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Abstract—The sum degrees of freedomIDoF) of the two-user be helpful in increasing the degrees of freedddof') for
MIMO  X-channel is characterized in the presence of output proadcast multiple-input multiple output (MIMO) networks
feedback and delayed channel state information (CSI). The gyen f the channel changes independently over time. Severa
number of antennas at each transmitters is assumed to b&/ . . . ‘ .
and the number of antennas at each of the receivers is assumed'nte_reSFIng extensions of [[2] have been considered recentl
to be N. It is shown that the sum DoF of the two-user MIMO ~ Which include the two-user MIMO broadcast channel (BC)
X-channel is the same as the sumDoF of a two-user MIMO  [3], the three user MIMO-BC |3], 4] and the two-user MIMO
broadcast channel with2)/ transmit antennas, and N antennas  interference channel (IC)[5].
at each receiver. Hence, for this symmetric antenna configation, A very relevant question is that whether channel output

there is no performance loss in the sum degrees of freedom doe .
the distributed nature of the transmitters. This result highlights feedback (FB) can be helpful with delayed CSI or not. For

the usefulness of feedback and delayed CSI for the MIMOX- the case of the MIMO-BC, this question is answered in a
channel. negative way in[[B]: i.e., having output feedback, in adufitio

The K-user X-channel with single antenna at each transmitter delayed CSI does not increase eF region of the MIMO-
and each receiver is also studied. In this network, each trasmit- BC, even though it enlarges the capacity region. However

ter has a message intended for each receiver. For this netwlarit . . ; o .
is shown that the sumDoF with partial output feedback alone is FB if available in addition to delayed CSI can increase the

at least 2K /(K +1). This lower bound is strictly better than the DoF for the MIMO interference channel (MIMO-IC). This
best lower bound known for the case of delayed CSI assumption is shown explicitly in [6], where th@®oF region of the two-

for all values of K. user MIMO-IC is completely characterized in the presence of
FB and delayed CSI (also see the parallel work in [7], which
. ) . reports similar results).

In currently deployed wireless networks, multiple pairs of 1,4 study of the impact of delayed CSI on BeF of X-
USEers wish to communlcate with each other over a s_,har nnels was initiated inl[8]. It is shown that for the tweeus
medium. Due to the inherent broadcast nature of the wirelegs.nannel a suridoF of 8/7 is achievable with delayed CSI.
medium, interference is one of the main bottlenecks in effici |, impact’ of EB on the suoF for the two-user X-channel
utilization of communication resources. Several appreactyy e three-user IC is also explored(in [8]. It is shown that
to combat interference have been proposed in the literatWe, " DoF of 6/5 is achievable for the three-user IC with
such as treating interference as noise, or decoding inée1t€ g 410ne. Moreover. the optimal suloF of the two-user
and.subtracting it from the received signal. Howgver, f%-channel with FB is shown to be/3. It is worth noting
multiple users, such approaches can be sub-optimal in 8enef,,¢ for the single-antenna two-usat-channel, FB alone is

Recently, more sophisticated schemes, such as intereereQGicient to achieve the outer bound4f3, which holds also
alignment and (aligned) interference neutralization haeen ¢, o stronger setting of FB and delayed CSI

proppsed for managing interfere_nce (see [1] for an excellen tha focus of this paper is on MIMQX-channels with
tutorial and the reference_s thlejreln).. However, these tqabs output feedback and delayed CSI. The sioF of the
are usually based on avallab|_I|ty of instantaneous (Pe)rfmd MIMO X-channel is characterized for the symmetric antenna
global channel state information (CSI) at the transmitt8t&h o nfi ration, with M antennas at each transmitter and
an assumption is perhaps not very realistic in practicdsys, ;. tonnas at each receiver. It is shown that the EoF of

when dealing with fast fading links. _ , the MIMO X-channel equals the suldoF of a MIMO-BC

The pioneering work in]2] considers a model in which th@is o1/ transmit antennas and¥ antennas at each of the
perfect CSI assumption is relaxed to delayed CSI; a setling,pceivers. This result highlights the fact that in the prese
which CSl is available in a delayed manner at the transrsittey,¢ output feedback and delayed CSl, there isIBoOF loss
Interestingly, it is shown inl[2] that even delayed CSI cagq {5 the distributed nature of tHe-antenna transmitters.
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Philipson Fund for Electrical Power. E-maflrtandon, poof@princeton.edu, . X . ¢
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- defined fort = 1,...,T, and four decoding functions
. Y, N ~
Wiy, Wia Ii"nﬂi’vzl Wll - g,irl (Y1n7 Hn)’ W21 - ggl (Yln’ Hn)’
.RX‘ Wao = g3, (Y3, H"), Wiz = g, (Y5, H").
A rate quadruple (R11(P), R12(P), Ro2(P), Ro1(P)) is
”””””””” v achievable if there exists a sequence of coding schemes such

Yy ¢ that P(Wi; # Wi;) — 0 asT — oo for all (i,5). The
Waes W [ N "'12 capacity regionC(P) is defined as the set of all achievable
rate pairs(R11(P), Ri2(P), Ry2(P), Ra1(P)). We define the

Fig. 1. The MIMO X-channel with output feedback and delayesl.C DoF region as follows:

K/(1+4 3+ ...+ %). The assumption of global feedbacky _ {(d117d127d22’d21) d;; >0, and
is then relaxed to partial (local) feedback, in which reeeiv A

j sends feedback only to transmitt¢r for j = 1,..., K. 3(R11(P), R12(P), Raa(P), Ro1(P)) € C(P)

For this model, it is shown that the suboF is lower i(P)

bounded by2K/(K + 1). The interest of this lower boundS-t.di; = lim Tog. (P)’(Z’J) =(1,1),(1,2),(2,2), (2, 1)}-
is that it is strictly larger than the best known lower bouad f 2

the delayed CSI setting[9]. Finally, for th&-user IC with ~ We denote the total (sum) degrees of freedonDad s, m,
a single antenna at each terminal and global feedback dfgfined as

deIayedICSI, the slurﬁ)oF is s_hown tq be lower bounded by DoF (M, N) = max diy + dys + dog + doy.
K/(24 5+ ...+ 3). Interestingly, this shows that for large (d11,d12,d22,d21) €D

values of K, the behavior of the sunbDoF of the K-user e first state an outer bound for thBoF region with

BC, K-user X-channel and the<-user IC is similar in the feedback and delayed CSI:
presence of global FB and delayed CSI.

dyy + da1 dao + d12 <1 (1)
II. MIMO X- CHANNEL WITH FB AND DELAYED CSI min(2M,2N) = min(2M,N) —
We consider the two-uséiV/, M, N, N)-MIMO X-channel di1 +da + d22 + duz <1 (2)

with fast fading under the assumptions of (A-I) noiseless min(2M, N) ~ min(2M, 2N)
channel output feedback from receivetto transmittem, for  This bound follows from([B] by letting the transmitters ceop
n = 1,2 and (A-ll) the availability of delayed CSI at theate and subsequently using the bound for the MIMO broadcast
transmitters (see Figuié 1). We denote the transmittefBby channel with feedback and delayed CSI.
and Tx, and the receivers bRx; and Rxs. The channel We present our main result in the following theorem.
outputs at the receivers are given as follows: Theorem 1: The sumDoF of the (M, M, N, N)-MIMO X-

Ya(t) = Hya () X1 () + Hao(£) Xa(t) + Z1 () channel with feedback and delayed CSI is given as follows:

2M 2M < N;

Yo(t) = Ho1 () X1 () + Hoo (1) Xo(t) + Z2(t), ) =1V
2(f) = Ha (1) X0 (8) + Ha (1) Xa(1) + Z2(1) DoFuum(M,N) =< oiity, N <2M <2N;  (3)

where X, (t) is the signal transmitted byth transmitterI'x,,; AN 2N < 2M.

H,;(t) € CV*M denotes the channel matrix between ftte 5

receiver andjth transmitter; andZ,, () ~ CA(0, Iy ), for n = The converse follows immediately from the MIMO broadcast

1,2, is the additive noise at receiver The power constraints channel bounds in({1) andl(2). We complete the proof for
areE|| X, (1)]|? < P, for ¥ n,t. Theoren{L in the next section by presenting coding schemes

For the X-channel, there are four independent messagddth feedback and delayed CSI. We note thatfiér= N = 1,
one from each transmitter to each receiver. In particular, w heorentl recovers a result of [8], in which the sioF of
denote byl¥;; the message from transmitterto receiver [N€ Single antenn&” channel was shown to bE/3.

7. We denote byH t) = {Hq11(t),H12(t), Hoy t),HQQ t) .

the collection of all(c)hann{el m;t)rices ;t)timel:(urtherrrgoge, A. Coding Schemes

H'~!' = {H(1),H(2),...,H(t — 1)} denotes the set of all 1) Coding scheme for 2/ < N: For 2M < N, we have
channel matrices up till timét — 1). Similarly, we denote by DoF,,, = 2M. We shall only outline the coding scheme
Vi~ = {V,(1),...,Y,(t — 1)} the set of all channel outputssince it is straightforward. To this end, we will show the
at receivem up till time (¢ —1). A coding scheme with block achievability of the following quadruple:

lengthT for the MIMO X-channel with feedback and delayed
CSI consists of a sequence of encoding functions

Xi(t) = flj:t (W117W127Ht717ylt—1) which implies that there ar@/ symbols from transmittet

) f1 oot and M information symbols from transmitté&; both intended
Xo(t) = fa, (Wa, Wor, H=L Y1), for receiverl. Hence, coding for this system is equivalent to

(d11,d12,d227d21) = (MvoaovM)v (4)



coding for a MIMO multiple access channel, for which thea, at the end of phase, receiver2 requires2M N — N?
achievability follows from standard results. additional equations irv-variables for successful decoding
2) Coding scheme for N < 2M < 2N: For this case, we of 2M N information symbols. Furthermore, upon receiving
haveDoF.., = 53y We present an encoding scheme thdéedback from receivet, transmitterl has access tdv?
achieves the following quadrupl@i, di2, daa, do1): additional equations in-variables. Sinc€M < 2N, we have

( MN MN MN MN ) © 2MN — N2 < N2, i.e., in this case transmittdrhas enough

; ) ; information, which if somehow can be supplied to receiver
2M AN 2M 4 N2M A N2M A+ N 2 will guarantee successful decoding efsymbols. Let us
that is, there ar@/ IV information symbols at each transmitteidenote thes¢2\/ N — N'2) by v. Similar to the end of phase
for each receiver to be sent ov@\/ + N) channel uses. Let 1, transmitter2 can also reconstruct the side-information
us denote symbols. At the end of this phaskgth transmittersl and 2

— Iyl gMN — [yl MN g) have access to the side-information symbgisv). This is
= g un T e = fugy vz (6) the key step behind the achievability proof, i.e., toenmon
as the symbols intended for receivierand availability of side-information symbols before phake
Vog = [Udg, .., UAN] vig = [Ulg, ..., oMY (7) Phase 3: This phase operates ovgM — N) channel uses.

) ] The goal is to sendh to receiverl andv to receiver2. Note
as the symbols intended for receizrNote that the symbols 4t from phasd, receiver2 has access ta, and from phase

(u11,v12) are present at transmitter, and the symbols 5 (oceiverl has access t6. Recall that eachi andv are of
(u21,va) are present at transmittet, i.e., the origin of length2 M N — N2. Let us denote
information symbols is distributed in contrast to the MIMO
broadcast channel. The scheme operates over three phases= [i1,. .., Uomn—n2], V = [01,...,0omN_n2).  (8)
described as below:

Phase 1: This phase use®d
use, transmittet sends fresh information symbols for receiver uv =[Gy + 01, ..., GoprN— N2 + Vo N— N2)s 9
1, and transmitte2 sends fresh information symbols intended

for receiverl. Note that, our choice of the duration for thisWhICh is the element-wise summation of theand v se-

phase guarantees that alM/ N information symbols inu;; guences. The transmitters send each of these symbolsyexactl

and u,; are transmitted exactly once and at one antenna. @ce on an antenna. In particular, we hav_e a tqtaBM
the end of phasd, receiverl has N2 linearly independent .transmllt antennas anldM — N) channel uses, i.e., this scheme
equations N2\ N variables. Whereas, receiver has N2 IS feasible as long as
linearly independent equations in the sa2dé N u-variables. 2MN — N? < 2M(2M — N) (10)
At the end of phasd, receiverl requires2M N — N2
additional equations im-variables for successful decoding otvhich is true sinceV < 2M. At the end of phasa, receiver
2M N information symbols. Note that upon receiving feedback 9€ts (2M — N)N equations in2(2M/ N — N?) variables.
from receiver2, transmitter2 has access tdv2? additional However, receiverl already knows half of these variables,
equations in theu-variables. Since2M < 2N, we have namely ¢ variables from phas@, and hence it is left with
9MN — N2 < N2, i.e., transmitte has enough information, 2M N — N? equations in2\M/N — N? a-variables. Using
which if somehow can be supplied to receitewill guarantee these and the information from phaséi.e., N equations of
successful decoding of tha-symbols. Let us denote thesePhasel), receiverl can decode altM/ N symbols. Similarly,
(2M N — N'2) symbols byii. More importantly, upon receiving decoder2 can also decode a total &fM N information
feedback from receivet, transmitterl can subtract out the Symbols.

contribution fromu,;, and decoda,; (this is possible since  To ijllustrate this scheme by an example, consider the case
uy; hasM symbols, the feedback vector is of lengthand we  \when N = 3, M = 2, and DoFum = 4MN/(2M + N) =
haveM < N). Subsequently, having the CSI of the first blocky4 /7. Phasel operates oveB channel uses and at its end,
transmitterl can reconstruct the side-informatienavailable receiver1 has9 equations in12 u-variables ¢ originating
at transmitter2. To summarize, feedback and delayed CStom transmitterl and6 from transmitter2). Similarly, at the
serve a dual purpose for this setting: not only does it p@vignd of phase, receiver2 has9 equations in2 v-variables ¢
side-information at transmitter (for future use), it also lets originating from transmitteil and6 from transmitter2). For
transmitterl reconstruct the same side-information. this example, there ar@M N — N2) = 3 side-information
Phase 2: This phase used/ channel uses. In every chansympols intended for receiver(let us denote these additional
nel use, transmittet sends fresh information symbols forsympols by, , i», ii5) and three side information symbols for
receiver2, and transmitte2 sends fresh information symbolsyecejver2 (denoted these symbols by, 7, 75). In phases,
intended for receivel. At the end of phase, receiver2 which is of duration2M — N) = 1, transmitters. and2 send
hasN? linearly independent equations 23/ N variablesvay L L
and vi2. Whereas, receivet has N linearly independent  x(3) — { Uy £ ] . Xa(3) = [ Uz + U3 } RCE
equations in the sam&2M N v-variables. Similar to phase uz + 02 ¢

Psing these, both transmitters can compute
channel uses. In every channe



where ¢ denotes a constant symbol. Also, receidethas receivers. The proof of Theorel 2 is rather straightforward
01,02, U3 from phase2 and similarly, receiveR has access and is immediate from_[2]. To note this, we can proceed by
to a1, a9, 3 from phasel. Therefore, phas& (which is using a coding scheme consisting of several phases. The first
of duration2M — N = 1) essentially provides receivar phase is comprised df channel uses. During the first phase,
with (2M — N)N = 3 equations iniu4, s, 43 Symbols and in each channel use, all transmitters send information for a
similarly, receiver2 gets(v;, 02, ¥3). Using information from fixed receiver. At the end of phade upon receivingglobal
phased and3, receiverl can decodé? information symbols. feedback, each transmitter can decode all information sysnb
Similarly, using information from phasesand 3, receiver2 thus creating a virtual MISO broadcast channel. The coding
is able to decodé2 information symbols. for the subsequent phases follows as’in [2].

Remark 1. We now give the intuition as to why the total In the following theorem, we state a lower bound on the
DoF for the MIMO X-channel turns out to be the same asumDoF for the K-user X-channel with partial feedback.
that for the MIMO broadcast channel. This is illuminated Theorem 3: The sumDoF of the single-antennd<-user
in phase3, which requires complimentary broadcasting o -channel with partial feedback is lower bounded as follows:
side-information symbols. In particular, we need to tralhism _ 9K
2M N — N? symbols to receivet and2M N — N? symbols DoF [ partial > il
to receiver2. However, to attain this goal, we have a total of ) o )
(2M — N) channel uses allotted for phaseand distributed W€ Nnote that this bound is tight fok” = 2, for which we
transmitters equipped with/ antennas each. The feasibility2chieve the MISO broadcast channel boundig$ [8]. We
of this scheme is crucially dependent on the omniscienfsC Note here that unlike the case for global feedback, the
of these side-information symbols at both transmitters. AQVer bound with partial feedbackloes not scale with &,
we have shown, feedback and delayed CSI guarantee mg number_of users. Nevertheless, the lower bound stated in
common availability of these side-information symbols attb TheoreniB is strictly better than the best known lower bound

the transmitters, effectively creating 2/-antenna MIMO for the case with delayed CSI alori€ [9] for all valueskof

broadcast channel for phase Hoyvevgr, wnhqut a matching converse, we cannot claim the
3) Coding scheme for 2N < 2M: For this case, we have optimality of this lower bound.

DoFy,m = 4N/3. The scheme for this case is a simple, Coding for the 3-user X-channel

variation as in the previous section and only output feeklbac

suffices. In the first channel use, transmitteend2 send fresh

information symbols intended for receivéron N antennas

(which is possible sinceV. < M). In the second channel

use, transmitterd and 2 send fresh information symbols

intended for receive? on N antennas. Each receiver has

equations iR N variables, and each receiver requinésnore

equations for successful decoding. In the third channe) ubd

transmitterl uses feedback from second channel use (which® 511,521, s31: Symbols intended for receivetr

is side information for received) and transmitter2 uses  * 12,22, s32: Symbols intended for receivex

feedback from the first channel use (which is side infornmatio * 513,523, s33: Symbols intended for receiver

for receiverl). It is clear that at the end of three channel usegransmission occurs over two phases. Phibge of duration

(13)

Before presenting the proof for Theoréin 3, we illustrate the
coding scheme for th& = 3 user X-channel. For this case,
we will show the achievability oB/6, i.e., we show that a
total of 9 information symbols can be transmittedGrchannel
uses. We denote an information symbolsasif it originates

at transmitter; and is intended for receiver i, 7 = 1,2,3. In
rticular, for this example, we have the following notatio

each receiver can deco@@’ symbols. 3, and phase is duration3 (see Figuré12).
Phase 1: During this phase, at time, transmittersl, 2
I1l. K-USERX-CHANNEL WITH OUTPUT FEEDBACK and 3, send sy, s» and ss; respectively, fort = 1,2,3.

In this section, we focus on th&-user X-channel. In Note that for recovery of the three symbois:, so1, s31
this model, we assume that each transmitter and receive@isreceiverl, two more linearly independent equations are
equipped with a single antenna. We study two models witRquired. These correspond to symb#s (1), As3(1)) which
different assumptions on the availability of feedback sign need to be delivered to receivéer Similarly, the symbol pair
a) Global feedback: channel output feedback is present fromiA:(2), A3(2)) needs to be delivered to receiver and the
all K receivers to allK” transmitters, and bpartial feedback: symbol pair(A;(3), A2(3)) to receivers.

transmitterk receives feedback only from receivier Phase 2: In this phase we will show that it is possible to
Theorem 2;: The sumDoF of the K-user X-channel with deliver the two complementary symbols to each of the respec-
global feedback is given as follows: tive receiver in three channel uses. Duepertial feedback
K from phasel, transmitterj has access tol;(1), 4,(2) and
DoFfgebal = = (12) A4;(3), for j = 1,2,3. The coding in this phase works as
I+s+...+% follows: at¢ = 4, transmitterl sendsA;(2) and transmitter

Note that the suriDoF with global feedback is the same as th@ sends A;(1), whereas transmitte3 remains silent. This
sumDoF for a multiple-input single output (MISO) broadcasenables receivet to obtain A;(2) and receiver2 to obtain
channel with K transmit antennas and single antenna A;(2). Att¢ = 5, transmitterl sendsA; (3), transmitter3 sends

4



Phase 2 Phase 1
'

t=1

t=2 t=3 | 4 £ t
/""‘\ ) [ ~ )
(v ) lae | 40 ] (Lo As(1) | L), As2)
\ﬁi// : N J N J
\ (1) \ : L(Ax(3), As(1)) A3(2)

6 5 4 3 3 2 1
- A1(3) 44I<2)3 S13 512 S11

Az“) - "‘l( 1) 3 523 522 521

A3(2) Az(1) — 1S3 s s3

Duration = LU0 Duration = K’
Fig. 2. Coding for the3-user X-channel with partial feedback.

As(1) and transmitte remains silent. This enables receivefeedback and delayed CSI, all tfé interference components

1 to obtain A3(1) and receiveB to obtain A, (3). Finally, at {Ii,...,Ix} can be recovered at each of the transmitters, thus
t = 6, transmitter2 sendsA»(3), transmitter3 sendsAs(2) creating a virtual MISO-BC. In the next phase, we use the
and transmitte remains silent. Consequently, receiegets scheme of([2] to send the compondhntto receiverj. Hence,
As3(2) and receiver3 gets A,(3). Hence, at the end of this the rate of this scheme is given &5/(1 + K/DoF?¢(K)).
phase, each receiver hadinearly independent equations#n As a consequence of Theorelds 2 &md 4, the behavior of the
information symbols and the decoding is successful. MISO-BC, the K-user X-channel and th& -user IC are the

same for large values ot .

B. Coding for the K-user X-channel
V. CONCLUSIONS

. .TO ShO.W the ach|evap|l|2ty GIK/(K.+1)’ WI?(vaﬂllshow that The usefulness of feedback when available in addition to
it is possible to transmif* symbols inK + =—=—

)
AS | fok — 3. th WO bh (I:Dmiﬂnsnel delayed CSI is illustrated by showing that the sidoF of
USEs. AS In case = o, there are two phases. S the symmetric MIMO X-channel is the same as the dDo¥F

.Of duratan, n Wh.'Ch’ at timet, eagh transmitter sends arys e MIMO-BC. A similar result is also shown for this-
information symbol intended for receiverfort =1,..., K.

2 . _ user single-antenna -channel. The result of Theorem 3 also
H_ence, a total o symbo_ls are transmitted over_th|s phaseshows that partial output feedback yields a larger dDo¥F
with a tot_al of K symbols mte_nded for_each receiver. At th?/vhen compared to the setting of delayed CSI. Moreover, it is
end of this phase, each receiver requifés— 1) additional

i for decoding thi inf i bols. i.e.. th shown that the scaling behavior of the sioF for the K-
equations for decoding Information symools, 1.€., tere,so ¢ in the presence of global feedback and delayed CSI
are a total of K (K — 1) additional symbols to be delivered.

S ) is the same as that of thi€-user MISO-BC.
Mimicking the scheme fork = 3, we create pairs of these R
K (K —1) symbols and reliably transmit these (K —1)/2 EFERENCES
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