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Classical codes for quantum broadcast channels

Ivan Savov and Mark M. Wilde

Abstract

We present two approaches for transmitting classical information over quantum broadcast channels. The first
technique is a quantum generalization of the superposition coding scheme for the classical broadcast channel. We
use a quantum simultaneous nonunique decoder and obtain a proof of the rate region stated in [Yard et al., IEEE
Trans. Inf. Theory 57 (10), 2011]. Our second result is a quantum generalization of the Marton coding scheme. The
error analysis for the quantum Marton region makes use of ideas in our earlier work and an idea recently presented
by Radhakrishnan er al. in|arXiv:1410.3248. Both results exploit recent advances in quantum simultaneous decoding
developed in the context of quantum interference channels.

I. INTRODUCTION

How can a broadcast station communicate separate messages to two receivers using a single antenna?
Two well known strategies [1] for transmitting information over broadcast channels are superposition
coding [2], [3] and Marton multicoding using correlated auxiliary random variables [4]]. In this paper, we
prove that these strategies can be adapted to the quantum setting by constructing random codebooks and
matching decoding measurements that have asymptotically vanishing error in the limit of many uses of
the channel.

Sending classical data over a quantum channel is one of the fundamental problems of quantum infor-
mation theory [5]. Single-letter formulas are known for classical-quantum point-to-point channels [6], [7]
and multiple access channels [8]. Classical-quantum channels are a useful abstraction for studying general
quantum channels and correspond to the transmitters being restricted to classical encodings. Codes for
classical-quantum channels (c-q channels), when augmented with an extra optimization over the possible
input states, directly generalize to codes for quantum channels. Furthermore, it is known that classical
encoding (coherent-state encoding using classical Gaussian codebooks) is sufficient to achieve the capacity
of phase-insensitive quantum Gaussian channels, which is a realistic model for optical communication
links [9], [10], [11].

Previous work on quantum broadcast channels includes [12]], [13]], [14]. Yard et al. consider both
classical and quantum communication over quantum broadcast channels and state a superposition coding
inner bound in their Theorem 1 similar to that stated in our Theorem [I] [12]. However, it is unclear to
us whether the proof given for their Theorem 1 is complete (we elaborate on this point in what follows).
Relying on Theorem 1 of [12]], Ref. [13] discusses classical communication over a bosonic broadcast
channel. Ref. [14] establishes a Marton rate region for quantum communication.

In this paper, we derive two achievable rate regions for classical-quantum broadcast channels by
exploiting error analysis techniques developed in the context of quantum interference channels [15], [16]].
In Section we prove achievability of the superposition coding inner bound (Theorem [I)), by using a
quantum simultaneous nonunique decoder at one of the receivers. In Section [[V| we prove that the quantum
Marton rate region with no common message is achievable (Theorem [3). In the Marton coding scheme,
the sub-channels to each receiver are essentially point-to-point, but it turns out that two techniques which
we call the “projector trick” and “overcounting” [[17] seem to be necessary in the proof. We discuss open
problems and give an outlook for the future in Section
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Note: The original justification for the quantum Marton region given in our earlier work [18] contained
a gap, which was identified by Pranab Sen and relayed to us by Andreas Winter. This gap was addressed in
the related paper [[17]], where an achievable region in the “one-shot” Marton coding setting was established.
Here we show how to apply the overcounting method in order to close the aforementioned gap in our
earlier work.

II. PRELIMINARIES

1) Notation: We denote classical random variables as X, U, W, whose realizations are elements of the
respective finite alphabets X', U, W. Let px, py, pw denote their corresponding probability distributions.
We denote quantum systems as A, B, and C and their corresponding Hilbert spaces as H*, HP, and
HC. We represent quantum states of a system A with a density operator p*, which is a positive semi-
definite operator with unit trace. Let H(A), = —Tr { p?log pA} denote the von Neumann entropy of the
state p?. A classical-quantum channel, N¥~5, is represented by the set of |X| possible output states
{pZ = NX7B(z)}, meaning that a classical input of z leads to a quantum output pZ. In a communication
scenario, the decoding operations performed by the receivers correspond to quantum measurements on
the outputs of the channel. A quantum measurement is a positive operator-valued measure (POVM)
{An} e (1,..,.m} On the system B, the output of which we denote M ’. To be a valid POVM, the set of
| M| operators A,, must all be positive semi-definite and sum to the identity: A, >0, > A, = 1.

2) Definitions and useful lemmas: We define a classical-quantum-quantum broadcast channel as the
following map:

r — P, (1)

where 7 is a classical letter in an alphabet X and pZ152 is a density operator on the tensor product Hilbert

space for systems B; and B5. The model is such that when the sender inputs a classical letter z, Receiver 1
obtains system B;, and Receiver 2 obtains system B,. Since Receiver 1 does not have access to the Bs
part of the state pZ'72, we model his state as pZ' = Trp, [pP'52], where Trp, denotes the partial trace

over Receiver 2’s system.

Lemma 1 (Gentle Operator Lemma for Ensembles [19]). Given an ensemble {px (x), p.} with expected
density operator p =Y px () ps, suppose that an operator A such that I > A > 0 succeeds with high
probability on the state p:

Tr{Ap} >1—e. )

Then the subnormalized state \/Ap,\/A is close in expected trace distance to the original state p,:

Ex {[[VAnxVA - px| } <2v2 3)

The following lemma appears in [20, Lemma 2]. When using it for the square-root measurement in (8)),
we choose S =11 and T'= >, II}.

Lemma 2 (Hayashi-Nagaoka). The Hayashi-Nagaoka operator inequality applies to a positive operator
T and an operator S where 0 < S < I:

[—(S+T):S(S+T)

=

<2(I—8)+4T. @)

3) Information processing task: The task of communication over a broadcast channel is to use n
independent instances of the channel in order to communicate with Receiver 1 at a rate [?; and to
Receiver 2 at a rate R,. More specifically, the sender chooses a pair of messages (m1, my) from message
sets M; = {1,2,...,|M,|}, where | M;| = 2"% and encodes these messages into an n-symbol codeword
™ (mq,mg) € X" suitable as input for the n channel uses.

The output of the channel is a quantum state of the form:

NE™ (2™ (my,ma)) = pot e (5)

= px"(m1,m2)'




where P17 = pBuBa ... @ pBinBa To decode the message m; intended for him, Receiver 1 performs

a POVM {A,,, },, (1, M,y ON the system BY', the output of which we denote M. 1. Receiver 2 similarly
performs a POVM {I';,,},, o1 gy OR the system By, and the random variable associated with the
outcome is denoted M.

An error occurs whenever either of the receivers decodes the message incorrectly. The probability of
error for a particular message pair (ms,ms) is

pe (m1,ma) = Te{ (I = A, @ D) ok - (©)
where the operator (I — A,,, ® I';,,) represents the complement of the correct decoding outcome.

Definition 1. An (n, Ry, Ry, €) broadcast channel code consists of a codebook {x™(my, mM2) by ey maeMs
and two decoding POVMs {A,,, } and {Up, },, c\q, SUCh that the average probability of error p,
is bounded from above as

miEMy

1

‘M HM2| Z Pe m17m2) <E (7)

mi,msa

A rate pair (Ry, R») is achievable if there exists an (n, Ry — d, Ry — 0,¢) quantum broadcast channel
code for all £,6 > 0 and sufficiently large n.

When devising coding strategies for c-q channels, the main obstacle to overcome is the construction of
a decoding POVM that correctly decodes the messages. Given a set of positive operators {II/ } which are
suitable for detecting each message, we can construct a POVM by normalizing them using the square-root

measurement [6]], [7]:
= <Z H’) I, <Z H§C> . (8)
k

Thus, the search for a decoding POVM is reduced to the problem of finding positive operators II/
apt at detecting and distinguishing the output states produced by each of the possible input messages
(Tr (I, pm] > 1 —€" and Tr [IT],, ppssm] < €’ for some small &’ > 0).

M\H
NI

ITI. SUPERPOSITION CODING INNER BOUND

One possible strategy for the broadcast channel is to send a message at a rate that is low enough so
that both receivers are able to decode. Furthermore, if we assume that Receiver 1 has a better reception
signal, then the sender can encode a further message superimposed on top of the common message that
Receiver 1 will be able to decode given the common message. The sender encodes the common message
at rate Ry using a codebook generated from a probability distribution py (w), and the additional message
for Receiver 1 at rate R; using a conditional codebook with distribution pxw (z|w).

Theorem 1 (Superposition coding inner bound). A rate pair (Ry, Ry) is achievable for the quantum
broadcast channel in (1)) if it satisfies the following inequalities:

Ry < I(X; B1|W),, (€))
Ry < I(W; By)y, (10)
Ri+ Ry < I(X; Bi)o, (1)

where the above information quantities are with respect to a state 0V XP152 of the form

pr w)pxiw (zfw) |w)(wV @ |z)(@]¥ @ pBrP2. (12)

It suffices to take the cam’mallly of the alphabet W for W to be no larger than min{|X|, | B1|*+|Bz|*—1},
where X is the input alphabet of the channel.



Proof: The idea of the proof given below is to exploit superposition encoding and a quantum
simultaneous nonunique decoder for the decoding of the first receiver [2], [3]. We use a standard HSW
decoder for the second receiver [6], [7/]. The cardinality bound follows directly from Appendix A of [12]].

Codebook generation. The sender randomly and independently generates M, sequences w"(ms)
according to the product distribution

pwn(w pr (w;) .- (13)

For each sequence w"(ms), the sender then randomly and conditionally independently generates M,
sequences x"(mj, ms) according to the product distribution:

i=1
The sender then transmits the codeword x™(my,ms) if she wishes to send (mq, ms).
POVM Construction. We now describe the POVMs that the receivers employ in order to decode the
transmitted messages. First consider the state we obtain from (I2)) by tracing over the B, system:

WXBI = ZPW pX\W ZE|ZU) |w><w|W ® |:13><m|X ®p . (15)

Further tracing over the X system gives
PP = pr w)(w|" @ ol (16)

where o' = 3" pxw(z|w) pBr. For the first receiver, we exploit a square-root decoding POVM as in
(8) based on the following posmve operators:

My my = T T na) Tocnns ma) Twnma) 1, (17)
where we have made the abbreviations
By _ B7 _ Br
=115, Iy, = Ho'Van(mg)v(s’ W xn(my me) = Hp;mml,mZ),zS' (18)
The above projectors are weakly typical projectors [3, Section 14.2.1] defined with respect to the states
®n By
p chn( 2 and py "(ml ma

) . . . .
Consider now the state in as it looks from the point of view of Receiver 2. If we trace over the
X and B systems, we obtain the following state:

pVB2 = pr lw){(w]"V @ o8 (19)

where 022 = 3" pyyw(z|w) pP2. For the second receiver, we exploit a standard HSW decoding POVM
that is with respect to the above state—it is a square-root measurement as in (§]), based on the following
positive operators: o .
B" B 3
M =I5 12, TS, (20)
where the above projectors are weakly typical projectors defined with respect to p®" and UW,L(mQ)
Error analysis. We now analyze the expectation of the average error probability for the first receiver
with the POVM defined by (8) and (17):

1
X"EW” {MlMQ Z Ir { (- Fgl m) pgln(ml’mQ) }}

mi,ms
M1M2 Z E

XN wn
mi,m2

{Te{(1=T% ) P } |- @D



Due to the above exchange between the expectation and the average and the symmetry of the code
construction (each codeword is selected randomly and independently), it suffices to analyze the expectation
of the average error probability for the first message pair (m; = 1,my = 1), i.e., the last line above is

equal to
ERC ()N}

Using the Hayashi-Nagaoka operator inequality (Lemma [2|in the appendix), we obtain the following upper
bound on this term:

> B Am{u-m) e > B WL b 23)

X wn X" wn

(m17m2)7£(171)
We begin by bounding the first term above. Consider the following chain of inequalities:

E. {Te{m o} = E. {0 {0 Mg ) gy ey T o8y} (24)
B B

> B {1 {eonsant} = B, ey =T 1] }

- E {prn 1,1) — Iy pxln(l 1) HW"(l)H } (25)
xnwn ’ 1
>1—¢e— 4, (26)
where the first inequality follows from the inequality

Tr {Ap} < Tr{Aa} +[lp = o, 27

which holds for all subnormalized states p and o, and A such that 0 < A < I. The second inequality
follows from the Gentle Operator Lemma for ensembles (see Lemma|l|in the appendix) and the properties
of typical projectors for sufficiently large n.

We now focus on bounding the second term in (23). We can expand this term as follows:

Z E, ({02} + > E. {1 {10 P2 ] (28)

mg;él
Consider the first term in (28):

Z XnEWn {Tr {Hlml,l p?ﬂ(m)}} (29)
s

mi
=2 e Tr{H My Mxngmyny Tweqry Ty, 1)} (30)
mi#1
< QH(BLW X)+9] Z {Tr [H Wyyn 1y pxtrma 1) e (11 pf}ln(l’l)}} (31)
ml# X’VL WTL
— on[H(B:1[W X)+4] Z E {TI‘[HWn(l) E {pX”(ml,l)} HW'n(l) II E {p)le"(l,l)}H }} (32)
mi#l wn X wn X" W
_ on[H(Bi|WX)+9] Z VIVE {Tr {II Wynyownay Twnay I owna) )} (33)
my#1
< gH(BLW X)+3] 9—nlH(B1|W)—0)] Z E {Tr{H Tyynpy 11 0Wn(1)}} (34)
WTL
mi#1
é 2n[H(B1\WX)+5] 2—n[H(B1\W)—5} Z E {Tr{an(l)}} (35)
Wn
my1#1

< g-nll(X:BiW)-28] pr (36)



The first inequality is due to the projector trick inequality [21], [16], [1S] which states that
(o, 1) < on[H(B1|W X)+] p)len(mhl)‘ (37)

Note that this inequality is a straightforward consequence of the following standard typicality operator
inequality and the fact that IIxn(,,, 1) and pf}ln (ma.1) commute:

2_”[H(B1|WX)+5}HXn(m1,1) < HX"(ml,l) p)B?"(ml,l) HX"(ml,l)' (38)

The second inequality follows from the properties of typical projectors:
HWn(l)UWn(l) HWn(l) < 2_n[H(B1|W)_6]HWn(1). 39)

Now consider the second term in (28):

/ By
; b {Tf{”mhmz an<1,1>}} o
mz;él
- Z XnEWn {Tr [HHW"(mﬂHX"(mlmz)HW"(m?)H p?”(lvl)}} @b
mnggl
=3 Tr[ E {HW"(m2) ITxn (g ma) HWﬂ(mz)} I E {p?”u 1)}H} (42)
mi, xnw xnw 7
maoF#1
= Z Tr {XWEW" {HW"(mz)HX"(m1,m2)HW”(m2)} Hp®nH} 3)
mn;;él
< 27T N " 7y LnEWn { T () I G o) Llowrm o H} (44)
mrz;ﬁ’l
—n[H(B1)—6
= gl (B8 3 E T [Ty T Tl (45)
ngL;é’l
S 2_n[H(B1)_6] Z X”EW" {Tr {HXn(mlva)}} (46)
mao#1l, m
< 9 nlH(B) =8 gn[H(BIWX)+] pp pp 47)
_ omnllWXiB)=20) g (48)
_ o-nll(XiB)=-2 ppoap (49)

The equality /(W X; B,) = I(X; B;) follows from the way the codebook is constructed (i.e., the Markov
chain W — X — B), as discussed also in [16]. This completes the error analysis for the first receiver.
For the second receiver, the decoding error analysis follows from the HSW coding theorem. We now
present this for completeness and tie the coding theorem together so that the sender and two receivers can
agree on a strategy that has asymptotically vanishing error probability in the large n limit. The following
bound holds for the expectation of the average error probability for the second receiver if n is sufficiently



large:

1 By
X7JEWn {E Z Tr { (1 =A%) PXn(my,ma) } } (50)

1 . B
- E {EZTr{(I—Aﬁg)XnIFWn {pxi(mm)}}} (51)
m2
1 " n
=E {E ZTr{(f—Aﬁz)O%n(m)}} (52)
<2(e+2ve) +4 [2nHVERI AL (53)

where the last line follows from an analysis similar to that given above.
Putting everything together, the joint POVM performed by both receivers is of the form:

I, @ 0%, e
and the expectation of the average error probability for both receivers is bounded from above as
1 By By\  BIBY
XnEwn My M, mzm Ir { ([ B le’mQ ® Am2) pX”(mhm)} (35)
1 B B”?
- x"I,EW" {M1M2 Z Ir { (] B lel’mQ) len(ml’mQ)}} 0
mi,m2
1 Bn B
+ X"]EW" {M1M2 Z Ir { ([ B Amé) pXQn(ml’mQ) }} G
mi,m2
<de +124/e +4 [27HWiB=20 py,] (58)
+ 4 [2—n[I(X;B1|W)—25} Ml + 2—n[I(X;B1)—26} Ml Mz} ’ (59)
where the first inequality follows from the following “union bound” operator inequality:
I =Ty @ A < (PP =T, @ 1) + (T2 = TP @ AL (60)

and the second inequality follows from our previous estimates. Thus, as long as the sender chooses
the message sizes M; and M, such that M, < 2rU(XBiW)=33] = pp, o < onll(WiB2)=30] " and M, M, <
2nlI(X;B1)=39] then there exists a particular code with asymptotically vanishing average error probability
in the large n limit. [ ]

Remark 2. It is unclear to us whether the proof of [12, Theorem 1] is complete. These authors begin
their proof by claiming that the region in Theorem [I] is equivalent to the following region:

Ry < I(X; Bi[W), 1)
Ry < I(W; By), (62)
Ry < I(W; By)s. (63)

The regions certainly intersect at the corner point associated with their successive decoding strategy,
but the full regions for a fixed distribution do not coincide in general. The proof of [I2, Theorem 1]
demonstrates achievability of all rates in the rectangular part of Receiver 1’s (Ry, Ry) region given in
our Theorem[I} With our simultaneous decoding non-unique decoding strategy, we can achieve any rate in
the triangular part of this region as well, which could be useful if the first constraint above on Receiver 2
is looser than the second constraint above on Receiver 2. In such a case, the successive decoding strategy
from [[I2] Theorem 1] would not be able to achieve the rate Ry if Ry > I(W; By), but the simultaneous



decoding strategy can. It might be the case that the proof of [12, Theorem 1] could be completed by
choosing particular coding distributions and taking unions over the resulting regions, but this is not
discussed there.

IV. MARTON CODING SCHEME

We now prove that the Marton inner bound is achievable for quantum broadcast channels. The Marton
scheme depends on auxiliary random variables U; and Us, multicoding, and the properties of strongly
typical sequences and projectors. The proof depends on some ideas originally presented in [18]] and
critically on the “overcounting” technique recently presented in [[17].

Theorem 3 (Marton inner bound). Let {p51P2} be a classical-quantum broadcast channel and x =
f(u1,u) be a deterministic function. The following rate region is achievable:

R, < I(Ul;Bl)Oa (64)
Ry < I(Uy; Ba)g, (65)
Ry + Ry < I(Uy;By)g+ I(Us; Ba)g — I(Uy; U)o, (66)

where the information quantities are with respect to the state:

9U1U23132 = Z p(ul, UQ)”UJ1><U1‘U1 X ‘U/2><u2’UQ X p?(lffw) (67)

u1,u2

It suffices to take the cardinalities U, and U, of Uy and U, to be no larger than the cardinality of the

channel’s input alphabet X: ie., |Ui|, |Us| < |X|.
Define the following states:
PP = T, {pﬁﬁ?@)} : (68)
wfll = ZpU2IU1 (ug|uy) p?(luhuz), (69)
u2
7= pu () wh (70)
u1

Codebook construction. Define two auxiliary indices iy € {1,...,Li} and I, € {1,..., Lo}, and
let Ry = (log Ly) /n and Ry = (log Ly) /n. For each [, generate a sequence u!(l/;) independently and
randomly according to the product distribution

pup(up) = [ [ o (was) (71)
=1

Similarly, for each l,, generate a sequence u}(ly) independently and randomly according to the product
distribution

pug (up) = [ [ s (u2) (72)
=1

Partition the sequences u?(l;) into 2" different bins, each of which we label as B,,, . Partition the
sequences ujy(ly) into 2" different bins, each of which we label as C,,,. For each message pair, the
sender selects a sequence pair (uf(l1),u5(l2)) € (Bm, X Cmy) N Apy, 0,00 Where AL 5 is the strongly
typical set for py, r,. The scheme is such that each sequence is taken from the appropriate bin and the
sender demands that they are strongly jointly-typical (otherwise admitting failure by just sending the first
sequence pair in the bin). The codebook =™ (m;, ms) is deterministically constructed from (u}(ly),u5(l2)),

by applying the function z; = f(u1,, ua,).



Transmission. Let ¢; and /5 denote the pair of indices of the joint sequence (u}(¢;),u%(¢2)) which are
chosen as the codewords for the message pair (m;, msy). Expressed in terms of these indices, the output
of the channel is

Bj ;Bo.i
Pyt = ® pf 1ul 1251 )u2,i(£2))" (73)

We will also make the abbreviation -
Pu () g (2) = Pt (74)

and furthermore define pfg(gl) B (62) in the obvious way by taking the partial trace over 5.

Decoding. The decoding POVM {A,, }, o, ;,, for Receiver 1 is a square-root measurement as in (8)
and based on the following positive operators:

Fll = H%76//ku?(l1),§/]:[%76//, (75)

where 117 5, 1s a strongly typical projector for the state %™ and ku? (1) is a strong conditionally typical
projector for the state wyn,) (cf. [S) Chapter 14]). Having decoded [; correctly and knowing the binning
scheme, Receiver 1 can deduce the message m; from the bin index. The decoding is essentially the same

) . . : o . . By
for Receiver 2 but using the appropriate states and induced conditionally typical projectors. Let A ?
denote the resulting decoding POVM for Receiver 2.

Error Analysis. We begin by analyzing the case when (m;,m2) = (1,1) and a fixed subcodebook.
Let ¢; and /5 denote the pair of indices of the joint sequence (u} (¢1),u}(¢2)) which was chosen as the
codeword for the message pair (1, 1). If there is none, let ¢; and /5 be the first pair in the bin. An error

occurs if one or more of the following occurs:
1) Let & be the event that ((u?(ll) Jug(l2)) & A, U275) for all (uf(l1),u5(l2)) € By X Ch,.

2) The event &£§ occurs, and Receiver 1 decodes some other /] besides the transmitted ¢; or Receiver
2 decodes some other [, besides the transmitted /5.

We can write out an exact expression for the error probability of a fixed subcodebook explicitly as
c n npn B Bn BnBn
(&) +T(E) T { (195 A @ AP ) o0 e (76)

The interpretation is that:

1) If there are no jointly typical pairs in the subcodebook, then an error occurs with probability one.
So T (&) gives this contribution.

2) If there is at least one pair that is jointly typical (event £ occurs), let (¢1, (2) denote the first one
found when scanning in lexiographic order. This one is sent. The expression for the decoding error
probability is exactly equal to

BB B B BrBn
Tr{(] 1B _ 7B A£22> puﬁ(eﬁ,ug(ez)}' (77)
Note from the “union bound” stated in (60), we get that
BrBY _ ABT By\ BPBp By Bp\ Br
Tr{(l RNy ®Aez2) pu’ﬁ(ef»uwz)} = Tr{(l T Aﬁl) pwf(@l)vu?(@)}
+ Tr{(] ’ - Aef) Puf(zl),ug(@)}- (78)
So this means that we can bound from above by

c T By\ Bf n _ ABY\ By
T (&) + T () [Te{ (1% = A0 ) oy upen |+ T { (17 = A2) 0z )] O9)



We now focus on the term 5 5
Bn n n
Tr { (I b Aef) /’uﬁmu;(fz)} : (80)

By applying the Hayashi-Nagaoka operator inequality, we can bound (80) from above by

n n BY
2Tr { (.[ — Hp,(;u]:[wu?(el)’élnp’éu> pu’%(ﬁ),ug(ﬁz)}

4 ), T {Hﬁﬁ”ku{l(l’l)75,Hﬁ75”pu’f(€1)7u§(62)
1 € Buny Al 0y

n

n n B
43 T o sz - B

I ¢ Bm,
Consider that
n n B
Tr {Hﬁ’g//nwu?(h),& Hﬁ’al/pu’il (gl),ug(gg) }
BY B B 1" BY n
> Tr {H“’u?(ﬁl)75'pu7f(f1)7ug(42)} ‘ Pup i)z (ts) ~ 55 P ) g (e oo | (82)

>1—c—2Ve (83)

where these inequalities follow from Lemma (3| in the appendix, whenever uf(¢;),u%({s) are strongly
jointly typical. We would like to remove the dependence of the second term in (81)) on the chosen indices
¢y and /5. In order to do so, we bound the relevant expression using the “overcounting” idea from [17]:

Z n n BY
TI' {Hﬁ,(s” ku?(zll)’5/Hﬁ,5”pu?(€1),ug(52) } (84)
U €Bmy A, #0:

= Y T=tb=6) Y Tr{H%(S,,ku?(l,l)75/Hg75,/pf§1(£1)7ug((2)} (85)

11€Biny 12€Crm, S N
n n B’I’L
- Y Th=bb=t) Y Tr{Hﬁ,é,,nwuw,5/11@5,,;)“,;“1%([2)} (86)
11€Bum, 12€Cim, 1 € By NIyl
n n BTL
< Y Z(hb)ed Y Tr{Hﬁ,g,,nwuw,J,Hﬁyg,,pu{}(m’ug(b)} 87)
l1€Bim ,12€Cm, 11 € By NI #l
n n BT
- ¥ S T(k) € AT{I T, oMot ) i | (88)

11EBm 12€Cmy 1 €Bmy NI #D

where Z((l1,ls) € A) is a shorthand for Z <(u71‘(l1),u§(12)) €A > So the final bound on l@) is

Ul<,U27(S

n n BY
2 (5 - 2\/&7> +4 ) Y I((hb) AT {Hﬁ,é“kuw@,5’Hﬁ,6“pu§(z1),ug(zg)}
l1€Bm1,ZQECm2 liEBml/\lllyﬁh

n

n n B
43 T T s e - (B9
B,

In a similar way, we can write a bound on the right hand term in (79) as follows:
B B BY
Te{ (1% = 002 ) 0o } <2 (5 +2VF)

n n B7l
+4 Z Z A ((ll, lg) c .A) Tr {Hﬁé”nwug(l&),5’H§,6”pu;(l1),u§(l2)}

ll eBml 7l2 ECWQ l/2 €0m2 /\1/27512
By
7

_|_ 4 Z TI' {H%75// kug(lé)75IH%,5upu1L(€1)7ug (82)} ’ (90)
1y¢Cim,



where the typical projectors 112 2 o and 1L, , 5y O acting on system B are defined from the states

B = Sl o "
— ZPU2<U2) wf;. o
u2

Putting everything together, we can write a bound on as follows:

T(&)+TI(E)Tr { <[B?BS —A)® AZS) f’fﬁ%,uw} <T(&)+4 <e + 2\/5)

n n BT
+4 Z Z Z((h,lz) € A)Tr {Hﬁ,(s”nwu?(l’l)76,H575”pu§(l1)7u§(12)}

11€Bmy12€Cmy 11 €Bmy Al #l1

+4 Z Tr{ p(S”HW n(l,),(s Hpé”p (El)u ([2)}
l’lgBml

+4 ) > I((ll,lg)EA)Tr{ 0 5 e ) 0 12 5010, (ll)%(b)}

11€ Biny 12 €Cmmy 1y€Cymy Ayl
n By
ERID DN LR L S s RIIRY SRCE
15 Com,

At this point, we follow Shannon and recognize that the analysis of a particular subcode can be difficult
(the last four terms above), so we instead analyze the expectation of the error probability, where the
expectation is with respect to a randomly chosen code. That is, we consider the following quantity instead

Be {T(€0) + (&) T { (1% =AY @A) ¥ 1o} (94)
where
Ee{} = Eura) - EupnBoz) - Bupin {1 (95)
Evpay {3 = D pop (uf (1)) {3, (96)
uy (1)

with the other expectations defined similarly. Then using the bound from (93), we find the following
bound on (94)

Ec{Z(€)} +4 (e +2V7)

n n BT
+ 4Ec Z Z Z((h;ls) € A)Tr {Hﬁﬁ”HwU{b(z’l)75/Hﬁ,5”pU{L(l1),U§l(l2)}

I EBm1 7l2€Cm2 llleBml/\lll?éll

n n B7L
+ 4EC Z Tr {Hﬁv‘s”HwU{l(l’l)’6/1_'[?76”;)[]1}1(51)7[];(62)}
1y ¢Bm,y

Br

+4Ec > > I ((ZIJZ)GA)“{ *MHngug)=5’H%,6NPU§<ZI>,U;(12>}

ll EBml 712 ECMQ l’2€Cm2 /\Z/Q;élg

n n By
+ 4]EC Z Tr {Hp 5//HUJU£LU/2)75IHE,6NPU1% (@1),U§(£2)} ’ (97)
15¢Cmq



We focus on the second expectation above and can write

n n B
EC Z Z I ((l]_, l2) E ./4) TI‘ {Hﬁ,(s”HwUf(l/l)76/Hp75”pU1}L(l1),U§l(lz)}

11€Bum, [2€Com, I} € By Al #1

n n BT
- Z Z EUf(l’JEU{‘(h)EUS(lz)Tr{Hﬁ,é”nwwap75’Hﬁ,6”pU1}1(11),U;(12)I((lla12)EA)} (98)
lleBm17 llleBml,
ZZECHLQ 1,17£l1

We focus on bounding the expression inside the sum, keeping in mind that [} # [;:

EU{‘(l’l)EU{l(ll)EUg(lg)Tr {Hp 5”H"JUn(l’ 0! Hp 5upUn(ll) Uz (I2) ((ll, lg) € .A)} (99)

n cd’ n B
<2 [H(BI|U1)9+ g ]EUn(l/)EU{L(ll)EU;(b) {Tl‘ {H—V(;//UJU{L(Z/I)H@(;//pU}L(ll) U (I2) I((ll, lg) S A)}} (100)

= 2 []"I(BI|U1)9+C(S ]Tr {H, 5”EU” {wU"(l’)} H 6”EU"(l1)EU"( l3) {pU"(ll) U" l2)1-<<l1’ lg) A)}} (101)

— on[H(BilUn)g+ed' |y {Hg’y/pmﬂgﬁa,,EU{z(ll)IEU;(,Q) {pUn(ll) vpn L (1) € A)}} (102)
< on[HB U +es' [g—n[H(B1)y—c'6" ]y {Hgﬁ,,EU{l(h)EUﬂb) {pUn(ll) vpanL (1) € A)}} (103)
= ol  Bup {Tr {Hgﬁé,,pﬁg(hw(b; (1) € A)}} (109
< 2fn[I(U1;31)9705’70’6"]EU{L(ZI)EUQ(ZQ) {T((l1,15) € A)} (105)
< 2—n[I(U1;Bl)9—C5'—C'5"]2—n[I(U1;U2)9—c”5’”} (106)
— 9 n[I(U13B1)g+1(UrsU2)g—¢"8" —c'8" b | (107)

We then find that is bounded from above by
’Bml |2 |Cm2‘ 2_n[I(U1;Bl)9+I(U1;UQ)Q_CN(S/”_CWH_C(S/] . (108)

A similar analysis for Receiver 2 gives the following bound:

n n By
Ec Z Z Tr {Hfé"kugu’ 113 5”pU”(ll) U”(IQ)}

11€Bmy 12€Cmy 15 €Cmy NGH#l2

< By, | |Gy [P 27 UaiB2)o H U1y =815 =e¥] (1)

We can again use the same analysis to recover the following bounds (however observing that the joint
random variable (U] (¢1), U3 (¢2)) is independent of both U7 (l}) and U (1) for I} ¢ B,,, and I} ¢ C,,,):

n n BT —n|I(U1;B1)y—c' 6" —cd’
Ec Z Tr {Hﬁ,J“HwU{l(ul)75’Hﬁ,§”pU1}l(€1),U2"(€2)} < L2 [W3iB1)g ]> (110)
11¢Bm,y
n B3 Us2;B 8" —cé’
Ec Z Tr {HnsunUnma I3 50 PU )01 (0 )} < L2 (1B I (111)
15#Cmy

The term E¢ {Z (&)} can be bounded from above by ¢ by employing the mutual covering lemma [22]
(see also [1, Lemma 8.1]). Indeed if we choose

(}Nzl - Rl) + (E’,Q - R2> > I(Uy: Uy), + 6", (112)



then this error can be made arbitrarily small (i.e., less than ¢) by increasing n.
So we finally get that is bounded from above by

1 (= 2VE) B [ 2 P17 5-05] | ol

+ |Bm1| |Cm2| 2 [ (Us; Bz) +I1(Uy; U2)9 o — 05”—65] i L22—n[I(U2;32)9—6/5//—c5/]. (113)

Then for any ” > 0, we can pick

2 (1721 - R1> + (}722 ) [(Uy; By)y + I(Uy; Uy), — ¢'6" — 6" — ¢, (114)
Ry < I(Uy; By), — 6" — 6, (115)
(El - R1> +2 (EQ ) [(Uy; By), + I(U1; Us), — ¢'8" — 6" — &, (116)
Ry < [(Ug, By), — 8" — ¢, (117)

and n sufficiently large so that the quantity in is less than ¢”. Indeed this estimate can be made for
the expected error probability for each of the subcodebooks, so by linearity of the expectation we can
finally conclude the existence of a coding scheme for which

1

AT ST {(I =YX @YE) proymy} < (118)
as long as |
(él _ R1> + (EQ ) [(UL; Ua), + 6™, (119)
2 (él - R1> + (Eg ) [(Uy; By), + I(Uy; Uy), — &'6" — 8" — ¢, (120)
< I(Uy; By)y — 8" — e, (121)
(}Nzl - R1> 42 <§2 ) < I(Us; By)y + I(Uy; Uy), — 8" — 6" — ¢, (122)
Ry < I(Us; By), — 6" — cd', (123)

where ng and Tﬁ% represent the overall decoding POVMs of Bob and p,,, ,, represents the channel
output when sending messages m; and ms. Thus, since ¢, 6", 6", 6" > 0 are arbitrary, the following rate
region is achievable:

Ry + Ry + I(Uy;Uy), < Ry + Ry, (124)
2R, + Ry < I(Uy; B)y + I(U1;Us), + 2Ry + Ry, (125)

Ry < I(Uy; By),, (126)

2Ry + Ry < I(Uy; By)y + 1(Uy; Us)y + 2Ry + Ry, (127)

Ry < I(Uy; By), . (128)

By exploiting the additional constraints R; < Ry and Ry < R, and applying Fourier-Motzkin elimination
(see Appendix A), we find that the following quantum Marton rate region is achievable:

Ry < I(Uy; By)gy, (129)
Ry < 1(Uy; By)y (130)
Ry + Ry < I(Uy; By)y + I(Us; By), — 1(Uy; Uy), . (131)

As we are dealing with a channel having a classical input, the cardinality bounds given in the statement in
the theorem follow directly from what is known in the classical case. Here, one can apply the perturbation
method introduced in [23]], discussed also in [24], and reviewed in [1]].



V. CONCLUSION

We have proved quantum generalizations of the superposition coding inner bound [2]], [3] and the
Marton rate region with no common message [4]. A key ingredient in both proofs was the use of the
projector trick. A natural followup question would be to combine the two strategies to obtain the Marton
coding scheme with a common message.

A much broader goal would be to extend all of network information theory to the study of quantum
channels. To accomplish this goal, it would be helpful to have a tool that generalizes El Gamal and Kim’s
classical packing lemma [1]] to the quantum domain. The packing lemma is sufficient to prove all of the
known coding theorems in network information theory. At the moment, it is not clear to us whether such
a tool exists for the quantum case, but evidence in favor of its existence is that 1) one can prove the
HSW coding theorem by using conditionally typical projectors only [S, Exercise 19.3.5], 2) we have
solved the quantum simultaneous decoding conjecture for the case of two senders [135], [16], and 3) we
have generalized two important coding theorems in the current paper (with proofs somewhat similar to the
classical proofs). Ideally, such a “quantum packing lemma” would allow quantum information theorists
to prove quantum network coding theorems by appealing to it, rather than having to analyze each coding
scheme in detail on a case by case basis.

We acknowledge discussions with Patrick Hayden, Omar Fawzi, Pranab Sen, and Saikat Guha during
the development of [15], [16]. We are especially grateful to Andreas Winter for relaying to us the
observation of Pranab Sen that our former argument for the Marton region was incomplete and to
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Radhakrishnan for many helpful discussions regarding Marton coding and for helping us to understand the
overcounting technique from [[17]]. I. Savov acknowledges support from FQRNT and NSERC. M. M. Wilde
acknowledges support from the Centre de Recherches Mathématiques.

APPENDIX A
FOURIER-MOTZKIN ELIMINATION

In the proof of Theorem [3] we conclude that the following rate region is achievable:
Ry + Ry + I(Uy; Uy), < Ry + Ry,
2Ry + Ry < I(Uy; Br), + 2B1 + Ry + I(Uy; Ua),
Ry < I(Uy; By),,
2Ry + Ry < I(Uy; By)y + 2Ry + Ry + I(Uy; Us),
Ry < I(Uy; By), -

HEE
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There are additional constraints R; < ﬁl and Ry < Eg. To eliminate él, we split this system of seven
equations into three groups: those that provide lower bounds on R, those that provide upper bounds on
R, and equations that do not involve Rj:

I({Uy;Us) + Ry + Ry — Ry < Ry (132a)
R, < R, (132b)
- I(U;:B R, I(Uy:
Rl S (U17 1) + Rl + & o & + (Ula UQ) (132C)
N 2 2 2 2
Ry < I(Uy; By) (132d)
Ry < ](U2§BQ)+R1+2RQ_2§2+I(U1;U2) (132e)
Ry < I(Uy; By) (132f)
Ry < R, (132g)



Now we combine each possible lower bound (a,b) with each possible upper bound (c,d,e) and copy over

the others:
~  I(U:B Ry R, I(U:U.
](Ul;U2)+R1+R2—R2§ %+R1+72—72+%
[(Uy;Us) + Ry + Ry — Ry < I(Uy; By)
I(Uy;Us) + Ry + Ry — Ry < I(Us; Bs) + Ry + 2Ry — 2Ry + 1(Uy; Us)
[(Ul;Bl) Rz éz [<U13U2)
Ry < = =L+ Ryt o = =
Ry < I(Uy; By)
Ry < I(Uy; By) 4+ Ry + 2Ry — 2Ry + I(Uy; Uy)
EQ < I(Uy; Bs)
Ry < R,

Cancelling terms and simplifying, we get
I(Uy; Us) —l—& R I(Uy; By)
2 2 2 2
[(Ul; UQ) + Rl + R2 - RQ S I(Ul; Bl)
0< I(U2;B2)+Rz—§2
I(U;By) Ry Ry | 1(Uy;Us)

0< —=-2
- 2 2 2 2
Ry < I(Uy; By)
0 < I(Uy; By) + 2Ry — 2Ry + I(Uy; Us)
EQ < I(Uy; Bs)
Ry < R,

This completes the steps required to eliminate R.

(133a)

(133b)
(133c¢)

(133d)
(133e)
(133f)

(133g)
(133h)

(134a)

(134b)
(134c)

(1344d)
(134e)
(134f)
(134g)
(134h)

Observe that (1344)) is redundant because it is implied by (134b) and the implicit constraint R, > 0, and
(134c) is redundant because it is implied by (134g) and the implicit constraint [ > 0. After removing
the redundant inequalities, to eliminate Ry, we rearrange the equations (I34) into lower bounds, upper

bounds, and those not containing R:
—I(Uy; B)) + I(Uy;Us) + Ry + Ry < Ry
Ry < Ry

Ry < I(Uy; By) + Ry + I(Uy; Us)

~ I1(Uy; B 1(Uy; U
RQS%"‘RQ‘F%
ézSI(UQ;Bz)

Ry < I(Uy; By)

(135a)
(135b)
(135¢)

(135d)

(135¢)
(135f%)

Combining each of the lower bounds on R, with each of the upper bounds results in the following



equations:

—I(Uy; By) + I(U1;Us) + Ry + Ry < I(Uy; By) + Ry + I(Uy; Us) (136a)

1(Uy; B 1(Uy; U
—I(Uy; By) + I(Uy; Us) + Ry + Ry < % +Rg+% (136b)
—[(U1,31>+I(U1,U2>+R1+R2 SI(UQ,BQ) (1360)
Ry < I(Uy; Br) + Ry + I(Uy; Uy) (136d)

I(Uy; B I(Uy;
Ry < %—FPQ-FM (136e)
Ry < I(Us; By) (136f)
Ry < I(Uy; By) (136g)
After simplification, this system of equations becomes
Ry <21(Uy; By) (137a)
1(Us; B I(Uy;

R, < —(UQQ’ 2) I(Uy; By) — _(U12, G2) (137b)
Ry + Ry < I(Us; Bo) + 1(Us; Br) — I(Uy; Uo) (137c¢)
0 < I(Uy; Br) + 1(Ur; Us) (137d)
0< ](UQQ; Ba) | ](U; Ge) (137¢)
Ry < I(Uy; By) (1371)
Ry < I(Uy; By) (137g)

Observe that the first inequality is implied by the last and the fourth and fifth inequalities are trivially
true. Consider dividing (137¢) by two, dividing by two, and adding the result:
R I(Us; B I(Uy; U
R1+72 < %H(Ul;&) - % (138)
Using the fact that R, > 0, we see that is redundant and we are left with the three inequalities
that specify the Marton region.

APPENDIX B
TYPICALITY LEMMA

The following lemma is an extension of [5, Property 14.2.7].
Lemma 3. The state py, 4, is well supported by both the averaged state projector:
Tr [[125 pre] = 1—€, Vi, 0o, (139)
and the wfll conditionally typical projector:
Tr [Mupey) peues] =1 —¢€, Voo, (140)

when u}({1) and ul({3) are strongly jointly typical. (Both of these projectors are defined in the main text

Jjust after (75)).)



Consider the following sets of all jointly-typical and marginally-typical sequences for the probability
distribution py,, (uy, us):

n n n N(ug|uy
U, 6—{u1€u1 ’ﬁ—lm(ua) Sé}?
n n n N(ug|uy
PUysd — {u2 €l ’M — pus(Ua)| <6
n n n n N(ua|un)
S {u eUr xUuUy : — — Py, (Ua)| <0 p .
NotF: that the noFion of st.rong typicality implies that if u" = (uf,ul) € ZUIU 5> then both of its
substrings are marginally typical: u} € .A”U s and uy € pU 5
Proof: Consider the eigen- decomposmon of the average state at Receiver 1:
p= pz()l)al, (141)
and the associated pinching operator:
Z| (z]9]2) (142)

which turns any quantum state on the output system of Receiver 1 into a classical probability distribution.
In particular, when A is applied to the state p,, .,, (the channel output when codewords u; and wuy are
sent) is given by:

Py = Z\ 21 Pus s 2) (2] (143)
= ZPZP|U1U2(Zp|U1>U2)|Z><Z\a (144)

where pz,(u, 0, (2p|u1, u2) is a classical probability distribution.
The statement of the lemma can be expressed in terms of n copies of this product distribution:

Tr [H;‘L,é p€17€2j| =Tr Z |2") (=" Pey ko (145)
Z"EAp
=Tr | > 212" per e (146)
-ZneAp
=Tr | D (2"[pnelz") [27)(2"] (147)
_ZnE.Aﬁ
= Y prypup (Al u). (148)
Z"E.Ap

Thus we see that the value of the trace expression is equivalent to the probability of a conditionally
typical sequence Z'|ufuy being in the typical set Aj:

Pr{Z|ufuy € A} . (149)
To evaluate the above expression we start from the following facts: (1) For n large enough the state

classical distribution that corresponds to the pinched state p&iu? is going to be conditionally typical on
the input sequence:

Pr{Zuius € Aggupugs b > 1— ¢ (150)



and (2) the input sequence is jointly typical (uf,u3) € Ayrypsv. It then follows that, with high
probability the input-output sequence will be (6" + §”)-jointly-typical:

Zy € Agnupup 54675 (151)
which in turn implies that:
Zy €v4zmwAwa&+&0::~4awhmhuy+&w- (152)
. . _ _ 5
By a suitable choice of n, ' = SAIAl ||u g and ¢" = seaTa Ve have that
Tr 25 o) = Pr{Z”|u1u2 € A} (153)

z1-e (154)
To prove the other inequality, consider the eigen-decompositions of w/' states at Receiver 1:
Wy, = ZpZ1|U1 (21|ua)|z§ua)><2§ua)|, \V/ua cU,. (155)
21

The associated pinching operator is:

)= DI ) 156)

which turns any quantum state on the output system of Receiver 1 into a classical probability distribution
expressed in terms of the basis for w,,: |z§““)). When the syrnbol U, 1s obvious from the context, we will
sometimes refer to the basis elements simply as |z;) = |z(u“ ).

When A, is applied to the state p,, .,, (the channel output when codewords u; and us are sent) is
given by:

p;a,ub - A'Ula, (pumub) (157)
:ZMW(M%M%N#” (158)

— (ua) (ua) 159
szlp\U1U2 (21|Ua, ub)| ><21 |> ( )

Z1

where py, v,0,(21]ta, up) is a classical probability distribution.
If we take the conditional marginal of this distribution we get

Pz (21]Ua) = Z PUs o, (Ub|Ua) P2y 0 0 (21 [Uas Up), (160)
up

which is the probability distribution of the u,-basis eigenvalues given that U, is unknown. This distribution
can also be obtained from the pinching of the state wﬁl

me jwB |24y (1))

—ZWW Zmem%wwxww (161)
—ZZMwmePWWWWWWWW! (162)
21 up N

Pz, |Uy Uy (21 Uasup)

=3 P () |2y () (163)

21



Define the classical conditionally typical sets on sequences of m symbols drawn from the above
probability distributions:

P2 (21t ) = AGD g (164)
Pz1,|t: (Zl|ua) Ale|ua7 (165)
Applied to the n-symbols of the channel output we get:
Pz = D 1N pup g | 27 (21 (166)
h
= " papwpoy e, up) |20 (1, (167)

where pzp jvpup (27 uf, uy) is a product distribution built from the individual distributions pz, v, (21|t us)

depending on the value of u;; and wuy;. Note also that the basis |z]) is built from the different bases ]zﬁ”))
according to whichever input symbol uy; is used. To make the above statements more explicit, we can
permute order of the symbols in the codeword so that they form contiguous blocks where the same input
U, 18 used.

Py = sz wpug (21 U, uy)|21) (21| (168)
mi
- (szlpjwwz(zlﬂumU2j)lej><zlj\) > (169)
Uq €EUL j=1
where m, = N(u,|u},uy) and > m, = n. In each m,-dimensional block, the same basis is used for all
symbols: 2"} = |2y,

Using the pinching operator, we can reduce the lemma to a question involving only classical probability
distribution. Let mq = N (u4|u}) and decompose I, (s, into different blocks:

T [y pne) =T (@[ D ™M™ pne (170)
Uq (ma)eA(Z’Tgl)ua
= H Do Py (3 luw us™) 171)
A(ang‘ua
_ Hpr (2 il € A, ) (172)
>[[a—-¢" (173)
=1—|Ule"=1-¢". (174)

We use a similar argument as in the previous lemma. In each block We know that w.h.p. Z f;%) [ta, éma) €

(ZT:|L s and u E A _ therefore it must be that Z (m |ua € AZ”;]“)| This in turn implies

that Z(m“ g € AT m

Z1p|ua7
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