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I . INTRODUCTION

Two-dimensionalconstraintsplayarolein opticalstoragedevices.
In particular, run length constraintsin one and higher dimensions
have beena subjectof intenseresearch. In two dimensions,such
constraintshave primarily beenstudiedfor rectangularandhexago-
nal lattices.Weexaminesuchconstraintsfor anequilateraltriangular
non-latticetiling of thetwo-dimensionalplane.

A binary sequencesatisfiesa one-dimensional
���������

run length
constraint if thereareat most

�
zerosin a row, andbetweenevery

two consecutive onesthereareat least
�

zeros. A two-dimensional
binary rectangulararray is said to satisfy a two-dimensional

���������
run length constraint, if it satisfies the one-dimensional

���������
run length constraintalong the directions parallel to the coordi-
nate axes. Such an array is called

�����	���
-valid. The numberof�����	���

-valid two-dimensionalarraysof size 
���
 is denotedby����� � � 
 � 
 � and the correspondingcapacity is definedas �����	���� ������� "! � #%$'&)( *	+-,/.-021 3 � ! � # �! # .
Here,weconsideranon-latticetiling of thetwo-dimensionalplane

by equilateraltrianglesandusethecenterof eachtriangleto storea
bit. Analogousto thesquareandhexagonalcases,we studya “hard
triangle” constrainton the triangulartiling. Every trianglewith a 1
in it musthave all threeof its neighboringtriangleshave 0sin them.
Weanalyzethecapacityby deriving anupperboundanalyticallyand
obtaina lowerboundby exhibiting abit stuffing algorithmfor encod-
ing arbitraryinputbinarysequencesinto thetriangulartiling without
violating theconstraint.

I I . DEFINITIONS

For any 4 �6587:9
, let ; 4 �65=< � 4 �?> @A�	BC�ED�5GFIH J� �KJ�%L , ; 4 �?5=<NM �; 4 �?5=<ODP�QBA�SRT�

, UOV �XW ; 4 �?5=<ZY 4 �65[7\9^] , U � � UOV DP�QBA��RT�
, U �U V=_ U � . Thenotation; 4 �?5=< representsapointin U V with respectto the

basis̀ � H J � a � �Qb%c d, � d,%egf .Wesaythattwo points(or theircorresponding
triangles)in U areneighbors if thedistancebetweenthemis

R
.

For any hjikU , afunction l Y hnm�o W BA��RT] is calleda labeling ofh . A labeling l of h satisfiesthehard-triangle constraint if for everyp 7 h , thethreenearestneighborsof
p

arelabeledwith 0swheneverl � p � � R
. In what follows, we will call a labelingof h valid if it

satisfiesthehard-triangleconstraint,andwill denotethesetof valid
labelingsby q � h � . Thecapacityof thehard-triangleconstraintwill
bedefinedanalogouslyto thehard-squareconstrainedcapacity.

For r �	s)7\9ut
, definethearray vxw � y ikU asv w � y � W ; 4 �?5=<zYCB�{ 4 { r ��B|{}5G{ks[]_�~ ; 4 �?5=< M YCB�{ 4 { r � m R�{}5[{ks m RC�

andlet � � r ��sG� denotethenumberof valid labelingsof vxw � y . The
capacity�E� correspondingto thehard-triangleconstraintis defined
as

�E� � ���� w � y�$'& ���=� � � � r �	s|�� v w � y � � ���� w � y�$'& ���%� � � � r �	s|�� � r D�RT�-��s8D�RT�
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wherethe right handsidefollows sincethe sizeof vxw � y is
� � r DRT�-��s�D�R��

.

I I I . HARD-TRIANGLE CAPACITY UPPER BOUND

Let lgV � l � �2�S�S��� l . � a�� y � denotethe valid labelingsof v a�� y . De-
fine the transfer matrix � y to be a � �QBK�	s|� � � �QBA�	sG� binary ma-
trix, such that the rows and columnsof � y are indexed by the
valid labelingsof v a�� y , and the

� 4 �?5K����� entry of � y is 1 if and
only if the labelingof v a�� y and v a�� y D ; R%��BT< definedby l�� ����� andl�� ��� m�; R=��B�<�� , respectively, is valid on v a�� y _ � v a�� y D ; R%��B�<�� . Then,� � r ��sG� � 1

MI� � w��zVy �
1 � 1

MI� � y �ZVw �
1 where1 is theall-ones

columnvectorof theappropriatedimensionandprimedenotestrans-
pose.Thematrix � y meetstheconditionsof thePerron-Frobenius
theorem[1, p. 17], sinceit hasnonnegative elementsand is irre-
ducible. The largestmagnitudeeigenvalue � y of � y is positive,
real,andhasmultiplicity one,and

���� w $'& � � � r �	s|�	� V?�	w � � y �
Furthermore,any valid labelingof v w � � � y t V � �zV definesa valid la-
belingof v w � y D 4 ��s�D�R�� ; BA�TR2< whenever

B|{ 4�� � , andtherefore� � r �	�Ks[�u{ � � � r ��s[�	� � . Hence,for any
s)¡�B

,

� � � ���� w � �S$�& ���=� � � � r ���AsG�� �I� r D�R��-��s�D�RT�{ R� ��s8D�R�� ���� w $�& ���%� � � � � r �	s|�	��¢£�¤ ¢ � ���=� � � y� ��s8D�R�� �
Thus the sequenceW ���%� � � �?¥ � � � 4 D�RT�	�	] converges to �E� from
above. Using �xV J above gives � � {�BK� ¦=@=§g¨%¨%©�ª%«%© .

IV. HARD-TRIANGLE CONSTRAINED ENCODING

To obtain a lower boundon the capacity � � , we introducethe
notion of a hard-triangleconstrainedencoder. The encodermapsa
randomsequence¬­ of independentbits with the probability of a 0
equal

R ¥ � into a hard-triangleconstrainedlabeling of U , Then we
calculatethecodingrateof theencoder. Thecodingrateis aquantity
thatmeasurestheefficiency of theencoder, andis known [2, p. 27]
to beupper-boundedby thecapacity�E� .

A hard-triangle constrained encoder is an injection ® YW BA�SRT] & m¯o±°|²�³ � q � h � andits inverseis calleda decoder. The
encoder® mapsan infinite binary input sequenceinto a labelingof
a subsetof U . An encoderanddecoderaretogethercalleda coding
algorithm.

Theorem 1 The hard-triangle constrained encoder ® achieves a
coding rate of ´ � BA� ¦ � ª%ª=@AR � RT¨ , which is within

RTµ
of the capacity.

Corollary 2 The capacity � � of the hard-triangle constraint is
bounded as

BK� ¦ � ª=ª%@AR � R�¨"{ � � {�BA� ¦%@�§C¨%¨=©=ª=«g© .
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