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Abstract—We present a matrix-free method for the large
scale trust region subproblem (TRS), assuming that the
approximate Hessian is updated using a minimal-memory
BFGS method, where the initial matrix is a scaled iden-
tity matrix. We propose a variant of the Moré-Sorensen
method that exploits the eigenstructure of the approximate
Hessian, and incorporates both the standard and the hard
case. The eigenvalues and the corresponding eigenvectors
are expressed analytically, and hence a direction of negative
curvature can be computed immediately. The most impor-
tant merit of the proposed method is that it completely
avoids the factorization, and the trust region subproblem
can be solved by performing a sequence of inner products
and vector summations. Numerical results are also pre-
sented.

Index Terms—Trust region subproblem, nearly exact
method, L-BFGS method, eigenvalues, negative curvature
direction, large scale optimization

I. Introduction

We consider the following quadratic minimization prob-
lem:

min
d∈Rn

φ(d) = gT d +
1
2
dT Bd, s.t. ‖d‖2 ≤ Δ, (1)

where B is a n × n real symmetric (possibly indefinite)
matrix, g ∈ R

n, Δ is a positive scalar, and d is the real
unknown n-vector. Problem (1) arises in many applica-
tions as: forming subproblems for constrained program-
ming [2], [3], regularization methods for ill-posed problems
[11], graph partitioning problems [7], large-scale nonlinear
multicommodity flow problems [15], image restoration [17],
etc. In particular, problem (1) is important in a class of
methods for solving both convex and nonconvex nonlin-
ear optimization problems, namely, the trust-region algo-
rithms [3]. At each iteration xk of a trust-region algorithm,
a trial step dk is usually obtained by solving the quadratic
subproblem (1) where φk(d) is an approximation to the ob-
jective function f , gk = ∇f(xk), Bk ∈ R

n×n is either the
Hessian or a (positive definite or indefinite) approximate
Hessian of f at xk, and Δk > 0 is the trust region radius.

Various methods for calculating approximate solutions
of TRS have been developed such as the dogleg method
[16], the two-dimensional subspace minimization methods
[18] and the truncated CG methods [6], [20]. Nearly exact
methods for solving (1) have been proposed by Gay [5],
Sorensen [19], and Moré and Sorensen [12]. The method of
nearly exact solutions uses Newton’s method to find a root
of a scalar function that is almost linear on the interval
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of interest. It is based on the Cholesky factorization for
solving a linear system of the form (B +λI)d = −g, where
I ∈ R

n×n is the identity matrix, λ ≥ 0 is the Lagrange
multiplier, and B +λI positive semi-definite. Moreover, in
the so called hard case, a direction of negative curvature is
required to be produced [12]. Therefore, this method can
be very costly and even prohibitively expensive when it is
applied in very large problems.

In this work we are concentrated in the method of nearly
exact solutions.We study the eigenstructure of minimal-
memory BFGS matrices, and apply our results for the solu-
tion of large scale subproblems. The proposed nearly exact
method avoids the Cholesky factorization for the solution
of the linear system (B + λI)d = −g, while a direction of
negative curvature is produced using the method of inverse
iteration [9].

II. Properties of the minimal-memory BFGS

matrices

The minimal memory BFGS matrices [10], [13] are up-
dated using the BFGS formula

Bk+1 = Bk − BksksT
k Bk

sT
k Bksk

+
ykyT

k

sT
k yk

, (2)

where sk = xk+1 − xk and yk = gk+1 − gk, storing curva-
ture information from the most previous iteration. We
consider as the initial matrix B

(0)
k , the diagonal matrix

B
(0)
k = θkI, where θk ∈ R \ {0}, and the resulting minimal

memory BFGS scheme takes the form

Bk+1 = θk+1I − θk+1
sksT

k

sT
k sk

+
ykyT

k

sT
k yk

. (3)

Note that in the quadratic model (1), the approximate Hes-
sian matrix can be positive definite or indefinite. Hence,
for the remaining of the paper we only assume that ‖B‖ is
bounded, that is, there is a positive constant M , such that
‖Bk‖ ≤ M < ∞, for all k.

Theorem II.1: Suppose that one update is applied to the
symmetric matrix B(0) = θI, θ ∈ R \ {0}, using the vector
pair {sk, yk} and the BFGS formula. The characteristic
polynomial of the symmetric matrix Bk+1 ∈ R

n×n, defined
in (3), has the general form

p(λ) = (λ − θk+1)
n−2 (

λ2 − β1λ + β2

)
, (4)

where β1 = θk+1 + yT
k yk/sT

k yk, and β2 = θk+1s
T
k yk/sT

k sk.
Moreover, if the vectors sk and yk are linearly independent
then the smallest eigenvalue of Bk+1 is distinct.

Proof: First we show that Bk+1 has at most two dis-
tinct eigenvalues. To this end, we consider the matrix
B̄ = θk+1I − θk+1sksT

k /sT
k sk with rank (n− 1). Applying

the interlacing theorem [22, pp. 94–98] on B̄, it is easy to
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see that B̄ besides the zero eigenvalue, has one more eigen-
value equals to θk+1, of multiplicity (n− 1). If B

(0)
k+1 is

positive definite, then the addition of the term ykyT
k /sT

k yk

on B̄ yields

λn ≥ θk+1 ≥ λn−1 ≥ θk+1 ≥ . . . ≥ θk+1 ≥ λ1 ≥ 0,

where λi, i = 1, . . . ,n denote the eigenvalues of Bk+1. The
above relation implies that

λ2 = . . . = λn−1 = θk+1 and λn ≥ θk+1 ≥ λ1. (5)

Suppose now that Bk+1 is indefinite. Then, if θk+1 > 0,
from the interlacing theorem we have that

θk+1 ≥ λn ≥ θk+1 ≥ λn−1 ≥ . . . ≥ θk+1 ≥ λ2 ≥ 0 ≥ λ1,

which imply that

λ3 = . . . = λn = θk+1 and θk+1 ≥ λ2 ≥ λ1. (6)

In different case (θk+1 < 0) we yield

0 ≥ λn ≥ θk+1 ≥ λn−1 ≥ θk+1 ≥ . . . ≥ θk+1 ≥ λ1.

Consequently,

λ2 = . . . = λn−1 = θk+1 and λn ≥ θk+1 ≥ λ1. (7)

In all the above cases, it is obvious that Bk+1 has at most
two distinct eigenvalues and one eigenvalue equals to θk+1

of multiplicity at least (n− 2). Denoting by λx and λy

the two unknown distinct eigenvalues, the characteristic
polynomial of Bk+1 can be written as follows:

p(λ) = (λ − θk+1)n−2
[
λ2 − (λx + λy)λ + λxλy

]
.

Taking into account that

tr(Bk+1) =
n∑

i=1

λi = (n − 2)θk+1 + λx + λy (8)

and
det(Bk+1) =

n∏

i=1

λi = θn−2
k+1λxλy (9)

we have that

p(λ) = (λ− θk+1)n−2

{
λ2 − [tr(Bk+1)− (n− 2)θk+1]λ + det(Bk+1)/θn−2

k+1

}
.

Using the well-known properties of the trace and determi-
nant of matrices, we yield:

tr(Bk+1) = (n − 1)θk+1 +
yT

k yk

sT
k yk

, (10)

and
det(Bk+1) = θn−1

k+1

sT
k yk

sT
k sk

(11)

Hence, tr(Bk+1)−(n−2)θk+1 = θk+1+
yT

k yk

sT
k yk

,
det(Bk+1)

θn−2
k+1

=

θk+1
sT

k yk

sT
k sk

, and relation (4) follows immediately.

It remains to show that when sk and yk are linearly in-
dependent, the smallest eigenvalue is distinct. Suppose
that the vectors sk and yk are linearly independent and
assume that Bk+1 has at most one distinct eigenvalue,

which implies that either λx = θk+1 or λy = θk+1 . Com-
bining relations (8), (10), and (9), (11), we have that
(sT

k yk)2 = sT
k skyT

k yk ⇒ cosφ = ±1, where φ denotes the
angle of sk and yk. This implies that the vectors sk and
yk are collinear, which contradicts the hypothesis. Hence,
if the vectors are linearly independent, then Bk+1 has ex-
actly two distinct eigenvalues. Combining relations (5), (6)
and (7), easily we can conclude that λ1 is always distinct.

If the vectors sk and yk are collinear, i.e., yk = κsk,
κ ∈ R, then Bk+1 becomes

Bk+1 = θk+1I + (κ − θk+1)
sksT

k

sT
k sk

. (12)

Based on Theorem II.1, the eigenvalues of Bk+1 sorted into
increasing order are

κ = λ1 ≤ λ2 = λ3 = . . . = λn = θk+1,

and p(λ) = (λ− θk+1)n−1(λ− κ). Easily can be verified
that in this case the eigenvector corresponding to λ1 = κ
equals sk, while the generalized eigenvectors correspond-
ing to θk+1 are ui = (−si

k/s1
k, 0, . . . , 1, 0, . . . , 0)T , where

i = 2, . . . , n denotes the ith component of sk, and 1 is in
the ith row of ui.

When sk and yk are linearly independent, for being able
to determine the eigenvectors corresponding to distinct
eigenvalues of Bk+1, we can make use of the inverse power
method [9]. Given a non-zero starting vector u(0), inverse
iteration generates a sequence of vectors u(i), generated
recursively by the formula

u(i) =
(
B − λ̂I

)−1 u(i−1)

‖u(i−1)‖ ,

i ≥ 1, where λ̂ = λ + ε, λ is a distinct eigenvalue of B and
ε → 0. The sequence of iterates u(i) converges to an eigen-
vector associated with an eigenvalue closest to λ̂. Usually,
the starting vector u(0) is chosen to be the normalized vec-
tor (1,1, . . . ,1)T . Moreover, if this particular eigenvalue λ
is known exactly, this method converges in a single itera-
tion [9].

Proposition II.1: Let Λ be the set of eigenvalues of the
minimal-memory BFGS matrix Bk+1. Then, for any λ ∈
R \Λ, the inverse of (Bk+1 +λI) has the general form

(Bk+1 + λI)−1 =
B2

k+1 − [β′(λ) − λ] Bk+1 + β(λ)I
(λ + θk+1)(λ2 + β1λ + β2)

, (13)

where β(λ) = (λ +β1)(λ + θk+1)+β2.

Proof: The addition of the term λI on Bk+1 results
that the eigenvalues of Bk+1 + λI are xi = λi + λ, where
λi, i = 1, . . . , n are the eigenvalues of Bk+1. Using simi-
lar arguments as in proof of Theorem II.1, we have that
the characteristic polynomial of Bk+1 +λI is expressed as
follows:

q(x;λ) =
x2 − (β1 + 2λ)x + λ2 + β1λ + β2

[x − (λ + θk+1)]
2−n .

Hence, the minimal characteristic polynomial is
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qm(x;λ) =
x2 − (β1 + 2λ)x + λ2 + β1λ + β2

[x − (θk+1 + λ)]−1 .

Applying the Caley-Hamilton theorem on Bk+1 + λI, we
have that qm (Bk+1 +λI;λ) = 0, which yields,

[Bk+1 + θk+1I]
[
(Bk+1 +λI)2 − (β1 + 2λ)(Bk+1 +λI)

+ λ2 +β1λ +β2I
]
= 0.

Multiplying both sides of the above equation by
(Bk+1 +λI)−1, we yield

(Bk+1 +λI)−1 =
1

(θk+1 +λ)(λ2 +β1λ +β2)
·

{
B2

k+1 − (λ +β1 + θk+1)Bk+1 + [(λ +β1)(λ + θk+1)+β2]I
}

By setting β(λ) = (λ + β1)(λ + θk+1) + β2, we obtain rela-
tion (13).
Using the above Proposition, along with inverse iteration,
we have that the eigenvectors corresponding to distinct
eigenvalues of Bk+1, are the normalized vectors

u(λ̂) =
B2

k+1u −
[
β′(λ̂) − λ̂

]
Bk+1u + β(λ̂)u

(λ̂ + θk+1)(λ̂2 + β1λ̂ + β2)
(14)

where λ̂ = −λ+ε is a perturbed distinct eigenvalue of Bk+1

with opposite sign, and u is the unit vector 1√
n
(1,1, . . . ,1)T .

The vectors Bk+1u and B2
k+1u can be obtained by the

iterative form

Bk+1vi = θk+1vi − θk+1
sT

k vi

sT
k sk

+
yT

k vi

sT
k yk

i = 0, 1, (15)

with v0 = u. Using relation (15), after some algebraic com-
putations, the normalized vectors (14) can be expressed by
the relation

u(λ̂) =
cu(λ̂)u + cs(λ̂)sk + cy(λ̂)yk

(λ̂2 + β1λ̂ + β2)(λ̂ + θk+1)
, (16)

where the coefficients of u, sk and yk are defined as follows:

cu(λ̂) = λ̂2 +β1λ̂ +β2 (17)

cs(λ̂) =
[(

λ̂ +β1

)
sT

k u− yT
k u

] θk+1

sT
k sk

and (18)

cy(λ̂) = − yT
k u

sT
k yk

λ̂− sT
k u

sT
k sk

θk+1 (19)

III. Solving the TRS using the minimal-memory

BFGS method

In this section we apply the results of Section II for solv-
ing the large scale trust-region subproblem (1). A global
solution to the TRS (1) is characterized by the follow-
ing well known theorem (Gay [5], Sorensen [19], Moré &
Sorensen [12]):

Theorem III.1: A feasible vector d∗ is a solution to (1)
with corresponding Lagrange multiplier λ∗ if and only if
d∗, λ∗ satisfy (B +λ∗I)d∗ = −g, where B +λ∗I is positive
semi-definite, λ∗ ≥ 0, and λ∗(Δ−‖d∗‖) = 0.
From the above Theorem we can distinguish two cases,
the standard and the hard case. In the standard case,
the optimal non-negative Lagrange multiplier λ∗ belongs

to the open interval (−λ1,∞). When λ∗ �= 0, the TRS
(1) has a solution on the boundary of its constraint set,
i.e., ‖d∗‖ = Δ. In this case, the given n-dimensional
constrained optimization problem is reduced into a zero-
finding problem in a single scalar variable λ, namely,
φ(λ) ≡ 1/Δ − 1/‖d(λ)‖ = 0 (secular equation), that ex-
ploits the rational structure of ‖d(λ)‖2. The solution λ
of the secular equation is based on Newton’s method,

λ�+1 = λ� +
‖d(λ)‖
‖d(λ)‖′

(
Δ − ‖d(λ)‖

Δ

)
, � = 0, 1, 2, . . . .

(20)
In Newton’s iteration (20) a safeguarding is required to
ensure that a solution is found. The safeguarding depends
on the fact that φ is convex and strictly decreasing in
(−λ1,∞). It ensures that −λ1 ≤ λ�, and therefore B +λ�I
is always semi-positive definite [12].

The hard case occurs when B is indefinite and g is or-
thogonal to every eigenvector corresponding to the most
negative eigenvalue λ1 of the matrix. In this case, there
is no λ ∈ (−λ1,∞) such that ‖ (B +λI)−1

g‖ = Δ. The
optimal Lagrange multiplier is λ∗ = −λ1, and a direction
of negative curvature must be produced in order to en-
sure that ‖d‖ = Δ. Hence, the optimal solution to the
TRS is d∗ = −(B −λ1I)† g + τu, where τ ∈ R is such that
‖ − (B −λ1I)† g + τu‖ = Δ and u is a normalized eigen-
vector corresponding to λ1. Moré and Sorensen [12] have
showed that the choice of τ that ensures ‖d‖ = Δ, is

τ =
Δ2 − ‖p‖2

pT u1 + sgn(pT u)
√

(pT u)2 + Δ2 − ‖p‖2
, (21)

where p = −(B −λ1I)† g, where the symbol † denotes the
Moore-Penrose generalized inverse of the matrix.

The above analysis indicates that for been able to solve
the TRS (1), we should compute the smallest eigenvalue λ1

of B, the inverse of B+λI for computing the trial step d(λ),
and, in the hard case, the unit eigenvector u correspond-
ing to λ1. However, all these quantities required of solv-
ing the TRS, have been studied and expressed analytically
in the previous section. The following algorithm incorpo-
rates both the standard and the hard case and computes a
nearly exact solution of the subproblem (1), without using
the Cholesky factorization. Moreover, the knowledge of
the extreme eigenvalues, results in a straightforward safe-
guarding procedure for λ.

Algorithm III.1: (Computation of the trial step)

Step 1: Compute the eigenvalues λi of B; given ε →
0+, set the bounds λL := max(0,−λ1 + ε) and λU :=
max |λi|+ (1 + ε)‖g‖/Δ.

Step 2: If λ1 > 0, then initialize λ by setting λ := 0
and compute d(λ); if ‖d‖ ≤ Δ stop; else go to Step 4.

Step 3: Initialize λ by setting λ := −λ1 + ε such that
B +λI is positive definite and compute d(λ);

a. if ‖d‖ > Δ go to Step 4;
b. if ‖d‖ = Δ stop;
c. if ‖d‖ < Δ compute τ and u1 such that ‖ − (B +

λ̂I)g + τu1‖ = Δ; set d := d + τu1 and stop;
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Step 4: Use Newton’s method to find λ ∈ [λL,λU ] and
compute d(λ);

Step 5: If ‖d‖ ≤ Δ stop; else update λL and λU such
that λL ≤ λ ≤ λU and go to Step 4.

The safeguarding scheme required for Newton’s iteration
(20) uses the parameters λL and λU such that [λL,λU ] is
an interval of uncertainty which contains the optimal λ∗.
The bounds λL and λU used in Algorithm III.1 have been
proposed by Nocedal and Yuan [14]. Clearly, the lower
bound λL is greater than −λ1, which ensures that B + λI
is always positive definite.

The eigenvalues in Step 1 of Algorithm III.1 can be com-
puted by means of the characteristic polynomial (4). In
Steps 2 and 3, the computation of the trial step d(λ) is
based on Proposition II.1. Using relations (15), the trial
step can be obtained by the formula

d(λ) = −cg(λ)g + cs(λ)sk + cy(λ)yk

(λ2 + β1λ + β2)(λ + θk+1)
, (22)

where
cu(λ) = λ2 +β1λ +β2

cs(λ) =
[
(λ +β1)sT

k gk+1 − yT
k gk+1

] θk+1

sT
k sk

and

cy(λ) = −yT
k gk+1

sT
k yk

λ− sT
k gk+1

sT
k sk

θk+1

In Step 3(c) the computation of τ is obtained from Eq. (21).
If the vectors sk and yk are linearly independent, then u
is computed by relation (16). In different case, u equals
the normalized vector sk. In Steps 4 and 5, for comput-
ing the Lagrange multiplier λ and updating the interval
[λL, λU ] we follow the ideas described in [12]. In New-
ton’s method (20), the quantity ‖d′(λ)‖ equals ‖d(λ)‖′ =
−d(λ)T (B +λI)−1

d(λ)/‖d(λ)‖. Hence, relation (20) be-
comes

λ�+1 = λ�+
‖dk+1(λ)‖2

d(λ)T (Bk+1 + λI)−1
d(λ)

(‖dk+1(λ)‖ − Δ
Δ

)
,

(23)
for � = 0,1,2, . . ..

Denoting by Π = d(λ)T (Bk+1 +λI)−1
d(λ) the denom-

inator in (23), taking into account that Bk+1 dk+1(λ) =
− [λ dk+1(λ)+ gk+1] holds, and using Proposition II.1 we
yield

Π =
[β(λ)+λβ′(λ)]‖d(λ)k+1‖2

(λ + θk+1)(λ2 +β1λ +β2)
+

+
[β′(λ)+λ]d(λ)T

k+1gk+1 + ‖gk+1‖2

(λ + θk+1)(λ2 +β1λ +β2)
. (24)

If sk and yk are collinear, i.e., relation yk = κsk holds, then
relations (22) and (24) are reduced to

dk+1(λ) = − 1
(λ + θk+1)

gk+1 +
(κ − θk+1)sT

k gk+1

(λ + κ)(λ + θk+1)sT
k sk

sk,

(25)
and

Π =
(2λ + β1)‖d(λ)‖2

k+1 + d(λ)T
k+1gk+1

λ2 + β1λ + β2
,

respectively.

IV. Numerical experiments and analysis

For illustrating the behavior of the proposed method in
both the standard and the hard case, we use randomly
generated TRS instances with dimensions from 100 up
to 1000000 variables. The experiments are consisted of
medium-size problems with dimensions n = 100,500,1000,
and by larger-size problems (n = 104,105,106). For each
dimension n, 1000 random instances of TRS were gener-
ated as follows. The coordinates of the vectors g, s, and
y were chosen independently from uniform distributions in
the interval (−102,+102). For the numerical testing we
implemented Algorithm III.1 (MLBFGS), using FORTRAN
90 and all numerical experiments were performed on a Pen-
tium 1.86 GHz personal computer with 2GB of RAM run-
ning Linux operating system.

We compared our method with the GQTPAR [1], and the
GLTR [8] algorithm. The GQTPAR algorithm is the subrou-
tine GQTPAR.f from the MINPACK package, and is based
on the ideas described in Moré and Sorensen [12] for com-
puting a nearly exact solution of (1). The method uses the
Cholesky factorization for the evaluations of the derivatives
and the Newton step for λ, and for the safeguarding and
updating of the Lagrange multiplier. The GLTR algorithm
proposed by Gould et al. [6], is available as the FORTRAN
90 module HSL VF05 in the Harwell Subroutine Library.
This method is based on a Lanczos tridiagonalization of the
matrix B and on the solution of a sequence of problems re-
stricted to Krylov subspaces of R

n. It is an alternative to
the Steihaug-Toint algorithm [20], [21] and it computes an
approximate solution of (1). The algorithm requires only
matrix-vector multiplications while it exploits the sparsity
of B.

Note that the same set of random instances was
used throughout for each algorithm. We consider a
TRS instance successfully solved, if a solution satisfying
‖(B +λI)d− g‖ ≤ 10−5 was computed for both the stan-
dard and the hard case. The maximum number of New-
ton’s iterations allowed was 200 and the trust region radius
was fixed as Δ = 10. For the dimensions 104, 105 and 106,
results are reported only for MLBFGS and GLTR algorithms,
due to the storage requirements of GQTPAR for factoring
B. Moreover, the GLTR algorithm is not reported in the
comparison results for the hard case, since it computes an
approximate solution and not a nearly exact solution of
the TRS.

To show both the efficacy and accuracy of our method,
we have used the performance profile proposed by Dolan
and Moré [4]. The performance profile plots the fraction
of problems for which any given method is within a factor
of the best time. The left axis of the plot shows the per-
centage of the problems for which a method is the fastest
(efficiency). The right side of the plot gives the percent-
age of the problems that were successfully solved by each of
the methods (robustness). The performance measures that
have been used are Newton’s iterations, solution accuracy
and CPU time in seconds.
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A. Random experiments in the standard case

In the sequel, we present the behavior of the proposed
method in the standard case. For each dimension we have
consider the following cases:

(a) sk, yk are linearly independent and θk+1 = 1;
(b) sk, yk are linearly independent and

θk+1 = (yT
k yk)/(sT

k yk);
(c) sk, yk are collinear and θk+1 = 1;
(d) sk, yk are collinear and θk+1 = (yT

k yk)/(sT
k yk).

As a total we have 12000 medium size experiments (n =
100, 500, and 1000) and another 12000 large size experi-
ments (n = 104, 105, and 106).
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(a) Performance based on number of iterations
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(b) Performance based on accuracy
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(c) Performance based on CPU time

Fig. 1. Performance profiles for MBFGS, GQTPAR and GLTR on the set
of 12000 medium size experiments (n = 100, 500, and 1000).

In Figures 1 and 2 are presented the performance pro-
files based on Newton iterations, solution accuracy and
CPU time (in seconds) for the medium and large size ex-

periments, respectively. In Figure 2 the GQTPAR method
was omitted from the comparisons due to insufficient mem-
ory limitations. In both figures it is interesting to observe
that the best performance regarding all performance met-
rics was obtained by MBFGS since it is the most robust and
efficient method. It is worth noticing that the proposed
method significantly outperforms the other two methods
in all dimensions.
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Fig. 2. Performance profiles for MBFGS and GLTR on the set of 12000
large size experiments (n = 104, 105, and 106).

B. Random experiments in the hard case

In order to create instances for the hard case, Mat-
lab’s eigs routine was used to compute the smallest eigen-
value λ1 and the corresponding eigenvector u of the re-
constructed matrix B from the vector pairs. We ini-
tialized the trust-region radius by Δ = 10.0Δhc, where
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Δhc = ‖(B −λ1I)† g‖ while the vector of the gradient was
computed as g = (−u(n)/u(1),0, . . . ,0,1)T . For each di-
mension we have consider only the cases (a), (b) and
(c) due to the fact that the case (d) occurs only when
g = 0. Totally, we have run 9000 medium size experiments
(n = 100, 500, and 1000). In Figure 3 reports the per-

10
2

10
4

10
6

10
8

10
10

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

 

 

MBFGS
GQTPAR

(a) Performance based on accuracy

10
1

10
2

10
3

10
4

10
5

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

 

 

MBFGS
GQTPAR

(b) Performance based on CPU time

Fig. 3. Performance profiles for MBFGS and GQTPAR on the set of 9000
medium size experiments (n = 100, 500, and 1000).

formance profiles regarding MBFGS and GQTPAR in terms of
solution accuracy and CPU time (in seconds) for medium
size problems. The iteration performance metric is not re-
ported since the method MBFGS does not require any New-
ton’s iterations for solving the problem. Obviously, the
proposed methods exhibits top performance relative to all
performance metrics.

V. Conclusions

We have studied the eigenstructure of the minimal mem-
ory BFGS matrices, in the general case where the initial
matrix is any scaled identity matrix. Our theoretical re-
sults have been applied for the solution of the trust region
subproblem. Based on the fact that the eigenvalues can im-
mediately be computed with high accuracy, the inverse of
B+λI can be expressed in a closed form, and consequently
the Cholesky factorization can be completely avoided, the
proposed method can solve inexpensively large scale sub-
problems. The numerical experiments have shown that the
proposed method can handle easily both the standard and
the hard case, while it provides solutions with high accu-
racy and small running time, since the amount of memory

needed is negligible.
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[12] J.J. Moré and D.C. Sorensen. Computing a trust region step.
SIAM J. Sci. Stat. Comput., 4(3):553–572, 1983.

[13] J. Nocedal. Updating quasi-Newton matrices with limited stor-
age. Math. Comput., 35(151):773–782, 1980.

[14] J. Nocedal and Y. Yuan. Combining trust region and line search
techniques. In Y. Yuan, editor, Advances in Nonlinear Pro-
gramming, pages 153–175. Kluwer, Dordrecht, The Netherlands,
1998.

[15] A. Ouorou. Implementing a proximal algorithm for some non-
linear multicommodity flow problems. Networks, 49(1):18–27,
2007.

[16] M.J.D. Powell. A new algorithm for unconstrained optimization.
In J.B. Rosen, O.L. Mangasarian, and K. Ritter, editors, Non-
linear Programming, pages 31–65. Academic Press, New York,
NY, 1970.

[17] M. Rojas, S.A. Santos, and D.C. Sorensen. A new matrix-free
algorithm for the large-scale trust-region subproblem. SIAM J.
Optim., 11(3):611–646, 2000.

[18] G.A. Shuldz, R.B. Schnabel, and R.H. Byrd. A family of trust-
region-based algorithms for unconstrained minimization with
strong global convergence properties. SIAM J. Numer. Anal.,
22(1):47–67, February 1985.

[19] D.C. Sorensen. Newton’s method with a model trust region
modification. SIAM J. Numer. Anal., 19(2):409–426, 1982.

[20] T. Steihaug. The conjugate gradient method and trust regions
in large scale optimization. SIAM J. Numer. Anal., 20(3):626–
637, 1983.

[21] Ph.L. Toint. Towards an efficient sparsity exploiting newton
method for minimization. In I.S. Duff, editor, Sparse Matrices
and Their Uses, pages 57–87. Academic Press, Inc., New York,
NY, 1981.

[22] J.H. Wilkinson. The algebraic eigenvalue problem. Oxford Uni-
versity Press, London, 1965.

342 2009 7th IEEE International Conference on Industrial Informatics (INDIN 2009)

Authorized licensed use limited to: University of Patras. Downloaded on July 01,2010 at 17:00:02 UTC from IEEE Xplore.  Restrictions apply. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.6
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Recommended"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


