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Abstract— We analyze an uplink of a fast flat fading MIMO-  degree of freedom drastically decreases. However, it istilbt

CDMA channel in the case where the data symbol vector for each clear except special cases [2] whether or not the decoupling
user follows an arbitrary distribution. The spectral efficiency of principle holds in the MIMO-CDMA channel.

the channel with CSI at the receiver is evaluated analyticdy In thi laim that the d i inciole hotds i
with the replica method. The main result is that the hierarchical n this paper, we claim that the aecoupling principle hofes |

decoupling principle holds in the MIMO-CDMA channel, i.e., the MIMO-CDMA channel and evaluate the spectral efficiency
the MIMO-CDMA channel is decoupled into a bank of single- of the channel using the replica method.

user MIMO channels in the many-user limit, and each single-

user MIMO channel is further decoupled into a bank of scalar Il. MODEL

Gaussian channels in the many-antenna limit for a fading moel

with a limited number of scatterers. We consider the uplink of a synchronoé&user MIMO-

CDMA flat fading channel [2]
. INTRODUCTION

K
Direct-sequence spread-spectrum code-division muléiple Y, = Z sEH*Z" +n, (1)
cess (CDMA) has been utilized as a multiple access scheme in 1

wireless communication. As a method of overcoming the ca- . .
. . . N . “Where thekth user has\/,, transmit antennas and the receiver
pacity bottleneck in future wireless communication, nplé

! ) has N receive antennasc® = (2¥,...,z% )7 is the data
input multiple-output (MIMO) systems have attracted so muc (@1, 2y,

k.j _— i
attention since the latter half of the 1990s [1]. RecentliVi® tsgg]ts)glre\;edcitnog fs?erqtlr;kcfg ?Osrermiﬂdéilérl V_Velza's's;l’ﬁ]]é Ifhat

systems with CDMA technology (MIMO-CDMA) have been{mk. k—1,.. K} are mutually independent complex ran-

studied [2], [3]. de variables and that the real part and the imaginary part of

Mantravadi et al. [2] evaluated the asymptotic spectr? & . : ! o -
- : . . {5/} are independent and identically distributed (i.i.d.) zero
efficiency of a MIMO-CDMA channel with Gaussian modu ean random variables with the variag@L. H" represents

lation using the random matrix theory. However, other dapﬁe N-by-M,. channel matrix for thekth user, i.e., ther,
modulation schemes such as quadrature phase shift keyin

. k k :
(QPSK) modulation, or more generally/-quadrature am- m’?) ele_menthnmk of H" is the channel gain frpm theth
litude modulation #/-QAM) are commonly employed in transmit antenna OL théth user to thenth receive .antenna.
P We assume thafH";k = 1,..., K} are mutually indepen-

practice. T_hus, Itis |mpprtant to a”f"“yze the Iv'”\AO_CDNLA‘dent. We consider the case that the noise is additive white
channel with a modulation of the kind. The purpose of o

study is to evaluate the spectral efficiency of the MIM u(_gau55|an noise (AWGN), "e'{m’l L...,L} are Lid.
. zero-mean circularly symmetric complex Gaussian random
CDMA channel in the case that the data symbol vector for . . d ; .
. S variables with the covariance mat@é I iy, which are denoted

each user follows an arbitrary distribution.

5 i . :

It was reported [4] that the spectral efficiency of a CDMAg.y rfé\lf((()a’(:?orIN). y; represents thev-dimensional received

channel with binary phase shift keying modulation can pagnal vector. . - .
We write the entire data symbol vect@rand the received

evaluated with the so-called replica method. Then, the ateth . | - bol period ag: — (x!” KT\T
was applied to the performance evaluation of MIMO systent&"@ vectory in a symbol period ag = (2~ ..., &™),

= T T\T o H
[5], [6], [7]. Guo et al. [8] analyzed a CDMA channel in the?"d¥ = (417 ,-..,y," )", respectively. The maximal sum

case that the data symbol for each user follows an arbitre{ﬁge n .the fast fad'”g chanqel with perfect _qhannel side
ormation at the receiver is given by the conditional nalitu

distribution and claimed that the decoupling principleg th! : ; . L
equivalent result to which has already been proved in tHéfOfma“S” (‘hi base_o_f logarithms is taken_2tm this paper)
case of Gaussian modulation [9], [10], holds in an asympto etweent andy c_ond|t|0ned on the spreading sequences and
limit, i.e., the CDMA channel is decoupled into a banIEhe channel matrices [1]

of scalar Gaussian channels. This principle makes possible
the analytical evaluation of the spectral efficiency sinlce t

- p(y|Z, S, H
1@ 58S, H) = F 1ogEq[(p('g|£ . ,L)] |

)
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whereS = {sf;1=1,...,Lk=1,...,K},H={H"; k= where X is defined as{z**;k = 0,...,K,a = 0,...,u}

., K}, and wherep(y|Z, S ?—t) is given by and S repserents(s*;k = 1,...,K}. When K and L are
sufficiently large with their ratio fixed, due to the central

p(F|Z, 8, H) o He Zllvi—xi, st H | 3) limit theorem,v = (", ..., v*T)T conditioned on¥ and

‘H follows approximately the zero-mean circularly symmetric

We define the spectral efficien@io._ coma as the maxi- complex Gaussian distribution with the covariance matrix

mal sum rate per chip and per transmit antenna. In the many- .

user limit, where the number of usef§é and the spreading Q= 17 Zwkwk , (13)
factor L tend to infinity with their ratiof = K/L fixed, the
spectral efficiency is given by

wherew” is defined a§(H"z"°)7, ... (H"z"*)T|T. Then,
CMIMO—CDMA = %Eﬂ [F] — i tlog(no2e), (4) Wecan evaluatd (11) and {12) as
_ =w _ 1 K360 (Q) -1
whereM = limg ., K~' S 1 M, andj is the ratio of the Ex = InE {e } +O(K), (14

average number of transmit antennas to the number of receive
antennas, i.ejz = M /N. Thefree energy F is defined as G (Q) = —Indet(I + £Q) — Nuln(ro?) — NIn(1 + u),

(15)
F=—_lim lE [Inp(y|S, H)|H]. (5) whereX is defined as
K,L—oo K T
I} U
I1l. REPLICA ANALYSIS OF MIMO-CDMA = Cu
o hri . > o2(1+u) [—€u (1+u)I —eye ©Iy, (16)
We explain briefly the calculation procedure of the free
energy [(5) [4], [8]. Substituting the following identity: wheree,, is the u-dimensional vector whose elements are all
P one andx represents the Kronecker product.
lim = [p(g|S, H)]" = Inp(y|S, H) (6)  With a Hermitian matrix@ we define the moment generat-
uU— u

ing function of the data symbols of thgh user as
to (8), we obtain

(W) HY — o TP TN
_ 2:(11) M7 (Q) = Exn {exp [tr (Qw w )} } , a7)
F Klim hn}J 50 =K (7
—00 U—> u
where X* represent{z*;®;my, = 1,..., My, a0 = 0,...,u}.
E%‘) = E InE {[p(§|S,H)]" |H}. (8) SinceQ satisfies the large deviation principle, with the saddle

point method,[(I4) is evaluated as
We assume that the limit with respect t&, L and the

operation with respect ta: are interchangeable. Ther] (7) KlLim E%‘) = sup {ﬁ‘lG(“)(Q) — I(“)(Q)} , (18)
becomes 5 e e
= — lim — =% o™ (Q) is g
F == lim 5 KlLuEOO Ex - (9) where the rate functiodi™) (Q) is given by
Further, we assume that the result for positive integeis (w) (u)
valid for real numben in the calculation of[(9). 1(Q) = sup |tr(QQ) — Klﬂnoo K Zl M, :
We defineN-dimensional vectorg® as 2 (19)
Differentiating [I8) and [[19) with respect t@ and Q,
o - ka k,a -0 (10) . . . . ..
v /B Z s v, 3oy Uy respectively, we obtain the following equations givingrerta
of (I8) and [(ID):
k,0 ko _ k,a k,a P -
wherez*? andxz®> = (217, ..., z}")" are the original data O = BI+30) 'S, (20)

symbol vector and the repllcated data symbol vector for the
kth user, respectivelyiz®*, o = 0,...,u} are i.i.d. random

. . .. . k. k*
variables followingp(z*) and {s*;k = 1,...,K} are i.id. Q%= lim E E M(“ Exk {wkwk ot (Qwhw )} ,

random variables following(sf). Then, the expectation of Koo
[p(4|S,H)]* with respect toj and S is given by (21)
Differentiating [18) with respect ta and substituting[{20) to
E{[p(y|S,H)]“|H} = E{exp [LG (X, H H’H} it, we can evaluatd[9) as
(1) 96w oI
. 2 Pty @) - h@)|. @
G(I?)(/?,'H) —InEg l/ H o2z ly—vBo|| dy] u u u
a=0 To evaluate the solution of (R0) arld{21) in the- 0 limit

—N(u+1)In(ro?), (12) analytically we assume that the replica symmetry holds, i.e



Q° andQ are invariaqtsunder exchange of non-zero replidsote thate” is averaged with respect #H* due to the law of
indexes. Then@® and @ can be written as large numbers. Substituting_(33) 0 {(26) ahdl(27), we obtain
0 T the fixed-point equation
s LM
o-( 9 oM ) @)
e, dM" I,®(Q —Q)+ese, ®Q
. Q' el @ M
= . g v R (24)
e.®@M I,2(Q —Q)+ee,®Q
where M, M are N-by-N matrices andQ’, Q' Q' Q'
Q, andQ are N-by-N Hermitian matrices. By solvind (20)
we have in theu — 0 limit
Q0:07 M:R717 QlZQ_Mv Q:R71R0R717 i
(25)

K
1

_ 2 : k
R_01N+5K15nm?;£, (36)
which is the extension of the Tse-Hanly equation [9] to the
case of the MIMO-CDMA channel.

Calculating G (Q®), I™)(Q®) and differentiating them
with respect tou, we can evaluaté as

K
. 1

- Klinoo K ; B]\/[kcll\CHMOl + N log(mo?e)

+KL (CN (0,0%Iy) ||CN (0, R)) ,

where KL(:||-) represents the Kullback-Leibler divergence,
and whereC} o, is defined as

In2
where Ry, R are defined as

Ry PIN+BQ°-M-M"+Q), (26)
R = FIN+8Q'-Q). (27)

Itis straightforward to confirm thaR,, R are positive definite.

(37)

We move on to calculating the moment generating func- -& _ 1 E
tion (I17). Ry can be decomposed into the product of two

nonsingular matrices, i.eRy, = /RovRy . From [25) the
moment generating functiob (17) is evaluated as

M (D) = E [ellb’“||2—zz:0<H’“w’““>*R;1H%k’a] 7
(28)
whereR, = R for « = 1,...,u, and whereb” is defined as
b* = (VRo) 'H"z"* + /Ry R™'Y_ H'abo. (29)
a=1

By applying the transform:
e — [ L MR RON (VRS ) gy
P~ [ e v

(30)
we obtain
MP(@) = [ B [plut ot B o))
Egr [p(yklw’“,H’“;R)}
— dy", (31)
p(y*|0, H"; R)
wherep(y* |z, H*; R) is defined as
—(y*—H*2*)* R (y*—H"z")
e
p(y"|=", H" R) = (32)

N det R
Assuming thatR, is equal toR, from (21) we obtain

K
. .1
Q" -M-M +Q:Q1—Q:Kh§éoﬁ§js’“, (33)
k=1

" =E [Hk (2" — ("o, ) (2 — (@ )vmvo, ) H"|,
(34)
where (-)aimo, is defined as
Eg. |2*p(y"|z®, H*; R)
<mk>MIM01 = [ } (35)

Egx [p(y’“l-’v’% H; R)}

p(y"*|z*, H*; R) "
Ex p(y’“|mk,Hk;R)}

Mo, = 7 log
(38)

Note that [(3F) depends only oR. In the case that there

exist multiple solutions of (36), one should choose thetsmiu

achieving the supremum df(118) in a neighborhood:cef 0,

i.e., the solution minimizing(37).

From the above mentioned analysis we claim that the
spectral efficiency of the MIMO-CDMA channel is evaluated
as
= BM;,

¢ li ! E
MIMO-CDMA = l1Im —= =
o-¢ Koo K &= M

+ﬂLNKL (CN (0,0%IN) |[CN (0, R)). (39)

EH’c [CII\C/IIMol ]

E g [Clinvo,] can be interpreted as the spectral efficiency
of the following single-user MIMO Gaussian channel for the
kth user:

n* ~CN(0, R).

From the replica analysis for the moment sequence of the pos-
terior mean estimatofz®, )nivo-—coma = B[z, |4, S, H],

(39) indicate that the MIMO-CDMA channel with the MMSE
detector front end is decoupled into a bank of single-user
MIMO channels with the MMSE detector front ends in the
many-user limit. It is easy to extend this decoupling result
the cases of the linear MMSE detector or the matched filter.

y* = H 2k + nk, (40)

IV. REPLICA ANALYSIS OF MIMO

So far we have not specified statistics of the elements of
HP . In order to obtain a more concrete expressiori of (39), we
consider a fading model with a limited number of scatterers
[6]

H" = " A*0F, (41)

where ®F is a Sk-by-M), steering matrix which describes
the propagation from the transmit antennas of kile user



where A = diag(A%,..., A% ) is a Sy-by-S), diagonal ~ “MIMOL ™
matrix which accounts for attenuation at the scatteringctsj
between the:th user and the receiver, and whebé is a S,-
by-N steering matrix which describes the propagation from the F(x*, H*) = 5, H" (2 — &) (z* — 2*2)*H*". (48)
scattering objects between thth user and the receiver to the o -
receive antennas of the receiver. We assume that the elsmérllﬁen’ we obtain in the many-antenna limit [4]
of ®* and ©" are i.i.d. random variables with the variances im &R — 1i i];
1/N and 1/}, respectively, and that the elements df TS TS0 a MIMO -0
are indepegdent random variables subject to the ”OrmmatCalculating the right-hand side df{49), we can evalugd (34
E[tr(A*A"")] = S as

It is difficult to evaluate[(34) and (38) analytically except lmer — R — ka’] R (50)
special cases, e.g., the data symbol vector oftiheuserz” . ’
follows a circularly symmetric complex Gaussian distribnt where W is a solution of [(44) and(45). We have added a
or the users and the receiver have a few numbers of tliide to W in order to make clear thay" need not be equal
antennas. Thus, we evaluafe](34) ahd (38) using the repligapy* in @2). In the case that there exist multigié” one
method in the many-antenna limit wheké;, Sy, andN tend  should choose the solution minimizing {42).
to infinity with their ratiosp, = S/N, v = Mj,/Sy fixed. — Furthermore, we can evaluaR{Cli;y0,] and o, by
One m|ght think that the assumption of the many'antenna I|napp|y|ng the above mentioned method again_ On the assump-
is impractical, but it can be a good approximate approach fign that {aF, ;m, = 1,..., M} are mutually independent,

systems with a few antennas if the elementsebfand H* E[C{\C/HMoJ in the many-antenna limit is given by [6], [7]
follow circularly symmetric complex Gaussian distributs

to S, scattering objects between thth user and the receiver, () Eur {e“[QT F]
X

11 p* e, HY; R)} , (47)
a=0

where F is defined as

(49)

[1]. On the other hand, the spectral efficiency is not invaria i ElCk — RS s kymy

under exchange of the order of the many-user limit and the S Moo [Chinvo, ] = My oo My, AWGN

many-antenna limit. In the MIMO-CDMA literature, however, 1 et

it may be reasonable to take the many-user limit first. + lim g, [KL (CN(O, ¢ Ig.)ICN (O, E’C))] . (51)
By regarding®”” and A*®"z* as the channel matrix S:—~ Sk

and the data symbol vector, respectively, we can evaluate {bhereC}yv, is the spectral efficiency of the scalar Gaussian
expectation of[(38) as channel

. . ko _ Lk k k k2
lim EHk [CII\C/HMOJ = Si ]1‘11131_}00 EAkek [CII\C/HMOQ] ymk - xmk + nmkv nmk ~ CN(OaE ) (52)

k2 —k . . . . . .
and =" satisfy the following fixed-point equations:
+ lim LNKL (en o, RN (0, Wh)),  (@42) ¢ sty Wing fixed-point equat

N—oo L -2 Sk | k|2
— : Sk

whereu, = My /N, wherelim represents the many-antenna ¢ N Silinoo Sk SZI <k2 + 1k wan Ak |2 - (53)
limit, and whereCf\o, is the spectral efficiency of the ’;_ § ’
following MIMO channel for thekth user: EY = (FIs, + mEhwan AR AR (54)

“k_ Ak@k. ok =k =k k2 1 &

gr=A"0"z" + 0%, At~ CN(0, M Ts,). (43) 51§WGN = Mlkigloo M, Z E [|(~’Cfnk - <Ifnk>AWGN)|2} )
(kg and W* satisfy the following fixed-point equations: e (55)

» 1 . where(zF, )awen = E[zf, |y%, 1. In the case that there exist
7= lim —tr [Wk } , WF =R+ pp&¥mo,In,  multiple solutions of [(58),[(84), and(55), one should ceoos
N=oo N (44) the solution minimizing the spectral efficiendy [51).

1 2 The result of a replica analysis claims that the moment
Evo, = oy S_E [HAIC@k(;ck — (") Mmvo0,) ‘ l, sequence of(z% )mivo—coma converges to the moment
oo ¥ (45) sequence ofz%, )awcn in the many-user and many-antenna

where (z*)yvo, = Elz*|§*, A*©F] and where the op- limits. Since the MMSE detector is information lossless in

erator E in (45) represents the expectation with respect {§€ scalar Gaussian channéliiy can be interpreted as
p(H", x*, A¥O%). In the case that there exist multiple sothe spectral efficiency of the MMSE detector in the MIMO-

lutions of [43) and [(@5), one should choose the solutiddPMA channel.

minimizing the spectral efficiency (42). On the other hand[.(#5) is evaluated as
To evaluate[(34) we define a quantiff;;,,,, as . 1 S .2 I
Enmvio, = im Sk Z BIC -2 7 k2|’
FTIO0 Ok CF7 + M€ wan AL, |

' . 1 ~(u Sp=
Flino, =lim g InE | Ziiio, 0" HY )] (@6) k=1



where&lyqy is a solution of [5B),[(34), an(55). In the casefficiency of the MIMO-CDMA channel with QPSK modula-
that there exist muItipIé}iWGN one should choose the solutiortion is very close to the capacity but there exists a large gap
minimizing 2 We can obtain the same fixed-point equatioetween the spectral efficiency of the MMSE detector and the
for (kQ and ¢*° by means of calculating the expectation o€apacity in a highly loaded system.

Clivo, With respect ta®"* and then evaluating the asymptotic

distribution of singular values ob”.
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The above mentioned results indicate that the MIMO chan-
nel (40) with the MMSE detector front end is decoupled intcg
the bank of scalar Gaussian channels with the MMSE detectgr .
front ends in the many-antenna limit even if the number of thg [ ———— "
scatterers is limited. It is easy to extend this decouplagult
to the cases of the linear MMSE detector or the matched filt

capacity— — —
QPSK ——

N

V. NUMERICAL EVALUATION

(I

To evaluate the spectral efficiency humerically we consid
the case thap = pg, v = W, {xfnk} are i.i.d. random
variables with the varianc® = E[|z% |?], and|A¥ |2 =1
with probability 1. « = py represents the ratio of the number , . . .
of transmit antennas to the number of receive antennas, i.m -5 0 5 10
uw = M/N. We denote the received signal-to-noise ratio per SNR (dB)
transmit antenna by SNR= P/o?. Figure[1 displays the
spectral efficiency[(39) versus SNR for QPSK modulation (&g. 1.  Spectral efficiency of the MIMO-CDMA channel versublFs
QAM). We find that the spectral efficiency of the MIMO-# = 1.0 andy = 1.0.

CDMA channel with QPSK modulation is very close to the

ca_pgcny but there exists a large gap betwgen_ the spect@l 3 , —
efficiency of the MMSE detector and the capacity in the highlyg capacity — - -
loaded system. The degradation of the spectral efficieney di¢
to the decrease of scatterers is shown in[Hig. 2. In this ease, S
interesting observation is that the spectral efficiencysdogt 5
degrade so much compared with the rich scattered environmeh
(v — 0) even when the number of scatterers is comparab%
with the number of the antennas. 2

| effici€hcy (bitskchip

o

fectra

2 L

efficien
(=Y

...........................................

VI. CONCLUSION

We evaluated the spectral efficiency of the uplink of thge | e
MIMO-CDMA channel using the replica method. The maing o
result is that the hierarchical decoupling principle holds & 0 1 2 3
the MIMO-CDMA channel, i.e., the MIMO-CDMA channel Y
is decoupled into the bank of single-user MIMO channels in

i .. . . _ ig. 2.
.the many-user limit. The reSUItlng Smgle user MlMO Chdnmlr_fnodulation versusy. 1 = 1.0 and SNR= 10 dB. The spectral efficiency
is further decoupled into the bank of scalar Gaussian cHann&incides with the spectral efficiency of the i.i.d. Rayfeitading MIMO-
in the many-antenna limit for the fading model with a limited®DMA channel in they — 0 limit.

number of scatterers. We found numerically that the splectra

Spectral efficiency of the MIMO-CDMA channel for QPSK
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