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Abstract—We consider a node-monitor pair, where updates
are generated stochastically (according to a known distribution)
at the node that it wishes to send to the monitor. The node is
assumed to incur a fixed cost for each transmission, and the
objective of the node is to find the update instants so as to
minimize a linear combination of Aol of information and average
transmission cost. First, we consider the Poisson arrivals case,
where updates have an exponential inter-arrival time for which
we derive an explicit optimal online policy. Next, for arbitrary
distributions of inter-arrival time of updates, we propose a
simple randomized algorithm that transmits any newly arrived
update with a fixed probability (that depends on the distribution)
or never transmits that update. The competitive ratio of the
proposed algorithm is shown to be a function of the variance
and the mean of the inter-arrival time distribution. For some
of the commonly considered distributions such as exponential,
uniform, and Rayleigh, the competitive ratio bound is shown to
be 2.

Index Terms—Age of information, transmission cost, stochastic
arrival

I. INTRODUCTION

Rapid growth in mobile connectivity and anywhere com-
puting has led to a significant growth in real-time applica-
tions of Internet-of-Things (IoT) and Cyber-Physical Systems
(CPS). Many of the applications in these paradigms critically
require that fresh status updates are regularly received by
the controller, e.g. in health care, delivery apps [1]-[3] etc.
To formally model and capture the concept of freshness of
information at the monitor/controller, the metric of age of
information (Aol) [4] has been introduced recently, where
instantaneous age at any time is defined as the difference
between the current time and the generation time of the last
update that has been successfully received. The Aol is the
average of the instantaneous age.

One aspect that is generally neglected when considering
Aol optimization is that to transmit an update, a node requires
energy, owing to transmission and computation costs. In this
paper, we model the energy cost explicitly, and consider a
scheduling problem, where the objective function is a linear
combination of the Aol and the average transmission cost
(energy consumed).
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We consider that updates are generated stochastically at the
node, with a known inter-generation time distribution. More-
over, to keep the model simple, we assume that each update
if sent by the node to the monitor, is received instantaneously,
with no delay. With transmission cost, clearly, the node cannot
transmit all the updates to the monitor. Thus, at each time
instant, given the set of outstanding updates that have been
generated at the node after the last update was received by
the monitor, the decision variable is whether to transmit the
most recent outstanding update or wait for the next update to
be generated, given the current age of the monitor, and inter-
generation time distribution.

A. Related Work

There are primarily two models that are studied with Aol,
i) stochastic generation model and ii) generate at will model.
We briefly summarize related work in both these directions.

1) Stochastic Arrival Model: The initial work on Aol
considered a stochastic model [4]-[6], where the system is
modelled as a M/M/1 queue, with inter-generation time of
updates and service time (delay seen by each transmission) as
exponentially distributed, and found its Aol. In [7], a multi-
source M/G/1 queueing model (where service time follows
general distribution) is considered, and a closed-form expres-
sion for the Aol is derived. More challenging questions, have
been studied more recently, e.g., [8] considered the problem
of identifying the packets that should be transmitted in order
to minimize the Aol. Further, in context of energy harvesting
nodes, [9], [10] considered Aol minimization problem with
stochastic packet generation, subject to energy causality con-
straints. For a more comprehensive review of work of the
stochastic arrival model, we refer to [11].

2) Generate At Will Model: The generate at will model
is becoming more popular recently, where each node always
has an update to transmit. This model is interesting in two
settings, a) either there are multiple nodes that want to update
and only a subset of them can update simultaneously but there
is no transmission delay, or b) there is a single node, but
each update experiences a random delay. With multiple nodes,
there is a large body of work [12]-[17], when at most one
node can transmit at any time without any delay but where
each transmission is successful with some probability. With
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multiple nodes, mostly scheduling algorithms with bounded
gap (2-competitive) from the optimal algorithms have been
derived. For a single node case, when each update experiences
a random delay, [18], [19] showed that no wait policy (update
as soon as the previous update is delivered) is not optimal, and
characterized the optimal policy depending on the distribution
of the delay. Recently, several works [20]-[22] considered
minimizing average Aol with network-related constraints like
interference, transmission delay, channel reliability, etc., while
[12], [13], [23]-[25] considered average Aol minimization
problem with other performance metrics like throughput, dis-
tortion, delay, etc. For more details on prior work we refer the
reader to [26].

In both the stochastic and the generate at will model, the
actual cost of transmission can be significant, such as in
an IoT setting, where devices are small and have limited
energy [27]-[30]. The problem of minimizing the linear sum of
sampling and transmission cost in a multiple-node system with
generate at will model is analyzed in [27], subject to meeting
average Aol constraints, and an upper bound on the objective
function is derived. In [28], a multi-node system is considered,
where nodes can even transmit their updates (with arbitrary
inter-generation time) partially, such that the linear sum of
Aol, transmission cost and distortion is minimized. A greedy
algorithm is proposed that is shown to be 2-competitive. In
[30], a node is considered that can download fresh updates
(immediately) if a neighboring access-point (AP) is available,
and decrease its own instantaneous Aol to 0. The goal is
to minimize the linear sum of Aol and downloading cost.
When the time-slots in which a neigboring AP is available
is arbitrary, [30] proposes a randomized online algorithm that
is e/(e — 1)-competitive.

B. Our Contributions

In this paper, we consider a basic scheduling problem, where
the objective function is a linear combination of the Aol and
the average transmission cost (energy consumed), and the
decision at each time instant is whether to transmit the most
recent outstanding update or wait for the next update to arrive
at the node, given the current age and the inter-generation time
distribution.

o We first consider the update inter-generation time to be
exponentially distributed. For this case, we derive an
optimal algorithm, that is threshold based, where we
explicitly characterize the threshold as well. Typically, for
solving such problem e.g. [18], [29], structural properties
of MDPs are exploited, however, in this work, we take
a different approach. We derive a lower bound on the
objective function and derive sufficient conditions to
achieve that lower bound. Next, we propose a threshold
based algorithm, that transmits a newly generated update
if the time since the last transmission is above a certain
threshold, and show that it satisfies the optimality condi-
tions.

o Next, we consider the case of general inter-generation
time distributions, and consider a stationary randomized

policy, that either transmits a newly generated update
with a certain fixed probability or never transmits it at
all. In this setting, we consider the metric of competitive
ratio, that is defined as ratio of the cost incurred by the
stationary randomized policy to the cost incurred by an
offline optimal policy that knows the inputs in advance,
maximized over all inputs. For the stationary randomized
policy, we derive an upper bound on its competitive
ratio in terms of the expectation and variance of the
update inter-generation time distributions. For commonly
considered distributions such as exponential, uniform,
and Rayleigh, we show that the competitive ratio of the
stationary randomized policy is at most 2.

II. SYSTEM MODEL

Consider a node, where updates (henceforth, packets) are
generated stochastically, with inter-generation time X dis-
tributed according to a known distribution D. If the node trans-
mits an update to the monitor, it is received instantaneously,
without any delay. At any time ¢ > 0, Aol of the monitor is
A(t) = t — A(t), where A(t) denotes the generation time of
the latest packet of the node that has also been received by
the monitor until time ¢. Therefore, average Aol A, (t) of a
node at time ¢ is

1 t
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The node incurs a cost of ¢ units (¢ > 0) for each transmission.
Hence, average transmission cost at time ¢ is given by

Can(t) = SR, @

where, R(t) denotes the number of packets transmitted by the
node until time ¢. The objective is to obtain a causal optimal
transmission policy 7*,

7* = argmin lim pC7T (t) + A~ (¢), 3)

rell  t—=oo

where p > 0 is a constant and II is the set of all causal trans-
mission policies 7 (that only requires information obtained
until time ¢ to decide whether to transmit at time ¢ or not),
while CT, (t) and AT, (t) denotes the average transmission cost
and average Aol on following policy 7, respectively.

Remark 1: Any cost function of the form aC,,(t) +
bA.,(t) (where a,b > 0 are constants) can be expressed as
b(pCau(t) + Agy(t)), (for p = a/b). Therefore, the solution
of corresponding optimization problem is similar to (3).

First, we consider the exponential distribution for inter-
generation time of packets, and derive an optimal transmission
policy for (3). Then in Section IV, we generalize this to include
general distributions inter-generation time of packets.

III. EXPONENTIAL DISTRIBUTION

In this section, we assume that the inter-generation time
of packets is exponentially distributed with packet generation
rate ¢ > 0. We develop a causal optimal transmission policy
that solves (3), by initially finding a suitable subset within
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Fig. 1: Sample plot of Aol against time when following a
policy m € Ilrcrs. When 7 transmits a packet (generated at
time ¢;) at r], then it incurs an extra Aol cost compared to a
policy 7y p € lInB.

II that contains an optimal solution of (3), and then deriving
sufficient conditions for a transmission policy (in the subset) to
be optimal, and proposing a transmission policy that satisfies
those sufficient conditions.

Among the policies in II, AT (¢) is minimum for that
policy 7, which at any time, transmits the latest among all the
available packets [5]. To understand this, note that if a packet
is received by the monitor at time ¢, the Aol A(t) decreases
to ¢ — A(t) (where A(t) is the generation time of the packet
received at time ¢). Also, A(t) is maximum (and hence, t—A\(t)
is minimum) if each time the most recent packet is transmitted.
So, each time if the most recent packet is transmitted, Aol
A(t) is minimum. Thus, for an optimal transmission policy
m*, after a new packet is generated at the node, all previously
generated packets become obsolete (as 7* never transmits
it). Hence, the optimal transmission policy 7* € Ilpcrg,
where Il crs C II is the set of transmission policies which
only transmits the packet with latest generation time. In fact,
consider the set of transmission policies IIyp C Il crg that
either transmits a packet immediately after it is generated, or
never transmits it at all. Theorem 1 shows that the optimal
causal transmission policy 7* € IIyp. So, (3) is equivalent to

7 = argmin lim pC7, (t) + AT, (¢). 4)
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Definition 1: Let t; denote the generation time of 7*" packet.
Then the i*" frame f; = [t;,t;11) is the time-interval between
ith and (i + 1)*" packet generation. Note that f; N f; = ¢,
Vi # j, and the time axis can be expressed as Ujen f;-

Theorem 1: The optimal transmission policy 7* that solves
the optimization problem (3) either transmits a packet immedi-
atly after it is generated, or never transmits it, i.e., 7* € IIyp.

Proof: As shown in Figure 1, let the time axis be parti-
tioned into frames (Definition 1). Since a policy 7 € Il cFrs
only transmits the latest generated packet, in any frame f;, the
number of packets transmitted by 7 is at most 1 (either i*"
packet, generated at the start of frame f; is transmitted, or no
transmission occurs in the frame at all). If 7 transmits the 4"
packet in frame f; at time 7 € [t;,t;11), then in frame f;, 7
incurs a transmission cost equal to ¢, and the Aol cost equal
to A(t;)(rF —t;) + (tix1 —t;)?/2 (ie., the area under the Aol
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Fig. 2: Sample plot of Aol against time when a transmission
policy mnp € lInp is followed. Here, t; denotes the genera-
tion time of 7*" packet, f; denotes i*" frame, and T} denotes
the length of i cycle.

time (t)

plot in frame f;, as shown in Figure 1). Hence, the expected
cost that 7 incurs in frame f; is

Eglpc+ (A (r] —ti) + (tiys — :)?/2)[r]]

@D oe + AE)E[FT — t|rT] + E[(tiss — r7)2/20r7]
FE[(r] — t:)? /21T + Bl(tigr — 7)) (] = ta) 7],

Doc+ AT — ) +1/¢* + (T — t:)?/2

+(rf —t:)/q, )

where we get (a) by substituting t;11 — t; = (tix1 — 77) +
(rf — t;), while (b) follows due to memoryless property
of exponential distribution (inter-generation time of packets).
Note that 7 € [t;,t;41). Therefore, the expected cost (5)
incurred by 7 in frame f; is more if ] > ¢; (compared
to the case when r] = ¢;, i.e., when the ith packet is
transmitted immediately after it is generated at time ¢;). Also,
Vrl € [ti,tit1), the Aol at the start of frame f;;q is same
(equal to t; 1 —t;, as shown in Figure 1). Hence, if i*" packet
is transmitted by a policy m € Il cFgs, then it is optimal to
transmit it at time #; (the generation time of i*" packet). So, an
optimal transmission policy 7* € Il cpg must either transmit
a packet immediately after it is generated, or never transmit
it (otherwise, another policy 7* € Il crg that transmits the
same packets as 7*, but immediately after they are generated,
will incur lesser cost than 7*, which cannot be true because
m* is an optimal transmission policy). [ ]

Figure 2 shows a possible Aol plot for a policy mnp €
IInp. A packet generated at time ¢; is either transmitted
immediately, or never transmitted at all. Note that when a
transmission policy myp € Illyp is followed, Aol varies in
cycles, where a cycle is defined as follows.

Definition 2: A cycle is the interval between the generation
time of two consecutively transmitted packets. In particular, let
t, and t;, (where, t, < tp) denote the generation time of two
consecutively transmitted packets. Then the interval [t,,t)
represents a cycle, and the length (duration) of the cycle is
defined to be t;, — t,.

Remark 2: Note the difference between the definitions
of a cycle and a frame (Definition 1). As shown in Figure
2, a frame refers to the interval between generation time
of two consecutive packets, whereas a cycle refers to the
interval between the generation time of two packet that are also
transmitted (consecutively). A cycle may consist of multiple



frames, because every generated packet may not be transmit-
ted.

Henceforth, we denote the i*” cycle by S;, and its length (time-
duration) by 7;. Aol cost incurred in a cycle 5; is equal to
Js, A(t)dt = T?/2. Also, the number of transmissions in a
cycle is exactly 1 (transmission occurs at the start of each
cycle). Therefore, the transmission cost incurred in each cycle
is pc. Hence, the total cost incurred in the ith cycle S; is

pc + T? /2. Therefore, (4) can be expressed as follows.

Z?;l(pc + %Tf)

S (©)
i=1 "7

7% = arg min lim
nellyp 179

where n; denotes the number of cycles up to time .

Now, let 115 ; be the set of all stationary policies in IIyp
such that Vo € I, E.[T] < oo, where E,[] denotes
expectation with respect to policy 7, and T denotes the
cycle length (since T)s Vi are i.i.d. under a stationary policy,
therefore for concise notation, we drop the subscript ¢ to refer
to each T;). Then in Lemma 1, we simplify (6) using renewal
reward theorem.

Lemma 1: With probability 1 (due to renewal reward
theorem), (6) is equivalent to

7% = arg min
Tell§l s

Var.(T)+2pc  E.[T)
e A

where E[T] and Var,(T) denotes the mean and variance of
T when policy 7 is followed.

Proof: For an optimal policy 7*, there exists a threshold
Anqe (assuming finite pc) such that a packet generated at
time ¢ is always transmitted if A(¢) > A,,q. (otherwise, the
additional Aol cost will be larger than the cost due to single
transmission i.e. pc). Therefore if ¢ > 0, then E,«[T] < oo (in
fact, E;+ [T] < Ayae + 1/g, where 1/q is the expected inter-
generation time of packets at the node). So, we restrict our
search space to only those policies 7w within IIyp for which
E-[T] < occ.

Now, let Y; = T?/2 + pc. Since the inter-generation
time of packets follows exponential distribution, therefore,
each cycle is independent of all the previous cycles (i.e.,
transmission decisions and inter-generation time of packets
during previous cycles do not affect the present cycle). So,
the optimal transmission policy in a cycle should not depend
on the index of the cycle (which implies that the optimal
transmission policy should not depend on time). Thus, it
is sufficient to search for the optimal transmission policy
within the class of stationary transmission policies. So, let
Hf\’} g be the set of all stationary policies in IIxp, such that
Vr € Hﬁ\? 5> Ex [T] < oo. Therefore, for any transmission
policy w € I 5, ((T1,Y1), (T2, Y2),...) forms an independent
and identically distributed sequence, and the stochastic process
R ={R,: R, =) ", Y,,t € N}isa renewal reward process
[31]. From renewal reward theorem, with probability 1, we

have lim; o & = %: [[}T/]] (where Y = T?/2+ pc). Hence, (4)

can be written as

. . Ex[1T? + pc]
™ = argmin—=————
Telll g EWHT
1 2

= argmin 2 Varn(T) +E[TT1) + pc,

Tell§l s Eﬁﬂq
Var,(T)+ 2 E.[T

= arg mm{ a7’2I(E ); pe 2[ ] } .

WEH%B W[]

Let Var*(T) = min Varg(T), (where Var,(T) denotes
mellyl

variance of 7' when pgﬁcy 7 is followed). Theorem 2 lists
sufficient conditions for any policy m € Iy to be an optimal
solution of (7).

Theorem 2: A stationary policy 7 € II% ; is an optimal
solution 7* of the optimization problem (7) if

E;[T) = /Var*(T) + 2pc, and )

Var.(T) = Var*(T). ©)

Proof: Let I'o pr denote the average cost incurred by the
optimal algorithm 7* (7). Therefore,

{Var;g;% Zj]— 2  En 2[T] } |

Next, we compute a lower bound on I'p p7, and find sufficient
conditions for a policy 7 € II% 5 to achieve the lower bound.

For a lower bound on (10), we consider Var,(T) and
E.[T] as independent variables, and then use coordinate-
wise minimization approach to minimize (10) (we show
in Lemma 3 that coordinate-wise minimization approach
gives a lower bound on (10)). Initially, we minimize (10)
with respect to Vary(T) € [Var*(T),oo) (by definition,
Var*(T) = nﬂgn Var,(T)), and find that it is minimized

e %

when Var,(T) :BVar*(T). So, we substitute Var,(T) =
Var*(T) in (10), and then calculate E.[T] € [0,00) that
minimizes (10). We find that for Var,(T) = Var*(T), (10)
is minimized for E.[T] = y/Var*(T) + 2pc. So, substituting
Var,(T) = Var*(T) and E;[T] = /Var*(T)+ 2pc in
(10), we get the following lower bound on I'op7 (10).

Topr > V/Var (T) + 2pc, (11)
with equality if for a policy 7 € I 5, Var,(T) = Var*(T),
and E;[T] = /Var*(T)+2pc. So, a policy 7 € I,
achieves the lower bound (11) on I'opp, and hence is an
optimal solution of (7), if conditions (8) and (9) are satisfied
simultaneously. [ ]

Although Theorem 2 provides sufficient conditions (8) and
(9) for optimality, the conditions themselves are in terms of an
unknown quantity Var*(T). So, Lemma 2 provides an explicit
expression for Var*(T).

(10)

min

Topr =
wellil,

Lemma 2: Var*(T) = 1/q? where q is the packet
generation rate.
Proof: See Appendix B. [ ]

In next section, we propose a threshold-based transmission
policy to solve (7).



A. A Threshold Policy for Packet Transmission

Let 7 denote time relative to the start time (A(¢)) of the
ongoing cycle. Thus at time ¢, 7 = ¢ — A(¢), and whenever
a packet is transmitted, new cycle starts and 7 is reset to
0. Now, consider Algorithm 1, a threshold policy for packet
transmission. In each cycle, it transmits the first packet that is
generated at time 7 > T . = /(1/¢?) +2pc —1/q > 0.
Theorem 3 shows that Algorithm 1 is an optimal causal
transmission policy that solves the optimization problem (7).

Algorithm 1 Threshold policy 7, for packet transmission.

1: 7+ 0
2: loop
3. if a packet is generated and 7 > T7' .
4 transmit the generated packet;

5 T+ 0

6: else
7

8

9

/I T increases linearly with time.

then

wait for next packet;
end if
: end loop

Theorem 3: The transmission policy 7, given by Algo-
rithm 1 with threshold
T .=

q,pc (1/q2) +2pC— 1/q2 0 (12)
is an optimal solution of the optimization problem (7).
Proof: Note that the cycle length " =T |, + X, where

X is the generation time of first packet after Ty pe- Since X is
exponentially distributed with mean E,[X] =1 / g. Therefore,
Ere JIT] = T5, + 1/ = +/ 1/q + 2pc. Since Ty ,.
is a constant, independent of X, therefore, Vary: [T] =
Varg: (Tr,.) + Vary(X) = 1/¢*. Note that Var*(T) =
1/q? from Lemma 2. So, conditions (8) and (9) are satisfied
by 75y (i.e., Algorithm 1). Thus we conclude the result using
Theorem 2. ]

Apart from being an optimal causal transmission policy,
additional interesting guarantee can be established for (),
(Algorithm 1) in terms of an offline optimal transmission
policy (that knows all the inputs in advance). This ensures
that the performance of 7{, cannot be arbitrarily bad in
comparision to a transmission policy that is provided with all
input information in advance. For a causal policy, a popular
approach to establish such a guarantee is via competitive ratio
(CR) bound. CR of a causal policy is defined as the ratio
of cost incurred by the causal policy to the cost incurred by
an offline optimal policy (that knows the inputs in advance,
i.e., in present case, the generation time of all the packets),
maximized over all inputs. C'R close to 1 guarantees that the
performance of the proposed causal policy is close to optimal
offline policy.

Theorem 4: w(, (Algorithm 1) has a competitive ratio
CR < /2. Additionally, CR — 1 if ¢%pc — oo.

Proof: See Appendix C. [ ]

IV. GENERAL DISTRIBUTION

In Section III, we assumed that the inter-generation time of
packets follow exponential (memoryless) distribution. How-
ever, this assumption might be restrictive in practice. In this
section, we generalize our assumption on the distribution
for the packet inter-generation time X to arbitrary (non-
memoryless) distribution D.

Note that when D is non-memoryless, we cannot claim
the optimal causal transmission policy 7* to lie in Il p. To
understand this, note that when a packet is generated, then
waiting for some time may reveal extra information about
the generation time of next packet. So, after a packet is
generated, optimal policy 7* may wait for some time to take
informed/optimal decision regarding whether to transmit the
packet or not. Moreover, if 7* ¢ IIxp, then the Aol cost in
different cycles (Definition 2) will be inter-dependent, because
Aol at the start of each cycle will depend on previous cycle.
Also, in continuous time setting, Aol at the start of each cycle
will be a continuous random variable that further complicates
the analysis. So, in this section, we propose a simple stationary
randomized policy, and using competitive ratio (C'R) analysis,
establish guarantees on its performance (for any distribution on
packet inter-generation time X)) relative to the optimal offline
solution of (3).

Let {X;};en denote the inter-generation time of packets
at the node, where X/s (Vi € N) are i.i.d. with probability
density function Py (such that Px (z < 0) = 0), and Ep, [X|]
and Varp, (X) are finite. Consider Algorithm 2 that transmits
each packet immediately after generation with probability
p* =min{pux/\/pc, 1} (so, a packet is never transmitted with
probability 1 —p™*). Theorem 5 provides a competitive ratio for
Algorithm 2 with respect to the optimal transmission policy.

Algorithm 2 Stationary randomized policy 7¢y for packet
transmission.

1: if a packet is generated at the node then

2:  transmit the generated packet with probability p*;

3: else

4:  wait for next packet;

5: end if

Theorem 5: The stationary randomized transmission policy
T given by Algorithm 2 with p* = min{ux/\/pc, 1} has a
competitive ratio

1% X
CRy:, < max{?, 1+ G/l"pig()} ,
Hx

13)

where ux = Ep, [X].

Proof: To prove Theorem 5, we follow a two step
approach. In step 1, we compute a lower bound on the average
cost for an optimal algorithm. In step 2, we show that in
the set of policies IIgg that transmits each generated packet
immediately with probability p, there exists a policy with
competitive ratio (13). Finally, we show that 75, given by
Algorithm 2 with p = p* = min{ux/,/pc, 1} is the optimal



policy within IIgr to conclude Theorem 5. Detailed proof is
provided in Appendix D. ]
Although the competitve ratio (13) depends on the distri-

bution of inter-generation time of packets, it is bounded for
several common distributions. Some examples are as follows.

a) Exponential Distribution: For exponential distribu-
tion, the ratio Varp, (X)/p% = 1. Therefore, CRyx = < 2.

b) Uniform distribution: Let the support of the uniform
distribution be over interval [a,b] (0 < a < b). Then
px = (b+a)/2, and Varp, (X) = (b — a)?/12. Therefore,
Varpy (X)/u% < 1/3. Hence, CRyy < max{2,4/3} = 2.

¢) Rayleigh Distribution: Let the scale parameter of
rayleigh distribution be o. Then pux = o+/7/2,
Varp, (X) = 0%(4 — m)/2. Therefore, Varp, (X)/u% =
(4/m) —1 < 1. Hence, C Ry < 2.

V. NUMERICAL RESULTS

In this section, we analyse the performance of the proposed

optimal threshold policy 7, (Algorithm 1 with threshold
q pe (12)) and the proposed stationary randomized policy

&g (Algorithm 2 with p* = min{ux /\/pc, 1}) via numerical
simulations. We let p = 1, and consider a sequence of 10000
packet generations for each simulation.

Figure 3 shows the plot of average cost I' (sum of average
Aol A,, and average transmission cost C,,) with respect
to (w.r.t.) cost per transmission (c) for 77, and 7§, when
inter-generation time of packets are exponentially distributed
with mean pux = 1/¢ = 0.25. When c increases, I" also
increases due to increase in C,,. However, the threshold T; pe
(12) for 75 (Algorithm 1) increases with increase in c,
and the transmission probability p* = min{ux /\/pc, 1} for
T (Algorithm 2) decreases with increase in c. Thus, when
c increases, both 77,y and 7%y decrease the transmission
frequency of packets. Although I' increases with c, the rate
of increase in average cost I' is small when c is large. In
Figure 3, also note that the average cost I' for the stationary
randomized policy 7§ is less than two (the competitive ratio
bound) times the average cost for 7, 5, as discussed in Section
Iv.

For comparative analysis, in Figure 3 we also consider WI-
threshold policy (WITP) (with threshold (4/0.25 4+ 2pc/px —
0.5)px), which is a continuous-time equivalent of the thresh-
old policy proposed in [21] (Proposition 14) for discrete-
time model. The threshold T* . (12) of the optimal threshold
policy 77, 5 (Algorithm 1) depends on Varg(X), which is not
accounted by WITP. So, WITP incurs larger average cost I'
compared to 7, as shown in Figure 3.

In Figure 4, we consider the performance of 75, when
the distribution on packet inter-generation time is Uniform,
Rayleigh and LogNormal, each with mean pux = 1 and
variance 0.33,0.2732, and 1 respectively. Also, for each of
these distributions, after the sequence of packet generation
times were realized, we numerically found a threshold policy
w7 for which the average cost I' is minimum. Against each
curve, the suffix ‘-SR’ denotes 7%y, while the suffix *-T°
denotes the threshold policy 7. As shown in Figure 4, even

Average Cost (I')

——Ton (Algorithm 1)

—=— g, (Algorithm 2)
—e— WI-Threshold Policy

0 05 1 15 2 25
Cost per Transmission (c)

Fig. 3: Plot of average cost I' of transmission policies w.r.t.
cost per transmission.

for the three non-memoryless distributions (for packet inter-
generation time) that we considered here, the average cost I'
incurred by 75y is less than two (the competitive ratio (13)
bound for 75 p) times the average cost for 7.

35}
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= © =Uniform-T
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Average Cost (I')
~
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Cost per Transmission (c)
Fig. 4: Plot of average cost I' of transmission policies w.r.t.
cost per transmission for different distributions on inter-
generation time.
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Fig. 5: Variation in average Aol A,, w.r.t. cost per transmis-
sion for different distributions on inter-generation time.

To understand the effect of cost per transmission (c) on
average Aol A, Figure 5 shows the plot of A, against ¢ for
Exponential, Uniform, Rayleigh and LogNormal distributions
(with mean px = 1, and variance 1, 0.33, 0.2732 and 1
respectively) for inter-generation time of packets for both 7%
and 7. Note that 7§, transmits each packet with probability
p* = min{ux/\/pc,1} (where p is a fixed quantity that



determines the weightage given to the average transmission
cost (w.r.t. average Aol) in the objective function (3); see
Remark 1). Since ux = 1 and p = 1, therefore for ¢ < 1,
p* = 1. Hence when ¢ < 1, w5y transmits all the packet. So,
AGS® (average Aol for policy T§p) is constant, and lower than
ATT (average Aol for the numerically computed threshold
policy mr) when ¢ < 1. However when c> 1, p* decreases
with increase in ¢, thereby increasing ALSE that ultimately
exceeds AJT.

A similar phenomenon is observed in Figure 6 that shows
the plot of Agi# (average Aol for policy 7% R)*W.r.t. X
when ¢ = 1. In general, it is expected that AnSE should
increase monotonically with px (because packets are gen-
erated less frequently when ux is large). However, p* =
min{xx //pc, 1} increases linearly with px € [0, 1], while
p* =1 (constant) when px > 1. So, when px € [0, 1], node
transmits more frequently when fix is close to 1. Therefore,
ALSE either decreases, or increases very slowly. But when
pux > 1, p* remains constant, and because packets are
generated less frequently when px increases, therefore, ATSR
increases with increase in px > 1.

—e— Exponential-SR

24 — © —Exponential-T
—+— Uniform-SR
221 |=+ —Uniform-T

—s«—Rayleigh-SR
— % —Rayleigh-T

——LogNormal-SR
— » —LogNormal-T

av)
~

Average Age (A

Mean Packet Inter-generation Time (;Lx)

Fig. 6: Variation in average Aol A,, w.rt. mean inter-
generation time px of packets.

VI. CONCLUSION

In this paper, we considered a node-monitor pair with
stochastic packet inter-generation time, and analysed the prob-
lem of minimizing the weighted sum of average Aol and aver-
age transmission cost. We derived an optimal transmission pol-
icy that is of threshold-type, where we explicitly characterized
the threshold. We also showed that for arbitrary distributed
packet inter-generation time (with known mean), a simple
stationary randomized policy has a bounded competitive ratio
(in terms of mean and variance of the distribution).

APPENDIX A

Lemma 3: Let function g : [dq,00) X [da2,00) — R (where
di, ds € [0, 00) are constants) be defined as g(x, y) = L22° 4

x. Then g(z,y) > g(max{dy, /dz + 2pc}, ds).
Proof: Note that g(x,y) is linear in y with minimum

at y = dy. Also, for a fixed v, % > 0, Vx. So,
g(x,y) is strictly convex in x. Moreover, % = 0 at

x = /y+ 2pc. Hence, for a given y, g(x,y) is minimum
at x = max{d1, vy + 2pc}. Therefore, g(z,y) is minimum
at (z,y) = (max{di, vds + 2pc},ds), thus proving Lemma
3. ]

APPENDIX B
PROOF OF LEMMA 2

A policy 7 € Iy either transmits a packet immedi-
ately after generation, or never transmits it at all. So, cycle
length T is equal to the generation time of the transmitted
packet (relative to start time of the ongoing cycle). Let
M > 1 denote the index of transmitted packet in a cycle
(M may be a random quantity depending on the policy 7).
Therefore, T = ZiAiIlXi + X, where X; is the inter-
generation time of (i — 1)** and 7*" packet. Since packet
inter-generation time X is i.i.d. exponentially distributed, at
any time in a cycle, next packet is generated after X time
units irrespective of the packets generated in the past. So,
Xys is independent of Zi\izl X, irrespective of choice of
M. Hence, Vary(T) = Vary (XM Xi) + Vary(Xar) >
Vary(Xa) = 1/¢2. Also, choosing M = 1, Var,(T) = 1/¢?
and thus, Var*(T) = argmin Var,(T) = 1/¢%

nellnp
APPENDIX C
PROOF OF THEOREM 4

Let 7, denote Algorithm 1 (an optimal online/causal
transmission policy) and 7, denote an offline optimal
transmission policy that knows the generation time of every
packet in advance. Also, let I'z> ~and I'z  be the average
cost to node (i.e., pCoqy(t) + Agy(t)) on following 77, and
5 s respectively. Therefore, the competitive ?atio (CR) of
w5y relative to mlpp is given by CR = max %, where
maximization is over all packet generation sequeﬁ)clz:g.

Note that 7,y € II% 5 C IIyp. Therefore, mj, either
transmits a packet immediately after it is generated, or does
not transmit it at all. Also, similar to Theorem 1, it can be
argued that 7, either transmits a packet immediately after
it is generated, or drops it forever. So, Aol plot for both 7, 5
and 75, is as shown in Figure 2, and average cost to node

"t (L2 . .
is limy_y o0 zzil(vz,i,w, where T; > 0 is the length of i*"
cycle, and n; > 0 is the number of cycles up to time ¢. Using
renewal reward theorem as in the proof of Lemma 1, we get

1 (Vargs (T)+2pc
e G i )
1 (Varg (T)+2pc

( Lo +IE7,3FF[T]) . (15)

(1/¢%) 4+ 2pc and

(14)

" =Z
TOFF 2 . [
™
OFF

Now, substituting Er. [T] =
Varg: (T)=1/¢* in (14), we get

Ty = V/(1/¢%) + 2pc. (16)

Also, using Lemma 3 (see Appendix A) we get a lower
bound on (15):

F"'f)FF z \/ Varﬂzk)FF + 2pc.

a7



Since this lower bound is in terms of Varyx (T) that is
unknown, so for an explicit lower bound on I‘wg , We next
compute a lower bound on Vary: (7). For ease of nota-
tion, let fi denote Er+ [T]. Then by definition of variance,
OFF
Varg. (T)
OFF

- [ r -

i
:/ 2yP(|T — i >y)dy+/
0

i

> z)de @ / WP(T — i| > y)dy,
0

2yP(|T — | > y)dy,
(18)

where in (a), we used change of variables (replaced = by 3?).
Note that T" is equal to the generation time of the transmitted
packet (relative to the start time of the cycle). So, T' cannot
lie in interval [t — y, i + y] if no packet is generated in this
interval of time (this is sufficient condition, but not necessary).
So, P(|T—/i| > y) is greater than the probability that no packet
is generated in the interval [{i — y, [i + y]. Since packet inter-
generation time follows exponential (memoryless) distribution
with parameter g, therefore, if y < fi, then P(|T — ji| > y)
is lower bounded by e~9%¥, otherwise it is lower bounded by
e~1(Aty) So, from (18) we get

i o0 )
Varg (T) 2/ 2ye‘q2ydy+/ 2ye” 1B dy - (19)
0 a
1 o (AL 3@ 1
= 22 )y
20 + 2e (2q + 12 ) < g

where we got (@) by minimizing with respect to fi. Thus, from
(17) and (20) we get

(20)

x>V (1/26%) + 2pe. (1)
So, using (16) and (21), we get the competitive ratio
V14242
CR= N_t20rC _f5 (22)

V0.5 +2¢%pc
Note that if ¢%pc is large, then CR is close to 1.

APPENDIX D
PROOF OF THEOREM 5

We prove Theorem 5 in two steps. First, we compute a lower
bound on the average cost for an optimal algorithm, and then
we compute the competitive ratio for 75 (Algorithm 2 with
p* = min{pux/\/pc, 1}).

1) Lower bound: For lower bound, consider an offline opti-
mal transmission policy 7). Since an offline policy knows
the generation time of all the packets in advance, therefore,
regardless of the distribution on packet inter-generation time
X, it must transmit the packet that is to be transmitted,
immediately after generation (otherwise, if a packet is stored
and transmitted later, then the node incurs extra Aol cost
(similarly as shown in Figure 1) without any reduction in
transmission cost). Therefore, Aol of the node under an offline
optimal policy varies in cycles as shown in Figure 2 (i.e., in
each cycle, Aol increases linearly with time, and then instantly
drops to 0). Therefore, Aol cost incurred in it" cycle is T?/2,

where T; denotes the length of ith cycle. Also, at time ¢, let
s =1— Z?:(? T; denote the time elapsed since last packet
transmission (i.e., the length of ongoing (incomplete) cycle at
time ¢ as shown in Figure 1). Therefore, overall Aol cost for

mopp is S0 (T2 /2) + 52 /2. Hence,
R(t) 7o 2
1 T; s
A= 1\ 25 |+ 7|
1| rey 1 RZ s
2| t R(@) ’
@ 1| R@) LR“ e
2|t R(t t |’
1 5)?
Hixok } @

where in (a), we used Jensen’s inequality. Minimizing (23)
with respect to s € [0, 00), we find that (23) is minimum for
s =t/(1+ R(t)). Thus, substituting s = t/(1+ R(t)) in (23),

we get
1| (t—t/(14 R(t)))? t 2
Aalt) 2 5 0 + <1 —l—R(t)) ] !
)2
1T RO )

A lower bound similar to (24) with an additive term 1/2
was computed in [13] for average Aol for a discrete-time
model. Now, since Cy,,(t) = cR(t)/t, therefore, substituting
R(t)/t = Cquy(t)/c in (24), and taking limits as ¢ — oo in
(24), we get

. 1/2 2
lim Ay, () > lim = tlig)lo Gl

t—o0 t—00 Cyyp(t)/c+ 1/t (25)

Therefore, using (25) we get a lower bound on F,,?)FF (where

I'z: ., 1s the average cost on following 7, ») as follows.
Pr e = min im {AG, () + pCq, (1)},

W ATOE (1) + pCIOTE (1),

> lim *Ci pCﬁOFF( ),
t—o00 C;())FF(t)
b 2 .
© Oi{) — + pCaerr, (26)

where in (a), the policy 75 pp is the optimal offline policy
that* minimizes AGU(Q + pCuy(t) as t — oo, while in (b),
Cad™ ™ = limy o0 Cag™ " (1),

2) Competitive Ratio: Let IIgr be the set of transmission
policies that transmit each packet immediately after generation
with probability p, or never transmit the packet. Since IIgr C



IIn B, therefore as shown in Section III, for any policy msg €
IIsr, we have

Varrsy(T) +2pc | Exgp[T]
2E,..[T] 2 ’
E..,.[T?
_ sl 7] + pc 7
ErsrlT]

2E g, [T]
_ ET"SR[T2] pe
= ]ETFSR[T] (2E7TSR[T] ) * ]ETI'SR[T]'

Note that T; Z X”, where m; is the index of the
generated packet in i*" cycle that is transmitted, and X;; is
equal to the inter-generation time of (j—1)*" and j*" generated
packet in ith cycle. So, T; is a sum of random number (m;)
of i.i.d. random variables (X;;). Also, m; is independent of
Xij (Vj), because mgg transmits each packet with probability
p (independent of X;;). Hence, using Wald’s equation [32],

T =

TSR

27)

EWSR[Ti] = EWSR[mi]EPX [X] = ,LLx/p, (28)
where px = Epy[X]. Also, T7 = 7 X2 +
Z Zk 1kt X;jXir. Therefore,
27 (a) 2
EWSR[T ] = EWSR[m'L]:u’X2 + Eﬂ'sn[ mi].uXa
= Engp[milVare, (X) + IEWSR[m?]u?X, (29)

where in (a), x> = Ep, [X?], and ux = Ep, [X]. Therefore,
using (28) and (29) (and dropping the subscript ¢ for ease of
notation), we get

Ersr [TQ] _ Erse [m]VarIF’X (X) + Ersr [m2]/L§(
Ersn[T] (Ersrn[mlpx)? ’
o VU“TIP’X (X) Eﬂ'SR [m2]
Ersalmlik — Ergn[m]?’

o) Varp (X
@, aTP;(( ) 1oy,

Hx
=2—p<1—VGL§(X)>, (30)
Hx
where in (a), we used E[m] = 1/p, and E[m?] = (2 — p)/p>.

Substituting (30) into (27), we get
Eﬂ’SR [T] ( ( VaTPX (X) ) > pe
=—2 - 2—-p|1- + .
Mg( ET"SR[T]
(31

TSR — 2
Since E[X;] < oo, therefore for p > 0, Rrg,(t) — oo as
t — oo (where R, (t) denotes number of packets transmitted
until time ¢ when policy g is followed). Also, T; are i.i.d.
for each ¢ € N. So, using strong law of large numbers,

r

1 Rﬂ'sR(t)
im —— T; 3 EBrgp[T)- (32)
t=00 Ryg () ; o
Let C7TSR = limy_,o, CT5E(t). Therefore, by definition,
Uy t s
crsn = lim Frsn® _ gy Brsell) g
t— 00 t

t—o0 Z TrSR(t) T

So, from (32) and (33) we have

c
T a.s.
crsr =

Ersn[T]
Thus, using (31) and (34), we get

Note that for policy 7sr € Ilgr with p = 0, CJ$® = 0, while
for a policy msr € Ilgg with p = 1,C75% is maximum for any
given realization of the packet generation process. Hence, there
exists a certain value of p € [0, 1] (say, p), such that for the
stationary policy msr,p € llsr with p = p, Cast? = ChoFF
(where 7, is the optimal offline transmission policy used
in (26)). Therefore, using (26) and (35) we get

(34)

T =

TSR

c/2 _ a1 - Vareyx (X))) TORE
Prons | oobir (2 P (1 5 4 pCT
TOFF B C:éiF + pC;rvOFF

(2 _ 15 (1 _ Vari%( (X))) + QTP(C;TE)FF)2
X

1+ 2P(O7TOFF)2
A~ Varp (X)
(2-p(1- ")) -1

1+ 2p (CWOFF)Q
< 2_]5(1 B Var]px(X)> .

2
Hx
From (36), it follows that
1 if Y2 <1 then
Px

)

)

(36)

Ir

- —SEp < 2 and
OFF
T"SR,p

Varpy (X) )

— ).
Hx

Varp, (X) .

L e,

X

2) if L) 5 1 then ¢ <2-(1-
Hx TOFF

Smax{2,2— (1—

"SR.p

r
Therefore, T
TOFF

]
SRP < ax {27 14 VaT[p;( (X)} ' 37)

Hx
Now, let 75, € IIsr be the optimal policy (among the
policies in IIgr) with p = p* such that FWER < Trsn
Vrsr € llggr. Therefore, F”ER < I'ngg,- Thus, from (37)
we get the competitive ratio for 7§y to be

CRx Smax{2 1+7MPX( )}
SR
1

Next, we find 75z by computing p* that minimizes I'r
(31). Substituting E,.[T] = ux/p from (28) into (31), we

getTng, = 55 (2 —p (1 - 7‘/(1?2%((()() +pL. e,

"
TOFF

(38)

Vare, (X
Trop = 25 4 p 25 “—X<1—C”"P7;()>. (39)

D px 2 175%
Relaxing p to take values in (0,00], we find that (39) is
minimum at p = px/,/pc. Since p* € (0,1], therefore, if

ux/v/pc € (0,1], then p* = px/./pc. Otherwise, p* = 1
because (39) is convex in p, and hence, non-increasing in p

in interval (0, ux //pc]. Therefore, if yux /\/pc > 1, then for
€ (0,1], 'y, is minimum at p = 1 = p*. Thus collectively,

p* =min{ux/\/pc,1}.
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