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Abstract—In Cognitive Radio Networks (CRNs), secondary Hence, these existing auction schemes are mainly appticabl
users (SUs) are allowed to opportunistically access theto spectrum resources that tend to be available for relgtive
unused/under-utilized channels of primary users (PUs). Taitilize long periods of time. For instance, the interval between two

spectrum resources efficiently, an auction scheme is ofterpplied di ¢ ti ) d to be 30 minut |
where an operator serves as an auctioneer and accepts spegtr 20Jac€Nt auctions 1S assumed 10 be minutes or fonger

requests from SUs. Most existing works on spectrum auctions in [4]. However, to allow more efficient spectrum utilizatio
assume that the operator has perfect knowledge of PU activés. and relieve spectrum congestion, spectrum holes at smaller
In practice, however, it is more likely that the operator only time scales need to be explored. A straightforward extensio
has statistical information of the PU traffic when it is trading a ¢ ¢\yrrent approaches to this more dynamic environment
spectrum hole, and it is acquiring more accurate informatin - . .

in real time. In this paper, we distinguish PU channels that would _reqwrg auctions t(_) b? conducted frequently, which
are under the control of the operator, where accurate channe Would incur high communication and management overhead.
states are revealed in real-time, and channels that the opator A more reasonable approach is to again consider a relatively
acquires from PUs out of its control, where a sense-before- [ong period of time, where the operator only has statistical

use paradigm has to be followed. Considering both spectrum j.ormation of the PU traffic when trading spectrum holes.
uncertainty and sensing inaccuracy, we study the social wire More accurate information is acquired later in real-time
maximization problem for serving SUs with various levels ofdelay a :

tolerance. We first model the problem as a finite horizon Marka ~ Therefore, an auction scheme that takes spectrum uncgytain
decision process when the operator knows all spectrum regsés  into account is needed.

in advance, and propose an optimal dynamic programming basé  To further improve spectrum utilization, besides trading
algorithm. We then investigate the case when spectrum reqsés  gnactrym holes that are fully under the control of the opeyat

are submitted online, and propose a greedy algorithm that isl/2- | din th t fi literat
competitive for homogeneous channels and is comparable tte as commonly assumed in ine spectrum aucton fiterature,

offline algorithm for more general settings. We further showthat ~the operator may choose to acquire licensed channels out
the online algorithm together with a payment scheme achiewe of its control to further improve social welfare or revenue.

incentive compatibility for the SUs while guaranteeing a na-  To avoid interference with PUs, sense-before-uggaradigm
negative revenue for the operator. must be followed in this case. The operator must first idgntif
spectrum holes in a channel, e.g., by coordinating SUs to
sense the channel, before allocating the holes to SUs. While
With the ever-growing demand for wireless spectrum, Cogpectrum sensing has been extensively studied in the CRN
nitive Radio Networks (CRNs) have been proposed to betigerature [8]-[10], the joint problem of sensing and speit
utilize spectrum holes in wireless networks. In CRNs, seauction remains unexplored.
ondary users (SUs) are allowed to opportunistically actess  In this paper, we propose a spectrum allocation framework
channels of primary users (PUs). To utilize spectrum resgmur that takes botlspectrum uncertaintand sensing inaccuracy
efficiently, an auction framework is often applied where gn ointo account. In particular, we consider two types spectrum
erator serves as an auctioneer and accepts requests from $s$surces: PU channels that are under the control of the
These frameworks are implemented via a resource allocatigperator, and the channels that the operator acquires from
and a payment scheme with the objective of maximizing eithPiUs out of its control. In practice, wireless service previ
social welfare or revenuél[2],][4]H[6]. [14]. (WSP) act as operators, and they may cover areas that almost
Most existing works on spectrum auctions, however, assurmempletely overlap. SUs registered with one of them may
that the operator has perfect knowledge of PU activitiegcess spectrum from other WSPs as will be introduced in our
in a given period of time. They ignore the uncertainty ofmodel. In both types of channels, PU traffic on each channel
channel states caused by the uncertain and frequent PU.usag@ssumed to follow a known i.i.d. Bernoulli distribution.
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For the first type of channels, the real-time channel state ca
be learned accurately by the operator. For the second type
of channels, a sense-before-use paradigm must be followed,
where a collision with the PU traffic due to sensing inaccyrac
incurs a penalty.

Using a fixed set of channels of each type, we study
the joint spectrum sensing and allocation problem to serve
spectrum requests with arbitrary valuations and arbitiergls ,
of delay tolerance. The objective of the operator is to mézem Operator L
social welfare, which equals to .the valuations 0btaim':m’_]fr_oFig. 1. System model of the CRN. In the left figure, small @schre SUs,
successfully served requests minus the cost due to colfisiosquares represent PUs registered at the operator, andlésaare PUs out
We consider both the scenario where the operator knows lthe operator's control. The big circle is the coverageaatthe operator.
Spectrum requests in acvance, and the seting when spect}Jfy'a" 9ure st e avalably of channel s T The b
requests are submitted online. While our online setting itSsensed idle.
similar to the online spectrum auction schemes considered
in [3], [23], the key difference is that sensing inaccurasy iinterference range of each other and that of PUs, and hence
not considered in these existing works. Hence, the appesackach channel can be assigned to at most one SU at any time
in [3], [L3] can only be applied to cases where accurate reshen it is not used by PUs.
time channel states are obtainable, which is not always theThe spectrum pool consists of two types of channels, those
case. managed by the operator and those that are not. The opeyator i

Our contributions can be summarized as follows: aware of the downlink activity of its own PUs at the beginning

« We model the joint sensing and spectrum allocation probf each time slot. The set of the spectrum bndanaged by
lem as a finite horizon Markov decision process whethe operator is denoted ;. However, the activities of PUs
all spectrum requests are revealed to the operator offlif@®t managed by the operator are unknown. Bands accessed
i.e., ahead of time. We develop an optimal dynami@y these PUs are denoted By. To access bands i, SUs
programming based algorithm, which serves as a basel¢operatively sense them and report their sensing results t
for the achievable social welfare. the operator. The operator then makes a fusion decision on

« We propose a greedy algorithm for the case when spdbe activities of bands i, and selects a subset of channels
trum requests are submitted online. We prove that ti$énsed idle to serve the SUs. We only consider the set of
online algorithm is 1/2-competitive for homogeneouBUs located in the coverage area of the operator so that all
channels, and we show that it achieves performan&¥/s in the system have the cognitive capability and can sense
comparable to the offline algorithm for more generdpectrum inT,. We assume that the sensing cost is low and
settings by numerical results. even negligible. In practice, wireless service provid&¥SP)

« We further extend the online algorithm by introducingct as operators, and they may cover areas that almost pverla
a payment scheme to ensure incentive compatibility f&Us registered with one of them may access spectrum from
SUs while guaranteeing a non-negative revenue for tegher WSPs as introduced in our model.
operator. We assume that the spectrum bandg’inand 7, have the

The paper is organized as follows: The system mod@kme capacity, which is normalizedtoPU activities on these
and problem formulation are introduced in Sectfoh 1. odgghannels follow an i.i.d. Bernoulli distribution in eachnt
solutions to the problem with offline and online requests afdot: For instance, in Figufd 1, there are three channel§ in
presented in Sectioris Il and IV, respectively. The onlin@d two channels if. In time slot1, channels 2 and 3 in
auction scheme for ensuring incentive compatibility forssul1 are idle and channel 1 iff is idle. However, channel
and non-negative revenue for the operator is then discusded 72 is sensed busy and it will not be allocated. Also,
in Section[V. In Sectiofi VI, numerical results are presenté&iannel 2 inl; is incorrectly sensed to be idle and scheduling
to illustrate the performance of the greedy online alganith@ request on this channel will lead to a collision. Wereti)
in general cases, and the tradeoff between social welfate &l¢note the probability that chanrieh 7} is idle andrs ;) the

T, 2

T,

revenue. We conclude the paper in Secfiod VII. probability that channej in 75 is idle. We also assume that
the prior distribution of the PU activity is accurately aogd
Il. SYSTEM MODEL AND PROBLEM FORMULATION over time. We assume that state changes occur at the begjinnin

We consider a cognitive radio network with a single operatgf a time slot. LetC' 2 |Ty| + |T»| denote the total number
and multiple SUs registered with it (see Figure 1). Thgf channels, which remains constant over time. Some of our
operator manages multiple orthogonal channels and csntr@ichnical results apply to the special case when all charinel
the corresponding network composed of PUs. We focus 91 are homogenous, that is, when the channels have the same

downlink transmission at the operator with power contro}m(i), P,.(i) and P;(i). Thus, they also have the sanfg(i)
A time slotted system is considered with all PU and SU

transmissions synchronized. All SUs are assumed to be in théwe use channel and spectrum band interchangeably.



TABLE |
NOTATION LIST

| Symbol | Meaning |

N Set of spectrum requests submitted to the operator
T Set of channels managed by the operator
T> Set of channels not managed by the operator

71 (1) Probability that channel in T3 is idle

72(7) Probability that channej in T is idle
(e} The total number of channel€(= |71 | + |T2|)

f1 (t) Availabilities of channels irfl; att¢

I(t) Availabilities of channels iril at ¢

f;(t) Sensed availabilities of channelsi® att

Py (k) Probability of false alarm for channél € T

Py, (k) Probability of misdetection for channél € T

Py (k) Probability that channet is sensed idle

Py (k) Probability of channek being idle given that it is sensed idle
a; Earliest service time for request
d; Deadline of request
w; Valuation of the request
H The time period where spectrum allocation has to be made
r Maximum number of outstanding requests in the system at iamgy
Q Penalty price per collision

and Py (7).

The availabilities of channels i} and7, att are denoted
by binary vectorsl; (t) = (I1(t),--- ,I5(t),---) and L (t) =
(I3(t),--- , IL(t),- - ), respectively, wherd) represents idle
and 1 represents busy states. Moreové(t) denotes the
sensed availabilities of channelsin att. Let Py(k), k € Tb,
denote theprobability of false alarm for channelk, i.e.,
the probability that SUs cooperatively sense charin& be
busy given that it is actually idle. LeP,,(k) represent the
probability of misdetection for channelk, i.e., the probability
that SUs cooperatively sense chanhelb be idle given that
it is actually busy. We further definB; (k) as the probability
that channelk is sensed idle and’ (k) as the conditional

probability of channek being idle given that it is sensed idle.

Note thatP; (k) = ma(k)(1 — Py (k) + (1 — 72 (k)) P (k) and

Po(k) = %W. We assume thaP; (k) and P, (k)

a request, the operator will not make a commitment on the
service; the valuationv; is added to the social welfare if
request; is served byd;. The social welfare is defined as the
total valuations from the requests served minus the coflisi
cost to channels iff;. Let @) denote the penalty incurred per
collision. Letx; (t) (i e N, 1 € TyUTs, t =1,--- , H) denote
the allocation indicatorz;; (¢t) = 1 if requesti is allocated to
channell at ¢; z;(t) = 0 otherwise.y; denotes the service
indicator:y; = 1 if request; is served byi;; y; = 0 otherwise.
The social welfare maximization problem is then formulated
as follows, whereZ(-) denotes the number @f elements in

a vector:

Problem (A):

H
max Er, 113 {Z yiw; — Q Z Z Z Tl (75)15(75)}

ieN iEN LET, t=1

d;

S.t. Z (Z xq(t) + Z i () (1 — Ig(t))) >y, (1)
t=a; leTy keTs
foralli e N
SN @ty < Z(Lt), forallt=1,--- \H (2)
iEN LETY
SO wa(t) < Z(I5(t)), forall t =1, H, (3)
€N keTs

wherex = (Iil(t))i,l,tn 17 = (yz)lej_\’/- I, = (Il(t))tzl,---,Hi

12 = (IQ(t))t:17...7H, Ig = (IQS(t))t:L...yH. The cost
QD ien 2ier, Zfil z;(t)I4(t) takes into account the cur-
rent availabilities of channels ifi,. Inequality [1) reflects the
relationship between the allocation indicatey(¢) and the
service indicatory;. Inequality [2) guarantees that a channel
in 77 will not be allocated unless it is observed idle. Likewise,
Inequality [3) guarantees that a channelZin will not be
allocated unless it is sensed idle.

The challenges of Problem (A) are threefold: 1) The re-
guests are uncertain since they may be submitted at differen

time slots; 2) Spectrum availabilities df; and 7, in the

are constant for any channelc 75, which occurs e.g. when fyiyre are not known at the current time slot; 3) Sensing ts no

SUs are static in the system.

accurate for channels ifh,. In the following, we propose an

We assume each spectrum request is for a single tini#fline optimal solution in Sectioflll and an online solutio
frequency chunk, i.e., a single time slot of any channel if Sectio 1¥. We define the offline algorithm as an algorithm
Ty or T>. Each request submitted at time is of the form that decides the channel allocation for outstanding regues
(ai,di,w;), wherea; > t is the required service starting time,each time slot with only the observed availabilities of amels

d; is the deadline, and); is the valuation of requesgt which
will be added to the social welfare if requeéss served byd,;.
We denote the set of requests By = {1,--- ,N}. H =

in T, and sensed availabilities i, of the current slot. All
requests, including future arrivals, are assumed to be know
For instance, SUs submit their requests at the beginning of

max;en di — min;en a; denotes the time period spectruny. The operator then knows the full arrival information. In

allocation needs to be made, andn;cx a; is normalized each time slot, the operator has to make channel allocation
to 1. The maximum number of outstanding requests in thfecisions based on the observed availabilities of its own
system at any time is denoted asTable[] summarizes the channels and the sensed availabilities of channels marmged
notations used in the paper. other operators. The only difference between online anaheffl
We are interested in maximizing the social welfare of thalgorithms is that online algorithm does not assume the full
operator and the SUs in the system: When an SU submatsival information to be known ahead of tiroth algorithms



are designed under the challenges of spectrum uncertaimty gpossible realizations df;. Then,

sensing inaccuracy. l Z H H
Py(1) (1= Po(m))

X(D,S,t) = m(a;c
x(t
[Il. OPTIMAL OFFLINE ALGORITHM S1CSIES meS\S

(W(D, S, S1,x(t),t) + F(D',t +1))|,(4)

In this section, we study Problem (A) under the assumption
that the operator has full knowledge of the spectrum reguest
in advance. By our assumptions on channel statistics, the
problem can be modeled as a finite horizon Markov DecisiovhereW (D, S, S1,x(t), )

Process (MDP)[I12]. In this section, we propose an optimal

dynamic programming based solution to the problem. We start - Z Wn Z Tnk(f) = Q Z mnk(t)}
with the simple case wherg&, = () and all the channels
for serving SUs are iy, which models the case where alis defined as the social welfare achieved in time g|otor

the channels owned by the operator are overloaded by RBWiven D, the set of outstanding request$;C T, the set
traffic. Then, we proceed with the general case where BHpth of channels sensed idl&; C S, the set of channels that are
and 7> channels are available for use in the system. In eashnsed idle and actually idle; amdt), the channel allocation
time slot, based on the knowledge of the spectrum requeatst. Recall thatz,.(¢) is the allocation indicator used to
and the current channel state, the operator makes a jaletermine whether the SU is served by this allocation. We
decision including 1) which subset of requests to scheduferm D’ based onD as follows: If requestn is allocated to

2) which subset of channels to allocate; 3) which requesthtannels inSy, then removen from D, which means it is

to assign to which channel. In our solution, we consider akrved and the request no long exists. If requesatisfies
possible scenarios for each time slot and find the schedule = ¢ + 1, then addn to D, which indicates it is a new
that maximizes the expected social welfare. Note that thequest. Among the remaining requests, those that expire at
social welfare is composed of two parts: Valuations of SUke beginning oft + 1 are removed fronD.

that are served and the cost caused by collisions on the

channels inl». We show that our algorithm has a complexity Based onX (D, S,t), we calculateF'(D,t) as follows. The

of O(273% (max {C,r})™»{Cr FCr). When (a;,d;) of re- expectation inF' (D, t) in the form of the product of; (/) and
quests do not have a dense overlap, t.e O(log N) where (1 — P;(m)) takes into account all realizations .

N is the total number of requests i, H], our algorithms are
of polynomial complexity. F(,t)=> [[P0 [ -P(m)X(D,S,1),

We first defineF'(D,t) as the maximum expected social SeTzles meT\S (5)

welfare from the beginning of slat till the end of slot H
given that the set of outstanding request®isThe expectation |, Algorithm [T} our objectiveF({i : i € N,a; = 1},1)

takes into accou.nt all possible channel realizations ansisg 5 ~5culated by dynamic programming. It first calculates th
results. We define?’(D, H + 1) = 0 for all D. Our goal ayimum social welfare and the corresponding schedule for
is to calculateF'(D,1) where D = {i : i € N,a; = 1} gach time slot, and then specifies the real time operations.
(Algorithm [IILI). We calculate it backward from = H till |5 0s 1.6 calculateF'(D, t) backward fromH to 1 given

t = 1 is reached since requests requiring service in futUjs initial condition defined earlieF (D, H + 1) = 0 for
time slots have an impact on the current optimal scheduling  |ine 5 calculates the optimal scheduling policy for
plecision. Note thaF at any time it is sufficient to consideD _time ¢ given D, the request sef§, the set of channels sensed
in F'(D, t)'s for being any subset of the requests that satisfje: ands,, the set of channels sensed idle and actually idle,

neD keSy keS\S1

a; <t <d;. according to Equatior[14). The value &f(D,t) is updated
in Line 6 according to Equatiori](5). The complexity of the
A. With no available channels i, Equation [(b) isO(3/"2/(max {|T3|, r})min U217} T |r): The

number of possible channels realization8/s! since different
When no channel is iff’;, the spectrum bands managed byocial welfare values will be generated in the cases where
the operator, SUs can only be served by channelirSUs the channel is sensed idle but actually busy, it is sensed
may request spectrum in arbitrary time slots. The successi@ie and actually idle, and all other cases. It takes at most
serving request contributesw; to the social welfare while the (max {|T5|, 7})™» {727} combinations to find the optimal

assignment of a request to a busy channel causes collisigasin Equation [%). The complexity for the calculation of

incurring a penalty ofy. W (D, S, S1,x(t),t is O(|T2|r). On the other hand, giveh
We define X(D, S,t) as the maximum expected sociathe number of possible argument combinationsH(D, t)
welfare fromt¢ (¢t = 1,--- , H) to the end of the period, givenis O(2"H) by assumption. The total time complexity is

that the set of outstanding requestslisand channels ir5  O(273¢ (max {C, r})™»{¢"} HCr). Note thatC' is assumed
are sensed idleS( C Ty). The expectation is taken over allto be a constant in our model.



Algorithm 1ll.1 Dynamic Programming based Optimal Algorithm for Social fald Maximization
Offline computation

1: for t = H to 1 do
2. forall DC{i:a; <t<d;}do

3: forall S C Ty do
4 X(D,S,t)+max | > [] Po(l) TI QA=PFPm)(> |wn > xni(t) —Q >, anx(t)| + F(D',t41))
x(t) | 5,C51€5 meS\S neD kES) kES\Ss
5: FD,t)« S>> 11 () I 1-=P(m)X(D,S,t)
SCTy €S meET\S

Real-time scheduling

1: At each time slott with a set of request® that are currently in the system and a set of chanfeisat are sensed idle,
allocate channels to the requests based on the sche@l¢hat maximizesX (D, S, t).

B. With at least one channel if; S, UT, then removen from D, which means it is served and
, . he request no long exists. If requestsatisfiesa,, = t + 1,
With channels inT3, requests can be served by channe Ren addn into D, which indicates it is a new request. All

:(n both ﬁltﬁndeQ._Smce t?e chhart1_nel a}/i”?ﬁ'“t'es @ are %Ter SUi are removed fronD only whend; = ¢t + 1. We
nown at the beginning of each time slot, they can serve Sl calculate’ (D, S, 1) as:

requests without any cost. Thus, once observed idle, cttenne

in T could be assigned to requests so as to maximize the siD, 5,t) = > [[m(@) [[ (1 —m(m)X(D,T,S,1).

of valuations. Our focus is still the allocation of channigls I'CTy €T mETI\T

T, if they are sensed idle. (7
We defineY (D, S,t) as the maximum expected social Hence,

welfare from¢ to the end of the period, given that the set

of outstanding requests i® and channels inS are sensed F(D,t) = Z HPI(Z) H (1= Pr(m)Y(D,5,1),

idle (S C T,). We also definef((D,F, S,t) as the maximum Setles meTa\S 8)

expected social welfare fromto the end of the pe”F’d* 9VeN,\yhich takes into account all realizationslgf the availabilities

that the set of _outstandmg requestslis ghannels ik’ ar®  of channels inTy; I3, the sensed availabilities of channels in

observed to be idld{ C T1), and channels i are sensed idle T,: andI,, the actual availabilities of channels 7.

(S C T»). The expectation iy’ (D, S, t) is for all realizations The algorithm is similar to Algorithni TN except that

?;allilzazgﬂslzﬂTh.?hgﬁpedat'on inX(D,I',5,t) is for all F(D,t) is updated according to Equatidd (8). The complexity
2 ’ of Equation [() isO(3!"212171| (max {|Ty|, r} )™ {72l Oy,
N The difference from the complexity of Equatiof] (5) lies
X(D’F’S’t)_lﬂgi(l Z H Bo(l) H (1—="PFo(m)) in 2171l which is caused by the number &f; chan-
$1CS 1S, meS\51 nel realizations. Following a similar argument as in the
case where|Ti| = 0, the total time complexity is still
, (6) O(273%(max {C,r})™»{¢"} HCr). Note that, for homoge-
neous channels ifi,, the allocation policy becomes simpler
where since allocation to different channels iy makes no differ-
. ence. Then, we can repla¢emax {C,7})™{} with 7 in
W(D,T,5,5:,x(t),1) = Z {w”(z Tt (1) + Z Zak(1))  total complexity, resulting ig a co{mple}x)ity @b (273 HCr?).

(W(D,T, 8, 51,x(t),t) + F(D',t +1))

nebD ler keS,
QY xnk(t)} C. Discussion
keS\S1

In this section, we prove some structural properties of
is defined as the social welfare achieved in time slaiven the optimal solution, which helps to further reduce the time
D, the set of outstanding requests; the set of channels in complexity of the algorithm and also provides insight to the
T, that are observed to be idl§;, the set of channels sensedlesign of the online algorithm discussed in Secflioh IV. Note
idle; Sy, the set of channels sensed idle and actually idlthat at any timet, for an active request and a channel
and x(t), the channel allocation at. The only difference k € T, that is sensed idleP)(k)w; — Q(1 — Po(k)) is the
betweenW (D, S, S1,x(t),t) and W(D,F, S,51,x(t),t) is expected immediate social welfare contributed by requést
the addition of the valuations contributed by the service anis assigned td: in the current slot. Propositidn I11.1 shows
channels inT;. We form D’ based onD in a similar way that a non-negative immediate social welfare is necessary f
to Equation [(4): If a request: is allocated to channels inrequest; to be served by channél in the optimal solution,



which turns out to be a sufficient condition in certain scenar + (w; Po(k) — Q(1 — Py(k))) Z R(S,S1) >0, (11)
as stated in Propositidn 11l.2, as well. 51CS\{k}

Proposition 1lIl.1. At any timet, if a requesti is scheduled WhereF (D s, .t +1) — F(Dj s, U{i}, ¢+ 1) <0 since the

on channek € T; in Algorithm[IL, thenPy (k)w; > Q(1 — social welfare is monotonic over the set of requests. Hence,
Po(k)). N we must have?y (k)w; > Q(1 — Py(k)) for Inequality [I1) to

hold. [ |
Proof: We will prove Proposition[IILIL for the case PropositioIl.2 shows that the conditid® (k)w; > Q(1—
without 77 channels. It can be shown for the general cadg (k)) is also sufficient for a request to be scheduled for
in a similar way. Suppose at time request: is assigned to homogenous channels. To simplify notation, we drop thexnde
channelk in the optimal solution, with the system state beinfpr channel related parameters for the homogeneous case.
(D, S, S1) as defined before. Note thatmay or may not be in
Si. Letx(t) be the optimal schedul®g be the set of requests
scheduled ix(t), andD ¢, be the set of outstanding requests
for t+1 with Dg scheduled irt. Letx(t) be the same schedule
asx(t) except that is excluded. To simplify the notation, let
R(S,S1)= ]I P(1) ]I (1—Py(m)). Then we have

Proposition II1.2. In a system with no channels ifiy and
Qomogeneous channelsis, if there exists at least one request

i that satisfiesPyw; > Q(1 — Fy) in a slott and there is at
least one channel sensed idle, then in the optimal solution
at least one of the requests satisfying this condition wdl b

125, meS\ S scheduled, for alk.
Proof: Given the system statéD,S,S;) at time ¢,
X(D,S,t) = Z R(S, S1)(W(D, S, Sy, %(t),t) consider a subset of requedds; C D to be scheduled where
5,CSRES, i € Dg. Let D 5 denote the set of the outstanding requests
att+ 1 given thatDg is scheduled at, andk the channel as-
o F(De o 41 signed toi in the schedule. We want to s.how thgt the gxpected
twi+ F(Ds,,,t+1)) social welfare from to the end of the time period witlg
scheduled at is at least as large as that wifhg \ {i} sched-
- uled. We defineU(T5,S) = Pr(l 1-P .
Y RS.SHV(D.S.S1x(0),) (L.5) = IL A T (4= Frlm)
51C8,k¢S We also defineF (D, t) as the expected social welfare from

t till the end of H by schedulingDs at timet and F5(D, t)
(9) as the expected social welfare frotill the end of 4 by
schedulingDg \ {i} in time ¢. By Equations[(®),[(T0), and

. g]:[l) we obtain
On the other hand, if is not scheduled, then the expecte
social welfare front to H is
Fi(D,t)=F3(D,t) = > U(T5,5)

- Q+ F(Dsg,,t+1))

Z P(lsl\(l _PO)\S\SH

X'(D,S,)=| S R(S.S)(W(D.S.5.%(t).t) St FIESRES
S165k€5 [F( 5,50t +1) = F(Dg g U{i},t+ 1)}
+F(Dyq U{i}, t+1 L _
( S,S1 { } )) "F(wiPO —Q(1-Ry)) Z PO‘S \(1 _ PO)\S\S1| 1‘|
S1CS\{k}
— l > R(S,S1)(W(D, S, S1,%(t), 1) =Y U(1,5) {130(1?(1)’5751,1t4r 1) - F(Djg, U{i},t+1))
$1C8.k¢ S SCT,

(10) +(wz‘P0—Q(1—PO))} S AP - p)SItt (12)
S1CS\{k}

+F(D/s,slvt+ 1))

Since Dy is the optimal solution for Equatiofil(4), we have In the fo/llowing we will show thatPy (F(Dy g, U {i},t +
(@)-(T0)> 0. By rearranging the terms, we obtain 1) = F(Dgg,,t + 1) < wily — Q1 — Fy). We first
) ) _ observe thatF(D,t) < F(D \ {i},t) + F({i},t) for

> R(S.8)(F(Dg, t+1)—F(Dsg U{i},t+1)) anyt, D andi € D sincei is competing with requests

$1C8.keSy in D\ {i} for the spectrum in the former case but not
in the latter case. in Hence we only need to prove that
i R(S,S1) — R(S,S .
tu D RES)-Q DRSS piphi 1) - FOE+ 1) < wPy - Q- Ry

Sreshes: SIESRES: for all ¢, that is, BoF({i},t + 1) < wiPy — Q(1 — Py)

— Z R(S,S1)(F(Dy.g, .t +1) — F(D§ g, U{i},t +1) for all t since F(0,t + 1) = 0. We will prove it by
$1CS.kES |nduct|on We defineP; as the probability that at least



one channel is sensed idle. We start with= H and then Algorithm IV.1 Greedy Online Algorithm
PQF({Z}, H)= P()P](wipo—Q(l—Po)) < wipo—Q(l—Po). In each time slot:
Suppose PoF({i},t) < w;Py — Q1 — Py) for all 1. if D=0 then

t > 7, then F({i},7) = (1 — P)F({i},7 + 1) + 2= exit
Prmax{w;Py+ (1 — Po)(F({i}, 7+ 1) —Q),F({i},7+1)}. 3: Sort channels ir5 (channels sensed idle i) by ¢ in
We calculate ascending order
F({i}, 7+ 1) = (wiPy + (1= Po)(F({i}, 7+ 1) — Q) 4 irczjr;rrequests i (outstanding ones) by, in descending
, (a) 504 ¢ 1
=Py(F{i}, 7+1) = (wiPy — Q1 — P))) < 0, 6: for all L in T (channels inl} observed idleXo
where (a) is by the induction assumption. Then we know 7:  z(t) « 1
should be scheduled in the optimal solutionraif it is the 8 D« D\ {i}
only request. Hence, 9 if D=0 then
_ . _ 10: break
R F({i},7) = Bo((1 = P)F({i}, 7+ 1) 1 i+l
Py (wiPy + (1= Po)(F({i}.7+1) = Q) 1210 D =0 then
. R 13: exit
=1 - RP)RF{i},7+1)+ PoPr(wiPo — Q1 — )  14:n« T +1
®) 15: for all k in S (channels sensed idle ify) do
< wiPy - Q1 - Ry)), 16:  if w, < 60(k) then
17 break

where (b) is by the induction assumption. This(F (D U _ )
{i},t) — F(D,t)) < w;Py — Q(1 — P) for all D and¢. 8 k<

Therefore, Equatiod (12) 0, which means the expected sociallgf ?;Pw\tﬁn}
welfare fromt to the end of the time period witPs scheduled ! b . K en
att is always better than that withg \ {¢} scheduled. = n <_re;la+ 1

Based on these propositions, we can reduce the candidte
set of requests for scheduling in each time slot. For inganc

no reque_sts_ should be §chedule0°@f(k)wi S.Q(l N Po(k.)) way for trading off the social welfare and the revenue of the
for all existing requests and all & sensed idle. Also, in a

- operator, which will be discussed in detail in Sectigh V.

system with no channels if; and homogeneous channels in . . . .
T», the candidate set is composed of all requests that satis Jhe time complexity of AlgorithnLIVIL isO(C'log C' +

. o - . rtogr) since the complexity of sorting in Lines 3 and 4
Po(k)w; > Q1 — Po(k)). We utilize these propositions in they i oo that of allocation in Lines 5-22. We then study the
design of our online algorithm.

performance of the online algorithm. An online algorithm fo
a maximization problem is-competitive ¢ < 1) if it achieves
at least a fractiom of the objective value of an optimal offline

In this section, we introduce a greedy online algorithmgigorithm for any finite input sequendg [1]. We show that the
(Algorithm[\/1)) that does not need future arrival inforrioat. greedy online algorithm is 1/2-competitive whéfy,| = 0
For systems where requests are not submitted ahead of 4h@ channels iff, are homogeneous in Proposition IV.1. For
required service starting time;, the online algorithm makes peterogenous channels, we will show that the online algo-
decisions based on the information available in the curreffam achieves performance comparable to the optimal efflin
slot. algorithm by numerical results in Sectibn]VI. To establish

In Algorithm [MI, the main idea is to (greedily) offer proposition IV, we first show that, is the expected cost
requests with higher valuation channels with better qyalitper a request served by chantein LemmallV1.
We definecy, 2 Q(1 — Py(k))/Py(k), which is the expected
cost of serving one request on chanke{will be shown in
Lemmal[lV1). Note that, = 0 for k € T;. Lines 3 and 4
sort channels sensed idle ly and current requests by, Proof: For any scheduling policy, consider the time
respectively. Since accessing channel§’incauses no cost if interval right after a request is served by channahd before
observed idle, they are allocated first to requests withdsgh the next request is served by chanheRemove all time slots
valuations (Lines 6-11). In Lines 15-22, the remaining exig in the interval when there are no requests in the system or
are allocated to channels ifi, sensed idle from highest val-channelk is sensed but not allocated. Given that a channel is
uation to lowest if they satisfyv,, > (k) whered(k) serves sensed idle, the probability that collision happens-isPy (k).
as areservation pricefor using channek. We setd(k) = ¢,  Thus the number of slots where collisions happen follows
in this section, which is motivated by Propositidnslil.ldana geometric distribution and the expected cost per a request
Allowing different values of reservation price prides a service on channe! is Q(1 — Py(k))/Po(k). [ |

IV. ONLINE ALGORITHM

Lemma IV.1. For any scheduling policyg is the expected
cost of serving a request on chanriel



Based on Lemm& V1, we show the competitive ratio dfehavior. At any time slot, the operator accepts bids of the
Algorithm V1] in special cases. form (di,cii,wi), wherea; = t and d; denote the reported
required service starting time and the deadline, respagtiv
andw; denotes the reported valuation. All these values could
be different from the true values of requéstVe assume there

Proof: Let the random variabley denote the set of is no early-arrival misreport and late-departure misrejpathe

requests that are eventually served by the algorithm. Lststem, that isg; > a; andd; < d; in any bid. In practice,
Py = Py(k) for any channek € T5,. Since the channels in both of them can easily be detected since the request is no
T, are homogeneous, we have= Q(1 — Py)/ Py, which is longer in the system when either misreport occurs.
the expected cost for serving a single request by Lemma IV.1.Let p; denote the payment that the operator charges a SU
Then the expected social welfare can be written as followsfor having its request served. Thenet utility for request; is

N defined aswu,; = w; — p; if requesti is served andi; = 0

Z {( Z Pr(y sz — kePr(|ly| = k) } if not. A mechanism is said to _kxdaominant-strategy incentive

compatible(DSIC) if for any given sample path of channel

Proposition IV.1. If |73 = 0, and channels inT, are
homogeneous, then AlgoritHm IV.1 is 1/2-competitive.

rohi ' state realizations and sensing realizations and a set 0ésts)
N each request maximizes its utility when it truthfully relsethe
= Z [ Z Pr(y) Z (wi — C)} private information independent of the bids from other esis

k=1 lyl=k ey (adapted from Definition 16.5 i [11]). In Auction 1, for eyer

Note that the greedy algorithm always chooses the actikequest that is successfully served by its deadlineritécal
request with highest valuation. For any sample path, censigrice is charged, which is defined as the maximum reported
the set of requests served by the optimal offline algorithwaluation under which it will not be served assuming the pthe
and those by the greedy algorithm withf = w; — ¢ as the bids are fixed.
valuation. We follow the same argument asih [7]: We consid@uction 1: Requests(az,dl,wl) are reported to the operator
any request that is scheduled offline but not online. Sincat timet¢ = a;.
requesti is not scheduled online, it is present at timand (i) At the beginning of each, allocate requests according to
the greedy algorithm schedules another reqyéstthat slot, Algorithm [Vl
the valuation of requestshould be as least as large as that dfi) Every request successfully served pays its critical price,
requesti. For any request that is allocated offline and alsocollected at its reported deadline.
online, it makes the same contribution to the social welfar
Then the offline solution achieves a $ocial welfare at mos
twice that in the online solution smce,+—, > 1 . Therefore,
Algorithm [\1] is 1/2-competitive. ] Proof: According to Theorem 16.13 in [11], to show that

Note that the factor 2 in Propositien IV.1 does not deperfuction 1 is DISC, it is sufficient to show that the mechanism
on request arrival patterns or channel related parametdgsmonotonic in terms of both valuation and timing. That is,
Algorithm [T can always achieve at Iea%t of the social for a given sample path of channel realizations and sensing
welfare of the optimal offline algorithm (Algorithin 1T 1) men realizations and a set of requests, if requesibmitting a bid
the system is only composed of homogene®ishannels. (G, dz7 wl) wins, then it continues to win if it instead submits a

bid (az,dg, w;) with @} > w,, a; < a;, andd > d;, assuming
V. ACHIEVING INCENTIVE COMPATIBILITY other bids are fixed. This condition can be easily verified. So

In this section, we design an online auction scheme whiduction 1 is DSIC. ]
utilizes the online greedy algorithm (AlgoritHm TV.1) taber By the definition of critical price, we propose Algoritim V.1
with a payment scheme to achieve incentive compatibility féhat applies binary search to find the critical price for resta
SUs. Due to the collision penalty, however, a social welfaseheduled by Algorithra IVI1. Algorithfa M1 runs in each slot
optimal auction may end up with a negative revenue férwhen there are requests scheduled. In the binary search from
the operator, which is not reasonable since the operator nidages 6-12, scheduling decisions must be remade fteau;
choose not to start the auction in the first place. We intreduto d; with w; updated by the new value af; (Line 7) till the
a reservation price for resolving this problem, which alseritical price is found.
provides a way of trading off the social welfare and revenug

E{oposmon V.1. Auction 1 is DSIC with no early-arrival and
no late-departure misreports.

Non-negative Revenue for the Operator

A. Incentive Compatibility for SUs Our objective in Problem (A) is to maximize the social
When the available spectrum resource cannot satisfy all thvelfare without considering the revenue at the operatae.sid
requests, which is often the case, a selfish SU may choosddtmwvever, for an actual business model to be viable, it is

cheat on its valuation or arrival and deadline times to obtaimportant that the revenue of the operator is taken into@tco
some priority of being served. Such strategic behaviordeadlhe revenue is composed of two parts: Payments collected
to a less efficient system. In this section, an online auctiérom the SUs by serving their requests and the penalty paid
scheme is presented (see Auction 1) to suppress the cheatorgcausing collisions. Using)(1 — Py(k))/Po(k) as 0(k)



Algonthm V.1 Critical Price Calculation for RequeStS % We usem; as the estimated fraction of requests
v

In each time slot: 1ET{0Ty
1: for all i € D do served by channet. Then we letg, £ > ¢;m;, which
2. if 4 is scheduled by AlgorithriLVIthen we use to estimate the average expei:etgldug%st per request and
3: Wiow <=0 set it as the reservation price. We would like to show that
: V“\}/’ﬁli?g ;U_ wi< o do ¢’ and hence using; as a reservation price, a non-negative
X o logloerwi}lZg}; expected revenue is obtained. We sta/rt with Leniméa V.1 that
; — LlowWhigh . - "
7 Run Algonthml:lm with the valuation of requestprOVIdeS a sufficient condition far, 2 ¢'.
1 updated byep; from ¢t = a; to d; Lemma V.1. If w:”_z < >4
8: if i is scheduledhen *
9: Whigh  CP; Proof: We calculateg: —¢' = > ¢;(m; —nj). In
10: else i _ GETIUTs
the following, we will show that there existssuch that for
1 Wiow <= CPi _ , all j < i we havemj < n’ and for all k > i we have
12: Outputcp; as the critical price foi Y
my > nj,. it is easy to see that:
if mj > n; thenmk > nj, by multiplying “4+4 St and
in Algorithm [\.1], the operator may get a negative revenuej—+1 7’“ , respectively, on both sides. Then we can find

which means the sum of payments by SUs does not excgm&m We d|\/|o|eq1 — ¢ into two parts:
the penalty paid to PUs out of its control. To overcome

this problem, we introduce eeservation priceq, which is @—q= ch(mj - ”3) + ch(mk —ny,) (13)
a constant for fixed channel related parameters. We further isi k>i

reset the value of(k) to beq in Algorithm [V and apply  If i = |Ty| + |T3], ¢ — ¢’ = > ci(my —nl) >
Auction 1. JETIUT,

We interpret the reservation price as the expected cdstnax c; )( >omp— Y n;) = ( max ¢;)(1 -
J €T UT: j €T UT: jETIUTy JETIUT,
associated with each request served by channdls.ihlence, JEEL S JEer1-te
= 0. If i = 0, then all terms ing; — ¢’ are positive. Next
the revenue of the operator will always be non-negative if ae consider the case where neither sums in Equafigh (13)
least the reservation price is paid by the SU for getting i p’ q

as no terms. Since all terms in the first term in the sum are
request served. Next, we show the form of the reservatlo

AoN- positive and all terms in the second term in the sum are
price for the special case in Proposition]V.2.

pOSItIVG, we obtain

Proposition V.2. If |T}| = 0 and channels irf; are homoge- / / . /
- ; —aqd > . .l _
neous, then a reservation prieg = Q(1 — Py)/P, leads to “—a = (r?gf( %) Z (m; = mj) + (%1;? ) Z (mx = ny,)

non-negative revenue for the operator. I=t b
(a)
Proof: The revenue of the operator is expected payment > (mgx Cj)(z - n )+ Z my — nj, )

collected from SUs by serving their requests minus the cost. = J<i k>i
The payment of SUs is at least the reservation péxe — ,
Py)/Py. By Lemma[1V1, we know that the expected cost is max € ( Z mj — Z ”a‘) =0,
Q(1 — Py)/P, as well. Hence, the expected revenue is non- J€NUT JENUT
negative. m where (a) is by the assumption that < --- < ¢jp, |4 |7y)-

When there are heterogeneous channels, we try to find th@nceq: > ¢’ holds. L

average expected cost of serving a request and set it as thBased on Lemma M1, we claim that a reservation price of
reservation price to guarantee a non-negative revenueallReg: results in a non-negative revenue for the operator.

thatcy is the expected cost of serving a request on Cha‘anebroposition V.3. The operator achieves a non-negative ex-
by Lemmaﬂm. Assume that channel; have ‘?ee” sor_ted b%@cted revenue with reservation prigge when H is large
non-decreasing order @f,. For ease of illustration, we mdexenough

channels irl; from 1 to |7} |, and channels ifi’, from |7} |+1

to |T1|+|Tz|. Let n/; denote the expected fraction of requests ~ Proof: It suffices to show that, > ¢'. Consider any

served by channej for a given set of requests. Then, theample path. Without loss of generality, consider the fikgt t

average expected cost per requesqﬁs: S eml. We channels in the sorted list. Let; andn, denote the number
JETIUT, of requests served by channdlsand 2, respectively. Lets;

would like to have an estimate of that is independent of the genote the number of time slots that are sensed in the ifiterva

request set. To this end, lef denote the probability that the petween(i — 1)th andi-th requests served by channgland

channelk is viewed as idle and it is really idle. That is =  defineb, similarly for channeb. Let A denote the total number

m (k) if k€ Ty, andv, = Pr(k)Po(k) if k € Ty. Letmy, 2 of time slots between and H that are not sensed for channel
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1 (because there is not enough requests or there is no ben

to sense it), andd’ the number of time slots after the last D(:jjmi g ¥ j:?:i

request is served by channel Define B and B’ similarly ¢, =0 e R

for channel2. Note that by the ordering of channels, wheng O_BQ g 06| IT =2

there is only one request in the system, and both channels ¢S oss 8058

available, channel 1 will be used. It follows that< B. We 05— R — 0. > 3 R

4
Request duration

3 4 .
then haVeH = Zsi 4+ A+ AI _ Zbl + B 4 B/. Therefore, Request duration
H=EXs +A+A) = E(m)/mi + E(A) + E(4/) (@ Homogeneoug; channels. (b) Heterogeneoud, channels.
(by geometric distribution) and = E(ny)/ms + E(B) 4+ Fig- 2. Performance of online algorithm versus offline ahon over various
E(B’). Note thatE(A’)/H 0 and E(B’)/H — 0 when Elejiu‘eit?’c;urrztslggcrt?vee?;s with homogeneous and heterogefiéoabannels
H — co. Therefore™ = g} = gl > m g '

H—-FE(A) > H - ﬁ(B). It then follows thatg; 22 ¢ by i.e., the ratio between the social welfare of the online afgm

Lemmal\1. Hence, a reservation priceafleads to a non- and that of the optimal offline algorithm. Whew, | = 1, we
negative revenue at the operator. m Setm = 0.5058; When |T}| = 2, we setm;(1) = 0.8147

Remark: With a lower reservation price, the online algo@nd 1(2) = 0.1270. We observe that the performance of
rithm tends to access the channels more aggressively,ttreus, AlgorithmIV.1l degrades afl} | increases, independent of the
revenue of operator is harmed. On the other hand, a higlgfuest duration mean. With a high numberTaf channels,
reservation price prevents more requests from accessing $hWrong decision made by the greedy online algorithm to
channels, which harms the social welfare and further affegchedule a request affects the performance more. Also, the
the revenue, as well. We will evaluate the tradeoff betwe&ieedy online algorithm serves requests of a larger density
social welfare and revenue by setting different resermati@€tter than requests of a smaller density. When the system is

prices in Sectiofi V. overloaded with requests, even the optimal offline algarith
can not satisfy all requests. Thus, those with larger vedoat
V1. NUMERICAL RESULT tend to be chosen, as in the greedy online algorithm. Albsati

In this section, we evaluate the performance of the greeBlptted are strictly abovg, even for those withTy| # 0.
online algorithm (AlgorithmiIV1) and the tradeoff between In Figure [2{B), we evaluate the performance of Algo-
social welfare and revenue for different reservation mitte "ithmIV.I with heterogeneou®;, channels. We use the same
first show the competitive ratio of the greedy online algorit 71 channel parameters as in the homogeneous case. The
with different channel settings and request related patense Parameters related t@> channels are as followsty(1) =
respectively. We then apply Auction 1 with varying reseist 0-9134, m2(2) = 0.6324, m2(3) = 0.0975, P,,(1) = 0.1419,
prices and show the performances of social welfare add(l) = 0.7922, Pn(2) = 0.2218, P¢(2) = 0.6595,

revenue. P,.(3) = 0.6557, P¢(3) = 0.2157. We observe similar results
_ _ _ as in Figurd 2(3): Algorithfi IVI1 performs better with fewer
A. Simulation Setting T channels and denser requests. Again all ratios are apove

We let the arrivalsa; of requests follow a Poisson dis-
tribution and the durationd; — a; of the requests follow
an exponential distribution. The valuations follow a unifo ~ We now study the tradeoff between social welfare and
distribution in [1,15]. We choos€) = 10, the penalty per revenue generated by Auction 1. In Figlre 3, we vary the
collision, comparable to the valuations in all our simuag. values of reservation price. Note that it is now a constant
We fix the number of requests &9, and the inter-arrival over requests given the channel related parameters, which a
mean as3 slots, and vary the mean of request duration e same as in Sectidn_VI-B. We first show the tradeoff in
adjust the density of requests. Given the means of intéraérr a system with homogeneod$ channels and n@; channels
and request durations, we generaie groups of requests in Figure[3(d). Both social welfare and revenue first inceeas
and compare the average for the metrics we consider. Vakd then decrease as the reservation price increases. At a
generate the channel availabilities in each time slot baslewv reservation price € 3), the payment collected cannot
on our assumption that channel states follow i.i.d Bermoutiecover the expected cost and hence the average revenue
distribution and100 samples of channel realizations are takebecomes negative. A low reservation price may also hurt
for our simulations. The channel parameters we use will Isecial welfare by our necessary condition for serving retgie

C. Tradeoff between Social Welfare and Revenue

introduced in Sectiop VI-B. (Proposition1II.1). On the other hand, when the reservatio
_ _ price is too high, fewer requests will be accepted, whichshur
B. Performance of Greedy Online Algorithm both social welfare and revenue. We note that when the

In Figure [2(d), we compare the performance of Algaeservation price igo = Q(1 — Fy)/FPy = 3.8, @ non-negative
rithm [[V.1] with that of Algorithm[IIL.1 when there are threerevenue is obtained, which is consistent with Propos[iigh V
homogeneoud: channels in the system with, = 0.6324, At a very high reservation pricex(8), the social welfare and
P, = 0.2218, Py = 0.6595 and various number of’; the revenue converge, where the payment actually becomes
channels. Thegj-axis denotes the achieved competitive ratidhe same as the valuation for requests served. Note that the



(31

80,

100
60|

« . [

Value
Value

20|

(5]

i |-e-Social Welfare
q: —Revenue

1

—©-Social Welfare
——Revenue

10

H
o

=2

2 12 15

4 .8 5 10 [6]
Reservation price Reservation price

(a) HomogeneousT> channels(b) Heterogeneousl> channels
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(7]

revenue never exceeds the social welfare by the definition &t
critical price.

In Figure[3(B), we show the tradeoff in a system with
and heterogeneouk, channels. The trend of social welfare
and revenue is similar to that in Figyre 3(a). Note that witfig]
the reservation price; = 6.9 (defined in Sectiof V), the
revenue obtained is right above 0, which is consistent wiHll]
Propositio V.8 and also shows thatis nearly a tight upper
bound of the expected cost for this case.

El

[12]

VIl. CONCLUSION
[13]

In this paper, we study the joint sensing and spectrum
allocation problem for serving secondary users in cogeﬂiti\frl4
radio networks with the objective of maximizing the socia
welfare. Our problem formulation takes into account both
spectrum uncertainty and sensing inaccuracy, which egable
dynamic spectrum access at small time scales. Using only
channel statistics and real time channel states, we deaglop
optimal solution for serving a given set of spectrum reqaiest
with various time elasticity. We further propose an online
algorithm, which does not require future information on the
arrival process, and achieves a comparable performance as
the offline algorithm. In addition, we show that the online
algorithm together with a payment scheme achieves inantiv
compatibility for the SUs and a non-negative revenue for the
operator. There are several open problems to be solved, Firs
in practice, a more flexible form of spectrum requests will be
desirable. For instance, a request may ask for multiple khun
that may or may not be preemptive. Extending the current
offine and online algorithms to this more general setting
will be part of our future work. Second, we plan to extend
the problem formulation by including the notion of spatial
spectrum reuse in addition to the time dimension considered
in the paper. Third, we plan to relax the assumption on ttab i.i
Bernoulli channels by considering correlated channelsd¢hvh
involves solving arexploration vs. exploitatioproblem in the
context of an auction.
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