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Abstract - A small-signal model for a PWM dc-dc boost converter
operated in DCM composed of current—controlled current sources and
derived by using the energy conservation approach is presented. The
proposed model is suitable for small-signal, frequency-domain
representation of the converter and can be used to defive the
expressions and Bode plots of the control-to-output voltage transfer
functon, the input-to-output voltage transfer function, the input
impedance, and the output impedance.
Main advantages of the proposed method are as follows.

- A linear equivalent circuit of the converter is derived and its
representation in the frequency domain does not require matrix
manipulation.

- .The converter patasitic components are considered.

- A good understanding of the frequency domain behavior of ‘

power convertets is achieved.
Finally, the proposed method can be easily utilized to model other
PWM dc-dc converter circuits,

1. Introduction

Pulse width modulation (PWM) dc-dc converters are circuits based
on a controlled switch and a diode cyclically switching and driving the
entire converter circuit through several topological configurations
consttuted by linear reactive and resistive components, connected to a
dc voltage source. The two configurations duting one switching period
for a converter operated under continuos current mode (CCM) increase
to three for converters operated under discontinuous current mode
(DCM). .

A cycle-by-cycle simulation of switching converters is practical for
tme domain simulatons, while a frequency domain représentadon
takes advantage from an averaged modeling [1] and [2).

Substitution of the switching part of the converter circuits with an
equivalent, averaged, linear, tume invariant, linearized equivalent circuit
has been proposed in [3]-[8]. This model is utilized for numerical
frequency-domain simulations of dc-dc converters by using analog
simulators like SPICE and/or mathematical simulators like MATLAB.
A systematic method for including parasitic components into static and
dynamic models of PWM converters operated in CCM has been
presented in [9]. By using this methods s-domain the transfer functions
describing the converter behavior are detived and parasitic resistances
of the converter components are taken into account. As a result,
equivalent circuits suitable for an appropriate design of the feedback
network are obtained [10]-[12].

The purpose of this paper is to present a linear model of a de-de
PWM boost converters operated in DCM. Parasitic resistances of the
converter components are considered by using the energy conservation
approach [9]. The model is suitable to derive the expressions for the
control-to-output voltage transfer function, the input-to-output voltage
ransfer function, the input impedance, and the output impedance.
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2. The CurtentControlled CurtentSource Model

”

Fig. 1(a) shows the “switching block” constituted of a controlled
switch S'and a diode 2 and its connection to the inductor L. This sub-
circuit is the “core” part of a dc-dc switching converter. As shown in
Fig. 1(b) the combination of the controlled switch f and diode 2 acts
as a device diverting the inductor current 7 through the switch when
ON and through the diode when Jis OFF.

Fig. 2 shows the waveforms of inductor, switch and diode current
and inductor voltage. For a converter operated in DCM the inductor
cutrent is zero from time D7 to the end of the switching period 7!
During this time interval both fand Dare OFF.

The voltage across the inductor is

;

YT for0<t<DT
V,=loptex - pn for DT<s<DT O
(p,- DT
0 for DTSs<T
This gives
D 1
Vo= Vy=7—=Vy @)

D ~D
where it = D/D,.
The maximum current through the components of the sub—circuit
shown in Fig. 1 is

Yy

1., ==%=pT
7 3

max

The average currents through branches of Fig. 1 circuit are
Iy = D)2, Ip= (Dr-D)lun/2, and I;, = Dil,./2. Combination of
these gives

D
]I=E]L =pi, Q)
and

_E_[L =(1—I'L)[L ®)

which are the constitutive equations of the current—controlled current-
sources modeling the DC behavior of switching sub-circuit, as shown
in Fig. 3 (a).

Substitution of (3) into (4) gives

D
[_I:ZTV}L ©)

By considering both the DC and small-signal ac components of current
75, duty cycle D, and voltage I we have

L (D+”/)z (VJ”L +"JL) 0]

I +7; =Z
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Neglecting higher otder terms, the ac components of the switch
branch current is

vy D
— U, d+ L
2L

T ®)

iy =

4

Fig. 1. Switching circuit of a PWM converter.
(a) Combination of switch, diode, and inductor .
(b) Equivalent circuit constituted by inductor and “Current diverting
device”.
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Fig. 2. Current through components of Fig. 1 and inductor voltage.

Combination of (2 and (5) gives
DTy
= )
2LV,
By considering both the DC and small-signal ac components of
current /p, duty cycle Dand voltages /5 and 7p we have

Ip+i,=—

r [(D+ PV +oy )2} a0
2L

Vip+o,

DC model

Is
/2N

Wi b

10,

D
@

ac model

ak;

D .
&

Fig. 3. Linearized equivalent circuit of the switching circuit of a PWM
convertet. (2) Dc model. (b) Ac model.

Neglecting higher ordet terms, the ac components of the- diode
branch current is

IV, | D', ID'V,
= 4+ vy - Yp
LY, LV, 2LV, (11)

:’éo/"'é'/"’n &y %
The equivalent circuit related to expressions (6) and (11) is the ac
model of the switching sub-circuit shown in Fig. 3 (b).
From plots shown in Fig. 2, the expression of the switch rms
current is derived as follows

oY v-r( 4 Y
=5 |—=| =5, =L — 12
30 v, \3Dp
From (12) the power loss in the switch ON resistance Rpyis calculated

2
v,-V,
p= waﬁm =Roxi[’o__l‘) /12,

7

Srms

(13)
3D 14 ’

o
According to the energy conservation method [9] the expression of
the switch equivalent resistance series connected to inductor L is

2
4 (1,-1
Rpge = 5(_0V0—I-] Rps (14)
The diode rms current is expressed as
K+K,+ &\
Lom =11 ! Lz 2 5
(p,-D)D 3
where
& = (0~ DP 6302 = D,) K, = 3021- DD, - O
10
&K, = (D, - D)x

[0 (607 +240-12)+ 6 D\DD, ~20-2D?)
The power loss due to the diode forward resistance Rris
2
Py = R.1 =RFK‘+KZ+K’[ ! ) 2

Drws

7] 1
3 (p,~-D)p] - an
and the diode equivalent resistance series connected to inductor L is

N
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éxpresscd as
kg KKK 1 )2
G (p,-D)D
Combination of (14), (18) yields the expression of inductor equivalent
series resistance

19

2
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4

2
KAk &( 1 )RF
The power loss due to the diode threshold voltage Fris

D,-D
Pp=ld,=V. "2 @0

L>

1
which allows the equivalent voltage seties connected to inductor L to
be calculated as

2 1 |2
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FE F( D) F(# ] FV
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The schematic cifcuit of 2 PWM boost converter is shown in Fig.
4(a). Figs. 4(b) and (c) shows, the converter linearized equivalent dc
and ac circuits, respectively.

From the dc equivalent circuit the dc output voltage expression is
derived
! Y "‘1‘ Ve

_A-p o

% 1+sRO-pu)

By neglecting the diode threshold voltage the steady state voltage
transfer function of the boost converter, including the parasitic
components can be exptessed in a closed form as :

22

, 1 1
My =20 e 23)
CTV, 1-p 1+ 4/R-p)
For an ideal converter 7= Q and
1 1
M o me—= 24
e TETTD 2%

1
which is also the expression for the voltage transfer function derivable
from the circuit shown in Fig, 4(b) by setting = 0and »=0.

Note that the for a converter operated with a inductor current
reaching zero at /= 7] we have D; = 1. Substitution of this into (23)
yields

8 1 .
Mine =175 /R @3
which is the voltage transfer function of a real boost converter
operated in CCM. For an ideal converter 7= 0 and (23) modifies to the
expression M = 7/7-D normally used when an ideal boost converter is
assumed to be operated in CCM.

The current transfer function is

M= j_‘: =l-pu ‘
Combination of this and (23) allows the converter efficiency to be
calculated as

B _Vols [
Moe = ", " 7
7 “ro1+
R(1-p)
The control-to-output transfer function of the boost converter
opetated in DCM is derived from the circuit shown in Fig. 4(c) with #
=0as

26
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4 =’Rl’él(£/+go)—éoé’il"’éolz (€2);
4, :LCRch/go+LC(R+RE)(é’i+Z/'+go) (32)
4 :Ll!o(R&+1)"‘(5’/“"g:)J+CRRc£o(’£/+1)+ (33
)
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Coefficients a, 1, 22 can be negative, this demonstrates the potential
open-loop unstable operation of the boost converter.
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Fig. 4. PWM boost converter.
() Schematic circuit. (b) Equivalent linearized DC circuit.
(¢) Equivalent linearized ac circuit.

The input-to-output voltage transfer function is derived by the
circuit shown in Fig. 4 (c) with #= 0 as

_io_(_f_)_ - o, s+1
M ypen (5) 7O v Bzfz +ﬂ_1f+_ % (33
where
HV=R[¢’/+£0) (36)
o =R, @)
B, = LC[RRCA’;ZO +(R+ R, XJ/ +40 ” (38)
B, =@§o[[£/+CRC(’Z/+1)]+ 39)

g, + 2oL +rARHR)]
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B, =R§o((¥/+1)+/{«?/ +£0)' (40)

The expressions of the input and output impedance can be
similarly detived.

3. Application Example

A PWM boost dc-dc DCM with a switching frequency /= 50 kHz,
a dc input voltage Vv = 10 V, a 40 W output power and a nominal
output voltage 15 = 20 V is considered as an example. The converter
nominal duty cycle is 2= 0.158, D; = 0.316, and a load resistance
R=10 Q. The converter inductance is L =10 UH and the output
capacitance is C'= 200 (F. The parasitic components of the converter
equivalent circuit are Bz = 100 mQ; Rr= 25 mQ; Rps = 20 m€2.

The plots of magnitude and phase of control-to-output volrage
transfer function are shown in Fig. 5.

16h 1ooh

1.8Kk 10Kh

160K (b)

Fig. 5. Bode plots of the boost converter considered as an

application example.(a) Magnitude (dB). (b) Phase (Degree)
4. Conclusions

Using the energy conservation approach has derived a linear model
of a de-dc PWM boost converter operated in DCM constituted of
current-controlled current-sources.

This model allows us to determine the expressions for the control-to-

output voltage transfer function, input-to-output voltage transfer

function, input impedance, and the output impedance expressions and
their Bode plots.

The proposed models results in the following advantages:

- the converter transfer function expressions include all parasitic
components in the converter circuit and can be reduced by
neglecting some of them.

- The circuit model can be used in numerical circuit simulators like
SPICE, it is suitable for symbolic analysis algorithms, and the
wansfer function expressions can be processed by using any
general purpose numerical and/or symbolic program like

MATLAB, MATHCAD, SCIENTIFIC WORKPLACE etc.

- The cutrent-controlled current soutce model of PWM the dc-dc
boost converter allows for a good understanding of the frequency
domain behavior of converter circuit, and can be usefully applied

to the design of the compensating networks used in the converter
feedback loop.
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