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Abstract—We present a new curvilinear algorithmic
model for training neural networks which is based on a
modifications of the memoryless BFGS method that incor-
porates a curvilinear search. The proposed model exploits
the nonconvexity of the error surface based on information
provided by the eigensystem of memoryless BFGS matrices
using a pair of directions; a memoryless quasi-Newton direc-
tion and a direction of negative curvature. In addition, the
computation of the negative curvature direction is accom-
plished by avoiding any storage and matrix factorization.
Simulations results verify that the proposed modification
significantly improves the efficiency of the training process.

Index Terms—Neural networks, memoryless BFGS, neg-
ative curvature direction, curvilinear search.

I. Introduction

Mathematically, the standard “training” problem of a
neural network reduces to finding a set of weights w to
minimize the error function E(w), defined as the sum of
the squares of the errors in the outputs [21]. Traditional
gradient-based algorithms, update the weights using the
following iterative formula

wk+1 = wk + ηkpk

where k is the current iteration usually called epoch, w0 ∈
R

n is a given starting point, ηk is a stepsize (or learning
rate) with ηk > 0 and pk is a descent search direction, i.e.,
gT

k pk < 0. Moreover, the gradient can be easily obtained by
means of back propagation of errors through the network
layers. In the literature, there have been proposed many
suggestions [5], [9] to define the search direction pk and
most of them use second order information. The most elab-
orated directions are the limited memory quasi-Newton di-
rection [14], [18] where the search direction is defined by
building up a Hessian approximation using curvature in-
formation from the most recent iterations.

Recently, it has been proposed a method that exploits
the eigenstructure of the memoryless BFGS matrices with-
out using storage and matrix factorization [2]. Consequ-
ently, a direction of negative curvature can be computed
analytically avoiding the storage of any matrix. There-
fore, the method is well-suited for large scale problems,
such as training neural networks. Motivated by [2], we
propose a curvilinear scheme which is based on a modifi-
cation of a memoryless quasi-Newton method for training
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neural networks. The proposed algorithm utilizes a pair
of directions; a memoryless quasi-Newton direction and a
direction of negative curvature, i.e., directions d such that
dT∇2E(w)d < 0, and it is based on the following iterative
form

wk+1 =
{

wk + ηkpk, if Bk is positive definite;
wk + η2

kpk + ηkdk, otherwise

where pk is a memoryless quasi-Newton direction, dk is
a direction of negative curvature and Bk is the memo-
ryless BFGS Hessian approximation. When Bk is posi-
tive definite, the proposed iterative scheme is the stan-
dard linesearch procedure (see [3], [19]). In different
case, the iterative scheme searches along the curvilinear
path wk+1 = wk + η2

kpk + ηkdk which was first proposed
by Moré and Sorensen [15]. The proposed method pre-
serves the strong convergence properties provided by the
quasi-Newton direction when Bk is positive definite. Ad-
ditionally, it exploits the nonconvexity of the error surface
through the computation of the negative curvature direc-
tion without using any storage and matrix factorization.

Notations. Throughout the paper ‖ · ‖ denotes the Eu-
clidean norm and n the dimension of the error function. We
indicate that a matrix A is positive definite by A > 0. The
gradient of the error function is denoted by gk = ∇E(wk).

II. Properties of the memoryless BFGS matrices

The memoryless BFGS matrices are computed based on
the L-BFGS philosophy [14], [18] using information from
the most recent iteration. Given an initial matrix B0 =
(1/θ)I, θ ∈ R\{0}, and the BFGS formula

Bk+1 = Bk − BksksT
k Bk

sT
k Bksk

+
ykyT

k

sT
k yk

, (1)

where sk = xk+1 − xk and yk = gk+1 − gk, the resulting
minimal memory BFGS update scheme takes the form

Bk+1 =
1

θk+1
I − sksT

k

θk+1sT
k sk

+
ykyT

k

sT
k yk

. (2)

Additionally, it is known that the inverse of Bk+1 is given
by the following expression [18]

B−1
k+1 = θk+1I − θk+1

yksT
k + skyT

k

sT
k yk

+
sksT

k

sT
k yk

(3)

In our approach we consider the case where the scalar pa-
rameter θ is defined as θk+1 =

(
sT

k sk

)
/
(
sT

k yk

)
which is the

spectral parameter of Barzilai and Borwein [4].
Lemma 1 ([2]) Let the symmetric memoryless BFGS

matrix defined in (2). Then, the characteristic polynomial
of Bk+1 ∈ R

n×n has the general form
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p(λ) =
(

λ − 1
θk+1

)n−2 (
λ2 − ak

θk+1
λ +

1
θ2

k+1

)
, (4)

where ak = 1 + θk+1
yT

k yk

sT
k yk

. Moreover, if ak > 2, then λ1 <

1/θk+1 < λn, where λ1 and λn are the smallest and largest
eigenvalues of Bk+1, respectively.

The parameter ak is bounded from below by 2, since

ak = 1 + θk+1
yT

k yk

sT
k yk

= 1 +
‖sk‖2‖yk‖2

(sT
k yk)2

= 1 +
1

cos2φ
≥ 2,

where φ is the angle between sk and yk. If ak > 2,
the extreme eigenvalues can be computed by solving the
quadratic equation λ2 − (ak/θk+1)λ + 1/θ2

k+1 = 0. In con-
trast, if ak = 2, then the characteristic polynomial is re-
duced to p(λ) = (λ− 1/θk+1)n; thus Bk+1 = (1/θk+1)I.

Proposition 1 ([2]) Let Λ be the set of eigenvalues of
Bk+1 with opposite signs. Then, for any λ ∈ R \Λ, the
matrix (Bk+1 +λI) is invertible and its inverse can be ex-
pressed by the following closed-form

(Bk+1 + λI)−1 =
1
γ

2∑
i=0

(−1)iγi(λ) (Bk+1)
i (5)

where the quantities γ = (1/θk+1 + λ)(λ2 + akλ/θk+1 +
1/θ2

k+1), γ2 = 1, γ1 = λ+(ak +1)/θk+1 and γ0 = λ2 +(ak +
1)λ/θk+1 + (ak + 1)/θ2

k+1 are functions of λ.
For determining the eigenvector corresponding to the

smallest eigenvalue of Bk+1, we consider the following
cases.
Case 1: If the smallest eigenvalue of Bk+1 is distinct, then
the corresponding eigenvector is computed by applying a
single step of the inverse iteration. Given a non-zero start-
ing vector u0, inverse iteration generates a sequence of vec-
tors ui, generated recursively by the formula

ui =
(
B − λ̂I

)−1 ui−1

‖ui−1‖ , i = 1, 2, . . .

where λ̂ = λ+ε, λ is a distinct eigenvalue of B and ε → 0+.
The sequence of iterates ui converges to an eigenvector as-
sociated with an eigenvalue closest to λ̂. Moreover, if this
particular eigenvalue λ is known exactly, this method con-
verges in a single iteration [12]. Hence, using Lemma 1
and Proposition 1 and after some simple algebraic com-
putations, the expression for the eigenvector is defined by
u1 = û1/‖û1‖, where

û1 =
2∑

i=0

(−1)iγi(λ̂)(Bk+1)
i u

γ(λ̂)

= −γu(λ̂) u + γus(λ̂) sk − γuy(λ̂) yk, (6)

with λ̂ = −λ1 + ε , u = u0/‖u0‖ and the coefficients are

γu(λ̂) =
[
1− γ1(λ̂) θk+1 + γ0(λ̂) θ2

k+1

]/ [
γ(λ̂) θ2

k+1

]
,

γus(λ̂) =
{[

1− γ1(λ̂) θk+1

]
sT
k u + θk+1yT

k u
}/[

γ(λ̂) θ2
k+1sT

k sk

]
,

γuy(λ̂) =
{[

1− γ1(λ̂) θk+1 + ak

]
θk+1yT

k u− sT
k u

}/[
γ(λ̂) θ2

k+1sT
k yk

]
.

Case 2: If the smallest eigenvalue of Bk+1 is multiple, then
from Lemma 1 we have that ak = 2 and Bk+1 = (1/θk+1)I.
Thus, using the eigendecomposition of B it follows that
B = UΛUT , where U = I and Λ = diag (λ1,λ1, . . . ,λ1). It
is easy to verify that an eigenvector corresponding to λ1 is
u1 = e1 = (1,0, . . . ,0)T .

III. Curvilinear Memoryless BFGS Algorithm

A. Computation of the descent pair of directions

At this point, we recall that our new proposed curvi-
linear scheme uses a pair of directions; a quasi-Newton
direction [19] which is defined as

pk+1 =
{ −B−1

k+1gk+1, Bk+1 > 0;
−gk+1, otherwise.

(7)

where B−1
k+1 is defined in equation (3) and a direction of

negative curvature [15] which is calculated by

dk+1 =
{

0, Bk+1 > 0;
−sgn(uT

1 gk+1)u1, otherwise, (8)

where u1 is a normalized eigenvector corresponding to the
most negative eigenvalue of Bk+1. We note that both di-
rections must be descent directions. In a given iterate wk,
the pair (pk, dk) is assumed to be a sufficient descent pair
of directions if {pk}∞k=0 and {dk}∞k=0 are bounded and sat-
isfy the following conditions [8]:

Condition 1: gT
k pk = 0 implies gk = 0 and pk = 0.

Condition 2: gT
k pk → 0 implies gk → 0 and pk → 0.

Condition 3: dT
k Bkdk → 0 implies min(λ1, 0) → 0 and

dk → 0, where λ1 is the smallest eigenvalue of Bk.

Conditions 1 and 2 are the standard ones for quasi-Newton
directions. They ensure that pk �= 0 and gk �= 0 are not or-
thogonal and do not become nearly so too rapidly. Condi-
tion 3 ensures that dk contains information related to the
smallest eigenvalue of the approximate Hessian.

When the vectors sk and yk are linearly independent,
i.e. ak > 2, then, the quasi-Newton direction is computed
using relation (7). Additionally, the negative curvature
direction is computed by means of relations (6) and (8).

In case where the vectors sk and yk are collinear, i.e.,
ak = 2, then the quasi-Newton direction is reduced to

pk+1 =

{
−gk+1

θk+1
, Bk+1 > 0;

−gk+1, otherwise.
(9)

B. Model training algorithm CM-BFGS

At this point, we present a high level description of our
proposed algorithm based on the Armijo procedure.

Step 1: Initiate w0, 0 < c1 < c2 < 1, Err and ε → 0;
set k = 0.

Step 2: If (E(wk) < Err) or (‖∇E(wk)‖2 < ε) termi-
nate; else compute the eigenvalues λi of Bk.

Step 3: If λ1 > 0 then
(a) Compute pk; set dk = 0 and ηk = 1.
(b) Find ηk > 0 such that

E(wk + ηkpk) ≤ E(wk) + c1ηkgT
k pk
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Step 4: Else if λ1 ≤ 0 then
(a) Set pk = −gk and compute the normalized eigen-

vector u1; set dk = −sgn
(
uT

1 gk

)
u1 and ηk = 1.

(b) Find ηk > 0 such that

E(wk +η2
kpk +ηkdk) ≤ E(wk)+c2ηk

(
gT

k dk +
1
2
λ1

)

Step 5: Update the weights

wk+1 =
{

wk + ηkpk, if λ1 > 0;
wk + η2

kpk + ηkdk, otherwise

Step 6: Compute gk+1, sk = wk+1 −wk and yk+1 =
gk+1−gk; if |sT

k yk| > 10−6‖sk‖‖yk‖, update the vector
pair {sk,yk}.

Step 7: Set k = k + 1 and goto Step 2.
Remarks: In Step 2, the computation of the eigenvalues is
based on Lemma 1. In Step 3(a), pk is computed either
by relation (7) or by relation (9) (that is, in case ak > 2
or ak = 2, respectively). In Step 4(a), if ak > 2, then dk

is computed using relation (6), in contrast we set dk =
−sgn(g(1)

k+1)(1, 0, . . . , 0)T . Finally, in Step 6 we skip the
update in case |sT

k yk| ≤ 10−6‖sk‖‖yk‖ to ensure that Bk is
well defined.

IV. Experimental Results

In the following section we will evaluate the perfor-
mance of our proposed method in six famous benchmarks
acquired by the UCI Repository of Machine Learning
Databases [16]. In the following subsections we briefly de-
scribe each problem and present the performance compar-
ison between our proposed curvilinear memoryless BFGS
(CM-BFGS) with the linesearch memoryless BFGS (L-BFGS)
[18], [14] the conjugate gradient methods of Polak-Ribiére
(CG-PR) and Fletcher-Reeves (CG-FR) and with the scaled
conjugate gradient (SCG).

The parameters in CM-BFGS were set as σ1 = σ2 = 10−4

and for the rest algorithms we have used the standard pa-
rameters as in [18] for all experiments. All networks have
received the same sequence of input patterns and the initial
weights were initiated using the Nguyen-Widrow method
[17]. For evaluating classification accuracy we have used
the standard procedure called k-fold cross-validation [13].
We have also used the Libopt environment [7] to create
the performance profiles proposed by Dolan and Moré [6]
to present perhaps the most complete information in terms
of functions and gradient evaluations. All simulations have
been carried out on a processor Pentium-IV dual core com-
puter (2.0MHz, 1Gbyte RAM) running Linux operating
system.

A. Breast cancer problem

The first benchmark concerns the diagnosis of breast
cancer malignancy. The data have been collected from 683
patients from the University of Wisconsin each having 9
attributes and a class label (malignant or benign tumor).
We have used neural networks with 2 hidden layers of 4
and 2 neurons respectively, as suggested in the PROBEN1
benchmark collection [20]. The termination criterion is set

to E ≤ 0.02 within the limit of 2000 epochs and all net-
works were tested using 10-fold cross validation.
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(a) Performance based on function evaluations
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(b) Performance based on gradient evaluations

Fig. 1. Log10 scaled performance profile for number of function and
gradient evaluations for the breast cancer problem.

In Figure 1 are presented the performance profiles for the
breast cancer problem, investigating the efficiency and ro-
bustness of each training method. As regards the function
evaluations metric, CM-BFGS and L-BFGS are the top per-
formers with CM-BFGS exhibiting slightly better efficiency.
Furthermore, the performance profile relative to the gradi-
ent evaluation metric reports that CM-BFGS is much more
robust and more efficient than all other training methods.

B. Diabetes problem

The aim of this real-world classification task is to decide
when a Pima Indian female is diabetes positive or not.
We have used neural networks with 2 hidden layers of 4
neurons each and an output layer of 2 neurons [20]. The
termination criterion is set to E < 0.14 within the limit
of 2000 epochs and all networks were tested using 10-fold
cross validation.
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(b) Performance based on gradient evaluations

Fig. 2. Log10 scaled performance profile for number of function and
gradient evaluations for the diabetes problem.

Figure 2 presents the performance profiles for both per-
formance metrics for the diabetes problem. In Figure 2(a)
we demonstrate that CM-BFGS slightly outperforms L-BFGS
and exhibits much better performance comparatively to
the conjugate gradient methods, in terms of function eval-
uations. Additionally, Figure 2(b) reports that relative
to the gradient evaluations metric, our proposed method
is the most efficient and robust method outperforming all
other methods.

C. SPECT Heart Problem

This dataset contains data instances derived from
cardiac Single Proton Emission Computed Tomography
(SPECT) images from the University of Colorado [16].
This is also a binary classification task, where patients
heart images are classified as normal or abnormal. The
class distribution has 55 instances of the abnormal class
(20.6%) and 212 instances of the normal class (79.4%).
The network architectures for this medical classification

problem constitute of 1 hidden layer with 6 neurons and
an output layer of 1 neuron [22]. The termination criterion
is set to E ≤ 0.1 within the limit of 1000 epochs.
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(b) Performance based on gradient evaluations

Fig. 3. Log10 scaled performance profile for number of function and
gradient evaluations for the spect heart problem.

Figure 3 presents the performance profiles for the
SPECT heart problem. Regarding the function evalua-
tions metric, we can observe that CM-BFGS is slightly more
robust than L-BFGS and significantly outperforms all con-
jugate gradient methods. However, the performance pro-
file relative to the gradient evaluation metric reports that
CM-BFGS is much more robust and efficient comparatively
to all training methods.

D. Australian credit approval problem

Australian Credit Approval dataset contains all the de-
tails about credit card applications. This dataset is inter-
esting because the data varies and has mixture of attributes
which is continuous, nominal with small numbers of values,
and nominal with larger numbers of values. We have used
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neural networks with 2 hidden layers consist of 16 and 8
neurons and an output layer of 2 neurons [20] which pro-
vide us the best generalization results. The termination
criterion is set to E ≤ 0.1 within the limit of 1000 epochs
and all networks were tested using 10-fold cross validation.
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(a) Performance based on function evaluations
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(b) Performance based on gradient evaluations

Fig. 4. Log10 scaled performance profile for number of function and
gradient evaluations for the Australian credit approval problem.

Figure 4 illustrates the performance profiles for the Aus-
tralian credit approval problem investigating the efficiency
and robustness of each training method. Figure 4(a) re-
ports that CM-BFGS is most robust and efficient method
relative to the function evaluations metric since its curve
lies above the curves of all other methods. Additionally
in Figure 4(b), it is interesting to observe that CM-BFGS
is the top performer, significantly outperforming all other
training methods.

E. Escherichia coli problem

This problem is based on a drastically imbalanced
dataset of 336 patterns and concerns the classification of

the E. coli protein localization patterns into eight localiza-
tion sites. The network architectures constitute of 1 hid-
den layer with 16 neurons and an output layer of 8 neurons
[1]. The termination criterion is set to E ≤ 0.02 within the
limit of 2000 epochs and all networks were tested using
4-fold cross-validation [11].
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(b) Performance based on gradient evaluations

Fig. 5. Log10 scaled performance profile for number of function and
gradient evaluations the escherichia coli problem.

In Figure 5 are presented the performance profiles for
both performance metrics for the escherichia coli problem.
In general, the best overall performance relative to both
performance metrics was obtained by CM-BFGS which sig-
nificantly outperforms all other training methods, espe-
cially in terms of gradient evaluations.

F. Yeast problem

This problem is similar with the Escherichia coli prob-
lem, namely the determination of the cellular localization
of the yeast proteins. Saccharomyces cerevisiae (yeast) is
the simplest Eukaryotic organism. We have used neural

220 2009 7th IEEE International Conference on Industrial Informatics (INDIN 2009)

Authorized licensed use limited to: University of Patras. Downloaded on July 01,2010 at 16:56:56 UTC from IEEE Xplore.  Restrictions apply. 



6

networks with 1 hidden layer of 16 neurons and an output
layer of 10 neurons [1]. The termination criterion is set to
E < 0.05 within the limit of 2000 epochs and all networks
were tested using 10-fold cross validation [10].
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Fig. 6. Log10 scaled performance profile for number of function and
gradient evaluations the yeast problem.

Figure 6 illustrates the performance profiles of each
training method for the yeast problem. Similar observa-
tions can be made with the previous problem. More specifi-
cally, CM-BFGS is the most robust and efficient method since
it exhibits the top performance outperforming all other
training methods relative to both performance metrics.

V. Conclusions

In this work, we have proposed a new curvilinear method
for training neural networks which is based on the anal-
ysis of the eigenstructure of the memoryless BFGS ma-
trices. The proposed method preserves the strong con-
vergence properties provided by the quasi-Newton direc-
tion while simultaneously it exploits the nonconvexity of

the error surface through the computation of the negative
curvature direction without using any storage and matrix
factorization. Based on the fact that the algorithm uses
only inner products and vector summations, the proposed
method is suitable for training large scale neural networks.
Our numerical experiments have shown that the proposed
method outperforms other popular training methods on
famous benchmarks.
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