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Abstract: In this paper we consider state estimation of a discrete time linear system using mul-
tiple sensors, where the sensors quantize their individual innovations, which are then combined
at the fusion center to form a global state estimate. We obtain an asymptotic approximation for
the error covariance matrix that relates the system parameters and quantization levels used by
the different sensors. Numerical results show close agreement with the true error covariance for
quantization at high rates. An optimal rate allocation problem amongst the different sensors is

also considered.

1. INTRODUCTION

Linear state estimation using multiple sensors is a com-
monly performed task in areas such as radar tracking
and industrial monitoring. Nowadays, much of the com-
munication systems used in practice are digital in nature.
Therefore, analog measurements made by sensors will need
to be quantized before transmission to a central processor
or fusion center over a bandwidth limited wireless channel.
Characterizing the performance loss due to quantization,
for a linear state estimation problem, is the focus of this
paper. This can be seen as a first step towards achieving
a quantization rate versus state estimation error trade-off
for linear dynamical systems, which is largely unavailable
in the current literature.

We consider a discrete time linear system. A number of
sensors take measurements, perform some local processing
before transmitting a processed signal to a fusion center,
that then combines these signals to form a global state
estimate. At the sensor level, each sensor will quantize
their innovations. ! This is motivated by the fact that for
unstable systems, while the state will become unbounded
(leading to possible saturation of the quantizer), the in-
novations process remains of bounded variance (Anderson
and Moore (1979)). These quantized innovations are then
sent to a fusion center to form a global state estimate,
using a modification of the decentralized scheme for un-
quantized Kalman filtering in Hashemipour et al. (1988).

The work of Nair and Evans (1998) gave structural results
on optimal coding for state estimation with measurements
obtained over a finite rate digital link, though the fo-
cus is more on determining minimum bit rates required
for stability. For a linear quadratic control problem with
quantized state feedback, the performance with high rate
quantization has been studied in Gupta et al. (2006).
The idea of quantizing innovations has also been con-
sidered in Msechu et al. (2008); You et al. (2011) with
different filtering equations from ours. However You et al.

1 To be more specific, we quantize an approximation to the true
innovations due to the nonlinear effect of quantization
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(2011) only considers the case of a single sensor, while
the multi-sensor setup in Msechu et al. (2008) does not
involve a fusion center but instead requires sensors to
broadcast their quantized innovations to all other sensors.
In Sukhavasi and Hassibi (2011) a filter which involves
quantizing the true innovations at the sensor (rather than
the approximation to the true innovations considered here
and in Msechu et al. (2008); You et al. (2011)) is given,
but it is shown that for unstable systems the mean squared
error always becomes unbounded with this scheme. Par-
ticle filtering schemes are also considered in Sukhavasi
and Hassibi (2011), though such schemes are difficult to
analyze theoretically.

The paper is organized as follows. We first consider the
single sensor case in order to motivate our choice of
quantization method, filtering equations, and asymptotic
analysis techniques for high rate quantization. We then
consider the multi-sensor case. We obtain an asymptotic
approximation for the error covariance in terms of the
number of quantization levels used by the different sensors,
as well as the system parameters. Numerical comparisons
are made between the asymptotic expression and Monte
Carlo simulations of the true error covariance matrix.
While our asymptotic expressions are derived assuming
high rate quantization, numerical results suggest that they
are quite accurate even for rates as low as 3 bits per
sample. We also solve a rate allocation problem in the
multi-sensor case for minimizing the trace of the error
covariance matrix at the fusion centre when the total rate
across the sensors is limited. The special case of scalar
systems has been analyzed using different techniques in
Leong et al. (2012).

2. SINGLE SENSOR

The system is a discrete time vector linear system
Tpq1 = Axg + wy,

where x;, € R™ and wy is i.i.d. zero mean Gaussian with
covariance matrix >, > 0. The sensor makes a vector
measurement

yr = Cxp + g
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where y, € R™, and vy is i.i.d. zero mean Gaussian with
covariance matrix 3, > 0. We assume that {wy} and {v}

are mutually independent, and that the pair (A, Z%U/ 2) is
stabilizable and the pair (4, C) is detectable.

2.1 Kalman filter

We briefly review a few properties of the Kalman fil-
ter. Define the state estimates and error covariances?

‘%klk—l Elzk|yo, .- Yk—1]s ik\k = Elzk|yo,---, Y&l
P:ﬁl; 1 E[(zx — j:{k 1)(93k - isz 1)T|y0,-~-,yk—1],
P,flJ; = E[(z — xk‘k)(xk - xk‘k) [yo, - -, Yk). The inno-
vations process is

0 = ye — Elyelyo, - yu—1] = i — ka|k 1

It is well-known (see e.g. Anderson and Moore (1979)) that

Nkf ~ N(0, C’P,f"; 1CT +3,)
The Kalman ﬁlterlng equations (no quantization) are:
xilfk 1 Afﬁfuk_l
A R o (VAT oY A R AR el vicl
K = pii T (CP_ CT + %)
P:IJ;—l = APlffuk VAT 43,

(1)
Under the stabilizability and detectability assumptions, as
k — oo, P Jolk—1 converges to a steady state value P/ that
satisfies the algebraic Riccati equation:
PE = APK AT 13, — APM CT(CPE CTyn,)~'OPE AT
(2)

2.2 Quantized filtering scheme

In this paper we consider a suboptimal quantized filtering

scheme where we run a slightly modified version of the

unquantized filtering equations given in (1):

Tpik—1 = ATp—1)h—1

e = Tjp—1 + Krqr(yr — Coppp—1)

Ky = Pyj1CT(CPy 1 CT + 2, + S0 p) 7"

Pyjj—1 = APy 11 AT + 2,

Py =Pijp1 — Prpa O (C Py O + 20+ 6) 7 'C Py
(3)

where qi(yx — CZgr—1) is the quantization of the vector

Y — Cpp—1, and the matrix ¥y, ;. is a term to account for

the quantization noise. Note that due to quantization 2y,

Py, and yp — CZyjp_1 are not the true conditional mean,

error covariance matrix and innovations respectively, but

for high rate quantization the approximations should be
quite accurate.

Let P, £ Pyjp—1- Under high rate quantization, we as-
sume that the quantity yx — CZyr_1 is approximately
N(0,CP.CT + %,). Since y; — CZpk—1 is a vector, we
will use vector quantizers with N quantization values. In

2 Similar to Sukhavasi and Hassibi (2011), we use the superscript
“kEf” to denote the true Kalman filtering quantities.
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general, optimal vector quantization (optimal in terms of
minimizing the distortion) is a difficult problem where
many open questions remain. The LBG algorithm (Gersho
and Gray (1992)) can be used to find locally optimal
vector quantizers but requires numerical methods to com-
pute, and the resulting quantizers often lack structure.
We thus consider mostly the case of lattice quantizers,
whose regular structure makes for efficient encoding and
implementation. 3

We will first diagonalize CP,CT + X, as
CP.CT + %, = U\ UL

where Uy is a unitary (in fact orthogonal) matrix of
eigenvectors and Ay, is a diagonal matrix of eigenvalues (we
recall that every real symmetric matrix is diagonalizable,
and the eigenvalues of a positive definite matrix are
positive). Then the distribution

N(0,CP,CT +%,) = UpAYN(0, I).

Now for zero mean multivariate Gaussian distributions
with ii.d. components, asymptotically optimal lattice
quantizers have been considered in Moo (1998), with an-
alytical expressions derived for the distortion and sizes of
the cells in the lattice quantizer. Thus one way to vector
quantize y — Oy ,—1 is to first multiply it by (UkAl/Q)

to transform into (approximately) N (0, I) random vectors,
quantizing this using the asymptotically optimal lattice
quantizers from Moo (1998), and then multiplying the
Al /2

quantized vector by Uy , Le.

Qe (yr — Cp—1) = UkAk/QQ((UkAi/Z)_l(yk — Cipp—1))
where § is the lattice quantizer of Moo (1998) (note that

multiplication by UkAi/ % is a linear transformation which
preserves the number of values in the quantizer codebook).
For asymptotically optimal lattice quantization of a Gaus-
sian random vector with i.i.d. components, each having
variance o2, the distortion per dimension Dy £ LE[(z —
G(x))T (x — G(z))] is given by (see Moo (1998)):
M(Sp)V?™ ZIn N
172 N2/m
where m represents the dimension of the vector to be
quantized, N the number of quantization values, n =

Dy ~ L6y

L@3/2) _ @)™ gm/z _
r(1/2) — o V= T(m/24+1) — T(m/2+1)’ M(So) =
[, Ne—yl3de . . .
W, o is a Voronoi cell of the lattice, v(Sp) is

the volume of Sy, and M (Sy) is the normalized moment
of inertia of Sy. The asymptotically optimal scaling ay of
the fundamental cells of the lattice is given by:

[21/ Vv \'/"VinN
an ~ 1\ ——
N mn \v(So) N1/m
Since the components are i.i.d., if we assume that the quan-
tization errors are spread evenly amongst all components,
then E[(z — ¢(x))(x — ¢(z))T] ~ dnI, and the term X, 1
in (3) is then defined as

Zn,kéUkAi/2(5NI)A,1€/2U,Z=5N(CPkCT+Zv). (4)

3 For scalar measurements, lattice quantization reduces to the case
of the uniform scalar quantizer. For scalar measurements we will also
consider the case of optimal quantization, see Section 2.2.1.
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Remark: The expressions for the asymptotic distortion
and asymptotically optimal scaling clearly depends on
the choice of fundamental cell Sy. However, the optimal
shapes for Sy are generally not known.* As an example,
suppose Sy is an m-dimensional cube of length 1. Then
one can easily compute that v(Sp) = 1 and M (Sp) = 1/12.
Therefore in this case we have (with 02 = 1):

i In(N)
3m(T'(m/2 +1))2/m N2/m’
2/ VIn N
V(N (m 2 + 1))7m N

For dimension m = 1, these expressions further simplify

4v1In N
N

Dy ~

anN ~

to Dy ~ 22N and an ~

aNZ , see below.

The case of scalar measurements In the special case
of scalar measurements, the quantity to be quantized is
scalar, and the lattice quantizer reduces to the uniform
quantizer. The asymptotically optimal step size for uni-
form quantization of Gaussian variables has also been
derived in Hui and Neuhoff (2001). Under high rate quan-

tization, the step size A is asymptotically Ay ~ 47V11V11NO'

and the resulting squared error distortion is asymptotically
Dy ~ 428 0? where 02 is the variance of the Gaussian
random variable that is to be quantized.

Furthermore, for Gaussian random variables the optimal
quantizers have also been tabulated in Max (1960) for N
up to 36, and can be computed for other values of N
relatively easily. For N large, it is known that the resulting
squared error distortion satisfies the Panter-Dite formula,

so that Dy ~ gﬁaz. We therefore have (note that here
CP,CT + %, is scalar) 2, = o5 (CP.CT + 3,), where

7r\/§ . . .
optimal quantization
On = { Ay o 5)

snz » optimal uniform quantization

2.8 Asymptotic analysis

We wish to determine the asymptotic behaviour of tr(Px)
for large NV, where P, is the limit of Py as k — oo that
from (3) and (4) satisfies the equation

AP CT(CPCT +3,) " 1CP AT
14 dn
(6)

In the scalar case an analytical expression for P,, can be
derived and analyzed (see Leong et al. (2012)) to find
asymptotic approximations. However, in the vector case
we do not have a closed form expression for P, or tr(Ps).
Instead we will use a different technique, which is based on
the method used to find asymptotic solutions to algebraic
equations in perturbation theory (see e.g. Holmes (1995)),
but extended to matrices. With this technique, we can in
fact derive an asymptotic expression for the whole matrix
P, and not just its trace.

Po=AP AT+%,—

Notation: We will call a matrix O(1) if all its entries are
O(1), and call a matrix O(el) if all its entries are O(e).

4 Even for lattice quantization of uniformly distributed random
vectors, the optimal cell shapes are only known for dimensions
m=1,23.
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Motivated by the asymptotic result in the scalar case
(Leong et al. (2012)), where it is shown that Py, = PXf +
KON +O(6%) for some constant x, we assume that Py, can
be written in the form

Py = ®g + 5Dy + 63Dy + ... (7)
where ®g, ®q,... etc. are matrices not dependent on N.
Substituting the form (7) into equation (6), we have

Dy + oDy + - :A(@0+5N@1+...)AT+EM
714(‘1)04’61\[(1)14*. .. )CT(C((I)0+5N(I)1+. .. )CT+ZU)71

1
By +OonyDy +...)AT
x C(®g 4+ onP1 +...) .

=A(Do+oNP+... ) AT +2, — A(Do+OnP;+...)CT
X [(CPoCT +%,)7! = 5 (CPCT +%,) L0, CT
x (CPCT +%,)7 +...]

x C(®g+0nPy+ .. )AT(1 = 0n +...)

(8)
where the second equality follows from the following gen-
eralization of a result from p.26 of Holmes (1995):

M
Proposition 1. Suppose || 3° ¢;A71B;|| < 1 and A is in-
i=1

vertible. Then as €; — 0,1 = 1,....,M,
M M

(A + Z GiBi)_l = A_l - Z GiA_lBiA_l-i- Z O(GiGj]l)
i=1

i=1 i,
Due to space constraints, the proof is omitted.

Similar to the asymptotic technique in Holmes (1995), we
can derive an asymptotic expression for P, by successively
solving for @y, ®1, etc. Equating the O(1) terms in (8) we
obtain the equation

Dy = AP AT + %, — ADCT(CP,CT + %,) 1Py AT
which can be used to compute ®y. Comparing with (2),
we see that &g = P/,

Equating the O(dn1) terms in (8) we obtain the equation
O = AP AT — AD,CT(CP,CT + %,) L CDAT
— AD,CT (0P CT +%,) tCD AT
+ADCT(CPCT +%,)7'CP,CT(CPCT +X,) 'CP AT
+ ADCT(CPoCT + %,) 10D AT
= (A— A, CT(CP,CT +%,)710) &

x (A — Ad,CT(CBCT +3,)71C)"

+ AP CT(CP,CT +3,) 1 CD AT

(9)

which is a Lyapunov equation.
Thus, asymptotically we have P, = PX + &6y +
O(6%(N)1), where dy decays to zero at the rate }39’3 for
the lattice quantizers of Moo (1998), P%f can be found
by solving numerically the algebraic Riccati equation (2),
and ®; can be found by solving numerically the Lyapunov

equation (9). For the special case of scalar measurements
and optimal quantization, d decays at the rate ﬁ

3. MULTIPLE SENSORS

The system is still the vector linear system xy11 = Azy +
wg, with x € R™, but now with M different sensors each
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making measurements:

Yik = Cixp +’Ui,k,i = ].,...,M
where y; € R™, w, ~ N(0,%,,) and v; ~ N(0,%;,).
We assume that {wy} and {v;x},Vi are mutually inde-
pendent, and that the pair (A, E}U/ 2) is stabilizable and
the pairs (A, C;) are detectable for each .

It is assumed that the individual sensors can perform
some local processing, with a fusion center then using an
appropriate fusion rule to compute a global estimate of the
state xj. See Fig. 1 for a diagram of the system model.

Sensors

bl
Process / \
Fu3|on
Center
\ /Mr

Fig. 1. System model: Multi-sensor

3.1 Decentralized Kalman filter

In Hashemipour et al. (1988), it is shown that in the case
where there is no quantization, each sensor can run its own
individual Kalman filter to obtain local state estimates,
which can then be combined at the fusion center to obtain
a global state estimate, that is the same as if the fusion
center had access to the individual measurements. We
summarize the equations below.

Define the local estimates and error covariances:

Zk\k 1=
. k

E[«'Ek|yi,07 cee 7yi,k71}, fﬂi,k‘k = E[xk|yi,07 e 7yi,k]a Pi7£|k,1 =
Bz — i _SkE T, } pr

[(zk xi,k\kfﬁ(xk xi)k}‘kj—l) 1Yi,05 - Yik—1], iklk
El(wy — &} %)@k — &%) 910, -, yix], and the global

. K

quantltleS' xklfk 1 = Elzklyo, - ¥e_al,
xk“@ - ]E[xk|y03 - 7yk]a

k Wk ok
Pk|J; 1 E[(xk - xk\fk_l)(xk - xk\fk 1)T|YO7 e aYk—l]a

k ok
Pk|J]; E[(xk - xk{k)(xk xk|k) ‘YO, . ayk]v where y, £

T \T

(yl,kv""yM,k> .

The sensors run their individual Kalman filtering equa-
tions, for i = 1,..., M, whose equations take the form (1)
but replacing y; with y; , C' with C;, ¥, with ¥, 1, etc.

The fus10n center makes use of the local estimates xz k-1

and P/

and ¥ klk and local error covariances P/ A

i,k|k—1
to compute global estimates as follows:

Thik—1 Th_1|k—1
~kf kf(pkf kf~ Akf Ef~Y A kf
Thjk = Pk|k(Pk|lc lxk|k 1+Z{Pz otk Titots ™ B ot Jo o 1})
kf kf T
Pk|k—1_APk 1)k— AT+
kf  pkf kf T T 1
Pklk_Pk\k—l_Pk\k 1C (CP k|k— 1C +E) CP k|k—1
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where C = [CT |...| C}; ]T and X, is a block diagonal
matrix given by ¥, = diag(Xi,4,...,2m). Note that
instead of the sensors sending their local estimates and
error covariances, the local innovations gjf £ = Yik —

Ciz xl kjk—1 can be sent to the fusion center instead, since

P kf

the fusion center can reconstruct 931 e i1k Pi,k\k and
k

pkf

k1l from @, provided it has knowledge of all the
sensor parameters C; and 3;,, 1 =1,..., M.

. . k
As k — oo, the local error covariance matrices P, f

i k|k—1
P kf

have steady state values P, satisfying the algebraic

Riccati equations:
kf _ kf AT
Po= APZ.’OOA + X

— AP TGP CF +5,,) P AT i=1,... M,
and the global error covariance matrix Pk‘ +_, has steady

state value P*/ that satisfies the algebraic Riccati equation

P = APM A"+x, - APY CT(CPY CT4s,) 'CPY A"
(10)

3.2 Quantized filtering scheme

As in the single sensor case, we can consider a subop-
timal scheme which are a slightly modified version of
the unquantized decentralized Kalman filtering equations.
The individual sensors run the following equations, for
i=1,...,M:

Ty pik—1 = ATs g—1)k—1

Ti kil = Ti k-1 + Kok Qi k(Wi — CiZi gjk—1)
Kik = Pij5—1C] (CiPyp—1CF + Zivo + Sinpe) "
Pkje—1 = APy AT + 2,

P gk = Pigi—1 — P gje—1C7
X (CiP; kk—1CF + Sio + Sing)  CiPi g
while the fusion center runs the following equations:

Tpip—1 = AZp—16—1

M
L -1 -1 4 p-1 A
xk\k—Pk|k<Pk\k—1xklkfl+§ :{Pi,k\kxz,k\k Pi,k\k—ﬁz,k\kfl})

=1
Pyjj—1 = APy_1jp—1 AT + 3y,
Pyt = Pyjp1— P 1 CT(C Pyt CT4+ 20+ 20 1) T 'C Py

where ¥, , = diag(Z1 nk, - - » ZMn,k) is a block diagonal
matrix, and ¢ x(yir — CiZjpr—1) is the quantization
of yir — Cif kx—1, with corresponding term ¥;, to
account for the quantization noise. The values g; x(yix —
CiZ; px—1) are the quantities that are sent to the fusion
center. Similar to the previous subsection, the fusion
center can reconstruct & pix, Tigy1jks ik and Pjpyqp
from i k(yi,x — CiZ; gjk—1) and knowledge of the sensor
parameters.

Call P, = i klk—1- We again use the lattice vector
quantizers of Moo (1998), with IV; quantizer values for each
sensor i. At high rates, assuming that y; x — Ci; jx—1 is
approximately N (0, C;P; ,CI +%; ,), we obtain similar to
the single sensor case the quantization
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@ik (Yik — Ciy gjk—1)
= z‘,kAi/kQQ'((Ui,k/\i/;f)_l(yi,k — O gjp—1))
where U; j, and A; ;, come from the diagonalization
CiPuCf + S50 = U i kU,
and ¢ is the lattice quantizer of Moo (1998). We also have
Yimk = 0N, (CiPixCF +55,)

2/m;
M;(S;,0)V/ ™ . ,
il 1‘03 . 21“;7,’;. . In the special case of
n SN
i

sensors having scalar measurements, we have

3
5. N, = 2N;{ ’
2,V T 41n N; . . . .
BNT optimal uniform quantization

where §; n, =

optimal quantization

(11)

3.8 Asymptotic analysis

Let P; o be the steady state value of P, that satisfies
P = AP AT + %,

- AR,wC?(CzR,ooCzT + Ei,v + Ez',n)716’Z'Pi,oof4T
and P, be the steady state value of Py that satisfies
P =AP, AT4%,—AP, CT(CP, CT4+2 4%,) 'ICP AT,

(12)

where 21‘7” = 51‘71\11 (CZP%OOClT + Zi,v) and
Y, =diag(X1 ;. .., Xar,n). We now determine the asymp-
totic behaviour of P, as N; — o0,Vi. Motivated by
the asymptotic result for scalar systems in Leong et al.
(2012), where it is shown that P,, = P%f —|—Z£\i1 Ki0i N, +
Do ; O(6;,n,9,n;) With k; being constants, we assume that
P, takes the form

M
P =P+ > GinPri+ Y O0indin1)  (13)

i=1 i,
where ®g, ®q;,% = 1,..., M are matrices not dependent
on N;. Substituting (13) into (12) we obtain
M M
(I)O —+ ZéiﬁNiCDLi + .= A(CD() —+ Z(Si,Niq)l,i + ... )AT
i=1 1=1
M
+%w — A(®o+ Y 6N, Pri+...)CT
i=1
M
X (C(@o+ > 6in@1i+...)CT + 5, +5,)7"
i=1
M
x C(®g + Zai,Ni(I)lyi + ... )AT
i=1
(14)

We will need to further simplify (14) before we can solve
for @y and @, ;,¢ = 1,..., M. First, from the analysis of

the single sensor case in Section 2.3, we have P; o = Pffo—i—
O (0;,n,1), and hence
Y, =diag(E1 n, .-, Zan)
= diag(91 (N)(CLPELCT + B10) + O(OF(N1)), -+
Snt(Nar)(Cr Pyl o CRr + Sr0) + O(03,(Nar)))

M M
=D dinF + ) O@FF(N)1)
i=1 i=1
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where F; is a block diagonal matrix with i-th diagonal
submatrix equal to CiP-k fory Yiv, and zeros elsewhere.

7,00 1

After some algebraic manipulations and an application of
Proposition 1 we can then rewrite (14) as

M M
Oy + Z(Si,Ni(bl,i +--= AP + Zai,Ni(I)l,i +...)AT
=1 =1
M
+ %0 — A(®@o+ Y Gin, @1+ ... )CT[(COCT +3,) 7
i=1

M
—Z(Si,Ni(C<I>OCT+EU)*1(C<I>17iCT+FZ»)(C<I)OCT+EQ,)*1
=1
M
+.. .]C(‘I)o + Zéi,Ni(I)Li +...
=1

)AT
(15)

Equating the O(1) terms in (15), we obtain

Dy = AP AT + %, — ADCT(CP,CT 4+ %,) 1CPyAT
This is the same equation as (10) satisfied by PXf, thus
oy = PES.
Equating the O(d; n,1) terms in (15), we have for each :
Dy, = Ad; ;AT — A®, ;,CT(CP,CT +2,) 1CPyAT

— Ad,CT(CPCT +%,)71CP, ;AT + AdCT

x (CPoCT+%,) " {(CP, ;,CT+F)(CP,CT+%,) " 'CooAT
= (4= 40,CT(C2CT +%,)71C) By,

T
X (A ~ A9,CT(Co,CT + zv)—lc)

+ A®,CT(CP,CT +2,) ' F(CP,CT + %,) LCPy AT
(16)

Hence, asymptotically P, behaves like P,, = Pt +
S Gin, @i+, O(0in,05,n,1), where PX/ is the un-
quantized steady state error covariance that can be found
numerically by solving the algebraic Riccati equation (10),

and ®,;,7 =1,..., M can be found numerically by solving
the Lyapunov equations (16).

3.4 A rate allocation problem

Suppose we are given Ry, where Ry is large. We want to
determine how this total rate is to be allocated amongst
the sensors. The rate of each sensor R; is defined as
R; = log,(N;). One way to allocate the rates is to minimize
the trace of the asymptotic expression P, = P¥ +
2?11 0i,n, P15 We then have for lattice quantization the
integer program:

M e R M
min tr(PE) + St R, =R
Ry, B €T+ ( o0 ) ; 22Ri/mi ; ) tot

(17)

N Mi(Sq‘,,O)V;;Z/W
- 2

where Z+:{0,1,2,...} and €; p i %tr(¢17i).

In the case of scalar measurements and optimal quantiza-
tion, the integer program is instead:



IFAC NecSys'12
September 14-15, 2012. Santa Barbara, CA, USA

min
Ry,.., Ry €EZT

Mg M
tr(PX) + Z 22;4_ s.t. ZRi = Ryt (18)
i=1 i=1

where f; £ VAR ®; ;). An efficient suboptimal solution
, 1Y

2
to problem (18) can also be derived. Let R; = «; Ryt where
0 < a; <1, and R; is not constrained to be integer valued.

We then have the problem:

M fi M
Oél?’-l-igl\l tr(PE) + Z szﬁ7 s.t. Zai =1,a;, >0
i=1 i=1
(19)
We have the following result:
Lemma 1. The optimization problem (19), where f; > 0

are constants, has solution
a e

T M * 2R¢0t log, M 1/M
(T2, 53)

(20)

Proof The optimal solution follows from analyzing the
Karush-Kuhn-Tucker conditions. The derivation is omit-
ted. ]
A suboptimal solution to problem (18) can then be ob-
tained by rounding the solutions obtained from problem
(19) to the nearest integer.

Remark: For problem (17), even if we don’t constrain
the rates to be integer valued, the resulting optimization
problem will still be non-convex.

4. NUMERICAL STUDIES

We consider a vector system with parameters A =

[1(')2 (1)51’] and 3, = I.

We first consider the case of a single sensor with scalar
measurements, and parameters C; = [1 1], 7, = 1. In
Fig. 2 we plot the results from Monte Carlo simulations of
the trace of the true error covariance trE[(zy — 2 p—1)(2r —
jck|k_1)T], together with tr(P,,) and the asymptotic ex-
pression for tr(Ps) derived in Section 2.3, for different
values of Ry = logy(Ny). We use uniform quantization
(similar results can be obtained for optimal quantization
but are omitted due to space constraints). We see that the
asymptotic expression is very close to the Monte Carlo
simulations for rates of 3 bits per sample and above.
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Fig. 2. Error covariance and asymptotic expression: Single
sensor

We next add an additional sensor, with parameters Cy =
[11], X9, =0.2. We consider the rate allocation problem

120

Table 1. Error covariance and asymptotic ex-
pression: Two sensors

R1 | R2 | Monte Carlo | tr(Ps) | Asymptotic tr(Ps)
2 6 5.474 5.2213 5.2321
3 5 5.219 5.2119 5.2124
4 4 5.240 5.2290 5.2289
5 3 5.315 5.3136 5.3185
6 2 6.306 5.5996 5.6829

(18) with Ryt = 8, where we now use optimal quantiza-
tion. In Table 1 we tabulate the results for some integer
combinations of R; = logy(N1) and Ry = logy(Na),
with Ry + Re = 8. We again present the results from
Monte Carlo simulations, together with tr(Ps) and the
asymptotic expression for tr(P,,) derived in Section 3.3.
We see that in this example Ry = 3, Ry = 5 gives
the best performance. Solving the problem (19) gives the
solution aj = 0.3798, a5 = 0.6202, corresponding to rates
R} = 3.0386, R; = 4.9614.
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