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Abstract

In 1989 Pelgrom et al. published a mismatch
model for MOS transistors, where the standard
quadratic deviation of the mismatch in a parameter
between two identical transistors, is given by two
independent terms: (1) a transistor size-dependent
term and (2) an inter-transistor distance-dependent
term. To include the distance term, some researchers
have developed CAD tools based on the so called
o-Space Methodology, which result in very
computationally  expensive  algorithms.  Such
algorithms become non-viable even for circuits with a
reduced number of transistors. On the other hand, by
understanding and interpreting correctly the physical
origin of Pelgrom’s model distance term, one can
implement in a straight forward manner this
mismatch contribution in a CAD tool. Furthermore,
the computational cost results negligible and viable
for any number of transistors.

Introduction

The mismatch model proposed in 1989 by Pelgrom et
al. [1] models the standard deviation in the mismatch of
property P between two identical MOS transistors of
width W and length L separated by a distance D (from
center to center) in the layout, as
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This model was experimentally verified by Pelgrom by
measuring mismatch on many dies, fabricated on many
runs, and including many identical transistors per die, as
well as many transistor sizes per die (see Fig.2 in [1]).
The model was verified for different foundries and
technologies. Theoretical derivations of this model (see
Appendix) reveal that the two terms are originated by
two different means. The size dependent term is caused
by local random fluctuations of material and
technological ~ properties  of  transistors.  This
random-induced mismatch term decreases with
transistor area. On the other hand, the distance term in
eq. (1), which is size independent (common for all
sizes), is originated by gradients along the dies and
wafers. For a particular die, the gradient surface can be
approximated by a plane. Depending on the die position
within the wafer, a different gradient plane will result.
Consequently, in practice this gradient plane has a
random nature from die to die. Since Pelgrom measured
many dies, his models includes the random
characterization of these random gradient planes. Layout
techniques, like common-centroids, can eliminate the
impact of gradient-induced mismatch, and consequently
eliminate the distance term from eq. (1). However,

layout techniques cannot eliminate the size-dependent
term, because of its random nature.

1. Physical Interpretation and
Implementation of Pelgrom’s Mismatch
Model in a CAD tool

The random-induced size-dependent term is quite
straightforward to add in a CAD circuit simulation tool.
First, one needs to know the critical transistor mismatch
parameters, whose random fluctuations impact transistor
currents. They are usually a small number of parameters.
Pelgrom suggested 2 main ones (V, and B) and a
secondary one (y) [1]. Bastos et al. added mobility
degradation [2]-[3], Serrano et al. suggested a total of 5
relevant parameters [4]-[5], and recently models
extending from weak to strong inversion have been
proposed with no more than 5 parameters [6]-[8]. For
more sophisticated transistor models like BSIM, about
16 parameters would be required [9]. Consider a generic
mismatch relevant parameter P. Let us assume P, is
the mean value predicted by the manufacturer. Usually
the manufacturer also characterizes global inter-die
variations AP ., common for all transistors in the
same die, whose standard deviation 6(AP,,) would
characterize variations from die to die. Finally, a local
term AP;, has to be added for each transistor in the
circuit, such that its standard deviation is characterized
by eq. (1). This local mismatch term includes two
components, a random size-dependent component
AP_..nq i and gradient induced size-independent
component AP, ., i-The standard deviation of the
random component is given by

Ap
T )
where W; and L, are width and length of transistor i.
The factor 2 in the denominator accounts for the fact that
each transistor is deviated from a nominal mismatch-less
transistor. Parameters A, are provided by the
manufacturer for the mismatch relevant parameters.
Sometimes, correlations between these parameters are
also characterized. In these cases, it is convenient to
reflect them when generating the random numbers
AP for each parameter [4].

G(Aprandii) =

rand_i
Now let us add the distance term of eq. (1). Let us
assume we have the layout of our circuit and we know
the central coordinates of each transistor i in the layout
(X, ¥;) . Let us assume also, that the manufacturer
provides parameter S, of the distance term for
parameter P in eq. (1). Let us assume also, that for each
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Fig. 1: Hlustration of random gradient planes for transistor
property P that gives rise to a distance dependent mismatch
term AP between the two transistors at coordinates (x;, y;) and
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fabricated die, we can approximate the gradient of P
along the die by a plane

P(x,y) = Ax+By+C (3)

where C = P .0+ AP jopar » @nd A and B are random
numbers. Consider now %WO transistors i and j located at
coordinates (x;, y;) and (x;,y.). The mismatch in
property P caused by the gradient plane of the die is

AP grag_ij = A= X)) +B(Yi- ¥} 4

Repeating this for many dies by generating random
numbers A and B for each die, we can compute

0% (APgraq i) = G2 (AY(X— X))+ G*(B)(Y; - ¥))’ (%)

Assuming symmetry of the random
6(A) = o(B) (no preferred directions), results in

planes

S (APgrag i) = (M- xp + (yi-y)’] = 6°(AD;  (6)

where D;; is the distance between transistors i and j.
Comparing eq. (6) with the distance term in eq. (1),
reveals that

Sp = 6(A) = o(B) (M

Consequently, if the manufacturer provides parameter
Sp Wwe can generate the random gradient planes for each
simulated die.

Summarizing, according to Pelgrom’s 1989 findings
[1], a CAD tool implementing all these mismatch
components of a MOS transistor should compute for
each transistor i and for each of its mismatch relevant
parameters P; a deviation including the following terms

Pi = Pmean+APg|ubal +APrand,i+APgrad,i (8)

To compute AP, i @ random number needs to be
generated for each fransistor i. However, to compute
APyaq i Only two random numbers need to be
computed for all NMOS transistors (and another two for
all PMOS) in the same circuit, which are parameters A
and B, characterized by eq. (7). With these two random
numbers, and the central coordinate of each transistor i,

the term AP ., ; would be given by

APgradJ = AX; +By; (9)

Note that this way of interpreting Pelgrom’s distance
term cancels out gradient effects when using common
centroid layout techniques. Assume a differential pair
where each transistor is split into two. This is consistent
with Pelgrom’s distance term prediction for common
centroid layouts [1] (see (28) in Appendix).

2. o-Space Methodoly

Shortly after Pelgrom’s seminal paper was published,
some authors developed a means to implement the
distance term in eq. (1) in CAD environments [9]-[11],
called sigma-space analysis or design. This methodology
has been further developed by people in the CAD
community [12]. However, here the distance term is not
considered to model the statistics of the possible
gradient planes from die to die. It is considered that
within the same die, there is another random component
per transistor AP, ;, such that when computing the
difference between two transistors separated by a
distance Dj;, the standard deviation of this difference
obeys

Gpij = 6-(APy |~ APy ) = 2D} (10)

In principle, there could be many ways to generate
random numbers for an arbitrary number of transistors in
a circuit satisfying eq. (10). The way proposed in [9]
would be as follows. Consider there are N transistors.
Then for each of them we compute the following N
correlated random numbers

APy, =0
APd_z = ApR,
APy 3 = ApRy+ ARy (11)

APy n = AnoRp+ AnsRs+ ARy + .o + Ay Ry

where R; are random numbers normally distributed with
zero mean and standard deviation equal to 1.
Coefficients A;; are computed by using eqgs. (10) for
each transistor pair. Since there are a total of
N(N —-1)/2 transistor pairs there is a total of
N(N —1)/2 nonlinear quadratic equations to solve with
a total of N(N -1)/2 parameters A;; in egs. (11). If
eqgs. (10) were linear, there would be one unique
solution. However, since they are nonlinear we should
expect many possible solutions. The computational cost
of solving these equations grows exponentially with the
number of transistors.

Obviously, the random gradient plane solution
discussed previously (see eq.(9)) should be one of the
solutions of the formulation of egs. (11), since both
interpretations  satisfy the mathematical distance
statistics of eq. (10). However, the computational cost
for egs. (7) and (9) is much smaller than for egs. (10) and
(11), and specially when there is a large number of
transistors in the circuit. Surprisingly, a more detailed
analysis of the solutions of egs. (11) reveals that the
gradient plane is the only possible solution.



3. Conclusions

\We have seen that the distance dependent term
(Sﬁ,Dz) in Pelgrom’s mismatch model is equivalent to
consider for each die a random gradient plane Ax + By,
such that o(A) = 6(B) = S,. The solution of the
formulation known as sigma-space analysis for
predicting this mismatch term in a CAD tool, is also this
random plane. However, the mathematical formulation
used is extremely complex, is computationally
expensive, and the computational cost grows
exponentially with the number of transistors, resulting
non-viable for moderate and large circuits. However, the
random plane physical interpretation of this mismatch
component results in a very simple mathematical
formulation, very easy to implement in a CAD tool, and
without almost any computing penalty.

Appendix. Theoretical Derivation of
Pelgrom’s Model

In the 1989 Pelgrom paper [1], the authors did not
include the theoretical derivation of the mismatch model
of eq. (1). Here, we provide this derivation, which to our
knowledge is not available anywhere else.

Fig. 2 shows two transistors of size W x L located at
coordinates (xy,y;) and (x,,y,), respectively. Let us
define the position of the pair as its middle point

Xq + Xy Vi, = Y1’2f)’2 (12)

X2 = = ) 12

Let us assume that property P of a transistor can be
obtained by averaging a certain density function P over
its area

Pl(xl,y1)=v\%.[ [ P y)dxdy (13)
area(Xy, Y1)
The density function P(x,y') is assumed to reflect
wafer gradients as well as random noise components.

Under these assumptions, the mismatch in property P
for the transistor pair located at (x,,, y;,) is given by

AP(X1p, Y1p) = P1(Xg, Y1) = Pa(Xp, ¥p) =

1 1
= = P(X, y)dx'dy' — =— P(X, yHdx'dy' =
WLJ‘area(’[p Y1) WLjafea(.[z- Y2) (14)
= ﬁ“‘ G(Xp =X, Y1 = ¥) P(X, y)dx'dy'
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Fig. 2: Position and Coordinates of two Transiétors
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Fig. 3: Layout Configuration for a Transistor Pair using
Common Centroid

where G(x, y) is a geometry function which is +1 inside
the region of the transistor at (x,, y,), -1 inside the one
at (x,Y,), and zero elsewhere. Taking the Fourier
Transform in eq. (14) yields,

AP(0,, ®)) = Vﬁg(wx. 0,)P(0,, ®)) (15)

where AP(m,,w,) is the Fourier Transform of
AP (X125, ¥1p) s G(0,, ©)) is the one of G(x,y), and
P(0,, ®y) is the one of P(x, y).

For the layout of Fig. 2 it can be shown that when
choosing our coordinate system such that D, =0,

‘Vﬁg(wx, my)‘ =

in( 2t sin oW
—"()Lf )—u()yV\zl ){Zsin(wx—Dx)} (16)
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For a pair of transistors in a common centroid
configuration, as shown in Fig. 3, it would be

‘Wl[g(mx, coy)‘ = ET?Ej—)ET—(E—y_—\%—){Zsin(%E—X)sin(%D—y)} (17)
2

Fig. 4 shows a wafer in which contour lines of constant
property P have been drawn. In the wafer, at coordinate
(X192, Y1) a pair of transistors is drawn.

Assuming that when averaging AP(xy,, ¥;,) all over
the wafer we have AP, . ~0 we can write that

6’(AP) = é”APZ(Xu’ Y12)dX32dYs, (18)
o
A
L2 AP=AP(x12.¥12)
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Fig. 5: Approximate Shape of Frequency Domain
Function )

where Q is the area of the wafer. Applying Poisson’s
Theorem to eq. (18) results in

1
%0

6%(AP) = jdwxjdmy‘ﬁ G(0y, ©)) P(®,, wy)‘z (19)
Pelgrom models function 2?(w,, ®,) as having two
components [1]:

P(o,, 0)) = Py+ W(a,, 0) (20)

where P, is a constant (frequency independent)
representative of random white noise and % (w,, o) is
a wafer map component responsible for long distance
gradients along the wafer. The spatial frequency content
of function W (w,, o) is for frequencies of the order of
D, , where D, is the wafer diameter. Therefore,
function W (w,, @) can be assumed to have a shape of
the type depicted 'in Fig. 5, and consequently we can
assume that

. -1 1 -1 1
~P if (——Sm S——),(——Sm S——)
W(o,, 0,) = ! D,” *7Dy/\D,” ¥7D,) (21)
0 otherwise

Therefore, eq. (19) can be written as

1 P P 2 2
do, | do, |Gl |P,+ W|" =
4nZQW2L2_'L X_JN G IPo+ ] 22)
1 2
= ————— (P J2Y 4+ Y,}
4r2QW?L? [P+ Y2

G%(AP) =

Assuming a transistor pair as in Fig. 2, it would be

Y, = [do,dogl’ = 8w (23)

and

Yo = [do, [ doylGPPw + Pew" +w]7] (24)
Since D, » D,, W, L we only need to evaluate G in eq.
(24) near the origin. From eq. (16)
G(w,, o)) = ®,D,LW . Thus,

Y, = DLWk,

ES
oo (25)
ko = I do, I doy@,[P,W +P, W +|W|]

1 1

D., D,

where Pyw + P, +|W|*~ PP, + PP +|P,° = k, iS constant
and

4k D2L%wW?
Yy =~ — (26)
3D}

This results in
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For a common centroid configuration, by changing the
geometry function, it can be shown that the result is

2 22 2 22
2[P”, koDiDy _ Ap  oDiD (28)

2
6%(AP) = =Py
QWL " 36770D¢ WL P1op?

Note that the distance term_has been reduced an amount
of the order (Dy/DW)Z, which is very small.
Consequently, from a practical point of view, the
distance term can be considered to have disappeared.
Perfect gradient planes would cancel out exactly this
distance term. However, in practice the gradients not
always are perfect planes and might have a higher order
curvature component. This is why in eq. (28) there
results a residual distance term.
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