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|. INTRODUCTION

Two-dimensionatonstraintglayarolein opticalstoragedevices.
In particular run length constraintsin one and higher dimensions
have beena subjectof intenseresearch.In two dimensions,such
constraintshave primarily beenstudiedfor rectangulaand hexago-
nallattices.We examinesuchconstraint§or anequilateratriangular
non-latticetiling of thetwo-dimensionaplane.

A binary sequencesatisfiesa one-dimensional (d, k) run length
constraint if thereareat mostk zerosin a row, andbetweenevery
two consecutie onesthereareat leastd zeros. A two-dimensional
binary rectangulararrayis saidto satisfy a two-dimensional (d, k)
run length congtraint, if it satisfiesthe one-dimensional(d, k)
run length constraintalong the directions parallel to the coordi-
nate axes. Suchan array is called (d, k)-valid. The number of
(d, k)-valid two-dimensionalarraysof sizem x n is denotedby
vq,k(m,n) and the correspondingcapacity is definedas C(f,z

logy ¥4,k (m,n)

hmm,n—)oo mn .

Here,weconsideanon-latticetiling of thetwo-dimensionaplane
by equilateratrianglesandusethe centerof eachtriangleto storea
bit. Analogousto the squareandhexagonalcaseswe studya “hard
triangle” constrainton the triangulartiling. Every trianglewith a 1
in it musthave all threeof its neighboringtriangleshave Osin them.
We analyzethe capacityby deriving anupperboundanalyticallyand
obtainalower boundby exhibiting a bit stuffing algorithmfor encod-
ing arbitraryinput binary sequencesto thetriangulartiling without
violating the constraint.

I1. DEFINITIONS

Forary i,j € Z let[i,j] = i(v3,0) +j (%, 3), [i,]
[, + (0,1), Ty = {[i,5]:4,j€Z}, To = T1 + (0,1), T =
T1UTs. Thenotationz, 5] representapointin 77 with respecto the
basis{ (v3,0),(%42,3) }-Wesaythattwo points(or their corresponding
triangles)in T' areneighbors if thedistancebetweerthemis 1.

Forary S C T, afunctionf : S — {0, 1} is calledalabeling of
S. A labelingf of S satisfiegshehard-triangle constraint if for every
t € S, thethreenearesneighborf ¢ arelabeledwith Oswheneer
f(t) = 1. In whatfollows, we will call alabelingof S valid if it
satisfieghe hard-triangleconstraintandwill denotethe setof valid
labelingsby L(.S). The capacityof the hard-triangleconstraintwill
be definedanalogouslyo the hard-squareonstrainedapacity

ForX,Y € Z+, definethearrayAx,y C T as

{[i,j1:0<i<X,0< <Y}
U5 :0<i<X,-1<j <Y -1}

Axy

andlet v(X,Y’) denotethe numberof valid labelingsof Ax,y. The

capacityCr correspondingdo the hard-triangleconstraints defined

as

log, v(X,Y) im log, v(X,Y)
|AX,Y - X,Y 500 2(X —+ 1)(Y + 1)
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wheretheright handsidefollows sincethe sizeof Ax,y is 2(X +
(Y +1).

I11. HARD-TRIANGLE CAPACITY UPPER BOUND

Let f1, f2,..., fu(o,v) denotethe valid labelingsof Aoy . De-
fine the transfer matrix My to beav(0,Y) x v(0,Y") binary ma-
trix, suchthat the rows and columnsof My are indexed by the
valid labelingsof Aoy, andthe (i, )" entry of My is 1 if and
only if thelabelingof Aoy and Ao,y + [1, 0] definedby f;(u) and
fi(u—[1,0]), respectiely, is valid on Ag,y U(Ao,y + [1,0]). Then,
v(X,Y)=1- My '-1=1- My '-1wherelistheall-ones
columnvectorof theappropriatelimensiorandprimedenotegrans-
pose.The matrix My meetsthe conditionsof the Perron-Frobenius
theorem[1, p. 17], sinceit hasnonngative elementsandis irre-
ducible. The largestmagnitudeeigevalue Ay of My is positive,
real,andhasmultiplicity one,andlimx . (¥(X, Y))I/X = Ay.
Furthermoreary valid labelingof Ax x(y+1)-1 definesavalid la-
belingof Ax,y + (Y + 1)[0, 1] wheneer0 < ¢ < k, andtherefore

v(X,kY) < (v(X,Y))*. Henceforary Y > 0,
. log, v(X,kY)
Or = JMm X+ DT +1)

. 1 log, Ay
Jim_log, (v(X, Y)) ¥

2Y +1)°

1
2(Y +1)

Thus the sequence{log, A;/(2(i + 1))} corvergesto Cr from
above. Using A3 above givesCr < 0.634775895.

IV. HARD-TRIANGLE CONSTRAINED ENCODING

To obtaina lower boundon the capacityCr, we introducethe
notion of a hard-triangleconstrainecencoder The encodemapsa
randomsequenced of independenbits with the probability of a 0
equall/2 into a hard-triangleconstrainedabeling of T, Thenwe
calculatehecodingrateof theencoderThecodingrateis a quantity
thatmeasureshe efficiengy of the encoderandis known [2, p. 27]
to be upperboundedy the capacityC'r.

A hard-triangle constrained encoder is an injection &
{0,1}* — Ugcz L(S) andits inverseis calleda decoder. The
encoderf mapsan infinite binary input sequencénto a labelingof
asubsebf T'. An encoderanddecoderaretogethercalleda coding
algorithm.

Theorem 1 The hard-triangle constrained encoder £ achieves a
coding rate of r = 0.628831217, which iswithin 1% of the capacity.

Corollary 2 The capacity Cr of the hard-triangle constraint is
bounded as 0.628831217 < Cr < 0.634775895.
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