

1) Shepard Basis: In the Shepard basis [9], each element

is defined as follows:

φi(x) =
w(x, xi)∑n

j=1
w(x, xj)

, (12)

where w : D × D → � is a non-negative function, such

that w(x, xi) → ∞ when x → xi. Roughly speaking, the

closer is x from xi, the larger is the value of function w. Such

property implies that a Shepard basis holds the interpolating

and partition of unity assumptions.

Usually, function w is chosen as a power k ≥ 1 of the

inverse of the Euclidean distance, as follows:

w(x, xi) =
1

|x, xi|
k
, (13)

where |x, xi| denotes the Euclidean distance between x and

xi. Notice parameter k controls the smoothness of the inter-

polation process, and it should be chosen according to the

user needs. Figure 1 shows different Shepard bases using

three values of k. One can observe the behaviour of the basis

centered at the black dots according to different values of k:

the greater the value of k, the more sloppy is the function.

Clearly, k = 1 results in a steep function.

(a) (b)

(c)

Fig. 1. Behaviour of different Shepard bases according to three values of k,
where the black dots stand for the center of the basis: (a) k = 1, (b) k = 3
and (c) k = 5.

Figure 2 depicts some interpolated functions using FEM

with Shepard basis. Analogously to the behaviour of the afore-

mentioned basis, the interpolated functions tend to become less

smooth. Once more, the rectangles stand for the center of the

basis.

(a) (b)

(c)

Fig. 2. Interpolated function using the Shepard basis for (a) k = 1, (b) k = 3
and (c) k = 5. The blue rectangles represent the center of the basis and their
sampled values.

III. FINITE ELEMENT MACHINE FOR REGRESSION

A. Background Theory

Let Z = Z1 ∪ Z2 be a dataset partitioned into a training

(Z1) and a test (Z2) set. In this case, the pair (xi, yi) ∈ Z
denotes the feature vector (independent variables) xi ∈ �

m

extracted from sample i, and yi ∈ � stands for the value of

dependent variables (output). Notice we adopted the very same

formulation used in the previous section, i.e. a point in FEM

formulation stands for a sample in FEMaR.

B. Manifold Learning

Depending on the basis function used to interpolate points,

FEMaR does not require a training step, which turns out to

be quite interesting when dealing with big data. Precisely,

this assumption is true concerning bases that are natively

interpolating, such as Shepard basis. On the other hand, with

respect to non-interpolating basis, e.g. radial functions, one

needs to compute Z−1 in Equation 7. Also, if the basis

function does not hold the partition of unity property, one shall

compute Equation 11 either. Therefore, although FEMaR can

be used with any basis function, we shed light over that bases

holding both the interpolating and partition of unity properties

are much more appealing when dealing with massive amount

of data. As such, we can consider the calculation of Z−1 and

Equation 11 as the training steps when using non-interpolating

and non-partition of units bases.

Assuming we are using an interpolating and partition of

unity basis (e.g Shepard), we can move to the testing step.

Given a sample x ∈ Z2, we need to compute its dependent

variable y, as follows:

F (x) =

|Z1|∑

j=1

yjφj(x), (14)
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where yj stands for the sampled value of xj . Roughly speak-

ing, the estimation (testing) phase of FEMaR aims at assigning

a real value to each test sample that is basically a weighted

combination of all bases centered at the training samples. As a

matter of fact, the weights are, essentially, the output of each

training sample.

C. Toy Example

In this section, we present the FEMaR working mechanism

on a bidimensional classification problem. Figure 3a shows

a training set with samples distributed over a feature space.

Concerning this example, we consider three different values

to be estimated, which are represented by three different colors

(i.e. red, green and blue). The task is to verify the influence

region of each training sample in the image domain, i.e. we

want “to interpolate” the remaining points (white ones) in

the image frame displayed in Figure 3a. In this case, each

sample (point) is described by its (x, y)-position, and the

dependent value (output to be predicted) is a different color.

The regression outputs of different regression methods are

displayed in Figures 3b-g.

One can observe a very much clear difference among the

methods: while decision trees generate discrete influence re-

gions, SVR with Linear kernel and Bayesian Ridge regression

seem to get confused, since the influence region of each

training sample is not clearly defined. On the other hand, SVR

with a Radial Basis Function kernel and FEMaR are capable

to generate well-bounded influence regions for each training

sample (colored points). However, FEMaR can also cover a

larger area of the feature space, thus being able to generalize

better when one lacks data.

Figures 4b, 4c and 4d depict the image frame after regres-

sion by FEMaR using the Shepard basis with k = 1, k = 3 and

k = 5, respectively. Since we are using the (x, y) coordinates

to describe each sample, the image refers to the influence of

the training samples and their estimated values (color). Notice

that FEMaR can obtain quite good and smooth functions for

different values of k (Equation 13). As matter of fact, the larger

the value of k, the less points will influence the regression

process.

D. Complexity Analysis

As aforementioned, depending on the basis function used to

build the manifold function (i.e. interpolating and partition of

unity properties), FEMaR does not require an explicit training

step, since we just need to place the training points, thus taking

θ(1). However, if one uses a non-interpolating basis function,

we need to compute the inverse matrix Z−1 in Equation 7,

which requires θ(|Z1|
2.37

) using the Coppersmith-Winograd

algorithm [10].

In regard to the regression phase, for each test sample x, we

need to compute Equation 12, which requires θ(|Z1|). How-

ever, the denominator of such equation considers all training

samples, thus becoming a constant, and we need to compute it

only once. Since the test set contains |Z2| samples, the overall

regression phase takes θ(|Z1| + |Z1| |Z2|) ∈ θ(|Z1| . |Z2|).

(a)

(b) (c) (d)

(e) (f) (g)

Fig. 3. Regression example: (a) samples in the feature space, (b) Bayesian
Ridge Regression, (c) Decision Tree with maximum depth of 2, (d) Decision
Tree with maximum depth of 5, (e) SVR with Linear kernel (parameter C =
0.0001), (f) SVR with Radial Basis Function kernel (C = 0.001 and γ = 0.1,
and (g) FEMaR.

(a)

(b) (c) (d)

Fig. 4. FEMaR working mechanism: (a) training set with samples distributed
in three classes, and the regression outputs generated by FEMaR using (b)
k = 1, (c) k = 3 and (d) k = 5.

Therefore, by using an interpolating basis function, the

whole FEMaR learning and classification processes require

a quadratic complexity with respect to the training/testing set

size (i.e. when |Z1| = |Z2|).

IV. EXPERIMENTS

In this section, we present the methodology and the exper-

imental setup used to asses the robustness and efficiency of

FEMaR against four other regression methods: (i) Bayesian

Ridge Regression (Bayes-R), (ii) Decision Trees (DT), (iii)
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Support Vector Regression with Linear basis function (SVR-

L), and (iv) Support Vector Regression with Radial Basis

Function (SVR-RBF). Such approaches were selected for

comparison purposes since they have been commonly applied

in a wide number of applications in the literature.

Concerning Decision Trees, we used two distinct versions:

one composed of trees with maximum depth of 2, and another

composed of trees with maximum depth 5. With respect to

SVR-L, the parameter C was set to 0.0001, and concerning

SVR-RBM the parameter C was defined as 0.001, and γ
as 0.1. Finally, with respect to FEMaR, parameter k was

defined as 31. In regard to the implementation, the four

regression techniques used in this work come from scikit-

learning toolbox [11], and concerning FEMaR we used our

own implementation.

In order to validate the experiments, we employed 14 public

benchmarking datasets2 that have been frequently used for

the evaluation of regression methods. Table I presents the

main characteristics of the datasets, which were selected in

order to model distinct scenarios, which comprise datasets

with different number of features, sizes and normalized/non-

normalized features.

TABLE I
INFORMATION ABOUT THE USED IN THE EXPERIMENTS.

Dataset # samples # features

abalone 4.177 8
abalone-scale 4.177 8
bodyfat 252 14
bodyfat-scale 252 14
housing 506 13
housing-scale 506 13
mg 1.385 6
mg-scale 1.385 6
mpg 392 7
mpg-scale 392 7
pyrim 47 27
pyrim-scale 47 27
triazines 186 60
triazines-scale 186 60

The datasets were partitioned at random using 25%, 50%
and 75% for training purposes, being the remaining samples

for testing purposes. Notice the aforementioned protocol was

repeated under 15 runnings for the computation of the Mean

Squared Error (MSE) and computational load in seconds. The

idea is to verify the behavior of FEMaR under training sets

with different sizes. Additionally, the Wilcoxon signed-rank

statistical test [12] with significance of 0.05 was used to

validate the results.

Table II presents the MSE results concerning a training set

with 25% of the entire image for learning purposes. The most

accurate results according to the statistical test are in bold.

FEMaR obtained the best results in 6 out 14 datasets, Bayes-

1All parameters were empirically defined by means of a cross-validation
procedure.

2http://www.csie.ntu.edu.tw/∼cjlin/libsvmtools/datasets

R obtained and SVR-RBF achieved the best results in 10
and 8 datasets, respectively. However, for some situations (i.e.

“abalone-scale” and “housing-scale”) FEMaR obtained much

better results than all techniques, as the opposite has happened

either (e.g. “bodyfat-scale” and “mpg-scale”). In regard to

normalized/non-normalized datasets, some techniques seem to

be highly affected, such as SVR-L in “housing” and “mpg”

datasets, for instance. In our case, FEMaR does not appear to

be considerably affected by non-normalized features.

Table III presents the mean computational load in seconds

concerning the training and testing steps. The fastest tech-

niques where Bayes-R and the ones based on Decision Trees,

followed by FEMaR and SVR-RBF. SVR-L took longer in the

situations where its results were the worst ones in Table II.

Since SVR is essentially an optimization problem, SVR-L did

not find a reasonable result for some datasets, thus taking

longer in the search for better solutions (e.g. “housing” and

“mpg”).

Tables IV and V present the MSE values concerning training

sets with 50% and 75% of the entire dataset, respectively.

Concerning 50% of the dataset for training purposes, FEMaR

obtained the best results in 6 out of 14 datasets, and with

respect to 75%, the proposed approach obtained the best

results in 7 out of 14 datasets. Roughly speaking, FEMaR

also benefit from larger datasets, which is usually expected in

machine learning applications.

Figure 5 depicts the robustness of FEMaR with respect to

different values of k concerning “triazines” dataset. One can

observe that FEMaR gets little affected by different values of

k, which is interesting, since we can save time when looking

for the k-nearest neighbors of a given testing sample. We opted

to use that dataset due to their small size, thus requiring low

computational burden.

Fig. 5. Robustness of FEMaR with respect to different values of k concerning
“triazines” dataset.

V. CONCLUSIONS AND FUTURE WORKS

Supervised pattern recognition techniques have been

paramount in the last years, mainly due to the increasing

number of applications that make use of some decision-making

mechanism. In this paper, we proposed FEMaR - A Finite

Element Machine for Regression problems based on the Finite

Element Method theory, which has been extensively used
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Dataset Bayes-R DTree2 DTree5 SVR-L SVR-RBF FEMaR

abalone 4.98± 0.08 6.72± 0.10 6.00± 0.22 5.18± 0.11 4.71± 0.08 5.68± 0.19
abalone-scale 4.95± 0.12 6.68± 0.16 6.01± 0.22 5.12± 0.17 4.77± 0.12 4.54± 0.26

bodyfat 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00
bodyfat-scale 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00 6.02± 1.18

housing 29.34± 2.24 35.75± 5.11 31.12± 4.47 2521.17± 1338.29 82.11± 3.86 38.97± 5.92
housing-scale 26.34± 2.47 32.18± 4.37 28.49± 7.75 27.98± 4.91 20.28± 5.10 11.72± 2.93

mg 0.02± 0.00 0.02± 0.00 0.02± 0.00 0.02± 0.00 0.02± 0.00 0.02± 0.00
mg-scale 0.02± 0.00 0.02± 0.00 0.02± 0.00 0.02± 0.00 0.02± 0.00 0.02± 0.00

mpg 12.04± 0.71 20.89± 1.93 16.19± 1.84 4132207.71± 3463504.50 59.92± 3.03 21.44± 1.55
mpg-scale 11.73± 0.67 21.33± 1.81 15.12± 2.18 12.59± 0.58 10.05± 1.00 49.56± 34.51

pyrim 0.01± 0.00 0.02± 0.00 0.02± 0.01 0.01± 0.00 0.01± 0.00 0.01± 0.00
pyrim-scale 0.01± 0.00 0.02± 0.01 0.02± 0.00 0.01± 0.00 0.01± 0.00 7.77± 4.20

triazines 0.02± 0.00 0.03± 0.01 0.03± 0.01 0.08± 0.04 0.03± 0.01 0.03± 0.00
triazines-scale 0.02± 0.00 0.03± 0.00 0.03± 0.01 0.18± 0.10 0.03± 0.01 56.99± 28.24

TABLE II
MSE CONSIDERING A TRAINING SIZE WITH 25% OF THE ENTIRE DATASET.

Dataset Bayes-R DTree2 DTree5 SVR-L SVR-RBF FEMaR

abalone 0.01± 0.01 0.00± 0.00 0.00± 0.00 1.73± 0.29 0.38± 0.08 0.81± 0.17
abalone-scale 0.00± 0.00 0.00± 0.00 0.00± 0.00 2.54± 0.50 0.45± 0.07 0.79± 0.16

bodyfat 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00
bodyfat-scale 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00

housing 0.01± 0.00 0.00± 0.00 0.00± 0.00 60.24± 17.09 0.01± 0.00 0.02± 0.01
housing-scale 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.29± 0.34 0.03± 0.01 0.01± 0.00

mg 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.55± 0.09 0.11± 0.02 0.08± 0.01
mg-scale 0.00± 0.00 0.00± 0.00 0.00± 0.00 2.36± 0.68 0.33± 0.06 0.08± 0.01

mpg 0.00± 0.00 0.00± 0.00 0.00± 0.00 19.54± 10.09 0.00± 0.00 0.00± 0.00
mpg-scale 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.08± 0.05 0.02± 0.00 0.00± 0.00

pyrim 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00
pyrim-scale 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00

triazines 0.02± 0.02 0.00± 0.00 0.00± 0.00 0.20± 0.20 0.00± 0.00 0.01± 0.00
triazines-scale 0.01± 0.01 0.00± 0.00 0.00± 0.00 0.68± 0.41 0.00± 0.00 0.00± 0.00

TABLE III
MEAN COMPUTATIONAL LOAD (SECONDS) CONSIDERING A TRAINING SET WITH 25% OF THE ENTIRE DATASET.

Dataset Bayes-R DTree2 DTree5 SVR-L SVR-RBF FEMaR

abalone 4.92± 0.16 6.66± 0.16 5.66± 0.29 5.13± 0.21 4.63± 0.18 5.45± 0.19
abalone-scale 4.89± 0.16 6.63± 0.22 5.50± 0.27 5.11± 0.23 4.63± 0.18 5.68± 2.37

bodyfat 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00
bodyfat-scale 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00 5.19± 1.27

housing 26.03± 3.21 32.29± 4.09 23.67± 6.53 1956.37± 909.42 77.86± 6.53 32.22± 6.29
housing-scale 23.26± 2.22 29.78± 3.06 20.13± 5.44 24.00± 3.34 14.01± 4.70 10.03± 2.47

mg 0.02± 0.00 0.02± 0.00 0.02± 0.00 0.02± 0.00 0.02± 0.00 0.02± 0.00
mg-scale 0.02± 0.00 0.02± 0.00 0.02± 0.00 0.02± 0.00 0.02± 0.00 0.02± 0.00

mpg 11.50± 1.02 19.16± 1.46 12.48± 2.11 106960.37± 56646.27 58.02± 4.17 18.65± 1.16
mpg-scale 11.88± 0.90 20.69± 2.13 13.23± 1.91 12.61± 1.03 7.97± 1.12 43.36± 17.37

pyrim 0.01± 0.00 0.02± 0.01 0.02± 0.01 0.01± 0.01 0.01± 0.01 0.01± 0.00
pyrim-scale 0.01± 0.00 0.02± 0.01 0.01± 0.01 0.01± 0.00 0.01± 0.01 4.32± 2.08

triazines 0.02± 0.00 0.03± 0.01 0.02± 0.01 0.03± 0.00 0.03± 0.01 0.02± 0.00
triazines-scale 0.02± 0.00 0.03± 0.00 0.02± 0.00 0.03± 0.01 0.03± 0.00 60.45± 30.35

TABLE IV
MSE CONSIDERING A TRAINING SIZE WITH 50% OF THE ENTIRE DATASET.

for several purposes in engineering and sciences, but not for

regression purposes. The main idea is to learn a probabilistic

manifold built upon the training samples, which will become

the center of a basis function each. Further, the regression

process simply inserts a test sample into the manifold, and

computes the output given by FEMaR.

Experiments against five other well-known regression tech-

niques in 14 datasets showed that FEMaR can obtain very

competitive results, though being considerably fast and, in

practice, it does not have a training phase. In regard to future

works, we aim at extending FEMaR for clustering problems,

as well as to evaluate the influence of other basis functions.

In addition, we shall implement its optimized version based

on kd-trees to estimate the parameter k.

ACKNOWLEDGMENT

The authors are grateful to FAPESP grants #2013/07375-

0, #2014/16250-9 and #2014/12236-1, as well as CNPq grant

#306166/2014-3.

REFERENCES

[1] S. Haykin, Neural Networks: A Comprehensive Foundation (3rd Edi-

tion). Upper Saddle River, NJ, USA: Prentice-Hall, Inc., 2007.

2756



Dataset Bayes-R DTree2 DTree5 SVR-L SVR-RBF FEMaR

abalone 4.86± 0.40 6.78± 0.47 5.55± 0.50 5.07± 0.44 4.58± 0.43 5.48± 0.46
abalone-scale 4.95± 0.26 6.57± 0.45 5.53± 0.35 5.04± 0.28 4.49± 0.22 4.45± 0.17

bodyfat 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00
bodyfat-scale 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00 5.43± 2.82

housing 25.69± 3.91 30.29± 5.47 22.84± 5.61 2602.42± 767.78 70.09± 9.03 27.64± 3.14
housing-scale 26.31± 7.18 32.14± 8.37 22.48± 9.26 28.64± 8.78 15.87± 9.91 8.44± 3.45

mg 0.02± 0.00 0.02± 0.00 0.02± 0.00 0.02± 0.00 0.02± 0.00 0.02± 0.00
mg-scale 0.02± 0.00 0.02± 0.00 0.02± 0.00 0.02± 0.00 0.02± 0.00 0.02± 0.00

mpg 11.10± 1.63 19.24± 2.30 13.27± 3.46 13365± 5828291.74 56.99± 5.23 16.87± 2.26
mpg-scale 12.03± 2.29 20.38± 2.25 13.58± 2.51 12.86± 2.73 7.96± 2.45 59.30± 40.61

pyrim 0.01± 0.01 0.01± 0.01 0.01± 0.01 0.01± 0.01 0.01± 0.01 0.01± 0.01
pyrim-scale 0.02± 0.01 0.02± 0.01 0.02± 0.01 0.01± 0.01 0.01± 0.01 7.43± 9.22

triazines 0.02± 0.01 0.02± 0.00 0.02± 0.01 - 0.03± 0.01 0.02± 0.01
triazines-scale 0.02± 0.00 0.03± 0.01 0.02± 0.01 0.03± 0.01 0.03± 0.01 56.33± 30.06

TABLE V
MSE CONSIDERING A TRAINING SIZE WITH 75% OF THE ENTIRE DATASET. THE SYMBOL ‘-’ MEANS THE METHOD DID NOT CONVERGE AT A

REASONABLE TIME.

[2] H. Drucker, C. J. C. Burges, L. Kaufman, A. J. Smola, and V. Vapnik,
“Support vector regression machines,” in Advances in Neural Informa-

tion Processing Systems 9, M. I. Jordan and T. Petsche, Eds. MIT
Press, 1997, pp. 155–161.

[3] C. E. Rasmussen and C. K. I. Williams, Gaussian Processes for Machine
Learning (Adaptive Computation and Machine Learning). The MIT
Press, 2005.

[4] R. O. Duda, P. E. Hart, and D. G. Stork, Pattern Classification, 2nd ed.
New York, USA: Wiley-Interscience, 2000.

[5] O. C. Zienkiewicz and Y. K. Cheung, The Finite Element Method in

Structural and Continuum Mechanics. McGraw-Hill, 1967.
[6] G. Yu and H. Adeli, “Object-oriented finite element analysis using EER

model,” Journal of Structural Engineering, vol. 119, pp. 2763–2781,
1993.

[7] J. Lehtinen, M. Zwicker, E. Turquin, J. Kontkanen, F. Durand, F. Sillion,
and T. Aila, “A meshless hierarchical representation for light transport,”
ACM Trans. Graph., vol. 27, no. 3, 2008.

[8] D. R. Pereira, J. Stolfi, and A. Gomide, “Comparison of finite element
bases for global illumination in image synthesis,” in 23rd SIBGRAPI

Conference on Graphics, Patterns and Images. IEEE Computer Society,
2010, pp. 287–294.

[9] D. Shepard, “A two-dimensional interpolation function for irregularly-
spaced data,” in Proceedings of the 1968 23rd ACM national conference.
ACM Press, 1968, pp. 517–524.

[10] D. Coppersmith and S. Winograd, “Matrix multiplication via arithmetic
progressions,” Journal of Symbolic Computation, vol. 9, pp. 251–280,
1990.

[11] F. Pedregosa, G. Varoquaux, A. Gramfort, V. Michel, B. Thirion,
O. Grisel, M. Blondel, P. Prettenhofer, R. Weiss, V. Dubourg, J. Vander-
plas, A. Passos, D. Cournapeau, M. Brucher, M. Perrot, and E. Duch-
esnay, “Scikit-learn: Machine learning in Python,” Journal of Machine
Learning Research, vol. 12, pp. 2825–2830, 2011.

[12] F. Wilcoxon, “Individual comparisons by ranking methods,” Biometrics
Bulletin, vol. 1, no. 6, pp. 80–83, 1945.

2757



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


