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Abstract—This paper investigates the impact of half-duplex
relays on the degrees of freedom (DoF) of the K -user X channel
when the transmitters are blind in the sense that no channel
state information (CSI) at the transmitter (CSIT) is available. It
is shown that adding relay nodes with CSI to the communication
model is sufficient to recover the optimal DoF with CSIT.
In particular, the relay nodes help steer the directions of the
transmitted signals to facilitate interference alignment to achieve
optimal DoF. It is shown that one relay node with K —1 antennas
is sufficient to achieve the optimal DoF. When relays do not have
multiple antennas, it is sufficient to have (K — 1)* relays to
achieve the optimal DoF. The achievability is established using
partial interference alignment and joint beamforming. DoF for
the case when relays only have delayed CSI is also investigated.

I. INTRODUCTION

Interference alignment has been shown to be a useful
technique to achieve the optimal degrees of freedom (DoF)
for various wireless network models [1]-[3]. To effectively
implement interference alignment, it is crucial to have global
instant channel state information (CSI) at the transmitters
(CSIT), denoted as full CSI/CSIT here onward, and is usually
hard to obtain for practical systems.

When there is no CSIT in the system, loss of DoF is
observed for many scenarios of interest in references [4], [5].
Recognizing the difficulty of obtaining full CSIT, references
[6], [7] have studied the cases when only the channel correla-
tion structure is known at the transmitters and have proposed
interference alignment schemes using the channel correlation
to achieve the optimal DoF. On the other hand, considering
the time varying nature of wireless channels and the delay in
the feedback of CSI, reference [8] has investigated the K -user
broadcast channel, where CSIT is known at the transmitters
with one slot delay. Under this assumption, it is shown that
delayed CSIT can provide DoF gain compared to the case
when no CSIT is available. However, it cannot achieve the
same optimal DoF as when full CSIT is available. This delayed
CSIT assumption is also applied to other channel models, and
the study on its impact to the DoF can be found in [9], [10]
and the references therein.

Relaying, although useful to improve the achievable rates
for many wireless networks, is shown to be unable to provide
DoF gain for fully connected interference channel and X
channel with full CSI at all nodes [11]. In this context, relaying
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is only shown to be useful to facilitate interference alignment
for some specific scenarios. For quasi-static channels, refer-
ences [12]-[14] have proposed strategies to utilize the relay
to randomize the channel coefficients at the receivers, and the
optimal DoF can be achieved although the channel is not time
varying within the transmission blocks. Reference [15] has
proposed relay-aided interference alignment schemes that can
achieve the optimal DoF of the K-user interference channel
with finite time extensions. For networks that are not fully
connected, the study on DoF for multi-hop relay networks can
be found in reference [16]. For networks that have limited CSI,
it is shown in reference [17] that using a relay, the maximum
DoF for the K-user interference channel can be achieved when
all the nodes only have local CSI, provided that the relay
has more antennas than the total number of single-antenna
transmitters.

Given all these efforts, it is interesting to ask whether
relaying can help to achieve the maximum DoF, when no
CSIT is available in the channel. Our recent work [18] has
considered the 2-user X channel without CSIT, and has shown
that a half-duplex relay can facilitate interference alignment to
achieve the optimal DoF %. This can be accomplished using
either (i) a relay with two antennas and delayed CSI, or (ii) a
relay with one antenna and full CSI. In this work, we consider
the general K-user X channel with half-duplex relays, and
we show that when relays have full CSI, the optimal DoF
% can be achieved using one relay with K — 1 antennas,
or (K — 1)? single-antenna relays. For the case when the
relay has K — 1 antennas, we develop a transmission scheme
using partial interference alignment at the relay and joint
beamforming between the relay and the transmitters to achieve
the optimal DoF. For the case when relays only have one
antenna, we use joint beamforming between the transmitters
and the relays to align the interference at the receivers. We
further show that when the relays only have delayed CSI, the
maximum DoF is strictly less than % in general except for
the case when K = 2.

II. SYSTEM MODEL

For the K-user X channel, we have K transmitter-receiver
pairs, and each transmitter has a message to be communicated
with each receiver. It is assumed that the transmitters and
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receivers are equipped with a single antenna. There are J
half-duplex relays with L antennas available to help the
transmission. We denote w,,,, as the message from transmitter
m = 1,--- K to receiver n = 1,---, K. The transmitted
signal from transmitter m is denoted as X,,(¢) € C and the
transmitted signal from relay R; is denoted as X, (t) € C*,
where j = 1,--- ,J and ¢ is the time index denoting the slot
in which the signal is transmitted.

When the relays listen to the channel, the received signals
at the receivers are

K
Yn(t) - Z hn’m(t)X’rn(t) + Zn(t) (1)
m=1
and the received signals at the relays are
K
Yr,(t) = > he,m(t)Xm(t) + Za, (1). (2)
m=1

When the relays transmit, the received signals at the re-
ceivers are

K J
Yult) =D hoam (X () + Y hor, ()" Xk, () + Zn(t).
m=1 j=1

In the above expressions, the transmitted signals are sub-
ject to average power constraint E(||Xg,(t)|[*) < P,
E(|Xm(t)]?) € P. hpy € C is the channel coefficient from
transmitter mn to the receiver n. hg,,, () € C* is the channel
vector between transmitter m and relay R;, and h,, g (t) € CF
is the channel vector between relay R; and receiver n. It is
assumed that the channel coefficients are independently drawn
from a continuous distribution for each time index, and the
channel is time varying. Z,,(t) and Zg, (t) are Gaussian ran-
dom variable with zero mean and unit variance, and Gaussian
random vector with zero mean and identity covariance matrix,
respectively.

We assume the rate of message w;; is R;;(P) for power
constraint P. We define C(P) as the set of all achievable
rate tuples {R,,(P)} for power constraint P. The degree
of freedom is defined as

. Ry (P)
Dok = lim 3.

where Ry~(P) = maxe(p) (5,0, Rum(P)).

III. K-USER X CHANNEL WITH ONE MULTI-ANTENNA
RELAY

. 3)

For the K-user X channel without CSIT, it is shown in
reference [5] that there is loss of DoF compared to the case
with full CSIT. We show that, with one relay having K — 1
antennas, we are able to align the interference at the receivers
to achieve the DoF % which is the maximum DoF when
CSIT is available in the system [3], [11].

To better illustrate the transmission strategy, we first provide
an example for the 3-user X channel with a relay having 2

antennas, and then generalize the result to the K -user case.

Proposition 1: For the 3-user X channel, when there is no
CSIT, maximum DoF % is achievable using a relay with 2
antennas and full CSIL.

Proof: We assume that the data stream from transmitter
1 to receiver j is denoted as dj;, ¢,7 = 1,2, 3. To achieve the
DoF %, we use a transmission scheme that spans 5 slots, in
which a total of 9 independent data streams can be transmitted
to the receivers, and each receiver can distinguish 3 of the
data streams in an interference-free fashion. We also assume
that the channel is time varying, i.e., each slot has a different
channel realization, and the channel coefficients are drawn
from a continuous distribution.

In the first 3 slots, the transmitters send messages to the
receivers, and the relay keeps silent. Specifically, in slot ¢, all
the 3 transmitters send the messages intended for receiver ¢:
Xy (t) = duk, where t, k = 1,2,3. The received signals at the
receivers and the relay for slot ¢ are

Y (t) = humi (£)der + hina(t)dia + s (t)des, €]
Yr(t) = hpi(t)da + hra(d)e + hrs(t)ds )

where m = 1,2,3, and the noise is omitted since we are
considering the DoF.

In the remaining 2 slots, we need to provide each receiver
with another two equations such that the intended messages,
which are unknown variables d;;, can be recovered. In the
meantime, all the interference data streams must be kept in a
2-dimensional space at each receiver to achieve the maximum
DoF. Since the relay only has 2 antennas, it cannot separate
the 3 messages from the transmitters at each slot. However,
as we show next, the spatial dimensions available at the relay
can still be used to align the interference.

The relay first performs linear transformation to the received
signals. For the signal received in slot 1, we choose vectors
uz(1),u3(1) € C? such that

up(1)"hpa(1) = ha2(1)  u2(1)"hps(1) (1)

U3(1)ThR2(1) = h32(1) U3(1)ThR3(1) (1)
Since we have two variables with two equations and the
channel coefficients are drawn from a continuous distribution,
we can guarantee the existence of uy(1) and uz(1) almost
surely. We can then obtain the following signals by taking

the inner products between the vector us(1) (us(1)) and the
received signal vector from slot 1 at the relay:

W (D)TYR(1) = ua (1) hgi (1)di1 + hoo(1)dig + has(1)dy3
U3(1)TYR(].) = U3(1)Th31(1)d11 + hgz(l)dlg + h33(1)d13.

has
has

These two signals are useful for receiver 1, since they
contain the messages that are intended for it. However, the
messages dy;, ¢ = 1,2,3 are interference for receiver 2 and
3. Using the linear transformation provided by vector us(1)
and usz(1), part of the interference is aligned at receiver 2
and receiver 3. Note that we need to keep uz(1)TYg(1)
away from receiver 3, and keep uz(1)7YRx(1) away from
receiver 2, in order to not introducing additional interference
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to the receivers. This can be done by sending us(1)7Yr(1)
and u3(1)7Y (1) in the direction orthogonal to h3z(#') and
hygr ('), respectively, where ¢ = 4,5. We can obtain the
vectors u1(2),u3(2),u1(3),uz(3) in the same fashion, which
result in the following inner products:

Xip(t) = w;(t)"YR(t) = w;(t) " hpe(t)dse + Y hin(t). (6)
k#t

In order to transmit the signals along their intended di-
rections, we now define the following beamforming vectors
v;;(t") such that:

Vij (t/) 1 hkR(t/), @)

where 4,7,k = 1,2,3 and 4,5 # k. If we choose the vectors
such that they have unit power, then we have vs(t') =
vis(t') = vy (t'), vie(t') = var(t') = vz (t'), vas(t') =
V32(t/) = Vf‘ (t/).

Using the linear transformation and beamforming vectors
provided above, interference is only partially aligned. To align
the rest of the interference, we let the relay choose a scaling
factor «;;(¢) for each signal it wishes to send to the receivers,
which results in the following signal X (¢) to be transmitted
for slot ¢':

3

Xp(t) =Y ault)vi () wt) Yr(t).  ®)

t=1 it
where j #t, j # i, and oy, (t') are to be determined later.

For these two slots, the transmitters also send the following
signals to the receivers:

Xy (t') = dyk )
where £ = 1,2, 3.
The received signals at the receivers are
Yo (') =
Bt (t)d11 + hna () dos + hims(t )dss + hyr ()T X R()

We now focus on all the signals received at receiver 1. If
we combine all the received signals from 5 slots into a vector
Y, € C°, we have

3 3

Y=Y

i=1 \j=

gijdij (10)
1

Due to limited space, we do not list all the vectors g;; here.
The details can be found in [19]. We only inspect the vectors
g2;, Jj = 1,2,3 for interference data streams da;:

0
h11(2)
21— 0
a1 (4)hi (4)hi1(2)
a21(5)hi(5)h11(2)

Y

0

h12(2)
822 = 0 (12)
hia(4) + a1 (4)hih (4) i (2)
hia(5) + aa1(5)hif (5) i (2)
0
hi13(2)

823 = 0 (13)
a1 ()73 (4)h13(2)
as1(5)hi(5)h13(2)

where we denote hii(t) = hgr(t)Tvi(t), pfit) =

uk(t)ThRi(t).

From the above expressions, we can see that the data
streams ds; and da3 are already aligned together. To align
the data stream dos with do; and do3, we choose

hia(t))
(h12(2) — pi(2)hiE ()

The signals ds;,ds2, and dss3 can be aligned in a similar
fashion. The rest parameters can be determined using the same
method for the other receivers. It is easy to verify that the data
streams d11, d12 and dq3 occupy the rest 3 dimensional space.
Similar argument holds for receiver 2 and receiver 3 as well.
Therefore using the proposed scheme, we can transmit a total
of 9 messages using 5 slots, which proves the achievability of
DoF % |

In the transmission scheme, we can see from equation (14)
that if the transmitters remain silent for slots 4 and 5, the
parameters «;;(t) will be all zero to keep the interference
aligned. This reduces the total number of dimensions of the
signal space at the receivers to 3. The reason is that, using the
transmission scheme provided above, each set of data streams
intended for one receiver is already aligned in the first 3 slots.
To keep all the interference signals aligned in a space of
dimension 2, the relay may choose to do not send anything, if
the transmitters remain silent for the last 2 slots. This will also
keep the intended data streams in a one dimensional space.
However, we need additional signal dimensions to decode the
intended data streams.

To address this issue, we let the transmitters also send data
streams to the receivers for slots 4 and 5. With the additional
data streams, the relay cannot keep the interference aligned
by remaining silent. We call the transmission scheme joint
beamforming.

The essence of the above transmission strategy is to use the
limited spatial dimensions available at the relay to first par-
tially align the interference, and then align the rest interference
through joint beamforming with the transmitters.

Using the ideas from the example for the 3-user X channel
with a 2-antenna relay, we can now generalize the result to
the K -user case.

Theorem 1: For K-user X channel, when there is no CSI
available at the transmitters while full CSI is available at the
receivers, maximum DoF A is achievable using a relay
with K — 1 antennas and full CSL

Q21 (t,) =

(14)

2K—1
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Proof: The proof follows from similar idea as in Propo-
sition 1 and is thus omitted here. Details can be found in [19].
|

Remark 1: For the K-user X channel without CSIT and
relays, reference [5] has shown that the DoF is upperbounded
by 1 under Rayleigh fading. Our result shows that relaying is
useful to increase the DoF of X channel without the presence
of CSIT.

Remark 2: Reference [3] has shown that with full CSI at
all nodes, the maximum DoF of the K-user X channel is
3 K 7+ Reference [11] has further shown that relaying does not
increase the DoF of X channels, when all nodes are equipped
with full CSI. This means thzat the K-user X channel with
relays has maximum DoF 57— K 7. Our scheme has shown that
without CSIT, we are still able to achieve the maximum DoF
with the help of a relay.

IV. K-USER X CHANNEL WITH J SINGLE ANTENNA
RELAYS

In the previous section, we have shown that for the K-user
X channel without CSIT, it is sufficient to have one relay with
K — 1 antennas to achieve the maximum DoF of the channel.
In this section, we investigate the case when relays only have
a single antenna, and we study how many relays are needed
to achieve the maximum DoF.

Theorem 2: For the K-user X channel with single antenna
relays, when there is no CSIT but full CSI is available at the
relays and the receizvers, a sufficient condition to achieve the
maximum DoF 72— is to have J = (K — 1)? relays.

Proof: For slots t = 1,2,--- | K, the transmitters send
the messages intended for receiver ¢, and the relays remain

silent. The signal sent from transmitter K = 1,2,--- | K for
slot ¢ can be expressed as
Xi(t) = dg. (15)
The received signals at receiver m = 1,2,--- , K and relay
R;,i=1,2,---,J are
K
Vi (£) = > i ()i, (16)
k=1
K
Yr,(t) = Y hr(t)dur. (17)
k=1
We can see that the data streams d, K = 1,--- , K are

aligned in a one dimensional space for each ¢. For slots ¢’ =
K+1,--- 2K — 1, we need to provide the destinations with
another K — 1 dimensions in the signal space to decode the
desired K messages and in the meantime keep the interference
signals aligned. Using the idea of joint beamforming, each
relay transmits a scaled version of the signals it received from
previous time slots, i.e., for slot ¢/, relay R; transmits

K
= Z Oéit(t )YR (t)

(18)

and transmitter £ also transmits

X5 (") = dip,. (19)
The received signals at receiver m for slot ¢’ is thus
K J
=3 hok)di + Y hng, () Xg, (). (20)
k=1 i=1

The equation (20) can be written as

= thk )ik
k=1

B s (8 )it (8 ) gk () di-

M=
Mw

>

i=1

21
1

~
I
o~
Il

1

After combining the received signals at receiver m from all
the time slots into one vector, we have a signal in the form

K
k=1,k%m
K K
+ Z gv'ydw'y + Z gwkdvk s (22)
y=1y#m k=1,ks#~
where
1 0 0
v—1 0 0
vy hmw (7) _ Rk ('Y)
g’Y’Y ~ + 1 O g’Yk - 0 )
K 0 0
t {9+~ (")} {9 (t)}
and
Gy (t ) = m'y ‘|’ Z hmR 0‘17 )hRm('Y)a (23)
gy (t Z hinr, () i () ik (), (24)

and g,,,,, and g,,; are defined in a similar fashion.

In order to separate the intended data streams from the
interference, we need to align the data streams d.p, k =
1,2,---, K into a one dimensional space for each v # m.
For this end, we choose the scaling factors «;:+(¢') such that

S b, () iy (), () -~
R () B
Ry () + 520 B, () iy () (7)
hmv(’}’) ’

Fixing ~, t’ and m, we have K —1 equations for each k # ~.
We also have K — 1 possible values for m # ~y. Therefore, we
have (K —1)? equations in total for each combination of ¢ and

Vk # . (25)
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7, and we need J = (K — 1)? variables in order to guarantee
the existence of a solution to the set of linear equations. Since
all the relays have full CSI, they can solve the equations
to obtain the scaling factors individually. Using the scaling
factors, it is now easy to verify that all the interfering signals
are aligned into a K — 1 dimensional space, and the intended
data streams occupy the rest K dimensional space, due to the
fact that the channel is time varying and channel coefficients
are drawn from a continuous distribution. We can then decode
the intended messages using a zero-forcing decoder, and the

2

DoF 2{((—71 can be achieved. ]

V. THE DOF WITH DELAYED CSI AT THE RELAY

In this section, we investigate the impact of relays on DoF
when the relays only have delayed CSI. We consider the K-
user X channel with one (K — 1)-antenna relay, and compare
the DoF of the model with full CSI and the one with delayed
CSI. For the case with delayed CSI, we first consider the K-
user X channel with a K -antenna relay, which clearly provides
a DoF upperbound to the case with a (K — 1)-antenna relay.

Theorem 3: For the K-user X channel with a K-antenna
relay, when there is no CSIT and only delayed CSI is available
at the relay, the maximum DoF is

K
1+3++ %

Proof: The achievability of this DoF can be obtained
using a similar strategy as in [8]. The scheme in [8] is designed
for the K-user broadcast channel and consists of K phases,
where in phase 1, the transmitter sends the messages to the
receivers. In slot ¢ = 1,---, K for phase 1, the transmitter
sends X(t) = (di,di2,--- ,dik) , where dy; is the ith
message intended for receiver ¢. The transmission scheme used
for this phase can be implemented for the K -user X channel.
Since the relay has K antennas and delayed CSI, it can decode
all the messages, and then it can act as the transmitter in the
broadcast channel to implement the transmission scheme for
the rest of the phases to achieve the DoF specified by (26).

To upper bound the DoF of the channel, we combine all the
transmitters and the relay, which yields a broadcast channel
with 2K antennas at the transmitter with delayed CSIT. The
outerbounds in references [8] [9] can then be used to obtain
equation (26). |

Recall that for the K-user X channel without CSIT, when
the relay has full CSI, we can achieve the full DoF % with
only K — 1 antennas at the relay. For the case with delayed
CSI at the relay, when the relay has K — 1 antennas, the DoF
at most equals equation (26). It is clear that for the K-user X
channel without CSIT, full CSI at the relay can provide a DoF
gain, compared to the case with delayed CSI at the relay.

(26)

VI. CONCLUSION

In this paper, we have investigated relay-aided interference
alignment schemes for K-user X channel, when no channel
state information (CSI) at the transmitter (CSIT) is available.
For the case when relays have full CSI, we have developed a

transmission scheme based on partial interference alignment
and joint beamforming, and have shown that using one relay
with K — 1 antennas, the optimal DoF can be achieved. We
have also designed joint beamforming based relaying schemes
for the case when relays only have a single antenna, and have
shown that the optimal DoF can be achieved with (K — 1)
relays. Degradation on the DoF when relays only have delayed
CSI is also observed.
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