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ABSTRACT

This paper proposes a new design method for a class of
two-channel 2D non-separable perfect reconstruction (PR) filter
banks (FBs) using the multi-plet FBs. 1D multi-plet FBs are PR
FBs that can be obtained by frequency transformation of a
prototype PR FB in the conventional lifting structure so that a
better frequency characteristics can be obtained and varied
online to process different signals. By employing the 1D to 2D
transformation of Phoong ef a/, new 2D PR multi-plet FBs with
quincunx, hourglass, and parallelogram spectral support are
obtained. These nonseparable multi-plet FBs can be cascaded to
realize new PR directional FB for image processing and motion
analysis. The design procedure is very general and it can be
applied to both linear-phase and low-delay 2D FBs. Design
examples are given to demonstrate the usefulness of the
proposed method.

I. INTRODUCTION

Perfect reconstruction (PR) filter banks (FBs) have
important applications in signal analysis, coding and the design
of wavelet bases. An efficient structure of two-channel
biorthogonal FIR/IIR FBs, which structurally satisfies the PR
condition, is the structural PR FB proposed by Phoong et al
[1]. Moreover, the FBs of this structure can be transformed, via
a simple 1D to 2D transformation, to obtain 2D PR FIR
nonseparable filter banks with quincunx spectral support. One
limitation of this structure is that the magnitudes of the lowpass
and highpass analysis filters at @ = z/2 in the linear-phase case
are respectively restricted to 0.5 and 1, or vice versa. In another
structural PR FBs called triplet FBs [2] — [4]. a generalization
of the structure in [1], more degree of freedom is available and
it is possible to achieve a more symmetric frequency response.
More recently, Chan ef al. extended the structural PR FBs [1]
and the triplet FBs [2] — [4], which involve two and three lifting
steps [5], respectively, and studied a new class of two-channel
structural PR FBs with multiple lifting steps called the multi-
plet FBs [6]. In particular, they showed that the concept of
frequency transformation of digital filters studied in [7] can be
applied directly to the lifting structure to obtain another PR FB
with the same number of lifting steps having the similar
frequency characteristics but an arbitrary sharp transition
bandwidth. This can also be viewed as an extension of the
work in [8].

In this paper, we shall extend the 1D to 2D transformation
of Phoong et al. [1] to the multi-plet FBs. The design of such
PR 2D nonseparable FBs can be divided into three steps.
Firstly, a low order prototype PR FB with a rather wide
transition bandwidth is first designed to meet certain
specifications on passband and stopband ripples and it is then
factorized into lifting structure [9]. Altematively, the well
known lifting structured FB, say (9,7) filter pair [10], can be
used. Secondly, by properly designing the subfilter of
transformation, the frequency response of the prototype FB can
be warped by means of frequency transformation to meet the
desired transition bandwidth, while preserving the PR condition
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and the frequency characteristics of the prototype FB. Also, the
lengths and the passband delays of the analysis/synthesis filters
can be made closer to each other, which simplifies practical
implementation and reduces the number of additional delay
elements required for processing two subband signals. Finally,
similar to the 1D to 2D mapping used in [1] and [11], the 1D
multi-plet FB can be readily transformed to construct 2D PR
FB with quincunx, hourglass and parallelogram spectral
supports. Note that these multi-plet 2D nonseparable PR FBs
can also be implemented as a lifting structure with the same
number of lifting steps as its prototype. Furthermore, they can
be cascaded appropriately in a tree-structure to obtain new PR
directional FBs, using the approach previously proposed in
[12]. Such directional FBs found important applications in
segmentation, directional decomposition of images, motion
analysis of videos, etc [13]. Design examples are given to
illustrate the potential flexibility of the proposed approaches in
processing 1D and 2D signals.

The paper is organized as follows: the 1D multi-plet FBs
and the concept of frequency transformation are introduced in
section II. Their generalizations to 2D nonseparable PR FBs
with quincunx, hourglass and parallelogram spectral supports
are discussed in Section III. Several design examples are given
in section IV to illustrate the effectiveness of the proposed
approach, and finally, conclusion is drawn in section V.

II. MULTI-PLET TWO-CHANNEL STRUCTURAL PR FBs

The general structure of the multi-plet two-channel FBs is
shown in Fig. 1. It is parameterized by L subfilters Q,,(z), L
delay parameters N, , L lifting coefficients p, , and two

scaling constants Cy and C; for m = 0,1,...,L — 1. It can be seen
from Fig. 1 that z-transforms of the analysis and synthesis
filters in the lifting structure can be written as follows:

Hy(z)=C,H"?(2), H(2)=C,H" " (2),
F,(z)=H,(-2) and F,(z)=-H,(-2). (1)
where HO(z)=z7""" 1+ p,-0,(z%),
H®(2)=z"" +p,-0,(z)H"(2), and
H™(2)=z""H"?(2)+p,-0,(zHH""(2),

form=273,....L — 1. We shall consider a special case of lifting
with identical subfilters:

QLfl(Zz):Qsz(zz): :Ql(zz) :Qo(zz) :Q(zz) - (2)
The delay parameters N, are then given by:

N, ,=-=N,=N,=G and N, =(G-1)/2, 3)
where G is the passband group delay of O(z%). As a result, the
group delays of the analysis filter pair, Hy(z) and H,(z), are
respectively given by:

Gy,=(L-1)-G and G, =L-G. Y}
For the simplest case where identical subfilter having the form
of (1+z7)/2 , the FB is referred to as prototype lifting

structured FB. Furthermore, it can be transformed to a new FB
using the following substitution of variable:

ISCAS 2006



x=Ry(R)=270(z"), (5)
where R, (%) is the zero-phase response of the subfilter Q(z*)

for some positive integer . Since the transformed FB is
obtained by replacing x in each lifting step of Fig. 1 by

R, (x), it can also be implemented by the same number of

lifting steps as the prototype.

To analyze the effect of the transformation, let us consider
the zero-phase responses of the prototype FB, subfilter and
transformed FB in Fig. 2. From (5), the digital frequencies
before and after transformation are related by:

x=c08(®) =R, (x)=R,(cos(v)) ,
where @ and @ are respectively the digital radian frequencies
of the prototype and transformed FBs. If R, (x) is

appropriately designed to have a sharper characteristic than
x=cosw around w = /2, then the transformed FB will have
a much narrower transition band. Furthermore, if we want to
preserve the passband and stopband ripples of the prototype FB
in the transformed FB, R, (x) should map respectively the

values of x=cos@ in the passband and stopband of the
prototype FB to the new passband and stopband of the
transformed FB. Therefore, the transformed FB can achieve a
much narrower and prescribed transition bandwidth by properly
designing the subfilter using conventional filter design
technique, while preserving the frequency characteristics of the
prototype FB.

Using these results, the relations of the prototype FB,
subfilter and transformed FB can be summarized as follows:

(1) Zero-phase response of the transformed FB:

1-6,, <R, () <1+5,,,
Lowpass: R

O, SR(X)Z6,, T-0,<0<rxw .
1_5p1SR1()})S1+5p1: ”_a)cgﬂ)gﬂ' ( )

5, <R (x)<8 0<w<o,

512

0<ow<o,

Highpass: {

where @, specifies the cutoff frequency, &, and &, are
respectively the passband and stopband ripples of the

transformed analysis filters R, (x), for i=0,1.

(1) Zero-phase response of the prototype FB:

Lowpass: 1=, SR(0<1+6,,, 0<a<wo,
8,0 SR (<8, ”—wcS0)$7f(7)
Highpass: 1-8, SRWSI+6,, 7-0,<G<x
5s1£§1(x)£5s1> U<o<o,

where @, is the cutoff frequency of the prototype FB.
(1i1) Zero-phase response of the subfilter:

cos(@, ) <R, () <1,
~1<R,(3)<—c08(@,), T—w, SO<T

0<o<o,

®)

If the prototype FB is monotonic decreasing at the stopband,
say a maximally-flat function in 9/7 filter pair [10], then by
choosing an appropriate subfilter, an arbitrary small stopband
attenuation can be achieved after transformation. Alternatively,
a set of prototype PR FBs with different passband/ stopband
ripples can be designed offline. The subfilter can then be
designed so that the transtormed FB will be able to achieve a
narrower transition bandwidth, while preserving the ripples of
the prototype FB. Optimized prototype FBs usually lead to a
better frequency selectivity. It should be noted that this

transformation is also valid when Q(z) is a low-delay FIR/IIR
function. For more details, interested readers are referred to [6].

III. DESIGN OF 2D MULTI-PLET FILTER BANK

Let x(m) be a N-dimensional discrete-time signal with
n=(ny, .n, )" and n,e¥, the set of integers. The output
y(n) of a decimator with an integer sub-sampling matrix M
can be written as y(n) = x(Mn) . The decimation factor is equal
to |det(M)| . Different choices of M give rise to different
spectral support of x(m) while achieving aliasing-free
decimation. The points
y(n)=x(Mn) lie on the lattice {LAT(M):t=MnneN"}
Fig. 3c shows the lattice generated by the 2D sampling matrix
M,=[M,, M, ] associated with the quincunx spectral

support in Fig. 3a where M, :[1 1]T and M, | = [1 —1]T.

in x(n) that are retained in

It can also be seen that those points on LAT(M) are in fact
0o and M, .

Fig. 4 shows the general structure of a two-channel
critically decimated N-D FB with sub-sampling matrix M and
|det(M )’ =2 . The analysis and synthesis filters are expressed
respectively in their type-I and type-Il polyphase
representations, where E(z) and R(z) are their polyphase

generated by the linear combinations of M,

matrices. k, and k, belong to the set of integer vectors,
N(M) , which lie inside the fundamental parallelepiped of M ,
FPD(M) , where FPD(M) is the region spanned by M - x,
with x, €[0,1),i=0,...,N—-1. The gray parallelogram area in
Qio,MQJ) is the

FPD(M) associated with M, . If the product R(z*)E(z™)

is equal to a constant multiplies of signal delay, then the system
is PR.

Similar to [1], a simple method for achieving this condition
can be done by transformation of 1D PR FB. More precisely,

0O(z%) is transformed to O(z*)0(z™) and the 1-D delay z*

is replaced with ™z in Fig. 1. Then, the 2D analysis filters
can be written as follows:

Hy(2)=C,H"?(z) and H,(z)=C,H""(z) “
where H(z)=z""(z"z")™ + p,-0@")0E"),
HY(2)=E" )™+ p -0E@")0E")HH(z), and

H™(2)= (™)™ H" 2 (2)+ p, 0" )0 )H " (z),
for m = 23,....L. — 1. Hence, the problem remaining is to
determine the sampling matrix M and the integer vectors k,

Fig. 3c spanned by the two vectors (M,

and k, according to the desired spectral support. Suppose
x(n) 1s decimated by M , its aliasing-free spectral support
should be equal to the spectral support Q of the analysis
lowpass filter, which is given by {Q: @ =2 "x, xe[-11)*}
[14]. For mnotational convenience, let M ' =[®,.®,] . In

general, if [e,,®,] can be determined from the desired spectral

support, then M can be computed from M =[w, o, /.

Consider the quincunx sampling as an example, the spectral
support is a parallelogram defined by the two vectors,

o,=[7/2 z/2]" and @, =[-7/2 x/2]" as shown in Fig.
3a. Using this result, it can easily be verified that the sampling
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matrix of the quincunx spectral
M o= [M M Q71] 5

support is given by

0.0 where Mgioz[l 1]T and

M, = [1 —1]T , and the corresponding values of &, and &,
are respectively seen to be k, = [0 O]T and k :[1 O]T .

M o
o1 _ 1 2
=zyz, , 7 °=z, , and

Substituting z"¢-° = ZgZi 5 1D
7" =z, into (9) gives the frequency response of the analysis
filters. To design a PR FB with a hourglass spectral support, we
can multiply x(n#) and x(r) in the quincunx PR FB by (-1)™
[13]. The calculation of parallelogram support is similar. It can

be seen from Fig. 3b that @,=[z/2 0]° and
o =[-z/2 z|" Therefore, M, 1is given by
M,=[M,, M,,| , where M, ,=[2 -1]" and

M, =[0 1", and k, and k, are determined to be
k, :[0 O]T and k, :[1 O]T,respectively.

III. DESIGN EXAMPLES

Example 1: 1D and 2D Transformed (9,7) Filter Banks

In this example, the (9,7) FB is used as the prototype FB.
The corresponding lifting coefficients and scaling constants are
listed in the second column of table 1. Fig. 5a shows the
frequency responses of the transformed (9,7) FBs with different
transition bandwidth. This demonstrates the flexibility of the
proposed approach in controlling the frequency characteristics
of the PR FBs. Similar argument holds for the 2D case. It can
be seen from Figs. 5b — 5d that the 2D quincunx multi-plet FBs
have different transition bandwidths according to the cutoff
frequencies of the subfilter. Furthermore, if the subfilter is
realized as variable digital filters [15], the frequency
characteristics of the transformed multi-plet FBs can be tuned
online. This offers us more flexibility in processing 2D signals.

Example 2: Low-delay 2D multi-plet Filter Banks

In this example, the 1-D low-delay multi-plet PR FB
designed in Example 2 in [6] is considered. The maximum
passband and stopband ripples are about 3.45x107 and 3.16x
107, respectively. The group delays of the analysis lowpass and
highpass filters are respectively 63 and 84 samples, as
compared to 93 and 124 samples for the linear-phase case. The
frequency and group delay responses of the 1D multi-plet FB
are respectively shown in Figs. 6a and 6b. As described in
Section III, it can be transformed to obtain the low-delay 2D
multi-plet FBs with various spectral supports. Figs. 6¢ and 6d
illustrate the effectiveness of the proposed approach in
designing low-delay 2D multi-plet PR FB with hourglass and
parallelogram spectral supports. The former is obtained by
shifting the frequency spectrum of the quincunx FB via the

modulation e’™ | where n, is the integer index in the vertical
direction. Moreover, by properly cascading the 2D PR FBs with
either quincunx or hourglass spectral supports in a tree
structure, as suggested in [12], it is possible to realize the multi-
plet PR directional FBs. Due to page limitation, Figs. 6e and 6f
only show the channels 0 and 3 of that class of directional FB.
Interested readers are referred to [12] for more details on the
desired spectral support.

IV. CONCLUSION

The design of two-channel 2D multi-plet nonseparable PR
FBs is presented. By employing a 1D to 2D mapping, 2D PR

FBs with quincunx, hourglass, and parallelogram spectral
support can be obtained. Thanks to the frequency
transformation technique, the characteristics of these
nonseparable FBs can be varied on-line and they offer more
flexibility in processing 2D signals. By cascading multiple
multi-plet FBs with appropriate spectral support, PR directional
FBs with variable characteristics can readily be obtained.
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(9,7) filter pair [10] Prototype FB [6]
Po -3.17226868408289 0.23987556667257
p1 -0.10596023714940 -0.54571527976115
J2 1.76582215102264 0.54045911345798
P 0.88701370409649 -0.23167459250035
Gy 0.81289306611600 0.71401331291255
Cy 0.61508705245638 0.71237102180672

Table 1. Lifting coefficients and scaling constants of the prototype FBs.
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1(b)
Fig. 1: Structure of the multi-plet FBs: (a) Analysis bank. (b) Synthesis
bank.
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Fig. 2: General relations and specifications of the prototype FB, the
subfilter and the multi-plet transformed FB.
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Fig. 3: (a) Spectral support of quincunx sampling, (b) spectral support for
the parallelogram filter, (¢) sampling matrix and its associated lattice for
quincunx sampling, (d) sampling matrix and its associated lattice for the
parallelogram filter.
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Fig. 5. Zero-phase responses of the transformed (9,7) FBs with different cutoff
frequencies (dotted line: original (9,7) FB, solid line: @, = 0.157 and dash-dotted
line: @, = 0.257). Frequency responses of 2D nonseparable PR (9,7) FB with
Quincunx spectral support: (b) Original (9,7) FB, (¢) @ = 0.157 and (d) &, =
0.257.
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Fig. 6. (a) Frequency response and (b) group delay response of 1D low-
delay multi-plet FB. Frequency responses of 2D nonseparable PR FB in
example 2: (¢) Hourglass (d) Parallelogram. (¢) Channel 0 and (f) channel 3
of directional FB in [12].

2036



