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How to overcome the limitations of p-q Theory:
Geometric Algebra Power Theory to the rescue
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Abstract—This paper investigates the recent advances in Ge-
ometric Algebra-based power theory (GAPoT) and how this
tool provides new insights to solve the flaws of one of the
most widespread theory in the time domain, the Instantaneous
Reactive Power theory (IRP) and its further enhancements.
GAPoT can be applied to single-phase and multi-phase systems
to obtain an optimal current decomposition under any distorted
voltage source supply and load condition. This could be the
case in microgrids or smart grids. Moreover, it is possible to
define different strategies based on instantaneous or averaged
quantities depending on whether the voltage supply conditions
are sinusoidal and symmetrical or not. Several examples illustrate
how GAPoT is able to overcome the limitations of IRP theory.

Index Terms—GAPoT, Geometric Algebra, Clifford Algebra,
instantaneous reactive power, active compensation.

I. INTRODUCTION

One of the main problems experienced by operators of a
smart grid involves the power quality of the grid. Due to the
increasing proliferation of non-linear loads and the massive
presence of harmonics, it is necessary to establish methods
to mitigate the harmful effects of poor power quality on end
users. It is therefore imperative to provide appropriate method-
ologies to assist in maintaining the grid under control for
any undesired problem originated by distorted loads. Different
techniques have been proposed throughout the last decades [[1]],
[2]], with instantaneous reactive power (IRP) theory being the
one that has gained the most acceptance. Formulated in the
80s by Akagi, this theory leads to a current decomposition in
the time domain that compensates for the load and preserves
its active power consumption. According to its authors, it can
be applied under any circuit conditions and without energy
storage requirement [3]]. Traditionally, a physical meaning has
been attached to current that does not produce a net transfer
of energy to the load, known as instantaneous reactive current.
This claim has been strongly criticised by several authors [4],
[5]] through basic examples that have questioned whether such
a process involves an exchange of energy between the source
and energy storage elements such as inductors or capacitors.
Different studies have shown that strange results are observed
in unbalanced load conditions or non-sinusoidal supply, even
when linear loads are present [6].

Further enhancements, based on new transformations and
mathematical methods, have also failed to address the short-
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comings detected, particularly in the presence of asymmetrical
voltages or unbalanced loads [[7]], [8]]. In addition, emphasis has
been placed on three-phase, three- or four-wire systems, with
very minor attention for a generalization to multiple-phase
systems [9]]. Nevertheless, the most important aspect is that
none of the proposed theories so far have been applied to
single-phase systems, so it is not possible to say that there
is a generalized theory of power in electrical systems for the
time domain.

The goal of this paper is to challenge one of the most widely
used theories in the time domain through a comparison with
the new GAPoOT theory [10]. Although the former theories
were described some decades ago, no significant progress has
yet been made in the development of a theory that would
coherently explain the exchange of energy between source and
load. One of the most likely causes may be that the appropriate
mathematical tool has not yet been used.

In the last few years, Geometric Algebra (GA) has demon-
strated an inherent ability to deal with multi-component sys-
tems in a variety of engineering and scientific fields [11]],
[12]. From quantum physics to robotics, many advances have
been achieved through the use of a superior mathematical tool
that unifies various techniques used to date such as complex
numbers, quaternions, matrices, tensors, etc [13]]. It has also
been a major step in power systems since it allows to move
steadily forward towards a general theory of power that is
not limited by the use of complex numbers. As a result,
it is now possible to define a power that is conservative
and takes into account the interactions between voltage and
current harmonics of different frequencies. This has not been
possible before. Through several examples already proposed
in the literature (specifically designed to demonstrate the
shortcomings of IRP theory), it will be shown how GAPoT can
give a feasible and elegant solution, so that coherent results
are obtained fulfilling the expected physical principles.

II. POWER THEORY APPROACHES

A. Instantaneous reactive power theory

The IRP theory form analyzed in this work is the one
presented in [8]] and supported by [7]. It is called cross-vector
(CV) generalized theory because it is based on the use of the
vector product. In [9] it is extended to multiple phases through
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Figure 1. Three-phase, four wire circuit

the tensor product. The CV theory is established for four-wire
systems like the one in Figure [I] where voltage and current
are defined as,

ug(t) ip(t)
u(t) = |us(t)|, i(t) = |is(t) )]
ur(t) ir(t)

The instantaneous power is obtained as

T

p(t) =u" %t =upip + ugis + urir 2)

where the time symbol (¢) for voltage and current has been
omitted for convenience. The concept of instantaneous reactive
power is introduced mathematically through the vector product
of voltage and current

UsiT — UTiS
UTIR — URLT 3
URLS — USIR

q(t) =uxi=

Contrary to instantaneous power, this quantity is a vector.
The norm is defined as

q(t) = Vq'q “)

Based on this approach, the IRP theory defines a current
decomposition as follows

’LRP
: : p(t)
ip = |is, | = g, U= Gp(t)u
ZT:J
rooq (5)
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so that ¢ = 1, + 1. It follows from the definition of %, and
14 that both vectors are orthogonal, i.e.

T

T .
iyl =1,

p

ip =0 6)

The current ¢, can be compensated without energy storage
so that only ¢, remains after compensation. This results in
a reduction in the original current ¢. The norm of the total
current can be calculated as

i) =47 =ili, +ili, (7)

Despite the benefit of reducing the RMS current for the
same active power, severe limitations have been described in
the literature [4]. Perhaps one of the most significant is that
this theory cannot be applied to single phase circuits, since as

defined in (@), its value is always zero for such systems.

B. GAPoT theory

Recently, GAPOT theory has been developed for multiphase
systems in the time domain [10]]. The apparent power has been
redefined through the use of geometric algebra. In addition, the
Hilbert transform (HT) has been used for voltage and current
definitions. The use of these mathematical tools leads to a
very compact formulation. GAPoT can be applied in the most
general sense, including single and multiphase systems, linear
and non-linear circuits, sinusoidal and non-sinusoidal power
supply, symmetrical or asymmetrical power supply, balanced
and unbalanced loads. It can also be used according to the
two key criteria in time domain power theory: averaged or
instantaneous quantities. The former is an original contribution
of this theory, while the latter is a natural extension of the
existing formulation.

GAPoOT relies on the use of an orthonormal base o =
{o1,02,...,0,} defined for a vector space in R". Then,
it is possible to establish a new geometric vector space G"
with a bilinear form. Under these assumptions, a vector can
be represented as:

v:Zvnan:vlal—i—...—i—vnan ®)
n

In this new space, the geometric product between two vectors
(u and v) can be defined as:

M=uv=u-v+uAlv ©)]

which can be seen as the sum of the traditional scalar or inner
product plus the so-called wedge or Grassmann product. The
latter fulfils the anticommutativity property:

UANV=—-VAU (10)

The above entity is commonly known as bivector and is a new
object not found previously in linear algebra.

For a multiphase system, the phase voltages and line cur-
rents can be defined by the following arrays

a(t) = [ur,ug, ... ,upy]
i(t) = [i1,i2, - in)

so that, according to GAPoT, they can be transferred to the
geometric domain as

(1)

u=uio +Hui]oz + -+ upo2m—1 + Hluy] o2,
i=i101+ Hli1]os+ -+ inoom—1 + Hlin] o2
(12)
where the operator H refers to the Hilbert transform, defined
as in [14]
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It should be noted that HT is only required for averaged
quantities in multiphase or single-phase systems. It can be
omitted for the study of instantaneous multiphase systems.
Single-phase systems cannot be compensated instantaneously.
Instantaneous geometric power is the product of the voltage
vector u and the current vector %
M=ui=u-i+uNi=M,+ M, (14)
which consists of a scalar part M, = w -4 and a bivector
part M, = wu A i. M, is the parallel geometric power
and includes the instantaneous active power p(t). My is
quadrature geometric power and it comprises the well-known
instantaneous reactive power in the CV theory.

It follows from (T4) that the current can be cleared from
the equation by left-multiplying by the inverse of the voltage

u u

. -1
T=U M: —
Wiz~ Jul?

u u
= — M, + —— My =ip+1
DR ER

(M, + Mq)
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where u~! = Tz~ The current decomposition in |i occurs

naturally, and this is an inherent advantage of the proposed
theory. It can be readily demonstrated that the pairs ¢, - i,
and M, - M, are orthogonal [10]. The Fryze current can be
also included in the GAPoT theory as

: P
IFp= 75U (16)
@]l
where ]\Z/p is the mean value of the geometric parallel power
and ||| is the RMS value of the geometric voltage. It can
be readily demonstrated that M, = 2P, where P is the active
power. The Budeanu reactive current is also defined as

. M,
(] :_7%114
5= et

a7
where M, is the mean value of the quadrature geometric
power. The complete current decomposition is

i:ip+iq:ip+if+i3+ib (18)
where iy is the Fryze complementary current required to
conform the parallel current. Similarly, 2, is the Budeanu
complementary current required to conform the quadrature
current.

Through several examples, the new theory will be compared
with the CV theory. Results will be presented that are in accor-
dance with the physical and engineering principles expected
when using the averaging strategy. Also, a single phase circuit
will be solved to show the benefits of the proposed theory.
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Figure 2. Unbalanced three-phase, four wire circuit

III. EXAMPLES
A. Illustration 1

The unbalanced circuit in figure E] has been studied in [5].
The voltage source is

ur(t) = v2U cos wt
us(t) = v/2U cos (wt — 120)
up(t) = V22U cos (wt + 120)

and the current is

ir(t) = V2GU coswt

Compensation by CV theory produces conflicting results
for the power factor [5]]. Also, the compensated current is
asymmetrical and distorted in spite of being a purely linear
resistive circuit fed by a symmetrical and sinusoidal voltage.
In particular, the current after compensation proposed by the
CV theory is

OV _ GRr + Ggcos(2wt) u

P 3
which contains third-order harmonics and negative sequence
components. In addition, it is also found that the power factor
is smaller than unity after compensation.

Applying the instantaneous strategy in GAPoT leads to the
same results as the CV theory. However, the averaging strategy
leads to different results, according to the expected physical
principles of the problem.

The geometric instantaneous voltage and current vector can
be derived according to (12)

u = V2U[coswtoy — sinwtoy + cos (wt — 120) o3
— sin (wt — 120) o4 + cos (wt + 120) o5 — sin (wt + 120) o¢]

i = V2GU|cos wto| — sinwtos]

Their product yields the geometric apparent power

M =2GU? [1-
— coswt cos (wt — 120) o135 + coswt sin (wt — 120) 014

— coswt cos (wt + 120) 015 + coswt sin (wt + 120) o716

+ sin wt cos (wt — 120)

)

( 023 — sin wt sin (wt - 120) 024
+ sin wt cos (wt + 120

025 — sinwt sin (wt + 120) o726)



Figure 3. Currents decomposition for three-phase circuit

In the above expression, the parallel power is constant with
a value of M, = 2GU?. This is consistent with expectations,
since there is a resistive circuit with active power P = GU? =
M, /2. The rest of terms are bivector elements conforming the
quadrature power and are related to the load imbalance. Note
that there are no terms o2, 034, 056, SO there is no presence
of reactive power in the Budeanu sense as expected in the
absence of inductive or capacitive elements.

Once the geometric power has been found, the current de-
composition can be calculated according to (I5)-(I8), bearing
in mind that ||ul|? = 6U?

u

i M,
Tl

e U
= gu = \/57[005 wtoy — sinwtoy

+ cos (wt — 120) o5 — sin (wt — 120) o4
+ cos (wt + 120) o5 — sin (wt + 120) o]

. u .. GU .
iy = WMq =i—1i,= \@7[2(:05@0150'1 — 2sinwtoy

+ cos (wt — 120) o5 — sin (wt — 120) o4
+ cos (wt + 120) o5 — sin (wt + 120) o]

Furthermore, in this example, the Fryze current matches the
parallel current, that is, %, = ir, and there{ore, iy = 0. There
is also no reactive Budeanu current since M, = 0, so ¢g = 0.
Thus, the current 4, = 1,, meaning that it contains all the

asymmetry components, i.e. the zero-sequence current ¢ and
the inverse-sequence current ¢ _

GU
tg=1, =1 +1_ = \@T[COS wtoq — sinwtos + coswtos
—sinwtoy + coswtos — sin wta'ﬁ]
GU .
+ \@?[cos wto — sinwtoy + cos (wt 4+ 120) o3
— sin (wt + 120) o4 + cos (wt — 120) o5 — sin (wt — 120) o¢]

The time domain currents are recovered by applying

i(t) =) [ior—

k=1

L=1 -
2
oo |

. R=1
u(t)lw

Figure 4. Single phase RLC circuit

where [-]; refers to the k-th component of the current geo-
metric vector ¢. Figure [3| depicts the current decomposition
for this problem assuming U = 230, w =1 and G = 1.

The power factor of the circuit can be found using

M,
= T 19)
M| 2]l

so that, for the uncompensated circuit, the result is

_MP

pf

M, 2GU? 1

Mgl V6UV2GU V3

For the compensated circuit, the power factor achieved is
the unity as expected,

D forig = = 0.577

M, 2GU2

= = 1
| Mina | \/EU\/gGU

pfﬁnal = |

B. Illustration 2

Figure [4] shows a simple RLC' single-phase circuit. Ac-
cording to CV theory, no meaningful results can be drawn
because the instantaneous reactive power is always a zero
vector according to (3). Consider a non-sinusoidal supply
u(t) = 100v/2 (cost + cos 3t). Applying , the geometric
voltage and current are

u = 100v/2[(cost + cos 3t)o + (—sint — sin 3t)oy]
i = V/2[(80cost — 40sint + 42.35 cos 3t + 49.41 sin 3t)o

+ (—80sint — 40 cost — 42.35 sin 3t + 49.41 cos 3t) o]
(20)

Hence, it is possible to calculate the geometric power
according to (T4)

M = M, + M, = 24,470 + 17, 882 sin 2t + 24, 470 cos 2
Mp
+ (1882 + 7530 sin 2t + 1882 cos 2t) 012

M,

The active power is P = M,/2 = 12,235 W and the
Budeanu reactive power Q = M, /2 = 941 VAr. The current
decomposition is derived according to the expression (I5) and
is reported in table [I Notice that the inverse of the voltage
vector is



vector

o1 o2 o]
1, 86.51cost —63.22sint 4 86.51 cos 3t + 63.22sin3t  —86.51sint — 63.22cost — 86.51sin3t 4+ 63.22cos 3t 107.15
1y 26.62cost + 6.65sint — 26.62 cos 3t + 6.65 sin 3¢ —26.62sint 4 6.65sint 4 26.62sin 3t + 6.65 cos 3t 27.44
ip  86.51cost + 86.51 cos 3t —86.51sint — 86.51 sin 3¢ 86.51
iy —63.22sint + 63.22sin 3t —63.22cost + 63.22 cos 3t 63.22
ip  6.65sint + 6.65sin 3t 6.65 cost + 6.65 cos 3t 6.65
1,  26.62cost — 26.62 cos 3t —26.62sint + 26.62 sin 3t 26.62
1 113.13cost — 56.57sint + 59.89 cos 3t + 69.87sin3t  —113.13sint — 56.57 cost — 59.89 sin 3t + 69.87 cos 3t 110.61

Table T
CURRENT DECOMPOSITION FOR CIRCUIT IN FIGURE[4]

u! — u ) cost—l—cos3to_ _ sint 4 sin3t
w2 800cos®t ' 800cos?t °

and the RMS voltage is ||u| = 200. As in illustration 1, the
power factor is the unity once the circuit is compensated.

M, M, 24470
[Minall - [lellll2ll 200 -86.51v2

Note that maximum compensation should be carried out by
active elements since the current 7 # 0.

pfﬁnal =

IV. CONCLUSION

The instantaneous reactive theory IRP (and its CV version)
have been a useful mathematical tool for the compensation of
polyphase systems. It enables a decomposition of the current
according to clear engineering terms: reduction of the source
current without energy storage. However, its mathematical
formulation is incomplete as it is not able to handle single-
phase systems and cannot use averaged quantities. This leads
to the generation of currents containing harmonics and asym-
metrical components, even in systems supplied by sinusoidal,
symmetrical voltages and with passive linear loads. In contrast,
GAPoT theory addresses these challenges through the use
of geometric algebra and Hilbert’s transform. By defining
the geometric apparent power as the product of voltage and
current vectors, a robust and compact formulation is achieved
which captures the multi-component nature of power systems.
The current decomposition can be performed in a natural
and straightforward way, providing results that are in line
with the physical intuition of the problem. Likewise, IRP
theory is shown as a particular case of GAPoT, in which only
instantaneous compensation is considered without averaging.
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