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Abstract — We identify a cocycle on the dihedral
group D, of 2n elements which results in a new class
of codes called consta-dihedral codes. We define a new
transform for these codes and then characterize all the
consta-dihedral codes using this new transform.

The dihedral group D, is the set D, =
{1, ror? o, T s s, rls, Ll T”_ls} where
™ = s> =1 and rs = sr™"'. In this paper, we as-

sume n is even. The results of this paper can be extended
trivially to the case when n is odd. The following defini-
tion identifies a cocycle on dihedral group similar to the
consta-cycle cocycle on cyclic group [1].

Definition 1 Let 3,, (s be two elements of the field F,. We
define ¢ to be a map from Dy, x Dy to Fy given by

w(l,g) = W(g, 1) = ¢(1: 1) =1,

Yt ) =@ s) = gL for i i #0

and (ris, 17 s¥) = p(rt, rm= )LV por i 5 £ 0. The
cocycle v is called a (Br, Bs)-constacyclic cocycle on D,,.

Definition 2 Let ¢ be the (Br,3s)-constacyclic cocycle on
D,,. Then, a right (left) (Br, Bs)-consta-dihedral code is a sub-
set of FqQ" corresponding to a right (left) ideal in the cocyclic
group Ting Fq”’ D,,. Clearly, when a code is both a right and left
consta-dihedral code, it will correspond to a two-sided ideal in
FYD,.

With 8, and s equal to 1, we obtain the dihedral codes [2].
Let Fym be an extension of F, such that 8, and 8 have n-th
and square roots in Fym respectively. Let d be the order of (3.
Let A be an n-th root of 3, and As be a square root of (3s.
We will assume that As is in Fj;. The transform matrix for a
(Br, Bs)-consta-dihedral code is defined as follows: The trans-
form matrix has rows and columns indexed with conjugate
classes and elements of D, respectively. The ([g]),r"s?)-th
element of the transform matrix ® is A2A§¢((91)(risj), where
®([47) is the irreducible representation of D,, corresponding to
the conjugate class [g].

Definition 3 (Consta-dihedral DFT (CD-DFT)) Let

a = (ai,ar,... cy@mn-1,) € Fy Then, the
transform domain vector A of the time domain vector a is
given as A = Pa.

s Qpn—1,0s, Qrs, . .

Lemma 1 (Conjugate Symmetry Property) A

vector A = (A1, A n/2,As, Ars, Ay oA 2 y) S
F;m X Mz(qu)"/Q*l, is a transform domain wvector of
a vector a = (A1, ar, Qp2,y ..., 0, Grs, . .., 0mn-1,) iff A satisfies
the following properties:

if k=h(qd —1)/d < n/2

A,,k<1v1)+A,,,k(1«2)
if k=h(gd —1)/d > n/2

1) A? =
A { Ak (22)+A 5, (21)
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if k=h(q) —1)/d < n/2
if k=h(¢d —1)/d > n/2

(Q)Agj _ Ak, 1) —A 5 (1,2)
An—k(22) A 5 k(21

(E)qu _ AL +A ,(@1,2) if k:n/2+h(q3: —1)/d < n/2
/2T A k(2,2 + A, (201) i k=mn/2+h(¢] —1)/d > n/2
A7 A (1) —A ;(1,2) i k=n/2+h(ad —1)/d < n/2
s A k(2:2) = A 5 3 (2,1) if k=mn/2+ h(¢) —1)/d > mn/2
and
. i h(dF—1)
(5) AT (u,v) = A v) Fi= W‘J’ N = e
r A3 — w3 zfl:—kqﬂf%gn/2

u=1andv=1,2

© AT vy = A () i U= —kal + % <n2
" A B-uB—v) if L= +ked - ML= <o
u=2andv=1,2. §
. . . h(gi—1
Let  I{() - {(=Dng 4 Moy
(=D g 4 B?=1)y 4 ;

((-1) kq’ 4 =4—=) is an nonzero integer :, for
i = 1,2, where (z)" is equal to z if z < n/2 and n — x
otherwise. Then, from the conjugacy constraints of ®4, it

is easy to see that the components A, k(i,1) and A,x(i,2)
can take values only from the field quk(i), where [y (;) is the

cardinality of the set I}f(z) for ¢ = 1,2. Then, we have the
following structure theorem for the cocyclic group ring F[}/’G.

Theorem 1 (Structure Theorem) Let L be the set of ele-
ments one from each distinct q-cyclotomic coset Iff(z) Then,
the cocyclic group ring F,;Z’G is isomorphic to the algebra
Drcr qu,k(i) where L) is the size of the set IY (7).

For every A € Fym(nonzero elements of Fym ), an Fy-subspace
V of Fym is called A-invariant if it is closed under multiplica-
tion by A. A A-invariant Fy-subspace of Fym, for brevity will
be denoted as [\, ¢, m]-subspace,

We now characterize all the right consta-dihedral codes in
the transform domain we have defined. The characterizations
of the left and two-sided consta-dihedral codes are similar to
that of right codes.

Theorem 2 Let C be a 2n-length linear code over Fy, and let
A(C) = {¢ala e C}. Also let A.x(C) = {A,x|A € A(C)} and
Ak (C)(u,v) = {Ax(u,v)|A € A(C)} for u,v =1,2. Then, C
is a right (Br, Bs)-consta-dihedral code iff the following prop-
erties are satisfied:

(1) A(C) satisfies the conjugate symmetry property,

(2) A,x(C)(1,1) is a [a®A\-, q,1]-subspace; A,x(C)(2,2) is
a [a7%X\r, q, lk]-subspace; A« (C)(1,2) is an [a"AFTY g, 1i]-
subspace and A,x(C)(2,1) is an [a "AP7!, g, 1] -subspace,

(3) The set A, (C) is a subspace of M>(F ) which is invari-
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As O ’
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