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A nearly exact method for solving large-scale TRS

M.S. Apostolopoulou, D.G. Sotiropoulos, C.A. Botsaris and P. Pintelas

Abstract—We present a matrix-free method for the large
scale trust region subproblem (TRS), assuming that the
approximate Hessian is updated using a minimal-memory
BFGS method, where the initial matrix is a scaled iden-
tity matrix. We propose a variant of the Moré-Sorensen
method that exploits the eigenstructure of the approximate
Hessian, and incorporates both the standard and the hard
case. The eigenvalues and the corresponding eigenvectors
are expressed analytically, and hence a direction of negative
curvature can be computed immediately. The most impor-
tant merit of the proposed method is that it completely
avoids the factorization, and the trust region subproblem
can be solved by performing a sequence of inner products
and vector summations. Numerical results are also pre-
sented.

Indexr Terms—Trust region subproblem, nearly exact
method, L-BFGS method, eigenvalues, negative curvature
direction, large scale optimization

I. INTRODUCTION

We consider the following quadratic minimization prob-
lem:
1
min o(d) = gTd + 5dTBd, st |ldl2 <A, (1)
where B is a n x n real symmetric (possibly indefinite)
matrix, g € R”, A is a positive scalar, and d is the real
unknown n-vector. Problem (1) arises in many applica-
tions as: forming subproblems for constrained program-
ming [2], [3], regularization methods for ill-posed problems
[11], graph partitioning problems [7], large-scale nonlinear
multicommodity flow problems [15], image restoration [17],
etc. In particular, problem (1) is important in a class of
methods for solving both convex and nonconvex nonlin-
ear optimization problems, namely, the trust-region algo-
rithms [3]. At each iteration xy, of a trust-region algorithm,
a trial step dj is usually obtained by solving the quadratic
subproblem (1) where ¢ (d) is an approximation to the ob-
jective function f, gr = Vf(xy), Br € R"*™ is either the
Hessian or a (positive definite or indefinite) approximate
Hessian of f at xy, and Ay > 0 is the trust region radius.
Various methods for calculating approximate solutions
of TRS have been developed such as the dogleg method
[16], the two-dimensional subspace minimization methods
[18] and the truncated CG methods [6], [20]. Nearly exact
methods for solving (1) have been proposed by Gay [5],
Sorensen [19], and Moré and Sorensen [12]. The method of
nearly exact solutions uses Newton’s method to find a root
of a scalar function that is almost linear on the interval
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of interest. It is based on the Cholesky factorization for
solving a linear system of the form (B + AI)d = —g, where
I € R™™™ is the identity matrix, A > 0 is the Lagrange
multiplier, and B+ AI positive semi-definite. Moreover, in
the so called hard case, a direction of negative curvature is
required to be produced [12]. Therefore, this method can
be very costly and even prohibitively expensive when it is
applied in very large problems.

In this work we are concentrated in the method of nearly
exact solutions.We study the eigenstructure of minimal-
memory BFGS matrices, and apply our results for the solu-
tion of large scale subproblems. The proposed nearly exact
method avoids the Cholesky factorization for the solution
of the linear system (B + AI)d = —g, while a direction of
negative curvature is produced using the method of inverse
iteration [9].

II. PROPERTIES OF THE MINIMAL-MEMORY BFGS
MATRICES

The minimal memory BFGS matrices [10], [13] are up-
dated using the BFGS formula

Bkskssz

T
Sp BkSk

YkYL

Bk+l = Bk - T 5
Sk Yk

(2)

where s = zp4+1 — 2 and yr = gr+1 — gk, storing curva-
ture information from the most previous iteration. We
), the diagonal matrix
B,(CO) =61, where §;, € R\ {0}, and the resulting minimal
memory BFGS scheme takes the form

consider as the initial matrix B](CO

T T
SkSk YrY
Byy1 = Okp1l — Opr1— k T k (3)
Si. Sk S Yk

Note that in the quadratic model (1), the approximate Hes-
sian matrix can be positive definite or indefinite. Hence,
for the remaining of the paper we only assume that || B|| is
bounded, that is, there is a positive constant M, such that
| Br|| < M < oo, for all k.

Theorem II.1: Suppose that one update is applied to the
symmetric matrix B(®) = I, § € R\ {0}, using the vector
pair {sy,yr} and the BFGS formula. The characteristic
polynomial of the symmetric matrix By € R"*", defined
in (3), has the general form

p(A) = (A= 0k11)" 72 (V= Bid + Ba) (4)
where 31 = Op1 + v ye/styr, and B2 = Opy18} yr/st si.
Moreover, if the vectors s and y;, are linearly independent
then the smallest eigenvalue of By is distinct.

Proof: First we show that Bj,1 has at most two dis-
tinct eigenvalues. To this end, we consider the matrix
B=0,,11—- Okt15kS} /st sk with rank (n—1). Applying
the interlacing theorem [22, pp. 94-98] on B, it is easy to
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see that B besides the zero eigenvalue, has one more eigen—
If B,c 41 18
positive definite, then the addition of the term yryl /st yy
on B yields

)\'n > 0k+1 > )‘nfl > 0k+1 > ...

value equals to 6yy1, of multiplicity (n —1).

> Opr1 >N 20,

where \;, ¢ =1,...,n denote the eigenvalues of By ;. The

above relation implies that
)\22...2)\", and An20k+12)\1.

()

Suppose now that By is indefinite. Then, if 0541 > 0,
from the interlacing theorem we have that

Orp1 2 A 201 > A1 > 0. 2001 2> A2 > 02> Ay,

1= 01

which imply that

As=..=An=0ps1 and O > > A1 (6)
In different case (041 < 0) we yield
02X 2011 2> Ap1 2 001 > .00 2 01 > Ar
Consequently,
Ao =..=Ano1 =01 and Ay >0pp1 > A (7)

In all the above cases, it is obvious that By has at most
two distinct eigenvalues and one eigenvalue equals to 651
of multiplicity at least (n —2). Denoting by A, and )\,
the two unknown distinct eigenvalues, the characteristic
polynomial of By can be written as follows:

P = (A= 0e1)" [N = (Ao + X)X + Aoy ]

Taking into account that

n
> A= (n—2)bki1 +Aa + Ay

i=1

tr(Brt1) = (8)

and n
det Bk+1 H

'—QZ-HQ)‘ )‘

9)

we have that

p) = (A= ps1)"

{/\2 tI’ Bk+1) (TL 2)9k+1])\+det(3k+1)/0k+1

Using the well-known properties of the trace and determi-
nant of matrices, we yield:

wwmn<m4mﬂ+%“ (10)
Sk yk:
and
n S
det(By) = 071 SE (1)
Sk Sk

(n—2)0k 1 = 9k+1+yk v det(Bir1) _

n—2
sk Yk 9k+1

Hence, tr(Bg11)—

T
0k+1sl;ﬂ, and relation (4) follows immediately.

Sk Sk
It remains to show that when s, and y; are linearly in-
dependent, the smallest eigenvalue is distinct. Suppose
that the vectors sp and y; are linearly independent and

assume that Bjyy; has at most one distinct eigenvalue,

which implies that either A\, = 611 or Ay = 041 . Com-
bining relations (8), (10), and (9), (11), we have that
(sTy)? = sEspylyr = cos¢ = £1, where ¢ denotes the
angle of s and yg. This implies that the vectors s, and
yr. are collinear, which contradicts the hypothesis. Hence,
if the vectors are linearly independent, then By has ex-
actly two distinct eigenvalues. Combining relations (5), (6)
and (7), easily we can conclude that A; is always distinct.

|
If the vectors s, and yi are collinear, i.e., yr = kS,
k € R, then By becomes
T
SkS
Bk+1 = 0k+11 + (Fi - 9]§+1) T k (12)
'Sk Sk

Based on Theorem II.1, the eigenvalues of By sorted into
increasing order are

I€=/\1§/\2:/\3:...

and p(\) = (A — 041)" " 1(A — k). Easily can be verified
that in this case the eigenvector corresponding to A\; = K
equals s, while the generalized eigenvectors correspond-
ing to Op41 are u; = (—st/sk.0,...,1,0,...,0)T, where
i =2,...,n denotes the ith component of s;, and 1 is in
the ith row of w;.

When s and yy are linearly independent, for being able
to determine the eigenvectors corresponding to distinct
eigenvalues of By, we can make use of the inverse power
method [9]. Given a non-zero starting vector u(?), inverse
iteration generates a sequence of vectors u(i), generated
recursively by the formula

—1 qi=1)
() — (B — j\]> T
! [

= )\n = 0k+17

i > 1, where A=A+ €, A is a distinct eigenvalue of B and
€ — 0. The sequence of iterates u() converges to an eigen-
vector associated with an eigenvalue closest to A. Usually,
the starting vector u(® is chosen to be the normalized vec-
tor (1,1,...,1)T. Moreover, if this particular eigenvalue A
is known exactly, this method converges in a single itera-
tion [9].

Proposition II.1: Let A be the set of eigenvalues of the
minimal-memory BFGS matrix Bjyi. Then, for any A €
R\ A, the inverse of (Bj4+1 + AI) has the general form

_ By = [B'(A\) = N Br1 + BN

A+ 0k11) (N + B1d + F2)

where B(A) = (A+ 1) (A + Or41) + So.

Proof:  The addition of the term Al on Bjy; results
that the eigenvalues of Bjy1 + Al are x; = \; + A\, where
Ai, ©=1,...,n are the eigenvalues of Bj;;. Using simi-
lar arguments as in proof of Theorem II.1, we have that
the characteristic polynomial of By + Al is expressed as
follows:

(Beg1 + M) 7' = , (13)

x —([}1+2A)m+)\2+ﬂl)\+ﬁz

1},)\ 2—n
A h) = o — A+ Ogr1)]

Hence, the minimal characteristic polynomial is
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22— (B 42Nz + A2 + BiA + o

o e A

Applying the Caley-Hamilton theorem on Bjiq + A, we
have that g, (Bg4+1 + AI;A) = 0, which yields,

[Bk+1 + 9k+1ﬂ [(Bk+1 + /\1)2 — (51 + 2)\) (Bk+1 + )\I)
+ A2+ BiA+ BI] = 0.

Multiplying both sides
(Brs1+ M), we yield

of the above equation by

-1 1 .
(Brs1+AI) " = (O+1+ N (A2 + B+ 2)

{Biti1 = A+ 814 0k11) Bryr + [(A+ B1) A+ Op41) + Bo] I}

By setting S(A) = (A + 1) (A + 0x+1) + F2, we obtain rela-
tion (13). |
Using the above Proposition, along with inverse iteration,
we have that the eigenvectors corresponding to distinct
eigenvalues of By, are the normalized vectors

B} ju— [ﬂ’(;\) - 5\] Biiu+ B(\)u

u(N) = . . - 14)

(A +0r41) (A2 + BiA + ()
where A = —Ateisa perturbed distinct eigenvalue of By
with opposite sign, and v is the unit vector ==(1,1,...,1)%.

v
The vectors Bjyiu and B,%Hu can be obtained by the
iterative form

T T
S1. VU Y. Ui
Bk+1vi = 9k+1Uz‘ - 0k+1 ;ﬂw ! + % 1= 0, 17 (15)
Sk Sk Sk Yk

with vg = u. Using relation (15), after some algebraic com-
putations, the normalized vectors (14) can be expressed by
the relation

cu(Nu + o (V)sk + ¢y (Vi
A2+ Bid+ B2) (A + Op1)
where the coefficients of u, s and y; are defined as follows:

u(X) = (16)

cu(A) = N+ B+ B (17)
. . 0
_ T, T k+1
cs(N) = [()\-i-ﬂl) S U —Yj; u] s and  (18)
T T
N yiu . stu
cy(N) = — A— 0 19
y( ) Sgyk stk k+1 ( )

III. SoLvING THE TRS USING THE MINIMAL-MEMORY
BFGS METHOD

In this section we apply the results of Section II for solv-
ing the large scale trust-region subproblem (1). A global
solution to the TRS (1) is characterized by the follow-
ing well known theorem (Gay [5], Sorensen [19], Moré &
Sorensen [12]):

Theorem III.1: A feasible vector d* is a solution to (1)
with corresponding Lagrange multiplier A* if and only if
d*, \* satisfy (B + \*I)d* = —g, where B+ \*I is positive
semi-definite, A* > 0, and A*(A — ||d*||) = 0.

From the above Theorem we can distinguish two cases,
the standard and the hard case. In the standard case,
the optimal non-negative Lagrange multiplier A* belongs

to the open interval (—A;,00). When A* # 0, the TRS
(1) has a solution on the boundary of its constraint set,
ie, |[|[d*]] = A. In this case, the given n-dimensional
constrained optimization problem is reduced into a zero-
finding problem in a single scalar variable A, namely,
d(A) = 1/A —=1/||d(N)]| = 0 (secular equation), that ex-
ploits the rational structure of ||d(\)||?>. The solution A
of the secular equation is based on Newton’s method,

41 _ e 1A (A= [ldA) ] _
A 7)\+Hd()\)\|’( A ), ¢=0,1,2,....

(20)

In Newton’s iteration (20) a safeguarding is required to

ensure that a solution is found. The safeguarding depends

on the fact that ¢ is convex and strictly decreasing in

(—A1,00). It ensures that —\; < A, and therefore B + AT

is always semi-positive definite [12].

The hard case occurs when B is indefinite and ¢ is or-
thogonal to every eigenvector corresponding to the most
negative eigenvalue A\; of the matrix. In this case, there
is no A € (—\y,00) such that || (B+AI)"'g|| = A. The
optimal Lagrange multiplier is A* = —\;, and a direction
of negative curvature must be produced in order to en-
sure that ||d|| = A. Hence, the optimal solution to the
TRS is d* = — (B — A1) g+ 7u, where 7 € R is such that
| —(B- /\11)Tg + 7u| = A and w is a normalized eigen-
vector corresponding to A;. Moré and Sorensen [12] have
showed that the choice of 7 that ensures ||d|| = A, is

2 2
, A% —lp|| ’ (21)
pTur +sgn(pTu)/(pTu)? + A% — [|p]]?
where p = — (B — )q[)Tg7 where the symbol T denotes the
Moore-Penrose generalized inverse of the matrix.

The above analysis indicates that for been able to solve
the TRS (1), we should compute the smallest eigenvalue A\
of B, the inverse of B4+ AI for computing the trial step d(\),
and, in the hard case, the unit eigenvector u correspond-
ing to A;. However, all these quantities required of solv-
ing the TRS, have been studied and expressed analytically
in the previous section. The following algorithm incorpo-
rates both the standard and the hard case and computes a
nearly exact solution of the subproblem (1), without using
the Cholesky factorization. Moreover, the knowledge of
the extreme eigenvalues, results in a straightforward safe-
guarding procedure for A.

Algorithm I11.1: (Computation of the trial step)

Step 1: Compute the eigenvalues \; of B; given ¢ —
0T, set the bounds Ay := max(0,—A; +¢€) and Ay :=
max [Ai| + (1+€)lgll/A.

Step 2: If Ay > 0, then initialize A by setting A :=0
and compute d(A); if ||d]] < A stop; else go to Step 4.

Step 3: Initialize A by setting A := —\; + € such that
B+ M\ is positive definite and compute d(M);

a. if ||d|| > A go to Step 4;

b. if ||d|| = A stop;

c. if ||d]] < A compute 7 and u; such that || — (B +

Mg+ Tuy|| = A; set d := d+ 7uy and stop;
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Step 4: Use Newton’s method to find A € [Ar, A\y] and
compute d(\);
Step 5: If ||d|| < A stop; else update Ay and Ay such
that A\, <A <Ay and go to Step 4.
The safeguarding scheme required for Newton’s iteration
(20) uses the parameters Ay, and Ay such that [Ap, A\y] is
an interval of uncertainty which contains the optimal \*.
The bounds A\, and Ay used in Algorithm III.1 have been
proposed by Nocedal and Yuan [14]. Clearly, the lower
bound Ay is greater than —\;, which ensures that B + A\I
is always positive definite.

The eigenvalues in Step 1 of Algorithm III.1 can be com-
puted by means of the characteristic polynomial (4). In
Steps 2 and 3, the computation of the trial step d(\) is
based on Proposition II.1. Using relations (15), the trial

step can be obtained by the formula
cg(A)g + cs(N)sk + ¢y (Ny

d(\) = — , 22
( ) (/\2+,61/\+ﬁ2)()\+0k+1) ( )
where
cu(N) = N2+ BiA+ o
0
cs(N) = [(A+B1) sT grst — Y gisr] o and
Sk Sk
T T
Yk Jk+1 Sk gk+1
cy(N) = — A— 0
y( ) S;?fyk 3£5k

In Step 3(c) the computation of 7 is obtained from Eq. (21).
If the vectors s and y; are linearly independent, then u
is computed by relation (16). In different case, u equals
the normalized vector si. In Steps 4 and 5, for comput-
ing the Lagrange multiplier A and updating the interval
[Ar, A\u] we follow the ideas described in [12]. In New-
ton’s method (20), the quantity ||d'(\)| equals ||d(N)]] =
—dN)T (B+ )" d(N)/||d(N)]|. Hence, relation (20) be-
comes

TV L. O
AN (Bry1 + M) "Hd(N) A ’

(23)
for =0,1,2,....

Denoting by IT = d(A\)7 (Bj11 +AI) "' d(\) the denom-
inator in (23), taking into account that Bjiidiyi1(N) =
— A di+41(A) + giy1] holds, and using Proposition II1.1 we
yield
[BA) + A" (M)A k411>
(A+0k+1) (A2 + 1A+ B2)

[B"(A) + Al d()\)fﬂgkﬂ + gk |2

A+ 0k11)( N2+ L1 A+ B2)

If ;. and y;, are collinear, i.e., relation y; = ksi holds, then
relations (22) and (24) are reduced to

II =

(24)

1 (K = Or41)SE Gt
di1(AN) = Ot 0k+1)gk+1 + Ot )N+ r1)sT 58 Sk
(25)
and
_(2x+ BN 1741 + ANy 1 k41
N A2 4 BiA + 2 '
respectively.

IV. NUMERICAL EXPERIMENTS AND ANALYSIS

For illustrating the behavior of the proposed method in
both the standard and the hard case, we use randomly
generated TRS instances with dimensions from 100 up
to 1000000 variables. The experiments are consisted of
medium-size problems with dimensions n = 100,500, 1000,
and by larger-size problems (n = 10%,10%,105). For each
dimension n, 1000 random instances of TRS were gener-
ated as follows. The coordinates of the vectors g, s, and
y were chosen independently from uniform distributions in
the interval (—102,+102). For the numerical testing we
implemented Algorithm III.1 (MLBFGS), using FORTRAN
90 and all numerical experiments were performed on a Pen-
tium 1.86 GHz personal computer with 2GB of RAM run-
ning Linux operating system.

We compared our method with the GQTPAR [1], and the
GLTR [8] algorithm. The GQTPAR algorithm is the subrou-
tine GQTPAR.f from the MINPACK package, and is based
on the ideas described in Moré and Sorensen [12] for com-
puting a nearly exact solution of (1). The method uses the
Cholesky factorization for the evaluations of the derivatives
and the Newton step for A, and for the safeguarding and
updating of the Lagrange multiplier. The GLTR algorithm
proposed by Gould et al. [6], is available as the FORTRAN
90 module HSL_VFO05 in the Harwell Subroutine Library.
This method is based on a Lanczos tridiagonalization of the
matrix B and on the solution of a sequence of problems re-
stricted to Krylov subspaces of R™. It is an alternative to
the Steihaug-Toint algorithm [20], [21] and it computes an
approximate solution of (1). The algorithm requires only
matrix-vector multiplications while it exploits the sparsity
of B.

Note that the same set of random instances was
used throughout for each algorithm. We consider a
TRS instance successfully solved, if a solution satisfying
|(B+AI)d—g| <1075 was computed for both the stan-
dard and the hard case. The maximum number of New-
ton’s iterations allowed was 200 and the trust region radius
was fixed as A = 10. For the dimensions 104, 10° and 105,
results are reported only for MLBFGS and GLTR algorithms,
due to the storage requirements of GQTPAR for factoring
B. Moreover, the GLTR algorithm is not reported in the
comparison results for the hard case, since it computes an
approximate solution and not a nearly exact solution of
the TRS.

To show both the efficacy and accuracy of our method,
we have used the performance profile proposed by Dolan
and Moré [4]. The performance profile plots the fraction
of problems for which any given method is within a factor
of the best time. The left axis of the plot shows the per-
centage of the problems for which a method is the fastest
(efficiency). The right side of the plot gives the percent-
age of the problems that were successfully solved by each of
the methods (robustness). The performance measures that
have been used are Newton’s iterations, solution accuracy
and CPU time in seconds.
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A. Random experiments in the standard case

In the sequel, we present the behavior of the proposed
method in the standard case. For each dimension we have
consider the following cases:

(a) sk, yx are linearly independent and 41 = 1;

(b) sk, yi are linearly independent and

Or1 = (Y vk)/ (L ur);

(¢) sk, yr are collinear and 641 = 1;

(d) sk, yr are collinear and 011 = (y¥yx)/ (s yr)-

As a total we have 12000 medium size experiments (n =
100, 500, and 1000) and another 12000 large size experi-
ments (n = 10%, 10°, and 10°).

F
A P,

e

01k ——— MBFGS |
- - -GarPAR]
== GLTR

2 3 4 5 6 7 8 9

(a) Performance based on number of iterations

—— MBFGS
- = =GQTPAR
= = GLTR

? . 0 o o0

(b) Performance based on accuracy

! —— MBFGS
- - = -GarPAR
- = GLTR

(c) Performance based on CPU time

Fig. 1.
of 12000 medium size experiments (n = 100, 500, and 1000).

In Figures 1 and 2 are presented the performance pro-
files based on Newton iterations, solution accuracy and
CPU time (in seconds) for the medium and large size ex-

Performance profiles for MBFGS, GQTPAR and GLTR on the set

periments, respectively. In Figure 2 the GQTPAR method
was omitted from the comparisons due to insufficient mem-
ory limitations. In both figures it is interesting to observe
that the best performance regarding all performance met-
rics was obtained by MBFGS since it is the most robust and
efficient method. It is worth noticing that the proposed
method significantly outperforms the other two methods
in all dimensions.

09k
08
07F
6k smemmmmm e
o5k
04
03k
o2

(313 4
—— MBFGS.

=T == GLTR
. , . . | |

25 3 a5 4 45 5

ol

(a) Performance based on number of iterations

7

08F e
43
06r
osF
04r
03p
oaf!

01y B
—— MBFGS
- = GLTR

10' 10° 10° 10 10° 10° 10 10°

(b) Performance based on accuracy

09 JI j

08
(k43 i
06 A
05| S
04 R4

osr ="

02t

(313 4
——— MBFGS
== GLTR

L
10'

(c¢) Performance based on CPU time

Fig. 2. Performance profiles for MBFGS and GLTR on the set of 12000
large size experiments (n = 10%, 10°, and 109).

B. Random experiments in the hard case

In order to create instances for the hard case, Mat-
lab’s eigs routine was used to compute the smallest eigen-
value A\; and the corresponding eigenvector u of the re-
constructed matrix B from the vector pairs. We ini-

tialized the trust-region radius by A = 10.0Aj., where

2009 7th IEEE International Conference on Industrial Informatics (INDIN 2009)

341



342

Ape=1(B— )\1])Tg|| while the vector of the gradient was
computed as g = (—u(n)/u(1),0,...,0,1)". For cach di-
mension we have consider only the cases (a), (b) and
(c) due to the fact that the case (d) occurs only when
g = 0. Totally, we have run 9000 medium size experiments
(n =100, 500, and 1000). In Figure 3 reports the per-

= MBFGS
- - -GQTPAR

10° 10° 10° 10° 10"

(a) Performance based on accuracy

h veres |
' - = =GQTPAR

10' 10° 10° 10* 10°

(b) Performance based on CPU time

Fig. 3. Performance profiles for MBFGS and GQTPAR on the set of 9000
medium size experiments (n = 100, 500, and 1000).

formance profiles regarding MBFGS and GQTPAR in terms of
solution accuracy and CPU time (in seconds) for medium
size problems. The iteration performance metric is not re-
ported since the method MBFGS does not require any New-
ton’s iterations for solving the problem. Obviously, the
proposed methods exhibits top performance relative to all
performance metrics.

V. CONCLUSIONS

We have studied the eigenstructure of the minimal mem-
ory BFGS matrices, in the general case where the initial
matrix is any scaled identity matrix. Our theoretical re-
sults have been applied for the solution of the trust region
subproblem. Based on the fact that the eigenvalues can im-
mediately be computed with high accuracy, the inverse of
B+ I can be expressed in a closed form, and consequently
the Cholesky factorization can be completely avoided, the
proposed method can solve inexpensively large scale sub-
problems. The numerical experiments have shown that the
proposed method can handle easily both the standard and
the hard case, while it provides solutions with high accu-
racy and small running time, since the amount of memory

needed is negligible.
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